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Supplement

This document serves as a supplement to the paper “Correcting generalized cross-validation for arbitrary

”

ensembles of penalized estimators.” The initial (unnumbered) section outlines the supplement’s structure

and summarizes the general notation used in the main paper and supplement in Table N1.

Organization

The content of this appendix is organized as follows.

e In Section A, we provide proofs of results in Section 4.

Section Content Purpose

Section A.1 Lemma 7 Preparatory derivative formulae

Section A.2 Lemmas 811  Proof of Theorem 1

Section A.3 Lemmas 12-13 Proof of Theorem 2

Section A.4 Proof of Theorem 3

Section A.5 Lemmas 14-19 Helper lemmas (and their proofs) used in the proofs of Theorems 1-3
Section A.6 Lemmas 20-22 Miscellaneous useful facts used in the proofs of Theorems 1-3

Section A.7 Theorem 23 Relaxing Assumption D in the underparameterized regime

e In Section B, we provide proofs of results in Section 5.

Section Content Purpose

Section B.1 Preparatory definitions
Section B.2 Lemmas 24-29 Proofs of Theorems 4 and 5 (and proofs of Lemmas 24-29)
Section B.3 Proof of Theorem 6

Section B.4 Lemmas 30-32 Helper lemmas (and their proofs) used in the proofs of Theorems 4-6

e In Section C, we provide additional illustrations for Section 4 with Gaussian data.

Section Content Purpose

Section C.1 Figures 9-10 Intermediate ovlp- vs. full-estimators in k and A for elastic net and lasso
Section C.2 Figures 11-13 CGCV ovlp- vs. full-estimators in k£ and X for ridge, elastic net, and lasso
Section C.3 Figures 14-16 CGCV vs. GCV in k for ridge, elastic net, and lasso

Section C.4 Figures 17-19 CGCV vs. GCV in M for ridge, elastic net, and lasso

Section C.5 Figures 2022 CGCV vs. GCV in A for ridge, elastic net, and lasso

Section C.6 Figure 23 CGCV vs. GCV with a large ensemble size M for ridge, elastic net, and lasso

Section C.7 Figure 24 Inconsistency for the GCV variant (8)
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e In Section D, we provide additional illustrations for Section 4 with non-Gaussian data.

Section Content Purpose

Section D.1 Figures 25-28 Experiments with Rademacher distribution

Section D.2 Figures 29-32 Experiments with uniform distribution

e In Section E, we provide additional numerical illustrations for Section 5 with non-Gaussian data.

Section Content Purpose

Section E.1 Figures 33 and 34 CGCV vs. GCV in A for ridge, elastic net, and lasso
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Notation

The notational conventions used in this paper are as follows. Any section-specific notation is introduced

in-line as needed.

Table N1. Summary of general notation used in the paper and the supplement.

Notation

Description

Non-bold lower or upper

case
Bold lower case
Bold upper case
Script font

R, R
[n]

]

()+

Vi, V2f
14, P(A)
E[X], Var(X)
VJ_

tr[A], A~1

rank(B), BT, Bt
CI/Z
I,orl

(u,v)
llullp
Ifllz,
lAllop
| Allex
I AllF

X<y

Denotes scalars (e.g., k, A, M)

Denotes vectors (e.g., z, y, Bo)
Denotes matrices (e.g., X, X, L)
Denotes certain limiting functions (e.g., Z).

Set of real and non-negative real numbers
Set {1,...,n} for a natural number n

Cardinality of a set I

Positive part of a real number x

Gradient and Hessian of a function f

Indicator random variable associated with an event A and probability of A
Expectation and variance of a random variable X

Orthogonal complement of a vector space V

Trace and inverse (if invertible) of a square matrix A € RPXP
Rank, transpose and Moore-Penrose inverse of matrix B € R®*?
Principal square root of a positive semidefinite matrix C

The p X p identity matrix

Inner product of vectors u and v
The ¢, norm of a vector u for p > 1
The L, norm of a function f for p > 1

Operator (or spectral) norm of a real matrix A
Trace (or nuclear) norm of a real matrix A
Frobenius norm of a real matrix A

X < CY for some absolute constant C

X < CL.Y for some constant C, that may depend on ambient parameter o
|X| < C.Y for some constant Cy that may depend on ambient parameter «
Lexicographic ordering for vectors w and v

Loewner ordering for symmetric matrices A and B

Probabilistic big-O notation
Probabilistic little-o notation
Asymptotic equivalence of matrices C' and D (see Section B for more details)

Equality in distribution

Denotes convergence in distribution
Denotes convergence in probability

Denotes almost sure convergence
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A. Proofs in Section 4

Throughout, C, C’ denote positive absolute constants. If no subscript is present for norm ||ul| of a vector u,
then it is assumed to the £5 norm of u.

A.1. Preparatory derivative formulae

For a pair of possibly overlapping subsamples (I, I;) (written as (I, T) in this proof for easy of writing) of
{1,2,...,n} with |I,,| = |I¢] = k < n, we define B and @ as the estimators using subsamples (xi,yi)icr and
(%4, 9Yi);c 1 respectively, ie.,

o1 ~ 1 ~
B:=argmin S (s — 2] B)> +g(B), and Bi=argmin = > (yi — x; B)2 +5(8),
perr k=7 BERP kief

and we denote the corresponding residual and the degree of freedom by

o  ~

ri=y—XB, 7i=y—XB, df:= tr[a%xﬁ], df := tr[a—yxm.

For clarity, we use the notation below throughout Section A:

Z = |:X2—1/2 ‘ 0—16] 6Rn><(p+1)’ ho— (21/2(ﬁ—ﬂ0)> eRp+17 - <21/2(5—ﬂ0)> c Rp+1!
—0 —0

Under Assumptions B and C, the matrix Z has i.i.d. A(0,1) entries. The individual risk component R,, ¢
in (6) and the residuals (7,7) can be written as functions of (Z, h, h) as follows:

(B-B0) SB—-Bo)+0>=hTh, r=-Zh, 7=-Zh
Our first lemma below provides the derivative formula of h with respect to Z, which is an important
component of our proof. Similar derivative formulas have been studied in M-estimation (Bellec and Shen,

2022), multi-task linear model (Bellec and Romon, 2021; Tan et al., 2022), and multinomial logistic model
(Tan and Bellec, 2023).

Lemma 7. [Variant of Bellec and Shen (2022, Theorem 1)] Suppose the penalty g satisfies Assumption D
with a constant g > 0. Then there exists a matrix B € R(p+1)x(p+1) depending on (z;);ecr such that

|Bllop < (kp)™", rank(B) <p, tr[B]>0 (28)

and the derivative of h with respect to Z = (zi5)ie[n],je[p+1] i given by

for all i € [n] and j € [p+ 1], = Beje/ Lr — BZ " Leje] h with L=L; =) eie]. (29)

9zij i€l
Furthermore, V := I, — ZBZ " L satisfies the following:
- ILG|5,\ "
df =k —tr[LV], 0<k(1+ % <tr[LV] <k and |LV|op <1, (30)
m

where G = XX~1/2 ¢ R"XP is a standard Gaussian matrix.

Lemma 7 is proved in Section A.5.1. Note that Lemma 7 holds for the derivatives of E, using E, L= Ly,
and V instead.
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A.2. Proof of Theorem 1 (restated here for convenience)

Theorem 1 (Finite-sample bounds for intermediate estimators) Suppose Assumptions A-D hold. Let ¢ =
k/n, v = max(1,p/n), and 7 = min(1,u). Then there exists an absolute constant C > 0 such that the
following holds:

ovlp povlp full full
E ‘dm#f e ] (dm"f Bt “|| < (20)
n vV m mR[ L T2CS\/7 n \/ m, mR? e 7262f

Furthermore, if the same penalty g, is used for subsample estimate (2) across allm € [M], for any € € (0,1),
we have

Rovlp M3~11/2 Rfull M3~9/2
[P"lf ‘> <c—LX P([1- M‘>e <o (21)
ettc’\/n ettc2\/n

Thus, if (M, =%, p/n,n/k) are bounded from above by a constant independent of n, we have
R /Ry = 1+ Op(n™1/2), RYM/Ry =14 Op(n=1/2).

