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Supplement

This document serves as a supplement to the paper “Correcting generalized cross-validation for arbitrary

ensembles of penalized estimators.” The initial (unnumbered) section outlines the supplement’s structure

and summarizes the general notation used in the main paper and supplement in Table N1.

Organization

The content of this appendix is organized as follows.

• In Section A, we provide proofs of results in Section 4.

Section Content Purpose

Section A.1 Lemma 7 Preparatory derivative formulae

Section A.2 Lemmas 8–11 Proof of Theorem 1

Section A.3 Lemmas 12–13 Proof of Theorem 2

Section A.4 Proof of Theorem 3

Section A.5 Lemmas 14–19 Helper lemmas (and their proofs) used in the proofs of Theorems 1–3

Section A.6 Lemmas 20–22 Miscellaneous useful facts used in the proofs of Theorems 1–3

Section A.7 Theorem 23 Relaxing Assumption D in the underparameterized regime

• In Section B, we provide proofs of results in Section 5.

Section Content Purpose

Section B.1 Preparatory definitions

Section B.2 Lemmas 24–29 Proofs of Theorems 4 and 5 (and proofs of Lemmas 24–29)

Section B.3 Proof of Theorem 6

Section B.4 Lemmas 30–32 Helper lemmas (and their proofs) used in the proofs of Theorems 4–6

• In Section C, we provide additional illustrations for Section 4 with Gaussian data.

Section Content Purpose

Section C.1 Figures 9–10 Intermediate ovlp- vs. full-estimators in k and � for elastic net and lasso

Section C.2 Figures 11–13 CGCV ovlp- vs. full-estimators in k and � for ridge, elastic net, and lasso

Section C.3 Figures 14–16 CGCV vs. GCV in k for ridge, elastic net, and lasso

Section C.4 Figures 17–19 CGCV vs. GCV in M for ridge, elastic net, and lasso

Section C.5 Figures 20–22 CGCV vs. GCV in � for ridge, elastic net, and lasso

Section C.6 Figure 23 CGCV vs. GCV with a large ensemble size M for ridge, elastic net, and lasso

Section C.7 Figure 24 Inconsistency for the GCV variant (8)
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• In Section D, we provide additional illustrations for Section 4 with non-Gaussian data.

Section Content Purpose

Section D.1 Figures 25–28 Experiments with Rademacher distribution

Section D.2 Figures 29–32 Experiments with uniform distribution

• In Section E, we provide additional numerical illustrations for Section 5 with non-Gaussian data.

Section Content Purpose

Section E.1 Figures 33 and 34 CGCV vs. GCV in � for ridge, elastic net, and lasso
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Notation

The notational conventions used in this paper are as follows. Any section-specific notation is introduced

in-line as needed.

Table N1. Summary of general notation used in the paper and the supplement.

Notation Description

Non-bold lower or upper

case
Denotes scalars (e.g., k, �, M)

Bold lower case Denotes vectors (e.g., x, y, �0)

Bold upper case Denotes matrices (e.g., X, ⌃, L)

Script font Denotes certain limiting functions (e.g., R).

R, R�0 Set of real and non-negative real numbers

[n] Set {1, . . . , n} for a natural number n

|I| Cardinality of a set I

(x)+ Positive part of a real number x

rf , r2
f Gradient and Hessian of a function f

1A, P(A) Indicator random variable associated with an event A and probability of A

E[X],Var(X) Expectation and variance of a random variable X

V
? Orthogonal complement of a vector space V

tr[A], A�1 Trace and inverse (if invertible) of a square matrix A 2 Rp⇥p

rank(B), B>, B+ Rank, transpose and Moore-Penrose inverse of matrix B 2 Rn⇥p

C1/2 Principal square root of a positive semidefinite matrix C

Ip or I The p⇥ p identity matrix

hu, vi Inner product of vectors u and v

kukp The `p norm of a vector u for p � 1

kfkLp
The Lp norm of a function f for p � 1

kAkop Operator (or spectral) norm of a real matrix A

kAktr Trace (or nuclear) norm of a real matrix A

kAkF Frobenius norm of a real matrix A

X . Y X  CY for some absolute constant C

X .↵ Y X  C↵Y for some constant C↵ that may depend on ambient parameter ↵

X = O↵(Y ) |X|  C↵Y for some constant C↵ that may depend on ambient parameter ↵

u  v Lexicographic ordering for vectors u and v

A � B Loewner ordering for symmetric matrices A and B

OP Probabilistic big-O notation

oP Probabilistic little-o notation

C ' D Asymptotic equivalence of matrices C and D (see Section B for more details)
d
= Equality in distribution

d
�! Denotes convergence in distribution
p
�! Denotes convergence in probability
a.s.
��! Denotes almost sure convergence
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A. Proofs in Section 4

Throughout, C, C0 denote positive absolute constants. If no subscript is present for norm kuk of a vector u,

then it is assumed to the `2 norm of u.

A.1. Preparatory derivative formulae

For a pair of possibly overlapping subsamples (Im, I`) (written as (I, eI) in this proof for easy of writing) of

{1, 2, . . . , n} with |Im| = |I`| = k  n, we define b� and e� as the estimators using subsamples (xi, yi)i2I and

(xi, yi)i2eI respectively, i.e.,

b� := argmin
�2Rp

1

k

X

i2I

(yi � x>
i �)2 + g(�), and e� := argmin

�2Rp

1

k

X

i2eI

(yi � x>
i �)2 + eg(�),

and we denote the corresponding residual and the degree of freedom by

r := y �X b�, er := y �X e�, bdf := tr[
@

@y
X b�], edf := tr[

@

@y
X e�].

For clarity, we use the notation below throughout Section A:

Z :=


X⌃�1/2

��� ��1✏

�
2 Rn⇥(p+1)

, h :=

 
⌃1/2(b� � �0)

��

!
2 Rp+1

, eh :=

 
⌃1/2(e� � �0)

��

!
2 Rp+1

Under Assumptions B and C, the matrix Z has i.i.d. N (0, 1) entries. The individual risk component Rm,`

in (6) and the residuals (r, er) can be written as functions of (Z,h, eh) as follows:

(b� � �0)
>⌃(e� � �0) + �

2 = h>eh, r = �Zh, er = �Zeh.

Our first lemma below provides the derivative formula of h with respect to Z, which is an important

component of our proof. Similar derivative formulas have been studied in M-estimation (Bellec and Shen,

2022), multi-task linear model (Bellec and Romon, 2021; Tan et al., 2022), and multinomial logistic model

(Tan and Bellec, 2023).

Lemma 7. [Variant of Bellec and Shen (2022, Theorem 1)] Suppose the penalty g satisfies Assumption D

with a constant µ > 0. Then there exists a matrix B 2 R(p+1)⇥(p+1) depending on (zi)i2I such that

kBkop  (kµ)�1
, rank(B)  p, tr[B] � 0 (28)

and the derivative of h with respect to Z = (zij)i2[n],j2[p+1] is given by

for all i 2 [n] and j 2 [p+ 1],
@h

@zij
= Beje

>
i Lr �BZ>Leie

>
j h with L = LI =

X

i2I

eie
>
i . (29)

Furthermore, V := In � ZBZ>L satisfies the following:

bdf = k � tr[LV ], 0 < k

✓
1 +

kLGk
2
op

kµ

◆�1

 tr[LV ]  k and kLV kop  1, (30)

where G = X⌃�1/2
2 Rn⇥p is a standard Gaussian matrix.

Lemma 7 is proved in Section A.5.1. Note that Lemma 7 holds for the derivatives of eh, using eB, eL = LeI ,

and eV instead.
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A.2. Proof of Theorem 1 (restated here for convenience)

Theorem 1 (Finite-sample bounds for intermediate estimators) Suppose Assumptions A–D hold. Let c =

k/n, � = max(1, p/n), and ⌧ = min(1, µ). Then there exists an absolute constant C > 0 such that the

following holds:

E
���

d
ovlp
m,`

n
·

bRovlp
m,` �Rm,`p
Rm,mR`,`

���
�
 C

�
7/2

⌧2c3
p
n
, E

���
d
full
m,`

n
·

bRfull
m,` �Rm,`p
Rm,mR`,`

���
�
 C

�
5/2

⌧2c2
p
n
. (20)

Furthermore, if the same penalty gm is used for subsample estimate (2) across all m 2 [M ], for any ✏ 2 (0, 1),

we have

P
✓���1�

eRovlp
M

RM

��� > ✏

◆
 C

M
3
�
11/2

✏⌧4c7
p
n
, P

✓���1�

eRfull
M

RM

��� > ✏

◆
 C

M
3
�
9/2

✏⌧4c2
p
n
. (21)

Thus, if (M,µ
�1

, p/n, n/k) are bounded from above by a constant independent of n, we have

eRovlp
M /RM = 1 +OP(n�1/2), eRfull

M /RM = 1 +OP(n�1/2).

A.2.1. Part 1: Proof of Equation (20)

Proof for the ovlp-estimator. Using the notation in Section A.1 with I and eI meaning Im and I`, the

inequality we want to show can be written as

E
h���
r>LeLer � |I \ eI|(1� bdf/k)(1� edf/k)h>eh

khkkehk

���
i
.

p
n⌧

�2
c
�3
�
7/2

, (31)

where c = k/n, ⌧ = min(1, µ), � = max(1, p/n). Using tr[LV ] = k � bdf and tr[eL eV ] = k � edf by (30), we can

rewrite the error inside the expectation in the left-hand side as the sum of three terms

r>LeLer � |I \ eI|(1� bdf/k)(1� edf/k)h>eh
khkkehk

= Rem1 + Rem2 + Rem3, (32)

where Rem1,Rem2,Rem3 are defined as

Rem1 =
h>eh

khkkehk
tr[eL eV ]

k
(tr[eLLV ]�

|I \ eI| tr[LV ]

k
),Rem2 =

tr[eL eV ]

k

r> eLLr(1 + tr[ eB])� tr[eLLV ]h>eh
khkkehk

,

Rem3 =
r> eLLer
khkkehk

k � tr[eL eV ](1 + tr[ eB])

k
.

Next, we bound the moment of |Rem1|, |Rem2|, |Rem3| one by one.

Control of Rem1. Since tr[eL eV ] 2 (0, k] by (30) and |eh>h|  khkkehk by the Cauchy–Schwarz inequality, we

have

|Rem1|  | tr[eLLV ]� k
�1

|I \ eI| tr[LV ]| = RHS.

Below we bound the second moment of RHS. Here, the key fact is that conditionally on (|I \ eI|, I), I \ eI is

uniformly distributed over all subsets of I of size |I \ eI|. Then, the variance formula of the sampling without

replacement (see Lemma 21 with xi = Vii, M = |I| = k, and m = |I \ eI|) implies that the conditional

expectation of (RHS)2 given (|I \ eI|, I,V ) is bounded from above as

E
h⇣

tr[eLLV ]�
|I \ eI|

k
tr[LV ]

⌘2 ��� |I \ eI|, I,V
i
= |I \ eI|2E

h✓P
i2I\eI Vii

|I \ eI|
�

P
i2I Vii

|I|

◆2 ��� |I \ eI|, I,V
i

= |I \ eI|2 Var
hP

i2I\eI Vii

|I \ eI|

��� |I \ eI|, I,V
i
 |I \ eI|2

P
i2I V

2
ii

|I||I \ eI|
= |I \ eI|

P
i2I V

2
ii

|I|
.
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Note that the above inequality holds even when |I \ eI| = 0, since the both sides are then 0. Note in passing

that
P

i2I V
2
ii/|I|  kLV k

2
F /|I|  kLV k

2
op  1 by (30). Then, we obtain

E
h���tr[eLLV ]�

|I \ eI| tr[LV ]

k

���
2i

 E
h
|I \ eI|

P
i2I V

2
ii

|I|

i
 E[|I \ eI|]  k. (33)

Thus, (33) and the Cauchy–Schwarz inequality E[·]2  E[(·)2] yield

E|Rem1| 
p

E[|Rem1|
2] 

q
E[(tr[eLLV ]� k�1|I \ eI| tr[LV ])2] 

p

k. (34)

Control of Rem2. Since tr[eL eV ] 2 (0, k] by (30), we have

|Rem2|  |r> eLLr(1 + tr[ eB])� tr[eLLV ]h>eh|/(khkkehk).

The lemma below gives the bound of the second moment of the right-hand side.

Lemma 8. For any subset J ⇢ [n] that is independent of Z, we have

E
⇣

�r>LJ er � er> eLLJr tr[ eB] + tr[LJV ]h>eh
khkkehk

⌘2 ��� J
�
. ⌧

�2(|J |+
p(|J |+ p)2

k2
)

where ⌧ = min(1, µ) and LJ =
P

i2J eie>i .

Lemma 8 is proved in Section A.5.2. A sketch is as follows: Lemma 8 follows from the derivative formula

(29) and the second order Stein’s formula, where �r>LJ er = r>LJZeh is regarded as a component-wise inner

product of the Gaussian matrix LJZ 2 Rn⇥(p+1) and LJreh>
2 Rn⇥(p+1).

Lemma 8 with J = I \ eI and E|Rem2| 
p

E[|Rem2|
2] lead to

E|Rem2| . ⌧
�1

q
E[|I \ eI|+ p(|I \ eI|+ p)2k�2]  ⌧

�1
p

k + p(k + p)2k�2 .
p

k⌧
�1(1 + p/k)3/2 (35)

thanks to ⌧ = min(1, µ).

Control of Rem3. Note

|Rem3| =
|r> eLLer|
khkkehk

·
|k � tr[eL eV ](1 + tr[ eB])|

k
 keLZk

2
op

|k � tr[eL eV ](1 + tr[ eB])|

k
,

thanks to |r> eLLer| = |h>Z> eLLZeh|  khkkehkkeLLZk
2
op  khkkehkkeLZk

2
op. Let us define the random

variable Y and the event ⌦ as

Y = k
�1(k � tr[eL eV ](1 + tr[ eB])), ⌦ = {keLZkop  2(

p

k +
p

p+ 1)}.

Then, E[|Rem3|] is bounded from above as

E|Rem3|  E[keLZk
2
op|Y |]  kY k1E[1⌦c keLZk

2
op] + [2(

p

k +
p

p+ 1)]2E|Y |

. kY k1 · P(⌦c) · E[keLZk
4
op]

1/2 + (k + p)E|Y | := Rem1
3 + Rem2

3

thanks to Hölder’s inequality. Below we bound Rem1
3 and Rem2

3.

1. Bound of Rem1
3: Since keLZkop =d

kGkop with G 2 Rk⇥(p+1) being the standard Gaussian matrix, the

concentration of the operator norm (see Lemma 20) implies

P(⌦c)  e
�(

p
k+

p
p+1)2/2

 e
�(k+p)/2 and EkeLZk

4
op . (k + p)2.