A.2.1. Part 1: Proof of Equation (20)
Proof for the ovlp-estimator. Using the notation in Section A.1 with I and T meaning I,, and Iy, the

inequality we want to show can be written as

EH rTLL7 — |[INT|(1 —df/k)(1 — df /k)h T h

! < Jmr2e=347/2, 31
IR ! ! 3

where ¢ = k/n,7 = min(1, u),y = max(1,p/n). Using tr[LV] = k — df and tr[LV] = k — df by (30), we can
rewrite the error inside the expectation in the left-hand side as the sum of three terms

rTLL7 — |INI|(1 —df/k)(1 — df/k)h T h
IRllIA

= Rem; + Remz + Rems, (32)

where Rem1, Rema, Rems are defined as

tr[LV] r T LLr(1 + tr[B]) — tr[LLV]h T h
k |[[[|R]| ’

hTh tr[LV]
[T

v TLLF k — tr[LV](1 + tr[B])
I k '

[T NI tr[LV]
k

(tr[LLV] — ),Remz =

Rem; =

Next, we bound the moment of |Rem1|,|Remz|, |[Rems| one by one.
Control of Rem;. Since tr[LV] € (0, k] by (30) and [hT h| < ||h||||k|| by the Cauchy-Schwarz inequality, we
have

|Rem: | < [tr[LLV] — kI N I|tr[LV]| = RHS.

Below we bound the second moment of RHS. Here, the key fact is that conditionally on (][I N 1],I), INT is
uniformly distributed over all subsets of I of size |I N 1] |. Then, the variance formula of the sampling without
replacement (see Lemma 21 with z; = V;;, M = |I| = k, and m = |I N I|) implies that the conditional
expectation of (RHS)?2 given (]I N I|,I,V) is bounded from above as

~ Inl 2 - - Vi VN2 _
E[(tr[LLV} - utr[LV]) ‘ |m1\,1,v] - |IﬂI|2E[<ZZ€m’~ _ e ) ] um|,1,v]
k 1N 1]
_ Vi oy y2
= |1m1|2Var[Z’€¢ ] <|In |221€I o= |ml\@.
Il 17| 1]
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Note that the above inequality holds even when |I N T| = 0, since the both sides are then 0. Note in passing
that >°. ., V2/|I| < ||ILV||%/|I| < ||ILV||2, <1 by (30). Then, we obtain

op —=
Zie] sz
1]

i€l

|I N I|tr[LV] )z
k

EHtr[iLV] - ] < E[umﬂ ] <E[INT] < k. (33)

Thus, (33) and the Cauchy—Schwarz inequality E[-]2 < E[(+)?] yield

E|Rem; | < /E[[Rem;|?] < \/E[(tr[iLV] — k=1 INI|tr[LV])?] < VE. (34)
Control of Rems. Since tr[LV] € (0, k] by (30), we have
|Rema| < |r T LLr(1 + tr[B]) — tr[LLV]RT k|/(||R|||R]]).

The lemma below gives the bound of the second moment of the right-hand side.

Lemma 8. For any subset J C [n] that is independent of Z, we have

p(lJ+p)?
k2

E{(—TTLJF—FTiLJTtI‘[E} +tr[Ly;V]hTh )

2
d ) \J}gfﬂ(uu
g
where 7 = min(1, ) and Ly =Y, ; e;el

Lemma 8 is proved in Section A.5.2. A sketch is as follows: Lemma 8 follows from the derivative formula
(29) and the second order Stein’s formula, where —r T L ;7 = rTL;Zhis regarded as a component-wise inner
product of the Gaussian matrix L;Z € R**(®P+1) and LJTET € RnXx(p+1),

Lemma 8 with J = I N I and E|Rems| < v/E[|Rem2|?] lead to

ERemsa| < = 1\/EII A T+ p(I1 N T +p)2k—2] < 7= /k + p(k + )22 S Vir—L(1+p/k)%/2  (35)

thanks to 7 = min(1, p).
Control of Rems. Note

|k — tr[LV](1 + tr[B])|

| TLL#| |k — t[LV](1 + tr[B))]
- : 3 ,

|[l[|R]| k

|Rems| <|Lz|2,

thanks to [rT LL7| = |hTZTLLZh| < |h||R||LLZ|2, < ||h||k]||LZ|2,. Let us define the random
variable Y and the event 2 as
Y = k™ (k= IV + t[B)), Q= {ILZ]op < 2(Vk+ P+ D)}
Then, E[|[Rems|] is bounded from above as
E|Rems| < E[|LZ]I3,|Y]] < Y| E[Lac [LZ]2,] + [2(VE + /p + DI’E[Y|
S Y lleo - B(Q°) - E[|LZ]|3,]'/* + (k + p)E|Y| := Remj + Remj
thanks to Hélder’s inequality. Below we bound Rem} and Rem3.

1. Bound of Rem}: Since | LZ||op =% ||G|lop with G € R¥*(P+1) being the standard Gaussian matrix, the
concentration of the operator norm (see Lemma 20) implies

P(Q°) < e~ (VEHVPFD?/2 < o= (k+P)/2 zpq E”izngp < (k+p)2.
By contrast, ||B|lop < (kp)~! and rank(B) < p by (28) and tr[LV] € (0, k] by (30) lead to
Yoo =1 =k~ [LV](L+ tx[B])]| < L+ [k~ tr[LV]|(L + | tr[B]|) < 2+ p(kp) " < 7' (1 + p/k)

with 7 = min(1, u). Therefore, we have

Rem} = ||V | P(Q)E[ILZ]12,]"* S 7~ (1 + p/k)e™ FHP/2(k +p) < VEr 1 (1 + p/k)*/?,
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thanks to e* > /z/2 for all > 0.
2. Bound of Rem3: The following lemma bounds Rem2 = (k + p)E[|Y]].

Lemma 9. Let & = (1 + tr[B])||Lr||2/||h||2 — tr[LV] and & = k — (1 + tr[B])2||Lr||2/||k||?. Then
E|k — tr[LV](1 + tr[B])| = E|(1 + tr[B])&1 + &2| < VEr—2(1 + p/k)>/2.

Lemma 9 is proved in Section A.5.3. A sketch is as follows: The quantity £; is bounded using Lemma 8
with J =1 = I. For {2, we use a chi-square type moment inequality (Bellec, 2023, Theorem 7.1).
Recall Rem? = (k + p)E|Y| with Y := k=1(k — tr[LV](1 + tr[B])). Then, Lemma 9 implies

Rem?2 = (1 + p/k)E[|k — tr[LV](1 + tx[B])|] < Vkr~2(1 4 p/k)7/2.
Combining the bounds of Rem} and Rem%, we have
E|Rems| < Remi + Rem?2 < VEr—2(1+p/k)™/? + VEkr— (1 +p/k)?/2 <VEr=2(1 4 p/k)7/?, (36)

thanks to 7 = min(1, ) < 1.
We have now controlled each of E|Rem1|, E|Remz|, E|Rems]|. (34), (35) and (36) result in

E[|Rem;|] + E[|Rema|] + E[|Rems|] < VEkr— (1 +p/k)>/? + Vkr=2(1 4+ p/k)"/?> + Vk
< \/ET_2(1 —Q—p/k)”2 <Vnr2e347/2

thanks to v = max(1,p/n) > 1, ¢ = k/n < 1 and 7 = min(1, x) < 1. This finishes the proof of (20) for the
ovlp-estimator. [

Proof for the full-estimator. Using the notation in Section A.1, our goal here is to show

EH (n = dF —df + ‘IT@&CJ“)’%TTL—N;‘

_ < Var2em245/2,
[IRlIA }

Here, tr[V] = n —df, tr[LV] = k — df and tr[LV] — tr[LLV] = k — |I N I| implies

~ = NIy, ++ df = < Ini ~
(n—df—df+ | 5 |dfdf)hTh - (tr[V] - AwLV] - LIV + | - |tr[LV]})hTh,
so that, by simple algebra, the error can be decomposed as
~ o~ |INT| &~ T T~ =
(n—df—df—i— Tdfdf)h h —r ' 7 = ||hl||||h||(Rem; + Remz 4+ Rems + Remy),

where the four following remainders will be bounded separately:

T TF 7T Lr tr[é] + tr[V]hTE tr[é] (1+ tr[]g’])'?—rir — tr[iV]hT;L

Rem1 = =~ Remz = — = 5
i 1+ tr[B] IRl Rl
1+ tr[B))tr[LV] — k tr[LV] hTh df - INnT| hTh
Rems — (LT t11B) trlLV] L I 17 77 I LA B A
(1 + tr[B]) k- qrlll|R]l k k lRllIR]l
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Control of Rem; and Remz. Lemma 8 with K = [n] implies

E[[Rem:[] < VE[Rem:1[2] S /7= 2(n+p(n +p)2/k?) < 771+ p(1+p/n)? S Var e (14p/n)*/?,

thanks to k/n = ¢ € (0, 1], while tr[B] > 0 by (28) and Lemma 8 with J = I lead to

E[|Remz| < VE[IRem2|2] S V/7=2(k + p(k + p)2/k?) S 77 'Vk(1 +p/k)*/? S VT~ e (L +p/n)* 2.
Control of Rems. According to (30), it holds that tr[LV] = tr[LLV]+k — [I N I| and ||LV||op < 1. Thus,
k=Y tr[LV]| = kY te[LLV]| + k= Yk — IO T]| < [[LV |lop +1 < 2.

Combining the above display and tr[é] > 0 by (28), as well as Lemma 9, we obtain
E[|Rems|] < 2E[|(1 + tx[B)) tr[LV] — k|] < 77 2kY/2(1 + p/k)>/? < /nr 2 2(1 4 p/n)5/2.
Control of Remy. Equation (33) implies
E[[Remy|] < E|tr[LLV] — k~ I N 1| tx[LV]| < VE < /n.
From the above displays, we observe that the dominating upper bound is that of E[|[Remg|]. Thus, we obtain
E[[Rem: || + E[|Rema(] + E[[Rems ] + E[[Rema[] S viar—2c=2(L+ p/n)*/2 S v/iir—2c=29%/2
thanks to v = max(1, p/n). This finishes the proof of (20) for the full-estimator. [

A.2.2. Part 2: Proof of Equation (21)

For # = ovlp and full, by algebra, the relative error is bounded from above as

5 fokia T fokia
L ‘ZIZm,e(Rm,e—hmhwl<<zm,\|hm/n>2,z U lllell 1R = ol
R I b2 = I b2 2 (S I D2 (1R[]

< Sl D? VR~ Bhel S el R~ Bl

D S T e A [T | T 1D DR e A TV ST T

n
= M - Ratio - max —— |E# . (37)
m # m, L
£ |dm,e|

Here, we have defined Ratio and Eﬁ ¢ by

# fokia
Zm’ ”h’m/”2 # dm,é(Rm,Z - h’;?rzhe) 38
s, BN = ) (38)
122 Pl nflhm |||l

Ratio :=

where dﬁ,z is the denominator of the corresponding estimator for # € {ovlp, full} defined in (19). We restate
their expressions for convenience:

dO'P = Iy N 1|1 — dfpn /k)(1 — df g /K),  d5SY, = n — dfy, — dfp + k72 [Ln 0 1 |dF  df (39)
Below we bound |E¥ |, |d% ,|=!, and Ratio.
Control of E:ﬁ,l' Markov’s inequality applied with the moment bound (20) yields
7/2

-3
1 c 7y # = ovlp
for all e >0, P(|E? ,|>¢) < 'E[|EY < S X (40)
' ’ ev/nr e 245/2 = full

Control of Ratio. Here the key lemma to bound Ratio := 3, [[hm/||?/|| 3., Bm||? is the concentration
of the correlation h.l hy /|| ||||Pell:
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Lemma 10. If the same penalty is used for all m € [M], i.e., gm = ¢ in (2), then

NMm,e :

hT he hl hy 2 0
=E| —"—— | (2i)ier,,n1,| >0, and IE{ e — T 6 ] S .
| ||| el ’ ! (llhm\l\lhzn ) ne2r2

Lemma 10 is proved in Section A.5.4. The proof is based on a symmetry argument for the non-negativity
of N, ¢ and the Gaussian Poincaré inequality for the upper bound.
Now we provide a high-probability bound for the Ratio. Let Uy, ¢ := —h.} he/||hm||||Rel| +7m,e. Then, using
the positiveness of 7,,, » by Lemma 10, we find

Do lhmll® =1 kel
m m

Y (—hnhe el el = o ellhm [Rell) < 7 U ellham ||| el

mAL !
< (;ﬁ U,%M)”Z(gl eel2le)?) " < (mZZ U,ae)l/2;||hm||2.

Dividing both sides by > ||hm||?, we have

I 0 ol (N2 )2
o IRl = (ij )

Then, Markov’s inequality applied with lE[Ufmz] < v/(nc?7?) by Lemma 10 yields

Zm ||hm||2 2 1/2 1 2 2 M?y

Lem IEmll S o) < - <-)< > < <

P(HZm o 22) <E(1 (;Umﬁe) <;)< P(;Um,[ >1/4) 74E[§Um7e] < s (A1)
which gives the upper bound of Ratio = > ||hm |2/ 3, Am||?.

Control of |dﬁ ¢/~ 1. The lemma below gives an lower bound of dﬁ’l for # € {ovlp, full}.

Lemma 11. Let dcr’r‘:lf and dfz{lz be the random variables defined in (39). Then, there exists a positive
absolute constant C' > 0 such that for # € {ovlp, full},

2 2

, and dfun(T, c,y) = T2y 72,

d#
]P(L’Z < Cd#(r,c, 7)) < where d°V'P (7, ¢,v) = 72y~
n

Y
nc2t4

Lemma 11 is proved in Section A.5.5. The proof uses (30) and some property of the hypergeometric
distribution (Lemma 22).

Combining (37), (40), (41), and Lemma 11 yield the following for all € > 0:

R#
P(‘J_l‘ >6) gP(Ratio.max —I|E? e\>i>
RM m, L |d# | ’ M
m,L
szy n €
< IP(Q ——|E?, )
~ nr2c? + Izln%( |dﬁ z|| m,[| g M

M3~ n €

< + 3 P(— I > )

— nr12c2 Z ‘d# |‘ m,ll oM
m,l m, L

M2y dﬁ,f eCd# (T, ¢c,7)
< 202 +7§ {IP’(T < Cd#(T,c,7)> +P(|Eﬁ,[| > T)}

N

M2y of 7t 2M 1 ¢ 3y7/? # =ovlp
nt2c2 [ - ]

ne2r4 * €Cd#(1,¢,7) VnT? | c72+5/2 3 = full,
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where C' > 0 is an absolute constant, and d#(c, ,7) is given by d°VP(7,c,v) = 72c*y~2 and d™U (7, c,vy) =
72472, Substituting this expression to the last bound, we obtain

R M2 M2~4 M3 cT37AyT/2H2 4 = ovlp
for all € > 0, P(‘fol‘>€)§ 272 274+ 2+2
R nt2c ne2r e/nT c™25/212 # = full

M2~4 M3 ¢~ 4 = ovlp
(42)

S——+—X
nc2tt  ey/nrt 72492 =yl
thereby when € € (0, 1), the second term dominates the first term. This concludes the proof of (21).