By contrast, k eBkop  (kµ)�1 and rank( eB)  p by (28) and tr[eL eV ] 2 (0, k] by (30) lead to

kY k1 = |1� k
�1 tr[eL eV ](1 + tr[ eB])]|  1 + |k

�1 tr[eL eV ]|(1 + | tr[ eB]|)  2 + p(kµ)�1
 ⌧

�1(1 + p/k)

with ⌧ = min(1, µ). Therefore, we have

Rem1
3 = kY k1P(⌦c)E[keLZk

4
op]

1/2 . ⌧
�1(1 + p/k)e�(k+p)/2(k + p) .

p

k⌧
�1(1 + p/k)3/2,
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thanks to e
x
�
p

x/2 for all x > 0.

2. Bound of Rem2
3: The following lemma bounds Rem2

3 = (k + p)E[|Y |].

Lemma 9. Let ⇠1 = (1 + tr[B])kLrk2/khk2 � tr[LV ] and ⇠2 = k � (1 + tr[B])2kLrk2/khk2. Then

E|k � tr[LV ](1 + tr[B])| = E|(1 + tr[B])⇠1 + ⇠2| .
p

k⌧
�2(1 + p/k)5/2.

Lemma 9 is proved in Section A.5.3. A sketch is as follows: The quantity ⇠1 is bounded using Lemma 8

with J = eI = I. For ⇠2, we use a chi-square type moment inequality (Bellec, 2023, Theorem 7.1).

Recall Rem2
3 = (k + p)E|Y | with Y := k

�1(k � tr[eL eV ](1 + tr[ eB])). Then, Lemma 9 implies

Rem2
3 = (1 + p/k)E[|k � tr[eL eV ](1 + tr[ eB])|] .

p

k⌧
�2(1 + p/k)7/2.

Combining the bounds of Rem1
3 and Rem2

3, we have

E|Rem3| . Rem1
3 + Rem2

3 .
p

k⌧
�2(1 + p/k)7/2 +

p

k⌧
�1(1 + p/k)3/2 .

p

k⌧
�2(1 + p/k)7/2, (36)

thanks to ⌧ = min(1, µ)  1.

We have now controlled each of E|Rem1|,E|Rem2|,E|Rem3|. (34), (35) and (36) result in

E[|Rem1|] + E[|Rem2|] + E[|Rem3|] .
p

k⌧
�1(1 + p/k)3/2 +

p

k⌧
�2(1 + p/k)7/2 +

p

k

.
p

k⌧
�2(1 + p/k)7/2 .

p
n⌧

�2
c
�3
�
7/2

thanks to � = max(1, p/n) � 1, c = k/n  1 and ⌧ = min(1, µ)  1. This finishes the proof of (20) for the

ovlp-estimator. ⇤

Proof for the full-estimator. Using the notation in Section A.1, our goal here is to show

E
h���
(n� bdf � edf + |I\eI|

k2
bdf edf)h>eh� r>er

khkkehk

���
i
.

p
n⌧

�2
c
�2
�
5/2

.

Here, tr[V ] = n� bdf, tr[LV ] = k � bdf and tr[eLV ]� tr[eLLV ] = k � |I \ eI| implies

⇣
n� bdf � edf +

|I \ eI|
k2

bdf edf
⌘
h>eh =

⇣
tr[V ]�

edf
k

�
tr[eLV ]� tr[eLLV ] +

|I \ eI|
k

tr[LV ]
 ⌘

h>eh,

so that, by simple algebra, the error can be decomposed as

⇣
n� bdf � edf +

|I \ eI|
k2

bdf edf
⌘
h>eh� r>er = khkkehk(Rem1 + Rem2 + Rem3 + Rem4),

where the four following remainders will be bounded separately:

Rem1 =
�r>er � er> eLr tr[ eB] + tr[V ]h>eh

khkkehk
, Rem2 =

tr[ eB]

1 + tr[ eB]

(1 + tr[ eB])er> eLr � tr[eLV ]h>eh
khkkehk

,

Rem3 =
(1 + tr[ eB]) tr[eL eV ]� k

(1 + tr[ eB])

tr[eLV ]

k

h>eh
khkkehk

, Rem4 =
edf
k
(tr[eLLV ]�

|I \ eI|
k

tr(LV ))
h>eh

khkkehk
.
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Control of Rem1 and Rem2. Lemma 8 with K = [n] implies

E[|Rem1|] 
p

E[|Rem1|
2] .

p
⌧�2(n+ p(n+ p)2/k2)  ⌧

�1
c
�1

p
n+ p(1 + p/n)2 .

p
n⌧

�1
c
�1(1+p/n)3/2,

thanks to k/n = c 2 (0, 1], while tr[ eB] � 0 by (28) and Lemma 8 with J = eI lead to

E[|Rem2| 
p

E[|Rem2|
2] .

p
⌧�2(k + p(k + p)2/k2) . ⌧

�1
p

k(1 + p/k)3/2 .
p
n⌧

�1
c
�1(1 + p/n)3/2.

Control of Rem3. According to (30), it holds that tr[eLV ] = tr[eLLV ] + k � |I \ eI| and kLV kop  1. Thus,

k
�1

| tr[eLV ]| = k
�1

| tr[eLLV ]|+ k
�1

|k � |I \ eI||  kLV kop + 1  2.

Combining the above display and tr[ eB] � 0 by (28), as well as Lemma 9, we obtain

E[|Rem3|]  2E[|(1 + tr[ eB]) tr[eL eV ]� k|] . ⌧
�2

k
1/2(1 + p/k)5/2 .

p
n⌧

�2
c
�2(1 + p/n)5/2.

Control of Rem4. Equation (33) implies

E[|Rem4|]  E| tr[eLLV ]� k
�1

|I \ eI| tr[LV ]| 
p

k 
p
n.

From the above displays, we observe that the dominating upper bound is that of E[|Rem3|]. Thus, we obtain

E[|Rem1|] + E[|Rem2|] + E[|Rem3|] + E[|Rem4|] .
p
n⌧

�2
c
�2(1 + p/n)5/2 .

p
n⌧

�2
c
�2
�
5/2

thanks to � = max(1, p/n). This finishes the proof of (20) for the full-estimator. ⇤

A.2.2. Part 2: Proof of Equation (21)

For # = ovlp and full, by algebra, the relative error is bounded from above as

���
eR#
M

RM
� 1

��� =
|
P

m,`(
bR#
m,` � h>

mh`)|

k
P

m0 hm0k2


(
P

m0 khm0k)2

k
P

m0 hm0k2
·

X

m,`

khmkkh`k

(
P

m0 khm0k)2
·
| bR#

m,` � h>
mh`|

khmkkh`k


(
P

m0 khm0k)2

k
P

m0 hm0k2
·max

m,`

| bR#
m,` � h>

mh`|

khmkkh`k
 M ·

P
m0 khm0k

2

k
P

m0 hm0k2
·max

m,`

| bR#
m,` � h>

mh`|

khmkkh`k

= M · Ratio ·max
m,`

n

|d
#
m,`|

|E
#
m,`|. (37)

Here, we have defined Ratio and E
#
m,` by

Ratio :=

P
m0 khm0k

2

k
P

m0 hm0k2
, E

#
m,` :=

d
#
m,`(

bR#
m,` � h>

mh`)

nkhmkkh`k
, (38)

where d
#
m,` is the denominator of the corresponding estimator for # 2 {ovlp, full} defined in (19). We restate

their expressions for convenience:

d
ovlp
m,` = |Im \ I`|(1� bdfm/k)(1� bdf`/k), d

full
m,` = n� bdfm � bdf` + k

�2
|Im \ I`|

bdfm bdf` (39)

Below we bound |E
#
m,`|, |d

#
m,`|

�1, and Ratio.

Control of E
#
m,`. Markov’s inequality applied with the moment bound (20) yields

for all ✏ > 0, P(|E#
m,`| > ✏)  ✏

�1E[|E#
m,`|] .

1

✏
p
n⌧2

⇥

(
c
�3
�
7/2 # = ovlp

c
�2
�
5/2 # = full

(40)

Control of Ratio. Here the key lemma to bound Ratio :=
P

m0 khm0k
2
/k

P
m0 hm0k

2 is the concentration

of the correlation h>
mh`/khmkkh`k:
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Lemma 10. If the same penalty is used for all m 2 [M ], i.e., gm = g in (2), then

⌘m,` := E


h>
mh`

khmkkh`k
| (zi)i2Im\I`

�
� 0, and E

⇣ h>
mh`

khmkkh`k
� ⌘m,`

⌘2
�
. �

nc2⌧2
.

Lemma 10 is proved in Section A.5.4. The proof is based on a symmetry argument for the non-negativity

of ⌘m,` and the Gaussian Poincaré inequality for the upper bound.

Now we provide a high-probability bound for the Ratio. Let Um,` := �h>
mh`/khmkkh`k+⌘m,`. Then, using

the positiveness of ⌘m,` by Lemma 10, we find

X

m

khmk
2
� k

X

m

hmk
2 =

X

m 6=`
(�h>

mh` + ⌘m,`khmkkh`k � ⌘m,`khmkkh`k) 
X

m 6=`
Um,`khmkkh`k



⇣X

m 6=`
U

2
m`

⌘1/2⇣X

m6=`
khmk

2
kh`k

2
⌘1/2



⇣X

m,`

U
2
m`

⌘1/2X

m

khmk
2
.

Dividing both sides by
P

m khmk
2, we have

k
P

m hmk
2

P
m khmk2

� 1�

⇣X

m,`

U
2
m,`

⌘1/2
.

Then, Markov’s inequality applied with E[U2
m,`] . �/(nc2⌧2) by Lemma 10 yields

P
✓P

m khmk
2

k
P

m hmk2
� 2

◆
 P

✓
1�

⇣X

m,`

U
2
m,`

⌘1/2


1

2

◆
 P

⇣X

m,`

U
2
m,` � 1/4

⌘
 4E

hX

m,`

U
2
m,`

i
. M

2
�

nc2⌧2
, (41)

which gives the upper bound of Ratio =
P

m khmk
2
/k

P
m hmk

2.

Control of |d
#
m,`|

�1. The lemma below gives an lower bound of d#m,` for # 2 {ovlp, full}.

Lemma 11. Let d
ovlp
m,` and d

full
m,` be the random variables defined in (39). Then, there exists a positive

absolute constant C > 0 such that for # 2 {ovlp, full},

P
⇣d#m,`

n
< Cd

#(⌧, c, �)
⌘
. �

4

nc2⌧4
where d

ovlp(⌧, c, �) = ⌧
2
c
4
�
�2

, and d
full(⌧, c, �) = ⌧

2
�
�2

.

Lemma 11 is proved in Section A.5.5. The proof uses (30) and some property of the hypergeometric

distribution (Lemma 22).

Combining (37), (40), (41), and Lemma 11 yield the following for all ✏ > 0:

P
⇣���

eR#
M
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� 1

��� > ✏
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⇣
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n
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✏
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✏

M

⌘


M

2
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+
X
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2M

⌘


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+
X
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⇢
P
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n
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⌘
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⇣
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⌘�

. M
2
�
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+M

2
h

�
4

nc2⌧4
+

2M

✏Cd#(⌧, c, �)

1
p
n⌧2

·

(
c
�3
�
7/2 # = ovlp

c
�2
�
5/2 # = full,

i
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where C > 0 is an absolute constant, and d
#(c, ⌧, �) is given by d

ovlp(⌧, c, �) = ⌧
2
c
4
�
�2 and d

full(⌧, c, �) =

⌧
2
�
�2. Substituting this expression to the last bound, we obtain

for all ✏ > 0, P
✓���

eR#
M

RM
� 1

��� > ✏

◆
. M

2
�

n⌧2c2
+

M
2
�
4

nc2⌧4
+

M
3

✏
p
n⌧2+2

·

(
c
�3�4

�
7/2+2 # = ovlp

c
�2
�
5/2+2 # = full

. M
2
�
4

nc2⌧4
+

M
3

✏
p
n⌧4

⇥

(
c
�7
�
11/2 # = ovlp

c
�2
�
9/2 # = full

, (42)

thereby when ✏ 2 (0, 1), the second term dominates the first term. This concludes the proof of (21).

A.3. Proof of Theorem 2 (restated here for convenience)

Theorem 2 (Finite-sample bounds for corrected GCV) Suppose Assumptions A–D hold. Let c = k/n,

� = max(1, p/n), and ⌧ = min(1, µ). Assume that the same penalty gm is used for each m 2 [M ] in (2).

Then, for any ✏ 2 (0, 1), there exists an absolute constant C > 0 such that the following holds:

P
⇣���1�

eRcgcv,ovlp
M

RM

��� > ✏

⌘
 C

M
4
�
15/2

✏⌧6c6
p
n
, P

⇣���1�

eRcgcv,full
M
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��� > ✏

⌘
 C

M
4
�
13/2

✏⌧6c4
p
n
. (22)

Thus, if (M,µ
�1

, p/n, n/k) are bounded by constants independent of n, we have

eRcgcv,ovlp
M /RM = 1 +OP(n�1/2), eRcgcv,full

M /RM = 1 +OP(n�1/2).

The goal in this section is to show eRcgcv,#
M /RM ⇡ 1 for # 2 {ovlp, full}. The definition of eRcgcv,#

M is

recalled for convenience:

eRcgcv,#
M =

kM
�1

P
m rmk

2

n(1� edfM/n)2
� (c�1

� 1)
( edfM/n)2

(1� edfM/n)2
1

M2

X

m

bR#
m,m. (43)

Now, we define eRcgcv
M by

eRcgcv
M :=

kM
�1

P
m rmk

2

n(1� edfM/n)2
� (c�1

� 1)
( edfM/n)2

(1� edfM/n)2
1

M2

X

m

khmk
2
. (44)

The di↵erence between eRcgcv
M and eRcgcv,#

M is whether it uses khmk
2 or its estimate bR#

m,m in the rightmost

sum. Considering bR#
m,m ⇡ khmk

2 from (20), eRcgcv
M is naturally expected to be close to eRcgcv,#

M . We state

this approximation more precisely as follows:

for all ✏ 2 (0, 1), P
✓���

eRcgcv
M � eRcgcv,#

M
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��� > ✏

◆
. M

2

p
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⇥

(
c
�6
�
15/2 # = ovlp

c
�2
�
13/2 # = full

. (45)

Equation (45) is proved in Section A.3.1. The second task is to show eRcgcv
M ⇡ RM .

Lemma 12. For eRcgcv
M defined in (44), we have

for all ✏ 2 (0, 1), P
✓���

eRcgcv
M �RM

RM

��� > ✏

◆
. M

4

p
n✏⌧5

· c
�4
�
13/2

.

Lemma 12 is proved in Section A.3.2, where we use some concentration of bdfm around its average edfM =

M
�1

PM
m=1

bdfm. Now we assume Lemma 12. Then, Equation (45) and Lemma 12 together yield

P
⇣
| eRcgcv,#

M /RM � 1| > ✏

⌘
 P

⇣
|( eRcgcv,#

M � eRcgcv
M )/RM | > ✏/2

⌘
+ P

⇣
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M /RM � 1| > ✏/2
⌘
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. M
4

p
n✏⌧5

· c
�4
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13/2 +

M
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n✏⌧6

·

(
c
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�
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c
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p
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·

(
c
�6
�
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c
�4
�
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,

for all ✏ 2 (0, 1). This completes the proof of Theorem 2. In the following sections, we prove Equation (45)

and Lemma 12.