A.3. Proof of Theorem 2 (restated here for convenience)

Theorem 2 (Finite-sample bounds for corrected GCV) Suppose Assumptions A-D hold. Let ¢ = k/n,
v = max(1l,p/n), and 7 = min(1, ). Assume that the same penalty g is used for each m € [M] in (2).
Then, for any € € (0,1), there exists an absolute constant C > 0 such that the following holds:

Ecgcv,ovlp M4 15/2 Ecgcv,full M4 13/2
P(’1—M7(>e>§077, P(‘I—Mi’>e>§077.
Ry et8c84/n Ry etbcty/n

Thus, if (M,u=1,p/n,n/k) are bounded by constants independent of n, we have

(22)

E?\%CV,OVIP/RM =14 O[P(n_l/2), ﬁ(]:ng[cv,full/RM =1+ OP(H_1/2)~

The goal in this section is to show ﬁfvgfcv’#/RM ~ 1 for # € {ovlp, full}. The definition of Eﬁcv’# is
recalled for convenience:

~ M—! mll? df 21 ~
Rt]s\/g[cv,# _ ” Z:mr H _ 071 -1 ( y/n) 72Rﬁ - (43)
n(l —dfar/n)? (1 — dfar/n)2 M2 4=

Now, we define ﬁﬁcv by

_ M-! ml2 df 21
R;;Vglcv — Il Z:mr | (em1 1 ( Af/n) — Z HhmH2 (44)
n(1 — df pr/n)? (1 —dfar/n)2 M2 4=

The difference between ﬁﬁcv and Eﬁ/glcv’# is whether it uses ||h.,||? or its estimate I’%\n#Lm in the rightmost
sum. Considering R7, » & ||hm||? from (20), RS5Y is naturally expected to be close to R5°Y'#. We state
this approximation more precisely as follows:

(45)

ﬁcgcv _ ﬁcgcv,# M2 0_6'715/2 # = ovlp
for all € € (0, 1), IP’(‘ M M ‘>e> < .

X
Rm T Vner® - em2y13/2 g = full
Equation (45) is proved in Section A.3.1. The second task is to show RS ~ Ras.
Lemma 12. For IA%R/gICV defined in (44), we have

74713/2.

- C

RS5Y — R M*
forall e€ (0,1), P[] ¢) <
Ry \/ners
Lemma 12 is proved in Section A.3.2; where we use some concentration of dfn around its average dfys =
M—l M Y

m=1

df.,. Now we assume Lemma 12. Then, Equation (45) and Lemma 12 together yield

P(IRSE# /Bas — 1 > ¢) < P(IREV* = BS5™)/Rua| > ¢/2) + P(IRSE™ /Rar — 1] > ¢/2)



Corrected generalized cross-validation for finite ensembles 39

M4 _a_13)2 M c_6715/2 # = ovlp - M4 c_6715/2 # = ovlp
e . .
Vner® K Vner® | cm2413/2 gl T Vner® | cm4y13/2 = full

for all € € (0,1). This completes the proof of Theorem 2. In the following sections, we prove Equation (45)

S

and Lemma 12.

A.3.1. Proof of Equation (45)
By the definition of R°8°Y:# in (43) and R°&V in (44),
BT (e ([l ) R B )
RM 1—(]VfM/n HzmhmHQ

Here, thanks to (¢=! — 1)(dfar/n)2 < (¢=! —1)(k/n)% = (¢! — 1)c2 < ¢ by (30), we have

Ecgcv _ Ecgcv,# h 2 ﬁﬁm
M M < ° 2 1Pl max | —1|=c¢-U-max V¥,
Ry (1—dfar/m)2 122, b2 m (R m
where U and Vﬂ,éf are defined as
1 B |2 Rfm
U — _ Zm H HQ’ VT# = -~ _ 1‘ (46)
(1 —dfar/n)2 1122, hmll ||

Control of U. By Lemma 18 (introduced later), there exists an absolute constant C' € (0, 1) such that

P(1 — df, /n < Cry~ 1) < e 7¢/2,

Applying the above display to 1 — cﬁM/n =M1 %21(1 — df /n) with the union bound, we have
1 42 _ M R
P ~ Z =P(1 —dfa/n < Cry~h) < P(1 —dfp/n < Ory~t) < Me™me/2,
((1 — dfar/n)? gaz) =M / ) mX::l ( / )

Combining the above display and the upper bound of }__ ||hm|?/||>,,, hm||? given by (41), we have

2

2 hm 2 1 2 M2 2 M M2 2
P(U > V)g]}ﬂ(w>)+( - > 1) s S (4
C272 1>, hmll? (1 —dfp/n)2 — C272 nr2c2  enc/2 ™ pr2c2
Control of V,#'. Equation (42) with M = 1 implies
4 1 077711/2 # — Ole
forall e >0, P(V#>e)< —L - (48)
nc2tt  ey/nrt C—2,},9/2 # = full
Now we have controlled U and V. (47) and (48) together yield, for all € € (0, 1),
Ej/glcv _ E;/g[cv,# 272 272
= < # o #
]P’(’ Ror ‘ > e) < ]P’(cUmY%xVm >e€) < ]P’(U > 027'2> +P(CC2T2 IE%XVM > e)

M242 €C272

< #

S +;P(Vm > o ) (by (47))

M2 Myt M (e0?72\ 71 [T = ovlp

S 32 T a2 4 2 Y 2 9/2 (by (48))
nr2¢ nt4c VnT 2cy 249/ # = full
M2yt M e Oyt g =ovip

§77+7>< (thanks to 7 € (0,1] and v > 1)
nt4c2  \/nerS T IN3/2 =yl

—6.,15/2 _
M?2 c 7y # = ovlp

< — X (thanks to € € (0,1))

Vet em2y13/2 g = full

This concludes the proof.
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A.3.2. Proof of Lemma 12 (restated here for convenience)
Lemma 12. For R$3 defined in (44), we have

écgcv - R M4
for all € € (0,1), P(‘u‘ >6> < CeAy13/2,

R ~ /ner®

Proof. If we define dCgcv by

a7 = (1= %) e -0t (527}

n

the relative error can be written as

B IS rmll? = ne = D)@ ar/m)? Sy Ml | S o(rhire = dii b o)
Ry n(l — dfar /2[5, o2 n(l = dfar /2[5, o2

By the same argument in (37), the relative error is bounded from above as

DY | L (Ch D e — dE Ryl
Ba 17 (U —dfa/m)? IS0 hml? it nllhlllRe]
L S lbl? e = dihihel VT - il
< . = - max >
(1 —dfar/m) [ B> nllh [ Re] n

= M- U - mae (BN + 145355 — iy /n).

where Ef;j}le and U were defined before by (38) and (46). Their expressions are recalled here for convenience:

. 1 Swllbml® o Tmre = dilhohe  di (R — b he)
= — 5 7[ = = 5
(1 —dfar/n)2 122, hml? " nllhm[|he|| nlhm[|hel
where df““ =n— df — (];‘g + k72|1m N Ig|(];‘m&;‘g is the denominator in the full-estimator. Note in passing

that U and Efr‘jnz have been already bounded by (40) with # = full and (47): there exists a absolute constant
C such that

M?2? 75/2
—2_2 full
P(U > Cr7%4%) < R PIES > €) S ey/nr2c? for all € > 0. (49)

It remains to bound |8 — dful} | /n. Here, we will argue that

9/2

e/nT3ct )

‘dfull ngCV |

for all m, £ € [M], for all e > 0, 1?( ) < M(e*”c/2 + (50)

n

The proof of (50) is given at the end of this section. Now we assume it. Then (49) and (50) together yield,
for all € € (0,1),

P(|R};ﬂiv —1]>¢) <P(U- max(| B | + M) > ﬁ)
ful |d5 — dinty| e T2
L) oo+ S, 2
deI A er?

n

Eful T2 P | m,@
+Z ( ‘|>20M 2>+ ( >2C’M72)



Corrected generalized cross-validation for finite ensembles 41

M2 2 20 M 2 5/2 20 M 2 M 9/2
MR 2OMY P e 20MyR M2
nt2c? €2 /nt2c? eT? Vvnr3ct
MA~13/2
< ﬁ (thanks to €, ¢, 7 € (0,1] and v > 1),
netoc

which concludes the proof of Lemma 12. [

Proof of Equation (50). The expressions of dfg{le and d;5° are recalled here for convenience:

dfulll &]:Tn A |Im N [e\ Cgc; dfM df
_m,t _ 4 _ =™ _ mm el _m,t _ M -1 _ M
1 = T (1 . ) T (e DA ,z}( ) .

n n n n n

Below we prove df“11 Lin = dcgcv/n The key lemma is the concentration of df,, around its average dfa;s =

S, df /M.

Lemma 13. Suppose the same penalty is used for (hm)%:l. Then, we have

df.. — df 9/2
for all m € [M], for all € > 0, P(M > e) S M(67"C/2 + ﬁ)
n ev/nr3c

The proof of Lemma 13 is given in Section A.5.6. From Lemma 13, it suffices to bound [dfs", — d;5%|/n

from above by |<;I\fm — (RM‘/H and |&:Fg — (]VfM\/n up to an absolute constant. Below, we prove (50) for m = £
and m # £ separately.
When m = £. Letting f be the function f(z) =1 -2z +c 122 = (1 —2)2 + (¢~ — 1)2?, we have

dfut df,,  df2, df,, . dSESY, df df df
SRS ]2 = (ST, T = (1 =) (e = 1)) = S,
n n nk n n

Here, df,,, /n,dfrr /n € [0, ¢) by (30), while f is 2-Lipschitz on [0, ] since sup,, ¢ o 1 |/ (%) = sup, ¢ (. 2(1—
x/c) = 2. Thus, we obtain that, for all € > 0,

full ngCV |

IP(ld'm,'m 9/2

) :P(‘f(ach)*f(&TM)) > e) SIP’<2 dAmef&fTM >6) SM(G*”C/2+7€JHTBC4)7

n

thanks to the Lipschitz property of f and Lemma 13. This completes the proof of (50) for m = £.
When m # £. Letting g be the function g(z,y) = (1 — z)(1 — y), we have

Here, g(z,y) = (1 — z)(1 — y) satisfies the following inequality: for all z,z’,y,y’ € [0, 1],
lg(z,y) — 9(=",y")| < lg(z, ) — 9(=" v +19(z",y) — g(z",y") < [z — 2| + |y — v/|.

From this property of g and df,, /n,dfs/n,df s /n € [0,¢) C [0,1] by (30), we find

|dfull, — goecy on dfp | [Im N T df,,, df dfys df
LA Y1 G B 00|y (B ) ()
n n n n n
I N 1| - dfp — df df, — df
§02)| 2z|n_1‘+\ M|+\ ¢ M|
k n n
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Here, thanks to the bound of of Var[|I,, NI¢|] (see Lemma 22), the moment of the first term on the right-hand
side is bounded from above as

plet| D00l 1)) = afflm - S < Ly fafinnn - Ef < B o

Therefore, Markov’s inequality applied with the above moment bound Lemma 13 results in

p(Mre Tl ) cp(omDlelin )y €y p(Whn—dfar] ) p(ldfe—dfur] <)
S oo oY (e L,

for all € > 0. This completes the proof of Equation (50) for m # £. O

A.4. Proof of Theorem 3 (restated here for convenience)

Theorem 3 (Inconsistency of GCV for finite ensembles) Suppose Assumptions A-D hold, and assume that
the same penalty gm is used for each m € [M] in (2). Let ¢ = k/n, v = max(1,p/n), 7 = min(1, u). Then,
there exists an absolute constant C > 0 such that the following holds: The probability that ﬁ!ﬁ;v in (9)
over-estimates the risk Ras is lower bounded as:

REeY (1 —c) dfar M515/2
0Hse0,1), P(M 1462879 ) ( >5) it
for a ©.1) ( Ry — + 2M k V/nT5e5 (1 —c)62’

Therefore, if there exists a positive constant do independent of n such that IP’(dfM/k > d0) > do, and
{M,p=t,p/n,c™1, (1 —c)~1} are bounded by a constant independent of n, R%;" is inconsistent and over-
estimates the risk Rpy; with positive probability, in the sense that

gcv 2001 —
liminf P BM 5 q 4 00— S o
R 2M

n— oo M

Proof. Define Correction as

Sy da/m)? 3 R
(1 —dfar/n)? 1, hm?”

Correction := (c

so that Lemma 12 can be written as

R&cv M4~13/2
P ‘ M_ _ Correction — 1’ >e| < z0
Ry ey/nroct

Since | Y, hm|? < (X, lhml)? < MY, ||hkm||? by the triangle inequality, it holds that

for all € € (0,1). (51)

- - 2 2.1 _
V6 € (0,1), {dfM/k > 5} = {dfM/n > c&} C {Correction > (¢t = 1)(1 iéc(g) % Fe(l C)}

Therefore, we obtain that, for all § € (0, 1),

2 _
]P’(dfTM > 6) (Correction > M)

M
Hecv 2.(1 — pgcv 26(1 —
< P(Ri — Correction — 1 < _M> +P(Ri 1> M)
Ry 2M Ry 2M
82¢(1 —¢)\ ~t MAy13/2 RESY c(l —c)s? 5%¢(1 —¢)
<C P2 >1 by (51) with e = ———=
= ( 2M ) N (RM Y] >(Y( ) with e o)

M5 13/2 pecy 1 — )82
5 4P RY, S 14 c(1—c¢)d ,
\f7'562 c5(1—¢) 2M

where C,C’ > 0 are absolute constants. This finishes the proof. O
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A.5. Technical lemmas and their proofs
A.5.1. Proof of Lemma 7 (restated here for convenience)

Lemma 7. [Variant of Bellec and Shen (2022, Theorem 1)] Suppose the penalty g satisfies Assumption D
with a constant p > 0. Then there exists a matrix B € R(»+1)x(»+1) depending on (z;)iecs such that

I1Bllop < (ku)™t, rank(B) <p, tr[B]>0 (28)

and the derivative of h with respect to Z = (2:5)ie[n],je[p+1] 1S given by

oh
for all i € [n] and j € [p+ 1], = Beje] Lt — BZ " Leie] h with L=L; =) eie]. (29)
Zij i€l
Furthermore, V := I,, — ZBZ" L satisfies the following:
¢ HLGng —1
df =k —tr[LV], O0<k(1+ % <tr[LV] <k and |[LV]op <1, (30)
m

where G = X3 ~1/2 ¢ R"%? is a standard Gaussian matrix.

Proof. By the change of variable 8 — u = 3/2(8 — Bp) and G = XX /2, we have

~

SV2B-Bo)=u, r=y-XB=e—Gu, df=t:[X(9/dy)B]=tr[G(9/de)ul,

where 4 is a penalized estimator with an isotropic design G = XX ~1/2;

1
u = u(e, G) := argmin E z:(eZ — g/ w)? + f(u) with f(u) := g(Z~%u + Bo).
weRr N T

Note in passing that the map u € R? — f(u) — pllul|?/2 is convex thanks to Assumption D. Then, Bellec
and Shen (2022, Theorem 1) with ¥ = I, implies the followings: there exists a matrix A € RP*P depending
on (€i,9:)ier such that

[Allop < (@) ™" = (ku) ™",

and the derivative of & with respect to G = (gi5)i; € R™*? and € = (¢;) € R™ are given by

i Aleje]r—GTeeja] (el
forall i € ful.j € [, 2 (e,@)= | D e . - 6T e,
0gi; 0 (i ¢l
p
i AGTe; (el
for all ¢ € [n], ou (u,G) = ( ) = AG" Le;,
Oes 0, (i ¢ 1)

where L =), e;e] . Furthermore, equation (D.8) (and the following argument) in Bellec and Shen (2022)
imply that V := I,, — GAG " L satisfies

0< k(L4 |G,/ (k)" S 0[LV] =k —df <k, [LV]op <1.
A o0,

o] 0
RP*1 with respect to Z = [G|o~'e] = (2i5)i; € R**(P*+1) can be written as

i€n], 1<j<np, 3f‘l‘ _ 0 . (_ﬁg) _ <A[€j(Lr)i SGTLEiEj]> _ B[(eoj) (Lr): — ZTLe,-Ej],

Thus, if we define the matrix B € R(PTDX(®+1) 35 B .= > , the derivative of h = (W', —0)" €
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h u TLe; ~
icm, ~Oh _,0 (@) _(0AG Le = B| ) (Lr) — 2T Leihpsn].
0%, p+1 Oe; \—0o 0 1

This finishes the proof of the derivative formula (29). It remains to prove tr[B] > 0 in (28). By the definition
of B, it suffices to show tr[A] > 0. Equation (7.4) in Bellec (2022) implies v T Av > 0 for all v € ker(A)+
Then, letting V = (v1,v2,...,vp) € RPXP be an orthogonal matrix with its columns including an orthogonal
basis of ker(A)L, we have 0 < 3P v] Av; = t1[V T AV] = tr[AVV T] = tr[A]. This completes the proof.
|