A.3.1. Proof of Equation (45)

By the definition of eRcgcv,# in (43) and eRcgcv in (44),

eRcgcv
M � eRcgcv,#

M

RM
= (c�1

� 1)

✓ edfM/n

1� edfM/n

◆2P
m( bR#

mm � khmk
2)

k
P

m hmk2
.

Here, thanks to (c�1
� 1)( edfM/n)2  (c�1

� 1)(k/n)2 = (c�1
� 1)c2  c by (30), we have

����
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M
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c
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P
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2

k
P

m hmk2
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|
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mm
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m
V

#
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where U and V
#
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P
m khmk

2

k
P

m hmk2
, V

#
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����
bR#
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� 1

����. (46)

Control of U . By Lemma 18 (introduced later), there exists an absolute constant C 2 (0, 1) such that

P(1� bdfm/n  C⌧�
�1)  e

�nc/2
,

Applying the above display to 1� edfM/n = M
�1
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m=1(1� bdfm/n) with the union bound, we have

P
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�1) . Me
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.

Combining the above display and the upper bound of
P

m khmk
2
/k

P
m hmk

2 given by (41), we have

P
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Control of V
#
m . Equation (42) with M = 1 implies
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✏
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·

(
c
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�
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c
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�
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(48)

Now we have controlled U and V
#
m . (47) and (48) together yield, for all ✏ 2 (0, 1),
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M
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c
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15/2 # = ovlp

c
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. M
2

p
n✏⌧6

⇥

(
c
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�
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c
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�
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(thanks to ✏ 2 (0, 1))

This concludes the proof.
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A.3.2. Proof of Lemma 12 (restated here for convenience)

Lemma 12. For eRcgcv
M defined in (44), we have

for all ✏ 2 (0, 1), P
✓���
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M �RM
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◆
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Proof. If we define d
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m,` by

d
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the relative error can be written as
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By the same argument in (37), the relative error is bounded from above as
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,

where E
full
m,` and U were defined before by (38) and (46). Their expressions are recalled here for convenience:

U :=
1

(1� edfM/n)2

P
m khmk

2

k
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where d
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�2
|Im \ I`|

bdfm bdf` is the denominator in the full-estimator. Note in passing

that U and E
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m,` have been already bounded by (40) with # = full and (47): there exists a absolute constant
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It remains to bound |d
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m,`|/n. Here, we will argue that
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⌘
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The proof of (50) is given at the end of this section. Now we assume it. Then (49) and (50) together yield,
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(thanks to ✏, c, ⌧ 2 (0, 1] and � � 1),

which concludes the proof of Lemma 12. ⇤

Proof of Equation (50). The expressions of dfullm,` and d
cgcv
m,` are recalled here for convenience:

d
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m,`

n
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bdfm
n
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Below we prove d
full
m,`/n ⇡ d

cgcv
m,` /n. The key lemma is the concentration of bdfm around its average edfM =

P
m

bdfm/M .

Lemma 13. Suppose the same penalty is used for (hm)Mm=1. Then, we have

for all m 2 [M ], for all ✏ > 0, P
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⌘
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✏
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⌘
.

The proof of Lemma 13 is given in Section A.5.6. From Lemma 13, it su�ces to bound |d
full
m,` � d

cgcv
m,` |/n

from above by | bdfm � edfM |/n and | bdf`� edfM |/n up to an absolute constant. Below, we prove (50) for m = `

and m 6= ` separately.

When m = `. Letting f be the function f(x) = 1� 2x+ c
�1

x
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Here, bdfm/n, edfM/n 2 [0, c) by (30), while f is 2-Lipschitz on [0, c] since supx2[0,c] |f
0(x)| = supx2[0,c] 2(1�
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thanks to the Lipschitz property of f and Lemma 13. This completes the proof of (50) for m = `.

When m 6= `. Letting g be the function g(x, y) = (1� x)(1� y), we have

d
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0
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From this property of g and bdfm/n, bdf`/n, edfM/n 2 [0, c) ⇢ [0, 1] by (30), we find
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Here, thanks to the bound of of Var[|Im\I`|] (see Lemma 22), the moment of the first term on the right-hand

side is bounded from above as
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Therefore, Markov’s inequality applied with the above moment bound Lemma 13 results in

P
⇣ |dfull

m,` � d
cgcv
m,` |

n
> ✏

⌘
 P

⇣
c
2
���
|Im \ I`| · n

k2
� 1

��� >
✏

3

⌘
+ P

⇣
| bdfm � edfM |

n
>
✏

3

⌘
+ P

⇣
| bdf` � edfM |

n
>
✏

3

⌘

. c

✏
p
n

+M

⇣
e
�nc/2 +

�
9/2

✏
p
n⌧3c4

⌘
. M

⇣
e
�nc/2 +

�
9/2

✏
p
n⌧3c4

⌘
,

for all ✏ > 0. This completes the proof of Equation (50) for m 6= `. ⇤

A.4. Proof of Theorem 3 (restated here for convenience)

Theorem 3 (Inconsistency of GCV for finite ensembles) Suppose Assumptions A–D hold, and assume that

the same penalty gm is used for each m 2 [M ] in (2). Let c = k/n, � = max(1, p/n), ⌧ = min(1, µ). Then,

there exists an absolute constant C > 0 such that the following holds: The probability that eRgcv
M in (9)

over-estimates the risk RM is lower bounded as:

for all � 2 (0, 1), P
✓ eRgcv

M

RM
� 1 + �

2 c(1� c)

2M

◆
� P

✓ edfM
k

� �

◆
� C

M
5
�
15/2

p
n⌧5c5(1� c)�2

.

Therefore, if there exists a positive constant �0 independent of n such that P( edfM/k � �0) � �0, and

{M,µ
�1

, p/n, c
�1

, (1 � c)�1
} are bounded by a constant independent of n, eRgcv

M is inconsistent and over-

estimates the risk RM with positive probability, in the sense that

lim inf
n!1

P
✓ eRgcv

M

RM
� 1 +

�
2
0c(1� c)

2M

◆
� �0.

Proof. Define Correction as

Correction := (c�1
� 1)

( edfM/n)2

(1� edfM/n)2

P
m khmk

2

k
P

m hmk2
,

so that Lemma 12 can be written as

P
✓���

eRgcv
M

RM
� Correction� 1

��� > ✏

◆
. M

4
�
13/2

✏
p
n⌧5c4

for all ✏ 2 (0, 1). (51)

Since k
P

m hmk
2
 (

P
m khmk)2  M

P
m khmk

2 by the triangle inequality, it holds that

8� 2 (0, 1),
n
edfM/k � �

o
=
n
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o
⇢

n
Correction � (c�1

� 1)

✓
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1� c�

◆2 1

M
�
�
2
c(1� c)

M

o
.

Therefore, we obtain that, for all � 2 (0, 1),

P
✓ edfM

k
� �

◆
 P

✓
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�
2
c(1� c)

M

◆
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M

RM
� Correction� 1  �
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◆
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◆�1
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�
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n⌧5c4

+ P
✓ eRgcv

M
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c(1� c)�2
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◆
(by (51) with ✏ =

�
2
c(1� c)
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5

p
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c5(1� c)
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,

where C,C
0
> 0 are absolute constants. This finishes the proof. ⇤
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A.5. Technical lemmas and their proofs

A.5.1. Proof of Lemma 7 (restated here for convenience)

Lemma 7. [Variant of Bellec and Shen (2022, Theorem 1)] Suppose the penalty g satisfies Assumption D

with a constant µ > 0. Then there exists a matrix B 2 R(p+1)⇥(p+1) depending on (zi)i2I such that

kBkop  (kµ)�1
, rank(B)  p, tr[B] � 0 (28)

and the derivative of h with respect to Z = (zij)i2[n],j2[p+1] is given by

for all i 2 [n] and j 2 [p+ 1],
@h

@zij
= Beje

>
i Lr �BZ>Leie

>
j h with L = LI =

X

i2I

eie
>
i . (29)

Furthermore, V := In � ZBZ>L satisfies the following:

bdf = k � tr[LV ], 0 < k

✓
1 +

kLGk
2
op

kµ

◆�1

 tr[LV ]  k and kLV kop  1, (30)

where G = X⌃�1/2
2 Rn⇥p is a standard Gaussian matrix.

Proof. By the change of variable � 7! u = ⌃1/2(� � �0) and G = X⌃�1/2, we have

⌃1/2(b� � �0) = bu, r = y �X b� = ✏�Gbu, bdf = tr[X(@/@y)b�] = tr[G(@/@✏)bu],

where bu is a penalized estimator with an isotropic design G = X⌃�1/2:

bu = bu(✏,G) := argmin
u2Rp

1

k

X

i2I

(✏i � g>
i u)2 + f(u) with f(u) := g(⌃�1/2u+ �0).

Note in passing that the map u 2 Rp
7! f(u) � µkuk2/2 is convex thanks to Assumption D. Then, Bellec

and Shen (2022, Theorem 1) with ⌃ = Ip implies the followings: there exists a matrix A 2 Rp⇥p depending

on (✏i, gi)i2I such that

kAkop  (|I|µ)�1 = (kµ)�1
,

and the derivative of bu with respect to G = (gij)ij 2 Rn⇥p and ✏ = (✏i) 2 Rn are given by

for all i 2 [n], j 2 [p],
@bu
@gij

(✏,G) =

(
A[eje

>
i r �G>eiej bu] (i 2 I)

0p (i /2 I)
= A[ej(Lr)i �G>Leibuj ],

for all i 2 [n],
@bu
@✏i

(u,G) =

(
AG>ei (i 2 I)

0p (i /2 I)
= AG>Lei,

where L =
P

i2I eie>i . Furthermore, equation (D.8) (and the following argument) in Bellec and Shen (2022)

imply that V := In �GAG>L satisfies

0 < k(1 + kGk
2
op/(kµ))

�1
 tr[LV ] = k � bdf  k, kLV kop  1.

Thus, if we define the matrix B 2 R(p+1)⇥(p+1) as B :=

 
A 0p

0>
p 0

!
, the derivative of h = (bu>

,��)> 2

Rp+1 with respect to Z = [G|�
�1✏] = (zij)ij 2 Rn⇥(p+1) can be written as

i 2 [n], 1  j  p,
@h

@zij
=

@

@gij

 
bu
��

!
=

 
A[ej(Lr)i �G>Leibhj ]

0

!
= B

h ej
0

!
(Lr)i � Z>Leibhj

i
,
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i 2 [n],
@h

@zi,p+1
= �

@

@✏i

 
bu
��

!
=

 
�AG>Lei

0

!
= B

h 0p

1

!
(Lr)i � Z>Leibhp+1

i
.

This finishes the proof of the derivative formula (29). It remains to prove tr[B] � 0 in (28). By the definition

of B, it su�ces to show tr[A] � 0. Equation (7.4) in Bellec (2022) implies v>Av � 0 for all v 2 ker(A)?.

Then, letting V = (v1, v2, . . . , vp) 2 Rp⇥p be an orthogonal matrix with its columns including an orthogonal

basis of ker(A)?, we have 0 
Pp

i=1 v
>
i Avi = tr[V >AV ] = tr[AV V >] = tr[A]. This completes the proof.

⇤

A.5.2. Proof of Lemma 8 (restated here for convenience)

Lemma 8. For any subset J ⇢ [n] that is independent of Z, we have

E
⇣

�r>LJ er � er> eLLJr tr[ eB] + tr[LJV ]h>eh
khkkehk

⌘2 ��� J
�
. ⌧

�2(|J |+
p(|J |+ p)2

k2
)

where ⌧ = min(1, µ) and LJ =
P

i2J eie>i .

Proof. The proof is based on the moment inequality in Lemma 14 ahead. We will bound ⌅J in Lemma 14

using the derivative formula (29) and the bound of the operator norm kBkop  (kµ)�1 by (28). Note in

passing that the derivative formula (29) implies

X

i2J

p+1X

j=1

���
@h

@zij

���
2
=

X

i2J

p+1X

j=1

kBej(Lr)i �BZ>Leihjk
2 . kBk

2
F kLJrk

2 + kLJZB>
k
2
F khk2,

so that r = �Zh and kBk
2
F  rank(B)kBk

2
op  p(kµ)�2 lead to

⌅J =
X

i2J

khk�2
p+1X

j=1

���
@h

@zij

���
2
. kBk

2
F kLJZk

2
op . p(kµ)�2

kLJZk
2
op. (52)

Thus, Lemma 14 and E[kLJZk
4
op] . (|J |+ p)2 by (20) yield

E


1

khk2kehk2
⇣
rLJ er +

X

i2J

qX

j=1

@ri
ehj

@zij

⌘2 ��� J
�
. |J |+ p(|J |+ p)2(kµ)�2 . ⌧

�2(|J |+ p(|J |+ p)2/k2),

thanks to ⌧ = min(1, µ). It remains to bound the error inside the square in the LHS; the derivative formula

(29) leads to

1

khkkehk

X

i2K

p+1X

j=1

⇣
@(ehjri)

@zij
� er> eLLJr tr[ eB] + tr[LJV ]eh>h

⌘
=

�eh> eBZ> eLLJr � r>LLJZBeh
khkkehk

.

Here, the square of the RHS can be bounded from above by 4µ�2
k
�2

kLJZk
4
op. From this and E[kLJZk

4
op] .

(|J |+ p)2 by (20), we find that the expectation of the RHS is bounded from above by (|J |+ p)2/(kµ)�2 up

to some absolute constant. This finishes the proof. ⇤

Lemma 14 (Variant of Bellec (2023, Proposition 6.1)). Assume that h and eh are locally Lipschitz function

from Rn⇥q
! Rq such that khk2, kehk2 6= 0, and let r = �Zh and er = �Zeh, where Z 2 Rn⇥q has i.i.d.

N (0, 1) entries. If J ⇢ [n] is independent of Z, we have

E


1

khk2kehk2
⇣
rLJ er +

X

i2J

qX

j=1

@ri
ehj

@zij

⌘2 ��� J
�
. |J |+ E[kLJZk

2
op(1 + ⌅J + e⌅J )],
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where LJ =
P

i2J eie>i , ⌅J =
P

i2J

Pq
j=1 khk

�2
��� @h@zij

���
2
, and e⌅J =

P
i2J

Pq
j=1 k

ehk�2
��� @eh
@zij

���
2
.

Proof. Let % = LJr/khk = �LJZh/khk 2 Rn and e⌘ := eh/kehk 2 Rq. Then, Proposition 6.1. in Bellec (2023)

implies

E
⇣

� %>Ze⌘ +
X

i,j

@(⇢ie⌘j)
@zij

⌘2
�
 E[k%k2ke⌘k2] +

X

ij

E

k%k2

���
@e⌘
@zij

���+ ke⌘k2
���
@%

@zij

���
2
�
, (53)

where E[k%k2ke⌘k2]  E[kLJZk
2
op] thanks to ke⌘k2 = 1 and k%k2  kLJZk

2
op. It remains to bound the second

term. Here, we use the following identity: if h : Rn⇥q
! Rq is locally Lipschitz with khk2 6= 0, we have

@

@zij

⇣ h

khk

⌘
=

P?

khk

@h

@zij
with P? = Ip+1 �

hh>

khk2
so that
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@

@zij

⇣ h
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⌘���
2


1

khk2

���
@h
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���
2
, (54)

where the inequality follows from kP?
kop  1. Then, (54) and k%k2  kLJZk

2
op yield

X

i2J

qX

j=1

k%k2
���
@e⌘
@zij

���  kLJZk
2
op

X

i2J

X

j

1

khk2

���
@eh
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���
2
= kLJZk

2
op⌅J .