A.5.2. Proof of Lemma 8 (restated here for convenience)

Lemma 8. For any subset J C [n] that is independent of Z, we have

p(lJ+p)?
k2

~—

—rTL;7—7TLL B L Thy 2
IE[( r Loro v borulBlrulk,Vik hy \J}ST—Z(IJH
lRlllIR]l

where 7 = min(1, ) and Ly =3, ; e;e

Proof. The proof is based on the moment inequality in Lemma 14 ahead. We will bound =Z; in Lemma 14
using the derivative formula (29) and the bound of the operator norm ||B|lop < (kp)~! by (28). Note in
passing that the derivative formula (29) implies

P+ o
zxle

p+1
=Y > IBej(Lr); = BZ Leih;||* S |BI: | Lar|* + |ILsZB T ||% |7,
ieJ j=1
so that r = —Zh and ||B||3. < rank(B)|B||2, < p(kp)~? lead to

=s =2 I ZH—H SIBIRILSZIZ, S plow) 2L 2112, (52)

[1

Thus, Lemma 14 and E[||L; Z[|2,] < (|| 4 p)? by (20) yield

ZZ% 7 \J]<|J|+p<u|+p> (k) ™2 S T72(1J1 4+ p(1] + ) /K?),
ieJj=1

1
DRCEN

thanks to 7 = min(1, ). It remains to bound the error inside the square in the LHS; the derivative formula
(29) leads to

> Z(a(h i) — 7 LLrtr[B] +tr[LJV]I~zTh> =

€K j=1

—-h"BZTLL;r—r LL;ZBh
IRlIAl

IhHIIhII

Here, the square of the RHS can be bounded from above by 4p~2k~2 ||LJZ||§p. From this and IE[||LJZ||§p] <
(IJ| + p)? by (20), we find that the expectation of the RHS is bounded from above by (|J| + p)2/(kp)~
to some absolute constant. This finishes the proof. O

Lemma 14 (Variant of Bellec (2023, Proposition 6.1)). Assume that h and h are locally Lipschitz function
from R™X9 — RY such that ||h||%,||k||? # 0, and let » = —Zh and ¥ = —Zh, where Z € R™*X4 has i.i.d.
N(0,1) entries. If J C [n] is independent of Z, we have

1 87"1 ) _ -
B[ s (B4 30 GE0) ] 1+ B 212,00+ 25 + )

1edJ j=1
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oh

2 ~ ~ ~
= - = —2|| an
where Ly = Y,c s eie]  Ba = Xiey Doy [0l =2 22|, and 25 = 50,0, £9_, I1RII-2]| 22

Proof. Let @ = Lyr/||h|| = —L;Zh/||h|| € R™ and 7 := h/||h|| € R?. Then, Proposition 6.1. in Bellec (2023)
implies

(-7 S X000 < Eltel i +ZE[H9H R R P

where E[||]|?[|7]|?] < E[||LsZ||2,] thanks to [|7]|* = 1 and ||g||* < ||L;Z]||2,. It remains to bound the second
term. Here, we use the following identity: if h : R"X9 — RY is locally Lipschitz with ||h||2 # 0, we have

with Pt = 1,41 —

6(h>7PJ-8h 7 (54)

IRl (]| 824,

hhT
e H@z” (HhH)H = ||h||2H8z”

0zij

where the inequality follows from ||[P~||op < 1. Then, (54) and ||g||? < ||L;Z||2, yield

2 2 —
=1L 213,5,.

Z Z llell® H H <|ILsZ|3, Z Z ||h||2 HazZ

ieJ j=1

In the same way, 0 = —LjZh/||h]|, ||7]|?2 = 1, and (54) lead to

ZZ” H H ZZH (e HhH Z@i(ﬁ))” <21+ 20852115525

Therefore, the RHS of (53) is bounded from above by |J| +E[|L;Z||2,(1+E; + é])] up to some absolute
constant. It remains to control the error inside the square:

drih; dpiti; rih; ( RT Ooh BT Oh )
+ =
IhIIHhH 2 Z B2 Z > Z IR||[IR]l \]IB]I2 8zi; — |[||> Ozi;

i€J j€[q] Zij i€J j€(q] Zij i€J j=1

By multiple applications of the Cauchy-Schwartz inequality, the square of the RHS is bounded from above
by 2||L;Z||2,(E; + Z). This finishes the proof. [

A.5.3. Proof of Lemma 9 (restated here for convenience)
Lemma 9. Let & = (1 + tr[B])||Lr||2/||k||? — tr[LV] and &2 = k — (1 + tr[B])?||Lr||?/||k||?. Then

E|k — tr[LV](1 + tz[B])| = E|(1 + tr[B])&1 + &2| < VET—2(1 + p/k)>/2.

Proof. Lemma 8 with J = I = I and 0 < tr[B] < p||B|lop < p/ (ki) by (28) yield
E[(1+ t[B)&| S p (o/R)EIG] S 77 o/k)VET— (1 +p/k)%? S VET2(1+p/k)°/,
while E|¢é2] < vVkr—2(1 + p/k)? by Lemma 15 below. Thus, we obtain
E[|k — tr[LV](1 + tr[B))|] S VET72(1 + p/k)%/? + VET72(1 + p/k)? S VET™2(1 4 p/k)®/2.
This finishes the proof. O

Lemma 15. We have E[|k — (1 + tr[B])?||Lv||2/||h||?|] < kY/272(1 + p/k)>.
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Proof. Define a € R™ and b € R™ as

P+l g

——(1+tr[B])(Lr); and b; ! ”’1L” Z 8z”

foralli € [n], a;=
Hh||

Il
so that (1 + tr[B])?||Lr||?2/||k]|? = ||a]|?>. Lemma 17 ahead and the Cauchy—Schwarz inequality yield

Eflk — [lall*] < ER2(Vkla = bl| + |k — [[b]*] + [la — b]]*]

< VEE[|a — b]2] + E[lla — b]|*] + E[|k — [[b]|?]. (55)
Thus, it suffices to bound E[||a — b||?] and E[|k — ||b]|?]. For E|ja — b||2, (28), (29), and Lemma 20 yield
Ella — bl|? = B[R] 2| LZB T h|? < E(IBIZ,|LZI2,] S (ku)~*(k+p) S k=17~ 2(1 +p/h),
where 7 = min(1, p). If we denote ||h||=2 3, ., Z?i% |(8/8zi;)h||? by Er, Lemma 16 below leads to
E[lk —|[bl1*]] £ Vk(1 + E[E1]) + E[Z1] (by Lemma 16)

SVEQ 4+ p=2(1 +p/k)2) + p~2(1 + p/k)? (thanks to (52) with J = I)

< VETT2(1 4 p/k)? (thanks to 7 = min(1, x)).

This concludes the proof. O

Lemma 16 (Variant of Bellec (2023, Theorem 7.1)). Let h : R¥X49 — R9 be a locally Lipschitz functions. If
Z € RFX4 has i.i.d. N(0,1) entries, we have

1< o, _ k oh
IEHk - TP ; (eJZh— Z Bz”) H Vk(1 + ES) + EE with £ “h”2 ;; ”azij

j=1

Proof. Define vectors a, b € R* by

' __i - B Oh; T L_ 2 hiﬂ
for all i € [k], a; = Il (ei Zh ; ) and b; =e; Z||h|| ; 921 <Hh||)7

0zij

so that the LHS of the assertion is E|k — ||a||?|. The same argument in (55) leads to

Ellk — llal*[] £ VkE[lla — b]|2] + E[lla — b]|*] + E[|k — [|b]]*])

Below we bound E[||la — b||?] and E[|k — ||b||2]. For ||a — b||2?, multiple applications of the Cauchy—Schwarz
inequality lead to

k

Jla =8l =3{ - Hh\lzazw Zaij(m}Q_ii(_;|’;L|TBaathj>z<Z|h|2Hazw

i=1

[

) -

For E[|k — ||b]|?], Theorem 7.1 in Bellec (2023) applied to the unit vector h/||h|| € R? implies

= ()

Since £ < Z by (54), we have E[|k — ||b]|?]] £ k(1 + E[Z]) + E[E]. This finishes the proof. [

Z»LJ

k q
E—|1bI?] £ VE(1+EZ) +E= with Z := ZZ
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Lemma 17. We have |k — ||la||?| < 2(Vk|la — b]| + |k — ||b]|?| + ||la — b]|?) for all vector a,b in the same
Euclidean space.