In the same way, % = �LJZh/khk, ke⌘k2 = 1, and (54) lead to

X

i2J
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j=1
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@zij

���
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=
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i2J
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���LJ
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khk
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@
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⇣ h
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⌘⌘���
2
 2|J |+ 2kLJZk

2
op⌅J .

Therefore, the RHS of (53) is bounded from above by |J |+ E[kLJZk
2
op(1 + ⌅J + e⌅J )] up to some absolute

constant. It remains to control the error inside the square:

1

khkkehk

X

i2J

X

j2[q]

@ri
ehj

@zij
�

X

i2J

X

j2[q]
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X
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✓
h>
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@h

@zij
+
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kehk2
@eh
@zij

◆

By multiple applications of the Cauchy-Schwartz inequality, the square of the RHS is bounded from above

by 2kLJZk
2
op(⌅J + e⌅J ). This finishes the proof. ⇤

A.5.3. Proof of Lemma 9 (restated here for convenience)

Lemma 9. Let ⇠1 = (1 + tr[B])kLrk2/khk2 � tr[LV ] and ⇠2 = k � (1 + tr[B])2kLrk2/khk2. Then

E|k � tr[LV ](1 + tr[B])| = E|(1 + tr[B])⇠1 + ⇠2| .
p

k⌧
�2(1 + p/k)5/2.

Proof. Lemma 8 with J = I = eI and 0  tr[B]  pkBkop  p/(kµ) by (28) yield

E|(1 + tr[B])⇠1| . µ
�1(p/k)E|⇠1| . ⌧

�1(p/k)
p

k⌧
�1(1 + p/k)3/2 .

p

k⌧
�2(1 + p/k)5/2,

while E|⇠2| .
p
k⌧

�2(1 + p/k)2 by Lemma 15 below. Thus, we obtain

E[|k � tr[LV ](1 + tr[B])|] .
p

k⌧
�2(1 + p/k)5/2 +

p

k⌧
�2(1 + p/k)2 .

p

k⌧
�2(1 + p/k)5/2.

This finishes the proof. ⇤

Lemma 15. We have E[|k � (1 + tr[B])2kLrk2/khk2|] . k
1/2

⌧
�2(1 + p/k)2.
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Proof. Define a 2 Rn and b 2 Rn as

for all i 2 [n], ai =
1

khk
(1 + tr[B])(Lr)i and bi =

1

khk
(Lr)i +

1

khk

p+1X

j=1

@hj

@zij

so that (1 + tr[B])2kLrk2/khk2 = kak2. Lemma 17 ahead and the Cauchy–Schwarz inequality yield

E[|k � kak2|]  E[2(
p

kka� bk+ |k � kbk2|+ ka� bk2]

.
p

kE[ka� bk2] + E[ka� bk2] + E[|k � kbk2|]. (55)

Thus, it su�ces to bound E[ka� bk2] and E[|k � kbk2]. For Eka� bk2, (28), (29), and Lemma 20 yield

Eka� bk2 = E[khk�2
kLZB>hk2]  E[kBk

2
opkLZk

2
op] . (kµ)�2(k + p) . k

�1
⌧
�2(1 + p/k),

where ⌧ = min(1, µ). If we denote khk�2
P

i2I

Pp+1
j=1 k(@/@zij)hk2 by ⌅I , Lemma 16 below leads to

E[|k � kbk2|] .
p

k(1 + E[⌅I ]) + E[⌅I ] (by Lemma 16)

.
p

k(1 + µ�2(1 + p/k)2) + µ
�2(1 + p/k)2 (thanks to (52) with J = I)

.
p

k⌧
�2(1 + p/k)2 (thanks to ⌧ = min(1, µ)).

This concludes the proof. ⇤

Lemma 16 (Variant of Bellec (2023, Theorem 7.1)). Let h : Rk⇥q
! Rq be a locally Lipschitz functions. If

Z 2 Rk⇥q has i.i.d. N (0, 1) entries, we have

E
����k �

1

khk2

kX

i=1

⇣
e>i Zh�

qX

j=1

@hj

@zij

⌘2
����

�
.
p

k(1 + E⌅) + E⌅ with ⌅ =
1
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���
@h
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���
2
.

Proof. Define vectors a, b 2 Rk by

for all i 2 [k], ai =
1

khk

⇣
e>i Zh�

X

j

@hj

@zij

⌘
and bi = e>i Z

h

khk
�

X

j

@

@zij

⇣
hj

khk

⌘
,

so that the LHS of the assertion is E|k � kak2|. The same argument in (55) leads to

E[|k � kak2|] .
p

kE[ka� bk2] + E[ka� bk2] + E[|k � kbk2|].

Below we bound E[ka � bk2] and E[|k � kbk2]. For ka � bk2, multiple applications of the Cauchy–Schwarz

inequality lead to

ka� bk2 =
kX

i=1

n
�

1

khk

X

j

@hj

@zij
+
X

j

@

@zij

⇣
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=
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j
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⌘2

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i,j

1

khk2

���
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���
2
= ⌅.

For E[|k � kbk2], Theorem 7.1 in Bellec (2023) applied to the unit vector h/khk 2 Rq implies

E|k � kbk2| .
p

k(1 + E⌅0) + E⌅0 with ⌅0 := E
kX

i=1

qX

j=1

k
@

@zij

⇣ h

khk

⌘
k
2
.

Since ⌅0
 ⌅ by (54), we have E[|k � kbk2|] .

p
k(1 + E[⌅]) + E[⌅]. This finishes the proof. ⇤
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Lemma 17. We have |k � kak2|  2(
p
kka � bk + |k � kbk2| + ka � bk2) for all vector a, b in the same

Euclidean space.

Proof. By multiple applications of the triangle inequality and 2ab  a
2 + b

2, we have

��|k � kak2|� |k � kbk2|
��  ka� bkka+ bk  ka� bk2 + 2ka� bkkbk

 ka� bk2 + 2ka� bk(
p

|kbk2 � k|+
p

k)

 2ka� bk2 + |kbk2 � k|+ 2ka� bk
p

k.

Adding |kbk2 � k| to both sides and using the triangle inequality, we conclude the proof. ⇤

A.5.4. Proof of Lemma 10 (restated here for convenience)

Lemma 10. If the same penalty is used for all m 2 [M ], i.e., gm = g in (2), then

⌘m,` := E


h>
mh`

khmkkh`k
| (zi)i2Im\I`

�
� 0, and E

⇣ h>
mh`

khmkkh`k
� ⌘m,`

⌘2
�
. �

nc2⌧2
.

Proof. Letting v = h/khk and ev = eh/kehk, the statement of Lemma 10 can be written as follows; if the same

penalty is used for h and eh, we have

E
h
v>ev

�� (zi)i2I\eI

i
� 0, and E

h
Var

h
v>ev

�� (zi)i2I\eI

ii
. �

nc2⌧2
,

Below we prove this claim. Here, the key fact is that conditionally on (zi)i2I\eI , the random vectors v and

ev are independent and identically distributed. Then, it immediately follows from this fact that

E
h
v>ev

�� (zi)i2I\eI

i
=
���E

h
v
�� (zi)i2I\eI

i���
2
� 0.

Next, we derive the bound of the variance: first using the Gaussian Poincaré inequality for the inequality

below, second using that v does not depend on (zi)i2eI\I and ev does not depend on (zi)i2I\eI for the equality

below,
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h
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⇣
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⌘2i
,

where Ē is conditional expectation given (zi)i2I\eI . By the symmetry of (h, eh), it su�ces to bound the first

term. Letting P? = Ip+1 � vv>, we obtain the following from the identity (54):

X
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Thus, the moment bound E[kLZk
2
op] . (k + p) by Lemma 20 leads to

E
h
Var

h
v>ev | (zi)i2I\eI

ii
. (kµ)�2E

h
kLZk

2
op + keLZk

2
op

i
. (kµ)�2(k + p) . n

�1
⌧
�2

c
�2
�,

thanks to ⌧ = min(1, µ), c = k/n 2 (0, 1), and � = max(1, p/n). This completes the proof. ⇤
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A.5.5. Proof of Lemma 11 (restated here for convenience)

Lemma 11. Let d
ovlp
m,` and d

full
m,` be the random variables defined in (39). Then, there exists a positive

absolute constant C > 0 such that for # 2 {ovlp, full},

P
⇣d#m,`

n
< Cd

#(⌧, c, �)
⌘
. �

4

nc2⌧4
where d

ovlp(⌧, c, �) = ⌧
2
c
4
�
�2

, and d
full(⌧, c, �) = ⌧

2
�
�2

.

Proof. Below, we prove this assertion for # = ovlp and # = full, separately.

Proof for # = ovlp. Recall that d
ovlp
m,` = |Im \ I`|(1 � bdfm/k)(1 � bdf`/k). Lemma 18 with I = Im and I`

implies that there exists an absolute constant C 2 (0, 1) such that

for all m, `, P((1� bdfm/k)(1� bdf`/k)  C
2
⌧
2
c
2
�
�2)  2e�nc/2

. (56)

Lemma 22 (introduced later) and Markov’s inequality lead to the following:

for all m 6= `, P(|Im \ I`|n/k
2
� 1| > 1/2)  4E[(Im \ I`|n/k

2
� 1)2]  4n2

k
�4

k
2
n
�1 = 4n�1

c
�2

,

which implies

P(|Im \ I`|  k
2
/(2n) = 2�1

nc
2)  4n�1

c
�2

.

Note in passing that the above inequality also holds for m = ` since |Im \ I`| = k � k
2
/2n with probability

1. Therefore, we have, for all m, `,

P(dovlpm,`  2�1
C

2
nc

4
⌧
2
�
�2)  P(|Im \ I`|  2�1

nc
2) + P((1� bdfm/k)(1� bdf`/k)  C

2
⌧
2
c
2
�
�2)

 4n�1
c
�2 + 2e�nc/2 . n

�1
c
�2

.

Proof for # = full. Recall that dfullm,` = n� bdfm � bdf`+ k
�2

|Im \ I`|
bdfm bdf`. We consider m = ` and m 6= `

separately.

When m = `, (56) with m = ` implies that the following holds with probability at least 1� 2e�nc/2:

n
�1

d
full
m,m = c(1� bdfm/k)2 + 1� c � cC

2
⌧
2
c
2
�
�2 + 1� c � C

2
⌧
2
�
�2(c3 + 1� c) � C

0
⌧
2
�
�2

,

where C
0 = C

2 minc2[0,1](c
3 + 1� c) = C

2(1� 2
p
3/9) is a positive absolute constant.

When m 6= `, we decompose

d
full
m,`

n
=
⇣
1�

bdfm
n

⌘⇣
1�

bdf`
n

⌘
+

bdfm
n

bdf`
n

⇣
|Im \ I`| · n

k2
� 1

⌘
=: Am,` +Bm,`.

Lemma 18 implies that there exists an absolute constant C 2 (0, 1) such that

P(Am,`  C
2
⌧
2
�
�2)  2e�nc/2

.

For Bm,`, 0 < bdfm < k = nc and Lemma 22 imply

E[|Bm,`|
2]  (

k
2

n2

n

k2
)2E[||Im \ I`|�

k
2

n
|
2] 

1

n2

k
2

n
=

c
2

n
.

Thus, Markov’s inequality leads to

P(dfull
m,` > n2C2

⌧
2
�
�2)  P(Am,` > C

2
⌧
2
�
�2) + P(Bm,` > C

2
⌧
2
�
�2)

 2e�nc/2 + (C2
⌧
2
�
�2)�2E[|Bm,`|

2] . (nc)�1 + ⌧
�4
�
4
c
2
n
�1

. n
�1

c
�1
⌧
�4
�
4
.
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This concludes the proof. ⇤

Lemma 18. There exists an absolute constant C 2 (0, 1) such that

P(1� bdf/k � C⌧c�
�1) � 1� e

�nc/2
, P(1� bdf/n � C⌧�

�1) � 1� e
�nc/2

Proof. Equation (30) implies

(1� bdf/k)�1
 1 + µ

�1
kLGk

2
op/k  ⌧

�1(1 + kLGk
2
op/k),

thanks to ⌧ = min(1, µ), where G 2 Rn⇥p has i.i.d. Gaussian entries. Since kLGkop
d
= kG0

kop with

G0
2 Rk⇥p having i.i.d. N (0, 1) entries, Lemma 20 with t =

p
k +

p
p implies

P(kLZk
2
op > {2(

p

k +
p
p)}2)  e

�(
p

k+
p

p)2/2
 e

�(k+p)/2
 e

�k/2
.

Since {2(
p
k +

p
p)}2  8(k + p). the following holds with probability at least 1� e

�k/2:

(1� bdf/k)�1
 ⌧

�1(1 + 8(1 + p/k))  9⌧�1(1 + p/k)  9⌧�1(1 + c
�1

p/n)  18⌧�1
c
�1
�,

thanks to � = max(1, p/n). This completes the proof for 1� bdf/k. For 1� bdf/n, 0 < bdfm < k = nc and the

above display lead to

P(1� bdfm/n � (1� c) _ {(18)�1
⌧c�

�1
}) � 1� e

�nc/2
,

where (1 � c) _ {(18)�1
⌧c�

�1
} � (18)�1

⌧�
�1((1 � c) _ c) � (18)�1

⌧�
�12�1 thanks to c, ⌧ 2 (0, 1] and

� > 1. Therefore taking C = (36)�1 concludes the proof. ⇤

A.5.6. Proof of Lemma 13 (restated here for convenience)

Lemma 13. Suppose the same penalty is used for (hm)Mm=1. Then, we have

for all m 2 [M ], for all ✏ > 0, P
⇣
| bdfm � edfM |

n
> ✏

⌘
. M

⇣
e
�nc/2 +

�
9/2

✏
p
n⌧3c4

⌘
.

Proof. Now we suppose that exists a deterministic scalar dn that does not depend on m such that

P(| bdfm/n� dn| > ✏) . e
�nc/2 +

�
9/2

✏
p
n⌧3c4

. (57)

Then, multiple applications of the triangle inequality lead to

P(| bdfm � edfM | > n✏)  P
✓���

bdfm
n

� dn

��� >
✏

2

◆
+ P

✓���
M

�1
P

m
bdfm

n
� dn

��� >
✏

2

◆

 P
✓���

bdfm
n

� dn

��� >
✏

2

◆
+

MX

m=1

P
✓���

bdfm
n

� dn

��� >
✏

2

◆
. M

⇣
e
�nc/2 +

�
9/2

✏
p
n⌧3c4

⌘
,
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which completes the proof. Below we prove (57). Let Lm = LIm
for brevity. Define (Wm, dn) by

Wm :=
kkLmrmk

2

n2khmk2
=

ckLmrmk
2

nkhmk2
, dn =

k

n
�

p
E[Wm].

Note that dn does not depend on m by symmetry. Since bdfm = k � tr[LmVm], our goal is to bound

bdfm/n� dn = tr[LmVm]/n�

p
E[Wm].

Equation (31) with I = eI = Im implies

E
���Wm �

tr[LmVm]2

n2

���
�
=

k

n2
E
���

kLmrmk
2

khmk2
� k tr[LmVm]2

���
�
. k

n2
·
p
n⌧

�2
c
�3
�
7/2 =

�
7/2

p
n⌧2c2

,

while the Gaussian Poincaré inequality leads to (see Lemma 19 below)

Var[Wm] = Var


c

n

kLmrmk
2

khmk2

�
=

c
2

n2
Var


kLmrmk

2

khmk2

�
. c

2

n2
·
n�

3

c2⌧2
=

�
3

n⌧2
.

By the above displays, we obtain

E
���

tr[LmVm]2

n2
� E[Wm]

���
�
 E

���
tr[LmVm]2

n2
�Wm

���
�
+ E

h��Wm � E[Wm]
��
i

 E
���

tr[LmVm]2

n2
�Wm

���
�
+
p

Var[Wm]

. �
7/2

p
n⌧2c2

+

r
�3

n⌧2
. �

7/2

p
n⌧2c2

.

Now, Lemma 18 implies that there exists an absolute constant C > 0 such that

P(⌦c)  e
�(k+p)/2

 e
�nc/2 with ⌦ = {tr[LmVm]/n � C�

�1
c⌧}

Notice that under ⌦,

���
tr[LmVm]2

n2
� E[Wm]

��� =
���
tr[LmVm]

n
�

p
E[Wm]

��� ·
���
tr[LmVm]

n
+
p

E[Wm]
���

=
���
bdfm
n

� dn

��� ·
���
tr[LmVm]

n
+
p

E[Wm]
��� �

���
bdfm
n

� dn

���C��1
c
2
⌧.

Combining the above displays together, we obtain

P
✓���

bdfm
n

� dn

��� > ✏

◆
 P(⌦c) + P

✓���
tr[LmVm]2

n2
� E[Wm]

��� > ✏C�
�1

c
2
⌧

◆

 e
�nc/2 +

�

✏Cc2⌧
E
���

tr[LmVm]2

n2
� E[Wm]

���
�

. e
�nc/2 +

�

✏c2⌧
·

�
7/2

p
n⌧2c2

= e
�nc/2 +

�
9/2

✏
p
n⌧3c4

.

This finishes the proof. ⇤

Lemma 19. We have Var(kLrk2/khk) . nc
�2
⌧
�2
�
3.
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Proof. Let u = Lr/khk = �LZh/khk = �LZv with v = h/khk. The Gaussian Poincaré inequality yields

Var(kuk2)  E
X

ij

✓
@kuk2

@zij

◆2�
= 4

X

ij

E
✓
u> @u

@zij

◆2

,

where

u> @u

@zij
= v>Z>L(eivj + Z(

@

@zij

h

khk
)) = v>Z>Leivj + v>Z>LZP? 1

khk

@h

@zij
= Rem1

ij + Rem2
i,j .

Note that
P

ij(Rem
1
ij)

2
 kLZk

2
op. For Rem2

ij , the derivative formula (29) leads to

X

ij

(Rem2
ij)

2 =
1

khk2

X

ij

(v>Z>LZP?(Bej(Lr)i �BZ>Leihj))
2

. 1

khk2
(kB>P?Z>LZvk2kLrk2 + kLZB>P?Z>LZvk2khk2)

. kBk
2
opkLZk

6
op . (kµ)�2

kLZk
6
op.

Thus, using Lemma 20, we obtain Var(kuk2) . (k + p) + k
�2

µ
�2(k3 + p

3) . nc
�2
⌧
�2
�
3, thanks to

⌧ = min(1, µ), c = k/n 2 (0, 1] and � = max(1, p/n). ⇤

A.6. Miscellaneous useful facts

Lemma 20. If G 2 Rk⇥q has i.i.d. N0, 1) entries, the tail P(kGkop >
p
k+

p
q+ t)  �(�t)  e

�t2/2 holds

for all t 2 R, where �(·) is the CDF of the standard normal. Therefore, we have E[kGk
m
op]  C(m)(

p
k+

p
q)r

for all m � 1, where C(m) > 0 is a constant depending only on m.

Proof. See Theorem 2.13 of Davidson and Szarek (2001) for the tail bound. The moment bound is obtained

by integrating the tail bound. ⇤

Lemma 21 (Simple random sampling properties; see, e.g., page 13 of Chaudhuri (2014)). Fix an array

(xi)Mi=1 of length M � 1 and let µM be the mean M
�1

P
i2[M] xi and �2

M be the variance M
�1

P
i2M x

2
i �

µ
2
M . Suppose J is uniformly distributed on {J ⇢ [M ] : |J | = m} for a fixed integer m  M . Then, the mean

and variance of the sample mean bµJ =
P

i2J xi are given by

E[bµJ ] = µM , and Var[bµJ ] =
�
2
M

m

✓
1�

m� 1

M � 1

◆


P
i2M x

2
i

mM
.

Lemma 22. If I and eI are independent and uniformly distributed over [n] with cardinality k  n, we have

E[(|I \ eI|� n
�1

k
2)2]  n

�1
k
2.

Proof. A random variable X is said to follow a hypergeometric distribution, denoted as X ⇠

Hypergeometric(n,K,N), if its probability mass function can be expressed as:

P(X = k) =

�K
k

��N�K
n�k

�

�N
n

� , where max{0, n+K �N}  k  min{n,K}.

The mean and variance of X are respectively given by (e.g., Greene and Wellner (2017)):

E[X] =
nK

N
, and Var(X) =

nK(N �K)(N � n)

N2(N � 1)


nK

N
.

Since |I \ eI| ⇠ Hypergeometric(k, k, n), we have E[(|I \ eI|� n
�1

k
2)2] = Var(|I \ eI|)  k

2
/n. ⇤
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A.7. Relaxing Assumption D in the underparameterized regime

In the underparameterized regime when p/n < 1, the strongly convex assumption on the penalty function in

Assumption D is not needed; we only need the penalty to be convex. We make this precise in this section.

Theorem 23 Let Assumptions A–C be fulfilled and assume p/k  � < 1 for a constant � independent of

k, n, p. For any convex function gm, define

b̌m = argmin
b2Rp

1

2|Im|
kLIm

(y �Xb)k22 + gm(b) + µnk⌃
1/2(b� �0)k

2

for some deterministic µn � 0; which is the same as b�m in (2) with an additional quadratic penalty term

µnk⌃1/2(b��0)k2. Let also ďfm be the degrees of freedom of b̌m. Then as long as µn ! 0 as n, k, p ! +1

we have

�
2 + k⌃1/2(b̌m � �0)k2

�2 + k⌃1/2(b�m � b�0)k2
p
�! 1,

1� ďfm/k

1� bdfm/k

p
�! 1,

ky �Xb̌mk

ky �X b�mk

p
�! 1,

kLIm
(y �Xb̌m)k

kLIm
(y �X b�m)k

p
�! 1

as well as
k⌃1/2(b�m � b̌m)k

min{k⌃1/2(b�m � �0)k, k⌃1/2(b̌m � �0)k}

p
�! 0.

If gm is convex and the same for all m 2 [M ], taking ⌧ = µn ! 0 su�ciently slowly so that the right-hand

sides of (22) converge to 0 (for instance, µn = 1/ logn works), then

eRcgcv,ovlp
M

RM

p
�! 1,

eRcgcv,full
M

RM

p
�! 1,

i.e., the proposed estimates are consistent without requiring strong convexity assumption on gm.

Proof. By the optimality condition of b̌m, its objective value is smaller than that of b�m, so that leaving aside

µnk⌃1/2(b̌m � �0)k2 which is non-negative,

kLIm
(y �Xb̌n)k22
2|Im|

+ gm(b̌m) 
kLIm

(y �X b�m)k22
2|Im|

+ gm(b�m) + µnk⌃
1/2(b�m � �0)k

2
.

Similarly by optimality of b�m, noting that b�m still minimizes the convex function

� 7!
kLIm

(y �X�)k22
2|Im|

�
kLIm

X(� � b�m)k2

2|Im|
+ gm(�),

thanks to the KKT (Karush-Kuhn-Tucker) condition for the original minimization problem, we have

kLIm
X(b̌m � b�m)k22

2|Im|
+

kLIm
(y �X b�m)k22
2|Im|

+ gm(b�m) 
kLIm

(y �Xb̌n)k22
2|Im|

+ gm(b̌m).

Summing the above two displays, most terms cancel, and we find

kLIm
X(b̌m � b�m)k22

2|Im|
 µnk⌃

1/2(b�m � �0)k
2
.

Since p/k  � < 1, the left-hand side is bounded from below by 1
2
C(�)k⌃1/2(b̌m � b�m)k2 for C(�) =

((1�
p
�)/2)2 with exponentially large probability. In this event, by the triangle inequality,

|(|k⌃1/2(b̌m � �0)k
2 + �

2)1/2 � (|k⌃1/2(�0 � b�m)k2 + �
2)1/2|


��k⌃1/2(b̌m � �0)k � |k⌃1/2(�0 � b�m)k

��

 k⌃1/2(b̌m � b�m)k



p
2µn/C(�)k⌃1/2(b�m � �0)k.

(58)
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Dividing by (k⌃1/2(b�m � �0)k2 + �
2)1/2, we obtain the desired convergence

�
2 + k⌃1/2(b̌m � �0)k2

�2 + k⌃1/2(b�m � b�0)k2
p
�! 1,

thanks to µn ! 0. For the convergence of the ratio of norms of residuals, we may bound from below the

denominators by

ky �X b�mk � kLIm
(y �X b�m)k �

p
|Im|C(�)(k⌃1/2(b�m � �0)k

2 + �
2)1/2

with probability approaching one, since the eigenvalues of |Im|
�1/2LIm

[X | ✏/�] are bounded away from

0. In the numerators, ky � X b�mk � ky � Xb̌mk is bounded from above by C
0(�)k⌃1/2(b̌m � b�m)k and

the ratio k⌃1/2(b̌m � b�m)k/k⌃1/2(b�m � �0)k converges to 0 by (58). This proves that the ratios of norms

of residuals converge to 1 in probability. The ratio 1�bdfm/k
1�ďfm/k

converges to 1 in probability because GCV is

consistent (Bellec, 2023, Section 3) for both b̌m and b�m, which gives

(1� bdfm/k) ·
kLIm

(y �X b�m)kq
|Im|(�2 + k⌃1/2(b�m � �0)k2)

p
�! 1,

and similarly for b̌m. Finally, (58) provides

k⌃1/2(b�m � b̌m)k/min{k⌃1/2(b�m � �0)k, k⌃
1/2(b̌m � �0)k}

p
�! 0.

By (41), we further have, for b̌1, . . . b̌M thanks to the strongly convex penalty, that

P
⇣X

m

(�2 + k⌃1/2(b̌m � �0)k
2)  2(�2 + k

X

m

⌃1/2(b̌m � �0)k
2)
⌘
! 1.

Combining these inequalities, we get that all quantities involved in the definition of (17)-(18) and their targets

are close to the corresponding quantities with (b�m, bdfm) replaced by (b̌m, ďfm). Thus the consistency of the

estimates for (b̌m, ďfm) implies the consistency of the estimates for (b�m, bdfm). ⇤

B. Proofs in Section 5

B.1. Preparatory definitions

Fixed-point parameters. In the study of ridge ensembles under proportional asymptotics, a key quantity

that appears is the solution of a fixed-point equation. For any � > 0 and ✓ > 0, define vp(��; ✓) as the

unique nonnegative solution to the fixed-point equation

vp(��; ✓)
�1 = �+ ✓

Z
r(1 + vp(��; ✓)r)

�1 dHp(r), (59)

where Hp(r) = p
�1

Pp
i=1 1{rir} is the empirical spectral distribution of ⌃ and ri’s are the eigenvalues of

⌃. For � = 0, define vp(0; ✓) := lim�!0+ vp(��; ✓) for ✓ > 1 and 1 otherwise.

Best linear projection. Since the ensemble ridge estimators are linear estimators, we evaluate their

performance relative to the oracle parameter:

�0 = E[xx>]�1E[xy],

which is the best (population) linear projection of y onto x and minimizes the linear regression error. Note

that we can decompose any response y into:

y = fli(x) + fnl(x),
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where fli(x) = �>
0 x is the oracle linear predictor, and fnl(x) = y � fli(x) is the nonlinear component

that is not explained by fli(x). The best linear projection has the useful property that fli(x) is (linearly)

uncorrelated with fnl(x), although they are generally dependent. It is worth mentioning that this does not

imply that y and x follow a linear regression model. Indeed, our framework allows any nonlinear dependence

structure between them and is model-free for the joint distribution of (x, y). For n i.i.d. samples from the

same distribution as (x, y), we define analogously the vector decomposition:

y = fli + fnl, (60)

where fli = X�0 and fnl = [fnl(xi)]i2[n].

Covariance and resolvents. For j 2 [M ], let Lj be a diagonal matrix with i-th diagonal entry being 1 if

i 2 Im and 0 otherwise. Let b⌃j = X>LjX/k and Mj = (b⌃j + �Ip)�1.

Risk and risk estimator. Recall that for m, ` 2 [M ], the risk component is defined as

Rm,` = kfnlk
2
L2

+ (b�m � �0)
>⌃(b�` � �0), (61)

while its two estimators are defined as

bRovlp
m,` =

N
ovlp
m,`

D
ovlp
m,`

, and bRfull
m,` =

N
full
m,`

D
full
m,`

, (62)

where

N
ovlp
m,` = |Im \ I`|

�1(y �X b�m)>Lm\`(y �X b�`

D
ovlp
m,` = 1�

tr(Sm)

|Im|
�

tr(S`)

|I`|
+

tr(Sm) tr(S`)

|Im||I`|

N
full
m,` = n

�1(y �X b�m)>(y �X b�`)

D
full
m,` = 1�

tr(Sm)

n
�

tr(S`)

n
+

tr(Sm) tr(S`)|Im \ I`|

n|Im||I`|
,

and Lm\` = LIm\I` .

Asymptotic equivalence. Let Ap and Bp be sequences of additively conformable random matrices

with arbitrary dimensions (including vectors and scalars as special cases). We define Ap and Bp to be

asymptotically equivalent, denoted as Ap ' Bp, if limp!1 |tr[Cp(Ap �Bp)]| = 0 almost surely for any

sequence of random matrices Cp with bounded trace norm that are multiplicatively conformable to Ap and

Bp and are independent of Ap and Bp. Observe that when dealing with sequences of scalar random variables,

this definition simplifies the standard notion of almost sure convergence for the involved sequences.