Proof. By multiple applications of the triangle inequality and 2ab < a2 4 b?, we have

[k = llall®] = [k = 1] < lla = blllla+ bl < [la — b]* + 2lla — b]|||b]
< lla = bl1* + 2]|a — bl|(V/][[b][> — K[ + V)
< 2lla — b + [|b]|* — k[ +2]|a - b||Vk.

Adding |||b||? — k| to both sides and using the triangle inequality, we conclude the proof. [

A.5.4. Proof of Lemma 10 (restated here for convenience)
Lemma 10. If the same penalty is used for all m € [M], i.e., gm = g in (2), then

hl he h,) he 2 v
Nm, 0 1= E[mi | (zi)ier,,nI } >0, and E[<m7 - Tlm,z) } < —.
[l I Feel| ‘ lRm || el nc?r2

Proof. Letting v = h/||h|| and v = i~7,/||i~7,||, the statement of Lemma 10 can be written as follows; if the same
penalty is used for h and h, we have

v

E[UTﬁ z; —>
’( ) nc272

ieIﬁf} >0, and E[Var['u—rﬁ| (zi)ieImT” <

Below we prove this claim. Here, the key fact is that conditionally on (z;) the random vectors v and

ieInD
v are independent and identically distributed. Then, it immediately follows from this fact that

E[’UT’5| (Zi)iesz] - HE[U | (Zi)ielﬁf} H2 =0

Next, we derive the bound of the variance: first using the Gaussian Poincaré inequality for the inequality

below, second using that v does not depend on (z;) ; and v does not depend on (2;) = for the equality

iel\ ieI\T

below,

Var[”TM(zi)iemf] SI_E. Z Z ( 3..1,T5)2:1‘E Z [ Z (57 81.1.>2+ Z (vTa‘Z’j)?],

j€lpHlic(n\huvny 4 J€lp+1] ient P€T\T

where E is conditional expectation given (2i);c1n7- By the symmetry of (h, E), it suffices to bound the first

term. Letting P+ = I,;1 —vv ", we obtain the following from the identity (54):

SO E 8”‘)2: LS S @ PLBe;(Ir)i -7 PEBZT Leih;)?

2
JEP+1lieI\T il j€lp+1]iel

IBIZIILZ]Z, + ILZB T3, < (k) ~2||ILZ]3,-

op ~

A

Thus, the moment bound E[||LZ||2,] < (k + p) by Lemma 20 leads to
E[Var[vT% | (2:)ic1n7]| S (o) 2E[ILZ12, + ILZ)2,] S (o) 2(k+p) S 1r=2e7 2,

thanks to 7 = min(1, u), ¢ = k/n € (0,1), and v = max(1,p/n). This completes the proof. O
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A.5.5. Proof of Lemma 11 (restated here for convenience)
Lemma 11. Let dfr‘:}f and dfgl’le be the random variables defined in (39). Then, there exists a positive
absolute constant C' > 0 such that for # € {ovlp, full},

# 4

Ao e
m, # <
P<7n < Cd7 (1, ¢, 7)) S

where do"lp(r, ¢,vy) =12c*y72, and df“n(T, c,y) =12y72.

Proof. Below, we prove this assertion for # = ovlp and # = full, separately.
Proof for # = ovlp. Recall that d:}g = |Im N Ip|(1 — dfyn /E)(1 — df¢/k). Lemma 18 with I = I,, and I,
implies that there exists an absolute constant C' € (0, 1) such that

for all m, €, P((1 — dfm /k)(1 — dfs/k) < C?72c%y~2) < 2¢77¢/2, (56)
Lemma 22 (introduced later) and Markov’s inequality lead to the following:
for all m # £, P(|Im, N Ieln/k? — 1| > 1/2) <AE[(I;m N Ie|n/k? —1)?] < 4n?k~4k*n~ ! = 4n~1c72,

which implies
P(|Im NI < k?/(2n) = 27 nc?) < 4dn~tc™2.

Note in passing that the above inequality also holds for m = £ since |I,, N Iy| = k > k2 /2n with probability
1. Therefore, we have, for all m, ¢,

P(d2V'P < 271 C%nctr2y2) < P(|Ln N o] < 27 'nc?) + P((1 — df /K) (1 — df g /k) < C?726%472)
<dn~leTZ42e7 /2 <p 2
Proof for # = full. Recall that df;jl,lz =n-— a\fm —&\fz +k= 2|1y, ﬂI@|cﬁmcﬁz. We consider m = £ and m # £

separately.
When m = ¢, (56) with m = £ implies that the following holds with probability at least 1 — 2e~™¢/2:

nildfmul’lm =c(1—- cﬂ’m/k)2 +1—-¢c>cC?722y 2 41 —c>C%* 2y 2(B +1—-¢) > C'12y72,

where C’ = C? min.eo,1)(c® + 1 — ¢) = C2(1 — 2/3/9) is a positive absolute constant.
When m # £, we decompose

dren, (i ﬁm><1_@)+@@<w

2 —1) =: Am,g-i-Bmyg.

n n n n

Lemma 18 implies that there exists an absolute constant C € (0,1) such that
P(Am, ¢ < C?72y72) < 2e7 /2,
For By, 0, 0 < (ﬂ:m < k = nc and Lemma 22 imply

k% n

k2 1 k2 ¢
= VE[| I N — —?] < = — = —.
n2k2) [l el nl], -

E(|Bm,el?] < ( e

Thus, Markov’s inequality leads to

P(diY, > n2C?72y72%) < P(Ap e > C?72y72) + P(Bp o > C?7%y72)
< 2€7nc/2 + (0272772)72E[|Bm’£‘2] S (nc)fl 4 7_747462”71

—1,.—1_—4, 4
<n”reT TN
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This concludes the proof. [

Lemma 18. There exists an absolute constant C € (0,1) such that

P(1 f&\f/k >Crey ) >1—e"%/2, P(1-— a\f/n >Cry ) >1—e /2

Proof. Equation (30) implies
. -1 -1 2 -1 2
(L—=df/k)™" <14 p LGS, /k <77 (1 + ILGI5,/k),

thanks to 7 = min(1, #), where G € R™*? has i.i.d. Gaussian entries. Since ||LG|op 4 |

G’ € RFX? having i.i.d. N'(0,1) entries, Lemma 20 with ¢t = vk + /P implies

G/ ||lop With

P(ILZ|2, > 2(VE + vp)}?) < e” (VEHV/2 < o= (htn)/2 < =k/2,
Since {2(Vk + /P)}? < 8(k + p). the following holds with probability at least 1 —e~*/2:
(1—df/k)" ' <77 (1 +8(1+p/k) <97 (1 +p/k) <9r (1 +c p/n) <187 e 1y,

thanks to v = max(1,p/n). This completes the proof for 1 — (ﬁ/k For 1 — dAf/n, 0 < df,, < k = nc and the
above display lead to

P(1 — dfp/n > (1—e) Vv {(18) trey— 1)) > 1 — e~ ne/2,

where (1 —¢) V {(18)"1rey™1} > (18) "1y~ ((1 —¢) Ve) > (18)~ 17y~ 1271 thanks to ¢,7 € (0,1] and
v > 1. Therefore taking C = (36) ! concludes the proof. O

A.5.6. Proof of Lemma 13 (restated here for convenience)

Lemma 13. Suppose the same penalty is used for (hm)%:l. Then, we have

df,, —df
for all m € [M], for all e >0, P<M>E)SM(67"C/2+ 7
n

Proof. Now we suppose that exists a deterministic scalar d,, that does not depend on m such that