B.2. Proofs of Theorems 4 and 5 (restated here for convenience)

Theorem 4 (Pointwise consistency of intermediate estimators in �) Under Assumptions A and E–G with
p
n/k = O(1) for the ovlp-estimator, for � � 0, for any M 2 N and m, l 2 [M ], it holds that | bRovlp

m,`,� �

Rm,`,�|
a.s.
��! 0 and | bRfull

m,`,� � Rm,`,�|
a.s.
��! 0. Consequently, it holds that | eRovlp

M,� � RM,�|
a.s.
��! 0 and

| eRfull
M,� �RM,�|

a.s.
��! 0.

Theorem 5 (Uniform consistency of intermediate estimators in �) Under same conditions in Theorem 4,

when  6= 1, it holds that sup�2⇤ | eRovlp
M,� �RM,�|

a.s.
��! 0 and sup�2⇤ | eRfull

M,� �RM,�|
a.s.
��! 0.

Theorem 4 is a direct consequence of Theorem 5. Thus, below, we focus on proving Theorem 5. The proof

of Theorem 5 builds on the following lemmas.

1. Risk. Lemma 24 establishes the asymptotics Rm,` of the prediction risk Rm,`.
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2. Ovlp-estimator. Lemma 25 and Lemma 26 establishes the asymptotics N ovlp
m,` and Dovlp

m,` of the numerator

N
ovlp
m,` and the denominator D

ovlp
m,` , respectively, for the ovlp-estimator.

3. Full-estimator. Lemma 27 and Lemma 28 establishes the asymptotics N full
m,` and D full

m,` of the numerator

N
full
m,` and the denominator D

full
m,`, respectively, for the full-estimator.

For � > 0 and k 2 Kn such that p/k ! [�,1), the consistency of the two estimators follows by showing

that the ratio of the numerator asymptotics and the denominator asymptotics in (1) and (2) matches with

the risk asymptotics in Lemma 24, respectively:

Rm,` ' Rm,` =
N ovlp

m,`

Dovlp
m,`

'
N

ovlp
m,`

D
ovlp
m,`

= bRovlp
m,` ,

and

Rm,` ' Rm,` =
N full

m,`

D full
m,`

'
N

full
m,`

D
full
m,`

= bRfull
m,`.

Next, Lemma 29 takes care of the boundary cases when  = 1 and � = 0.

Finally, from Lemma 29, we also have that the sequences of functions {Rm,` � Rm,`}p2N, { bRovlp
m,` �

Rm,`}p2N, and { bRfull
m,`�Rm,`}p2N are uniformly equicontinuous on � 2 ⇤ = [0,1] when  6= 1. This implies

that the sequences of functions {Rm,`�
bRovlp
m,` }p2N and {Rm,`�

bRfull
m,`}p2N are also uniformly equicontinuous

on � 2 ⇤ = [0,1] almost surely. From Theorem 21.8 of Davidson (1994), it further follows that the sequences

converge to zero uniformly over ⇤ almost surely.

The rest of the current subsection is committed to presenting and proving the important lemmas

Lemmas 24–29.

Lemma 24 (Asymptotic equivalence for prediction risk). Under Assumptions E–G, for  2 [�,1) and

� > 0, it holds that

Rm,` ' Rm,` := (kfnlk
2
L2

+ ecp(��; ))(1 + evp(��;'m`, )),

where 'm` =  1{m=`} +�1{m 6=`} and evp(��;�, ), ecp(��; ) are defined in Lemma 30.

Proof. From the definition of the ridge estimator (26) and the decomposition of the response (60), we have

b�m � �0 = Mm
X>Lm

k
(X�0 + fnl)� �0

= ��Mm�0 +Mm
X>Lm

k
fnl.

Then it follows that

kfnlk
2
L2

+ (b�m � �0)
>⌃(b�` � �0)

= �
2�>

0 Mm⌃M`�0

+ (kfnlk
2
L2

+ fnl
>LmX

k
Mm⌃M`

X>L`
k

fnl)

+ (��>
0 M`⌃M`

X>Lm

k
fnl + ��>

0 M`⌃Mm
X>Lm

k
fnl)

= TB + TV + TC .

Bias term. From Lemma 30, we have

TB ' ecp(��; )(1 + evp(��;'m`, )),
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where 'm` =  1{m=`} +�1{m 6=`} and evp(��;�, ), ecp(��; ) are defined in Lemma 30.

Variance term. By conditional independence and Lemma D.2 of Patil and Du (2023), the variance term

converges to the the quadratic term of f0 = Lm\`fnl:

TV ' kfnlk
2
L2

+
1

k2
f>
0 XMm⌃M`X

>f0 ' kfnlk
2
L2

(1 + evp(��;'m`, )),

where the last equivalence is from Lemma 31.

Cross term. From Patil and Du (2023, Lemma A.3), the cross term vanishes, i.e., TC
a.s.
��! 0.

This completes the proof. ⇤

Lemma 25 (Asymptotic equivalence for numerator of the ovlp-estimator). Under Assumptions E–G, for

 2 [�,1) and � > 0, and index sets Im, I`
SRS
⇠ Ik, it holds that

N
ovlp
m,` ' N ovlp

m,` := �
2
vp(��; )

2(kfnlk
2
L2

+ ecp(��; ))(1 + evp(��;'m`, )),

where 'm` =  1{m=`} +�1{m 6=`} and vp(��; ), evp(��;�, ) and ecp(��; ) are defined in Lemma 30.

Proof. From the definition of the ridge estimator (26) and the decomposition of the response (60), we have

Lm\`(y �X b�m) = Lm\`

✓
Ip �XMm

X>Lm

k

◆
y

= �Lm\`XMm�0 + Lm\`

✓
Ip �XMm

X>Lm

k

◆
fnl.

Then it follows that

1

|Im \ I`|
(y �X b�m)>Lm\`(y �X b�`)

= �
2�>

0 Mm
b⌃m\`M`�0

+
1

|Im \ I`|
(Lmfnl)

>
✓
Ip �

XMmX>

k

◆
Lm\`

✓
Ip �

XM`X>

k

◆
(L`fnl)

+
�

|Im \ I`|

✓
�>
0 M`X

>Lm\`

✓
Ip �XMm

X>Lm

k

◆
fnl + �>

0 M`X
>Lm\`

✓
Ip �XM`

X>L`
k

◆
fnl

◆

= TB + TV + TC .

Next, we analyze the three terms separately.

Bias term. From Lemma 30,

TB ' �
2
vp(��; )

2ecp(��; )(1 + evp(��;'m`, )),

where 'm` =  1{m=`} +�1{m 6=`} and vp(��; ), evp(��;�, ) and ecp(��; ) are defined in Lemma 30.

Variance term. By conditional independence and Lemma D.2 of (Patil and Du, 2023), the variance term

converges to the the quadratic term of f0 = Lm\`fnl:

TV '
1

|Im \ I`|
(Lm\`fnl)

>
✓
Ip �

XMmX>

k

◆
Lm\`

✓
Ip �

XM`X>

k

◆
(Lm\`fnl)

=
1

|Im \ I`|
kf0k

2
2 �

1

k

X

j2{m,`}

f>
0

XMjX>

|Im \ I`|
f0 +

|Im \ I`|

k2
f>
0

XMm
b⌃m\`M`X>

|Im \ I`|
f0

' �
2
vp(��; )

2(1 + evp(��;'m`, )),
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where the last equivalence is from Lemma 31.

Cross term. From Patil and Du (2023, Lemma A.3), the cross term vanishes, i.e., TC
a.s.
��! 0. ⇤

Lemma 26 (Asymptotic equivalence for denominator of the ovlp-estimator). Under Assumptions F and G,

for  2 [�,1) and � > 0, and index sets Im, I`
SRS
⇠ Ik, it holds that

D
ovlp
m,` ' Dovlp

m,` := �
2
vp(��; )

2
,

where vp(��; ) is the unique nonnegative solution to fixed-point equation (59).

Proof. Since Im, I`
SRS
⇠ Ik, we have that |Im| = |I`| = k. From Du et al. (2023, Lemma C.1), we have that

tr(Sj)

|Ij |
=

1

k2
tr(XMjX

>Lj) =
1

k
tr(Mj⌃j) ' 1� �vp(��; ).

By continuous mapping theorem,

1�
tr(Sm)

|Im|
�

tr(S`)

|I`|
+

tr(Sm) tr(S`)

|Im||I`|
' 1� 2(1� �vp(��; )) + (1� �vp(��; )

2 = �
2
vp(��; )

2
,

which completes the proof. ⇤

Lemma 27 (Asymptotic equivalence for the numerator of the full-estimator). Under Assumptions E–G, for

 2 [�,1) and � > 0, it holds that

N
full
m,` ' N full

m,` := dp(��;'m`, )(kfnlk
2
L2

+ ecp(��; ))(1 + evp(��;'m`, )),

where

dp(��;'m`, ) =

8
>>><

>>>:

 � �

 
+
�

 
�
2
vp(��; )

2
, if 'm` =  ,

✓
 � �

 
+
�

 
�vp(��; )

◆2

, if 'm` = �,

'm` =  1{m=`} +�1{m 6=`}, and evp(��;�, ), ecp(��; ) are defined in Lemma 30.

Proof. Analogous to the proof of Lemma 25, the numerator splits into

1

n
(y �X b�m)>(y �X b�`)

=
1

n
�
2�>

0 Mm
b⌃M`�0

+
1

n
fnl

>
✓
Ip �

LmXMmX>

k

◆✓
Ip �

XM`X>L`
k

◆
fnl

+
�

n

✓
�>
0 M`X

>
✓
Ip �XMm

X>Lm

k

◆
fnl + �>

0 M`X
>
✓
Ip �XM`

X>L`
k

◆
fnl

◆

= TB + TV + TC .

Next, we analyze the three terms separately.

The bias and the cross term are analyzed as in the proof of Lemma 25, by involving Lemma 30 and Patil

and Du (2023, Lemma A.3), respectively:

TB ' dp(��;'m`, )ecp(��; )(1 + evp(��;'m`, )),
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TC ' 0.

For the variance term, by conditional independence and Lemma D.2 of (Patil and Du, 2023), the variance

term converges to the quadratic terms of f1 = Lm[`fnl and f0 = Lm\`fnl, respectively:

1

n
fnl

>
✓
Ip �

LmXMmX>

k

◆✓
Ip �

XM`X>L`
k

◆
fnl

=
|Im [ I`|

n
fnl

>
✓
Ip �

LmXMmX>

k

◆
Lm[`

✓
Ip �

XM`X>L`
k

◆
fnl+

+
|(Im [ I`)c|

n
fnl

>
✓
Ip �

LmXMmX>

k

◆
L(m[`)c

✓
Ip �

XM`X>L`
k

◆
fnl

=
|Im [ I`|

n
f>
1

✓
Ip �

XMmX>

k

◆
Lm[`

✓
Ip �

XM`X>

k

◆
f1

+
|(Im [ I`)c|

n
kf0k

2
2 +

|(Im [ I`)c|2

nk2
f>
0 XMm

b⌃(m[`)cM`X
>f0.

From Lemma 31, it follows that

TV ' dp(��;'m`, )kfnlk
2
L2

(1 + evp(��;'m`, )).

Combining the above results completes the proof. ⇤

Lemma 28 (Asymptotic equivalence for denominator of the full-estimator). Under Assumptions F and G,

for  2 [�,1) and � > 0, and index sets Im, I`
SRS
⇠ Ik, it holds that

D
full
m,` ' D full

m,` :=

8
>>><

>>>:

 � �

 
+
�

 
�
2
vp(��; )

2
, m = `,

✓
 � �

 
+
�

 
�vp(��; )

◆2

, m 6= `,

where vp(��; ) is the unique nonnegative solution to fixed-point equation (59).

Proof. From the proof of Lemma 26, we have tr(Sj)/|Ij |
a.s.
��! 1��vp(��; ), for j 2 {m, `}. From Du et al.

(2023, Lemma G.2), we also have k/n
a.s.
��! �/ .

For m = `, we have

1�
tr(Sm)

n
�

tr(S`)

n
+

tr(Sm) tr(S`)

nk
' 1�

2�

 
(1� �vp(��; )) +

�

 
(1� �vp(��; ))

2

=
 � �

 
+
�

 
(�vp(��; ))

2

For m 6= `, from Du et al. (2023, Lemma G.2), we also have |Im \ I`|/k
a.s.
��! �/ . By continuous mapping

theorem, it follows that

1�
tr(Sm)

n
�

tr(S`)

n
+

tr(Sm) tr(S`)|Im \ I`|

n|Im||I`|
' 1�

2�

 
(1� �vp(��; )) +

�
2

 2
(1� �vp(��; ))

2

=

✓
 � �

 
+
�

 
�vp(��; )

◆2

,

which finishes the proof. ⇤
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Lemma 29 (Boundary cases: diverging subsample aspect ratio and ridgeless). Under Assumptions E–G, the

conclusions in Theorem 4 hold for  = 1 or � = 0, if k = !(
p
n) for the first estimator and no restriction

on k is needed for the second estimator.

Furthermore, for Rm,`,N
ovlp

m,` ,Dovlp
m,` ,N

full
m,` ,D

full
m,` defined in Lemmas 24 and 26–28, the sequences of

functions {Rm,`�Rm,`}p2N, {N
ovlp
m,` /D

ovlp
m,` �N ovlp

m,` /Dovlp
m,` }p2N, and {N

full
m,`/D

full
m,`�N full

m,` /D
full
m,`}p2N are

uniformly bounded, equicontinuous and approaching zero on � 2 [0,1] almost surely.

Proof. We split the proof into two parts.

Part (1) Diverging subsample aspect ratio for � > 0. Recall that

1

|Im \ I`|
(y �X b�m)>Lm\`(y �X b�`)

= (�0 � b�m)> b⌃m\`(�0 � b�m) +
1

|Im \ I`|
kLm\`fnlk

2
2 +

1

|Im \ I`|

X

j2{m,`}

fnl
>Lm\`X(�0 � b�m).

From law of large numbers, kLm\`fnlk
2
2/|Im \ I`|

a.s.
��! kfnlk

2
L2

as |Im \ I`| tends to infinity, which is

guaranteed when k = !(
p
n). From Patil and Du (2023, Lemma A.3), fnl

>Lm\`X�0/|Im \ I`|
a.s.
��! 0.

For the other term, note that,

kb�mk2  k(X>LmX/k + �Ip)
�1(X>Lmy/k)k2

 k(X>LmX/k + �Ip)
�1X>Lm/

p

kk · kLmy/
p

kk2

 C

q
E[y21 ] · k(X>LmX/k + �Ip)

�1X>Lm/

p

kkop,

where the last inequality holds eventually almost surely since Assumption E implies that the entries of y

have bounded 4-th moment, and thus from the strong law of large numbers, kLmy/
p
kk2 is eventually

almost surely bounded above by C

p
E[y21 ] for some constant C. On the other hand, the operator norm of

the matrix (X>LmX/k + �Ip)�1XLm/
p
k is upper bounded maxi si/(s2i + �)  1/smin where si’s are

the singular values of X and smin is the smallest nonzero singular value. As k, p ! 1 such that p/k ! 1,

smin ! 1 almost surely (e.g., from results of Bloemendal et al. (2016)) and therefore, kb�mk2 ! 0 almost

surely. Because kb⌃kop is upper bounded almost surely, we further have fnl
>Lm\`X b�m/|Im \ I`|

a.s.
��! 0.

Consequently we have fnl
>Lm\`X(�0 � b�m)/|Im \ I`|

a.s.
��! 0 and

1

|Im \ I`|
(y �X b�m)>Lm\`(y �X b�`)

a.s.
��! �>

0 ⌃�0 + kfnlk
2
L2

.

Since Sj = XIj
b�j for j 2 {m, `}, we have that tr(Sj)/k

a.s.
��! 0. So the denominator converges to 1, almost

surely.

On the other hand, the asymptotic formula for � > 0 satisfies that

lim
 !1

�
2
vp(��; )2(kfnlk2L2

+ ecp(��; ))(1 + evp(��;'m`, ))

�2vp(��; )2
= kfnlk

2
L2

+ �>
0 ⌃�0,

where we use the property that lim !1 vp(��; ) = 0. Thus, the asymptotic formula is also well-defined

and right continuous at  = 1.

Part (2) Ridgeless predictor when � = 0. Below, we analyze the numerator and the denominator

separately for the first estimator. To indicate the dependency on p and �, we denote the denominator and

its asymptotic equivalent by

Pp,� := D
ovlp
m,` , Qp,� := Dovlp

m,` ,
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where we view k and n as sequences {kp} and {np} that are indexed by p. For j 2 {m, `}, since Sj ⌫ 0n⇥n and

kSjkop = kLjX(X>LjX/k+�Ip)+X>Lj/|Ij |kop  1 is upper bounded for � � 0, with equality holds only

if � = 0. When � = 0 and  < 1, we have tr(Sj)/|Ij | = tr(LjX(X>LjX/k)�1X>Lj/|Ij |)/|Ij | = p/|Ij |   

almost surely. When � = 0 and  > 1, we have that tr(Sj)/|Ij | � rminr
�1
maxp/|Ij |

a.s.
��! rminr

�1
max >  .

Thus, we have that 0 < Pp,� < (1�  )2 for � > 0 and � = 0,  6= 1.

Next we inspect the boundedness of the derivative of Pp,�:

@

@�
Pp,� = �

tr( @
@�

Sm)

|Im|
�

tr( @
@�

S`)

|I`|
+

tr( @
@�

Sm) tr(S`) + tr(Sm) tr( @
@�

S`)

|Im||I`|
.

For j 2 {m, `}, note that

@

@�
Sj = LjX

✓
X>LjX

k
+ �I

◆�2 X>Lj

|Ij |
.

We also have k@Sj/@�kop is upper bounded almost surely on ⇤, and thus so does |@Pp,�/@�|. We know that

Pp,� �Qp,�
a.s.
��! 0 for � > 0. Define Qp,0 := lim�!0+ Qp,� = (1�  )2, which is well-defined according to

Du et al. (2023, Proposition E.2). The equicontinuity property, together with the Moore-Osgood theorem,

we have that almost surely,

lim
p!1

|Pp,0 �Qp,0| = lim
�!0+

lim
p!1

|Pp,� �Qp,�| = lim
�!0+

0 = 0,

which proves that the denominator formula Qp,0 is valid for � = 0.

For the numerator, similarly, we define

P
0
p,� := N

ovlp
m,` =

1

|Im \ I`|
y>

Lm\`y �

X

j2{m,`}

y>SjLm\`y + y>SmS`y,

and Q
0
p,� = N ovlp

m,` . By the similar argument above, the sequence of function P
0
p,� �Q

0
p,� is equicontinuous

on ⇤ and thus Q
0
p,0 = lim�!0+ Q

0
p,� is well-defined. Finally, since the proof for the second estimator and

the risk are similar, we omit it here for simplicity.

Part (3) Equicontinuity (in �) of the ratio. Again, we focus on proof for the first estimator. Define

P
00
p,� := N

ovlp
m,` /D

ovlp
m,` and Q

00
p,� := N ovlp

m,` /Dovlp
m,` . From the proof of Part (1), we know that Dovlp

m,` is positive

and upper bounded almost surely, and N
ovlp
m,` is nonnegative and upper bounded almost surely. Thus, we

have that P
00
p,� is upper bounded almost surely over ⇤.

On the other hand, from the monotonicity and boundedness of fixed-point quantities (Du et al., 2023,

Lemma F.12), it follows that when � = 0 and  6= 1, Dovlp
m,` = (1 �  )2; when � > 0, Dovlp

m,` is a continuous

function, with left limit at � = 0 bounded away from zero and infinity and right limit lim�!1 �
2
vp(��; ) =

1, and is therefore also bounded away from zero and infinity over ⇤. This implies that Q00
p,� is upper bounded

over ⇤.

Next, we examine the derivative of P 00
p,� and Q

00
p,�:

@

@�
P

00
p,� =

@Novlp
m,`

@�
D

ovlp
m,` �N

ovlp
m,`

@Dovlp
m,`

@�

(Dovlp
m,` )

2
, and

@

@�
Q

00
p,� =

@N ovlp
m,`

@�
Dovlp

m,` � N ovlp
m,`

@Dovlp
m,`

@�

(Dovlp
m,` )

2
.

By a similar argument as above, we can also show that |@P
00
p,�/@�| and |@Q

00
p,�/@�| are upper bounded over

⇤. Applying the Moore-Osgood theorem, the conclusion follows. ⇤

B.3. Proof of Theorem 6 (restated here for convenience)

Theorem 6 (Uniform consistency of corrected GCV in �) Under the same conditions in Theorem 4, it

holds that | bRcgcv,ovlp
M,� � RM,�|

a.s.
��! 0 and | bRcgcv,full

M,� �RM,�|
a.s.
��! 0. Moreover, when  6= 1, it holds that

sup�2⇤ | bRcgcv,ovlp
M,� �RM,�|

a.s.
��! 0 and sup�2⇤ | bRcgcv,full

M,� �RM,�|
a.s.
��! 0.
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Pointwise consistency

From Lemma 24 and Lemma 27, we have that

RM = kfnlk
2
L2

+
1

M2

MX

m=1

kb�(DIm
)� �0k

2
⌃

+
1

M2

MX
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(b�(DIm
)� �0)

>⌃(b�` � �0))

'

✓
1

M
(1 + evp(��; , ))

+
M � 1

M
(1 + evp(��;�, ))

◆
(kfnlk

2
L2

+ ecp(��; )), (63)

1

n
ky �X b�m)k22 ' dp(��; , )(1 + evp(��; , ))(kfnlk2L2

+ ecp(��; )), (64)

and

1

n
ky �X e�Mk

2
2

=
1

M2

MX

m=1

1

n
ky �X b�m)k22 +

1

M2

MX

m,`=1

1

n
(y �X b�m)>(y �X b�`)

'

✓
1

M
dp(��; , )(1 + evp(��; , ))

+
M � 1

M
dp(��;�, )(1 + evp(��;�, ))

◆
(kfnlk

2
L2

+ ecp(��; )). (65)

On the other hand, from Du et al. (2023, Lemma 3.4.), the average degrees of freedom edf and the

denominator (1� edf/n)2 of the naive GCV estimator satisfy that

1

n

edf '
�

 
(1� �vp(��; )), (66)

and

(1� edf/n)2 '

✓
 � �

 
+
�

 
�vp(��; )

◆2

= dp(��;�, ). (67)

Thus, from (63), (65) and (67), the di↵erence between the prediction risk and the naive GCV estimator

admits the following asymptotic representations:

RM �
ky �X e�Mk

2
2/n

(1� edf/n)2

'
1

M

✓
1�

dp(��; , )

dp(��;�, )

◆
(1 + evp(��; , ))(kfnlk2L2

+ ecp(��; )). (68)

On the other hand, from (64), (66) and (67), we also have that for all m 2 [M ],

1

(1� edf/n)2
·
1

M
·

( � �)( edf/n)2

�(1� edf/n)2 + ( � �)( edf/n)2
·
ky �X b�mk
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2

n

'
1

M

dp(��; , )

dp(��;�, )

( � �) �
2

 2 (1� �vp(��; ))2

�dp(��;�, ) + ( � �) �
2

 2 (1� �vp(��; ))2
(1 + evp(��; , ))(kfnlk2L2

+ ecp(��; ))
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=
1

M

�( ��)
 2 (1� �vp(��; ))2

dp(��;�, )
(1 + evp(��; , ))(kfnlk2L2

+ ecp(��; ))

= �
1

M

✓
1�

dp(��; , )

dp(��;�, )

◆
(1 + evp(��; , ))(kfnlk2L2

+ ecp(��; )), (69)

by noting that dp(��; , )�dp(��;�, ) = �( ��) �2(1��vp(��; ))2. Matching (68) and (69) finishes

the proof when bRm,m is the full-estimator. The proof when bRm,m is the ovlp-estimator follows similarly.

Uniform consistency

From the proof of Lemma 28, we have that

(1� edf/n)2 '

✓
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�

 
(1� �vp(��; )
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=: D full
m,`, for all m 6= `,
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M '

1

M2

X

m,`2[M]
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1
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X
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m,m
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bR#
m,m ' Rm,m.

Then we have

bRcgcv,#
M = eRgcv

M �
1

M

( edf/n)2

(1� edf/n)2
 � �

�

1

M
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m=1
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m,m
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1
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m=1
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1,2
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'
1

M2

X

m,`2[M]

Rm,`

= RM ,

which establishes the point-wise consistency.

Similar to the proof of Theorem 5, the uniform equicontinuity of eRgcv
M and Rm,` to their asymptotic limits

follows from Lemma 29. And the uniformity for | bRcgcv,#
M �RM | follows similarly.

B.4. Technical lemmas and their proofs

Lemma 30 (Bias term of risk). Suppose the same assumptions in Theorem 4 hold and let 'm` =

 1{m=`} +�1{m 6=`}, then it holds that:

1. �
2�>

0 Mm⌃M`�0 ' ecp(��; )(1 + evp(��;'m`, )).

2. �
2�>

0 Mm
b⌃m\`M`�0 ' �

2
vp(��; )2ecp(��; )(1 + evp(��;'m`, ))

3. �
2�>

0 Mm
b⌃M`�0 '

8
>>><

>>>:

✓
 � �

 
+
�

 
�
2
vp(��; )

2

◆
ecp(��; )(1 + evp(��;'m`, )), m = `,

✓
 � �

 
+
�

 
�vp(��; )

◆2

ecp(��; )(1 + evp(��;'m`, )), m 6= `.

Here the nonnegative constants vp(��; ), evp(��;�, ) and ecp(��; ) are defined through the following

equations:

1

vp(��; )
= �+  

Z
r

1 + vp(��; )r
dHp(r),
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evp(��;�, ) =
�

Z
r
2

(1 + vp(��; )r)2
dHp(r)

vp(��; )
�2

� �

Z
r
2

(1 + vp(��; )r)2
dHp(r)

,

ecp(��; ) = �>
0 (vp(��; )⌃+ Ip)

�1⌃(vp(��; )⌃+ Ip)
�1�0.

Proof of Lemma 30. Note that �0 is independent of Mm⌃M`, Mm
b⌃m\`M` and Mm

b⌃M`. We analyze

the deterministic equivalents of the latter for the three cases.

Part (1) From Patil et al. (2023, Lemma S.2.4), we have that

�
2Mm⌃M` ' (vp(��; )⌃+ Ip)

�1 (1 + evp(��;'m`, ))⌃ (vp(��; )⌃+ Ip)
�1

.

Since k�0k2 is almost surely bounded from Patil and Du (2023, Lemma D.5.), by the trace property of

deterministic equivalents in Patil and Du (2023, Lemma E.3 (4)), we have

�>
0 Mm⌃M`�0

a.s.
==== �>

0 (vp(��; )⌃+ Ip)
�1 (1 + evp(��;'m`, ))⌃ (vp(��; )⌃+ Ip)

�1 �0

= ecp(��; )(1 + evp(��;'m`, )).

Part (2) From Du et al. (2023, Lemma D.6 (1) and Lemma F.8 (3)), we have that

�
2Mm

b⌃m\`M` ' �
2
vp(��; )

2 (vp(��; )⌃+ Ip)
�1 (1 + evp(��;'m`, ))⌃ (vp(��; )⌃+ Ip)

�1
. (70)

Then, by the trace property of deterministic equivalents in Patil and Du (2023, Lemma E.3 (4)), we have

�>
0 Mm

b⌃m\`M`�0
a.s.

==== �
2
vp(��; )

2�>
0 (vp(��; )⌃+ Ip)

�1 (1 + evp(��;'m`, ))⌃ (vp(��; )⌃+ Ip)
�1 �0

= �
2
vp(��; )

2ecp(��; )(1 + evp(��;'m`, )).

Part (3) Note that b⌃ = |Im[I`|
n

b⌃m[` +
|(Im[I`)

c|
n

b⌃(m[`)c , we have

Mm
b⌃M` =

|Im [ I`|

n
Mm

b⌃m[`M` +
|(Im [ I`)c|

n
Mm

b⌃(m[`)cM`. (71)

For the first term in (71), from Du et al. (2023, Equation (54)), when m 6= `, it holds that

�
2Mm

b⌃m[`M` ' �
2
vp(��; )

2(1 + evp(��;�, ))
✓
2( � �)

2 � �

1

�vp(��; )
+

�

2 � �

◆
(vp(��; )⌃+ Ip)

�2⌃,

From Part (2), when m = `, it holds that

�
2Mm

b⌃m[`M` ' �
2
vp(��; )

2 (vp(��; )⌃+ Ip)
�1 (1 + evp(��;'m`, ))⌃ (vp(��; )⌃+ Ip)

�1
,

For the second term in (71), from Du et al. (2023, Lemma F.8 (1)), we have

�
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2M1⌃M2 ' (vp(��; )⌃+ Ip)

�1 (1 + evp(��;'m`, ))⌃ (vp(��; )⌃+ Ip)
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,

where the last equivalence is from Part (1).

When m = `, the coe�cients in (71) concentrate |Im [ I`|/n
a.s.
��! �/ and |(Im [ I`)c|/n

a.s.
��! ( ��)/ 

from Du et al. (2023, Lemma G.6). Then (71) implies that

�
2Mm
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✓
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�

 
�
2
vp(��; )

2

◆
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.
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When m 6= `, the coe�cients in (71) concentrate |Im [ I`|/n
a.s.
��! �(2 � �)/ 2 and |(Im [ I`)c|/n

a.s.
��!

( � �)2/ 2 from Du et al. (2023, Lemma G.6). Then (71) implies that
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�1
.

Finally, applying the trace property of deterministic equivalents in Patil and Du (2023, Lemma E.3 (4)) as

in the previous parts completes the proof. ⇤

Lemma 31 (Variance term of risk). Suppose the same assumptions in Theorem 4 hold and let 'm` =

 1{m=`} +�1{m 6=`}, then it holds that:

1. k
�2f>

0 XMm⌃M`X>f0 ' kfnlk
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(1 + evp(��;'m`, )), m 6= `.

Here f0 = Lm\`fnl, f1 = Lm[`fnl and the nonnegative constants vp(��; ) and evp(��;�, ) are defined

in Lemma 30.

Proof. Since kfnlk4+� < 1 from Patil and Du (2023, Lemma D.5), we have that kf0k
2
2/|Im\I`|

a.s.
��! kfnlk

2
L2

by strong law of large number. Then, from Lemma 32, we have that the quadratic term
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|Im \ I`|
kfnlk

2
L2

tr(Lm\`XAX>Lm\`) = kfnlk
2
L2

tr(Ab⌃m\`) (72)

for any symmetric matrix A with bounded operator norm. We next apply this result for di↵erent values of

A.

Part (1) Let A = Mm⌃M`. Since from (70) and the product rule (Patil et al., 2023, Lemma S.7.4 (3)), we

have that

M`
b⌃m\`Mm⌃ ' vp(��; )

2 (vp(��; )⌃+ Ip)
�1 (1 + evp(��;'m`, ))⌃ (vp(��; )⌃+ Ip)
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Then by the trace property of deterministic equivalents in Patil and Du (2023, Lemma E.3 (4)), we have
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2. This implies that
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Corrected generalized cross-validation for finite ensembles 65
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XMjX>

k
f0 +

1

k2
f>
0 XMm

b⌃m\`M`X
>f0.

We next analyze the three terms separately for m 6= `. By the law of large numbers, the first term converges

as f>
0 f0/|Im \ I`|

a.s.
��! kfnlk

2
L2

. For the second term, let A = Mm and M`. From Patil and Du (2023,

Corollary F.5 and Lemma F.8 (4)), it follows that for j 2 {m, `},
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and thus, we have
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Z
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It then follows that
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For the third term, let A = Mm
b⌃m\`M`. When m 6= `, from Patil and Du (2023, Lemma D.7 (1) and

Lemma F.8 (5)), we have that
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where evv(��; ) = vp(��; )2(1 + evp(��;�, )). Then from (72), we have
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�
2
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when m 6= `.

When m = `, from (72) and Du et al. (2023, Lemma D.7 (1)), we have
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' kfnlk
2
L2

(1�
2

k
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1

k
tr(Mm

b⌃mMm
b⌃m))

' kfnlk
2
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�
2
vp(��; )

2(1 + evp(��; , )).

Combining the above results finish the proof for Part (2).

Part (3) We analyze the three terms separately for m 6= `. From Du et al. (2023, Lemma D.7 (3)), we have
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From Lemma 32, it then follows that
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From strong law of large numbers, the second term converges |(Im[I`)
c|

n
kf0k

2
2

a.s.
��! kfnlk

2
L2 . For the third

term, let A = Mm
b⌃(m[`)cM`, then we have
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where the first equality is from the conditional independence property and the second is from Du et al. (2023,

Lemma F.8 (3)). Again, from Lemma 32, it follows that
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Combining the above results finishes the proof of Part (3) for m 6= `.

When m = `, the formula simplifies to
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From (72), Part (2) and Patil et al. (2023, Lemma S.2.5 (1)), we have
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Combining the above results finish the proof for Part (3). ⇤

Lemma 32 (Quadratic concentration with uncorrelated components). Let X 2 Rn⇥p be the design matrix

whose rows xi’s are independent samples drawn according to Assumption F. Let f 2 Rp be a random vector

with i.i.d. entries fi’s, where fi has bounded L2 norm and is uncorrelated with xi. Let A 2 Rn⇥n be a

symmetric matrix such that lim sup kAkop  M0 almost surely as p ! 1 for some constant M0 < 1. Then

as n, p ! 1 such that p/n ! � 2 (0,1), it holds that

1

n
f>XAX>f '

1

n
kfnlk

2
L2

tr(XAX>). (73)

Proof. Let b⌃ = X>X/n and M = (b⌃+ �Ip)�1 be the resolvent. Note that

1

n
f>XAX>f =

1

n
f>XM(M�1AM�1)MX>f (74)

Since X = Z⌃1/2, we have MX> = ⌃�1/2(Z>Z/n + �⌃�1)�1Z> = ⌃1/2Z>(Z⌃Z>
/n + �Ip)�1. Let

B1 = (Z⌃Z>
/n+ �Ip)�1 and B2 = Z⌃1/2M�1AM�1⌃1/2Z>

/n, then (74) becomes

1

n
f>XAX>f = f>B1B2B1f . (75)

Next, we adapt the idea of Bartlett et al. (2021, Lemma A.16), to show the diagonal concentration and trace

concentration successively.

Diagonal concentration. From a matrix identity in Patil and Du (2023, Lemma D.4), we have that, for

any t > 0,
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1 =

1

t
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1 B2(B1 + tB2)
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1 .

Let U 2 Rn⇥n with Uij = [f ]i[f ]j 1{i 6= j}. We then have

������
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
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For the first two terms, Patil and Du (2023, Lemma D.3) implies that
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n
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1 ,Ui|
a.s.
��! 0, and
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n
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�1
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a.s.
��! 0,

where the second convergence is due to |h(B1 + tB2)�1
,Ui| . t|hB�1

1 ,Ui| because of Woodbury matrix

identity and the bounded spectrums of B1 and B2. For the last term, note that kB1kop  �
�1 and kB2kop 

kAkopk
b⌃kop, where kAkop is almost surely bounded as assumed, and kZ⌃1/2

k
2
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p
�)2 almost surely as n, p ! 1 and p/n ! � 2 (0,1) (see, e.g., Bai and Silverstein (2010)). Also,
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< 1 from the strong law of large numbers. Thus, the last term is almost

surely bounded. By choosing t =
q
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1 ,Ui|/kUktr, it then follows that n
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Therefore,
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Trace concentration. From the results in Knowles and Yin (2017), it holds that

max
1in

����[B
�1
1 B2B

�1
1 ]ii �

1

n
tr[B�1
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����
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Further, since n
�1
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��! kfnlk

2
L2 , we have
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n
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1 B2B
�1
1 f � tr[B�1
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1 ]kfnlk

2
L2 |
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��! 0,

which finishes the proof. ⇤
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C. Additional numerical illustrations in Section 4

C.1. Comparison of intermediate ovlp- and full-estimators for elastic net and lasso

Elastic net:

Fig. 9: Full-estimator performs better than ovlp-estimator across di↵erent subsample sizes. The

relative errors of the “ovlp” and “full” estimators for ridge ensemble with ensemble size M = 10. The left

panel shows the results with ridge penalty � = 1 and varying subsample size k. The right panel shows the

results with subsample size k = 300 and varying ridge penalty �. The data generating process is the same as

in Figure 1.

Lasso:

Fig. 10: Full-estimator performs better than ovlp-estimator across di↵erent subsample sizes.

The relative errors of the “ovlp” and “full” estimators for ridge ensemble with ensemble size M = 10. The

left panel shows the results with ridge penalty � = 1 and varying subsample size k. The right panel shows

the results with subsample size k = 300 and varying ridge penalty �. The data generating process is the same

as in Figure 1.
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C.2. Comparison of ovlp- and full-CGCV for ridge, elastic net, and lasso

Ridge:

Fig. 11: The CGCV full estimator ( eRcgcv,full
M ) performs better than CGCV ovlp estimator

( eRcgcv,ovlp
M ). Plots of relative errors of the eRcgcv,full

M and eRcgcv,ovlp
M for ridge ensemble with ensemble size

M = 10. The left panel shows the results with ridge penalty � = 0.001 and varying subsample size k. The

right panel shows the results with subsample size k = 500 and varying ridge penalty �. The data generating

process is the same as in Figure 1.

Elastic net:

Fig. 12: The CGCV full estimator ( eRcgcv,full
M ) performs better than CGCV ovlp estimator

( eRcgcv,ovlp
M ). Plots of relative errors of the eRcgcv,full

M and eRcgcv,ovlp
M for elastic net ensemble with ensemble

size M = 10 and �2 = 0.01. The left panel shows the results with elastic net penalty �1 = 0.002 and varying

subsample size k. The right panel shows the results with subsample size k = 200 and varying elastic net

penalty �1. The data generating process is the same as in Figure 1.
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Lasso:

Fig. 13: The CGCV full estimator ( eRcgcv,full
M ) performs similar to CGCV ovlp estimator

( eRcgcv,ovlp
M ). Plots of relative errors of the eRcgcv,full

M and eRcgcv,ovlp
M for lasso ensemble with ensemble

size M = 10. The left panel shows the results with lasso penalty � = 0.003 and varying subsample size k. The

right panel shows the results with subsample size k = 200 and varying lasso penalty �. The data generating

process is the same as in Figure 1.

C.3. Comparison of CGCV and GCV in k for ridge, elastic net, and lasso

Ridge:

Fig. 14: CGCV is consistent for finite ensembles across di↵erent subsample sizes. Plot of risks

versus the subsample size k for the ridge ensemble with di↵erent � and M . The data generating process is

the same as in Figure 1.
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Elastic Net:

Fig. 15: CGCV is consistent for finite ensembles across di↵erent subsample sizes. Plot of risks

versus the subsample size k for elastic net ensemble with di↵erent � and M .

Lasso:

Fig. 16: CGCV is consistent for finite ensembles across di↵erent subsample sizes. Plot of risks

versus the subsample size k for elastic net ensemble with di↵erent � and M .
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C.4. Comparison of GCV and GCV in M for ridge, elastic net, and lasso

Ridge:

Fig. 17: GCV gets closer to the risk as ensemble size increases across di↵erent subsample sizes.

Plot of risks versus the subsample size k for the lasso ensemble with di↵erent � and M . The data generating

process is the same as in Figure 1.

Elastic Net:

Fig. 18: GCV gets closer to the risk as ensemble size increases across di↵erent subsample sizes.

Plot of risks versus the ensemble size M for ridge ensemble with di↵erent � and k.



74 Bellec et al.

Lasso:

Fig. 19: GCV gets closer to the risk as ensemble size increases across di↵erent subsample sizes.

Plot of risks versus the ensemble size M for ridge ensemble with di↵erent � and k.

C.5. Comparison of CGCV and GCV in � for ridge, elastic net and lasso

Ridge:

Fig. 20: CGCV is consistent for finite ensembles across di↵erent regularization levels. Plot of

risks versus the ensemble size M for ridge ensemble with di↵erent � and k.
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Elastic Net:

Fig. 21: GCV gets closer to the risk as ensemble size increases across di↵erent subsample sizes.

Plot of risks versus the ensemble size M for elastic net ensemble with di↵erent � and k.

Lasso:

Fig. 22: GCV gets closer to the risk as ensemble size increases across di↵erent subsample sizes.

Plot of risks versus the ensemble size M for lasso ensemble with di↵erent � and k.

C.6. Numerical simulations with large ensemble size M

Recall that Section 4.4 presents simulation results whenM is at most 10. In this section, we provide simulation

results in the same setting as described in Section 4.4, but with M as large as 100. The goal is to illustrate

that our proposed CGCV estimator is e�cient not only for small M but also for large M . Since the bias of

the GCV is decreasing with M , we expect the GCV works well for large M . It is evident from Figure 23 that

the CGCV accurately estimates the actual risk for all values of M , while the bias of GCV diminishes only

when M is large.
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Fig. 23: CGCV e�ciently estimates the actual risk for all values of M . GCV gets closer to

the actual risk as M increases. Top row: Ridge; Middle row: Elastic Net; Bottom row: Lasso. The data

generating process is the same as in Figure 1.
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C.7. Illustration of inconsistency for GCV variant

Fig. 24: The GCV variant (8) is not consistent for finite M > 1. Plot of risks versus the regularization

parameter for ridge, lasso, and elastic net ensembles, under di↵erent M and fixed k = 800. The data

generating process is the same as in Figure 1.
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D. Additional numerical illustrations for Section 4 with non-Gaussian data

In this section, we conduct the same numerical experiments as in Section 4 except that here the design matrix

is not Gaussian distributed. We consider two non-Gaussian distributions: the Rademacher distribution and

the uniform distribution in [�
p
3,

p
3]. The design matrix X is then generated by a scale transformation

to ensure the covariance matrix is the same as ⌃ in Section 4.4. In the following subsections, we present

counterpart plots to Figures 1 and 3–5 in the same setting, except here X is non-Gaussian distributed.

D.1. Results for Rademacher distribution

Fig. 25: CGCV is consistent for finite ensembles of penalized estimators while GCV is not. The

simulation setting is the same as Figure 1, except that here X is Rademacher distributed.

Fig. 26: Full-estimator eRfull
M performs better than ovlp-estimator eRovlp

M across di↵erent

regularization and for small subsample size k. The simulation setting is the same as Figure 3, except

that here X is Rademacher distributed.
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Fig. 27: CGCV is consistent for finite ensembles across di↵erent subsample sizes. The plot of

risks versus the subsample size k for Elastic Net ensemble with di↵erent � and M and fixed �2 = 0.01. The

simulation setting is the same as Figure 4, except that here X is Rademacher distributed.

Fig. 28: GCV gets closer to the risk as ensemble size increases across di↵erent subsample sizes.

The plot of risks versus the Elastic Net ensemble size M for ridge ensemble with di↵erent � and k and fixed

�2 = 0.01. The simulation setting is the same as Figure 5, except that here X is Rademacher distributed.
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D.2. Results for uniform distribution

Fig. 29: CGCV is consistent for finite ensembles of penalized estimators while GCV is not. The

simulation setting is the same as Figure 1, except that here X is uniformly distributed.

Fig. 30: Full-estimator eRfull
M performs better than ovlp-estimator eRovlp

M across di↵erent

regularization and for small subsample size k. The simulation setting is the same as Figure 3, except

that here X is uniformly distributed.
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Fig. 31: CGCV is consistent for finite ensembles across di↵erent subsample sizes. The plot of

risks versus the subsample size k for Elastic Net ensemble with di↵erent � and M and fixed �2 = 0.01. The

simulation setting is the same as Figure 4, except that here X is uniformly distributed.

Fig. 32: GCV gets closer to the risk as ensemble size increases across di↵erent subsample sizes.

The plot of risks versus the Elastic Net ensemble size M for ridge ensemble with di↵erent � and k and fixed

�2 = 0.01. The simulation setting is the same as Figure 5, except that here X is uniformly distributed.
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E. Additional numerical illustrations for Section 5 with non-Gaussian data

E.1. Comparison of CGCV and GCV in � for elastic net and lasso

Elastic net:

Fig. 33: CGCV is consistent for finite ensembles across di↵erent regularization levels. The GCV

estimates for the Elastic Net ensemble with varying lasso penalty �1 and fixed �2 = 0.01 in a problem setup

of Section 5.4 over 50 repetitions of the datasets. Here the feature dimension is p = 1200. The left and the

right panels show the cases when the subsample sizes are k = 2400 and k = 800, respectively.

Lasso:

Fig. 34: CGCV is consistent for finite ensembles across di↵erent regularization levels. The GCV

estimates for the lasso ensemble with varying lasso penalty � in a problem setup of Section 5.4 over 50

repetitions of the datasets. Here the feature dimension is p = 1200. The left and the right panels show the

cases when the subsample sizes are k = 2400 and k = 800, respectively.