: /2 79/2
—nc
P(|dfr/n—dn]| >€) Se + cmrsa” (57)
Then, multiple applications of the triangle inequality lead to
S a M=y df,
P(|df . — dfar| > me) < P(’—m - dn‘ > 5) +P((% - dn‘ > 5)
n 2 n 2
—~ M —~
df . € df,, € ~9/2
x([E > )+ $o((Ee > §) suerre L),
- ( n 2)+ Z ( n 2) (6 Jre\/ﬁ7'3c4>
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which completes the proof. Below we prove (57). Let L, = Ly, for brevity. Define (Wp,,d,) by

W, = FIEmrml*_elLmrml 0k E[Won.
n?|[hm ||? nllhm | n

Note that d,, does not depend on m by symmetry. Since dfpm =k — tr[Ly, Vin], our goal is to bound

df /1 — dp = tr[Lm Vin]/n — VE[Wm].
Equation (31) with I = I = I,,, implies

k 7/2
72.\/7;7_7267377/2: 2l

E[’Wm 1L Vin]? ” _k E[ [ L rm|? o
n nrec

2
- B[ ke V] H <

while the Gaussian Poincaré inequality leads to (see Lemma 19 below)

n2

~

N [
n? c272 nr2’

Var[W,,] = Var { < Z .
nlhml? Il

By the above displays, we obtain

S D MU P
SEDMLZ# - m” + v/ Var[W,,]

7/2 3 7/2
P ey KR
~ /nt2c? nt2 ~ \/nT2c?
Now, Lemma 18 implies that there exists an absolute constant C' > 0 such that
P(Q°) < e~ FHP)/2 < e7m¢/2 with Q = {tr[Lm Vin]/n > Cy~ ter}

Notice that under €2,

tr[ Lo, Vin )2 _

n el | = [l R et R
SN N LRIV, oy P PR R

Combining the above displays together, we obtain

P(“%" —dn‘ > e> SP(QCHP(‘ML’Z#

- E[Wm]’ > 60771027')

2
Sefnc/2+ Y E“tr[L::;/m] —E[Wm}”

eCc?r
7/2 9/2
<€7nc/2+ 2 . 2 / :efnc/2_|_ Y /
~ ec2t  /nt2c2 e/nr3ct

This finishes the proof. O

Lemma 19. We have Var(||Lr||2/||h||) < nc= 277243,
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Proof. Let w = Lr/||h|| = —LZh/||h|| = —LZv with v = h/||h||. The Gaussian Poincaré inequality yields

Var(jul®) < [ 3 (A4°)] —ayom(um 2)
! ij ij

vJ

where

1
Y=v'Z"Le;w; +v' ZTLZP+ — Oh

uTal:vTZTL(eivj+Z( 0 h
IRl 6z3;

0zij Ozij (1]

_ 1 2
= Rem;; + Remj ;.

12 2 2 ot
Note that 37, . (Rem;;)? < [|LZ||3,. For Rem;, the derivative formula (29) leads to

1
> (Rem?))> = —=> (v Z"LZP"*(Be;(Lr); — BZ Le;h;))’
1
S HhH2(HBTPLZTLZsz||Lr||2 +|LZBT P+ZT LZv|?||r|?)
2 6 —2 6
S IBISIIEZ] 5, < (kp) "~ IILZ][5p-

Thus, using Lemma 20, we obtain Var(||ul|?) < (K + p) + k= 2u"2(k% + p?) < nc 277243, thanks to
7 =min(1,u),c=k/n € (0,1] and v = max(1,p/n). O

A.6. Miscellaneous useful facts

Lemma 20. If G € RF*4 has i.i.d. N0, 1) entries, the tail P(||G|lop > Vk+/g+1t) < &(—t) < e~t*/2 holds
for all t € R, where ®(-) is the CDF of the standard normal. Therefore, we have E[||G||5}] < C(m)(Vk+/q)"
for all m > 1, where C(m) > 0 is a constant depending only on m.

Proof. See Theorem 2.13 of Davidson and Szarek (2001) for the tail bound. The moment bound is obtained
by integrating the tail bound. O

Lemma 21 (Simple random sampling properties; see, e.g., page 13 of Chaudhuri (2014)). Fix an array
(z:)M, of length M > 1 and let pps be the mean M ~1 > ie[a Ti and 0%, be the variance M~ 37, 7 —
u3,. Suppose J is uniformly distributed on {J C [M]: |J| = m} for a fixed integer m < M. Then, the mean
x; are given by

and variance of the sample mean fiy =), ;

m—l) <Zi€Mx7,2

0.2
Elis] = pn, d Varfis]=-M(1-
[is] = par, and  Var[iiy] m( 1) "M

Lemma 22. If T and T are independent and uniformly distributed over [n] with cardinality & < n, we have
E[(|INI| —n~1k2)2] < n~1k2.

Proof. A random variable X 1is said to follow a hypergeometric distribution, denoted as X ~
Hypergeometric(n, K, N), if its probability mass function can be expressed as:

() Gzd)
()

The mean and variance of X are respectively given by (e.g., Greene and Wellner (2017)):

P(X =k) = , where max{0,n+ K — N} < k < min{n, K}.

E[X] = % and Var(X) = "K(]]\\;;(]ff)_(]f)_”) < %

Since |I N I| ~ Hypergeometric(k, k, n), we have E[(|I N I| — n='k2)2] = Var(|[I N I|) < k2/n. O



52 Bellec et al.

A.7. Relaxing Assumption D in the underparameterized regime

In the underparameterized regime when p/n < 1, the strongly convex assumption on the penalty function in
Assumption D is not needed; we only need the penalty to be convex. We make this precise in this section.

Theorem 23 Let Assumptions A-C be fulfilled and assume p/k < v < 1 for a constant v independent of
k,n,p. For any convex function g.,, define

. 1
b, = argmin ——
b

El/beﬁO 2
smin -7 =420~ o)l

L1, (y = XB)|I3 + gm (b) + pin

for some deterministic pu, > 0; which is the same as ﬁm in (2) with an additional quadratic penalty term
Un || ZY/2(b—B0)||2. Let also df, be the degrees of freedom of by,. Then as long as pim — 0 as n,k,p — +00
we have

2 1/2(F  _ 2 1 _di _ xi _ xi
0> + B2 (b = Bo)I* » | L=dfm/k by = Xbull b [y - Xbu)l b
P+ 2B =Bl 1=dtufk = XBul  Lr, (v~ XBu)]

as well as

1=/ (Brn — bon)| b
min{[|£1/2 (B — Bo)l, [ £/2(bm — Bo)l|}
If gm is convex and the same for all m € [M], taking T = pun — 0 sufficiently slowly so that the right-hand
sides of (22) converge to 0 (for instance, un, = 1/logn works), then

153 1
chcv,ov p
VIR, N
RM RM

pegev,full
Ry, p
M Py,

i.e., the proposed estimates are consistent without requiring strong convexity assumption on gm,.

Proof. By the optimality condition of b,,, its objective value is smaller than that of Bm, so that leaving aside
tin || Z1/2(b,r, — Bo)||? which is non-negative,

p— b 2 -~ - ) 2
Mo (= Xb)E | ) W = XBo)l3

38 1/2¢(3  _ 2
2| L | 2 ml + gm (Bm) + pnl|Z2(Bm — Bo)||*

Similarly by optimality of Bm, noting that ﬁm still minimizes the convex function

L1, (y — XB)I3 L1, X (B~ Bm)lI?

thanks to the KKT (Karush-Kuhn-Tucker) condition for the original minimization problem, we have

L1, X (b = Bu)l3 | L1, (y — XBm)I3

~ L — Xbn)||2 y
+ gm(Bm) < ” I””(Zu | )”2+gm(bm).

Summing the above two displays, most terms cancel, and we find

L1, X (bm — Bm) |13
2T ]

< pn SV 2(Brm — Bo) 12

Since p/k < v < 1, the left-hand side is bounded from below by %C('y)HEl/z(i)m — Zim)H2 for C(y) =
((1 — /7)/2)? with exponentially large probability. In this event, by the triangle inequality,

[(Z2 (b — Bo)II2 + )22 — (JISY/2(Bo — Bm)|I? + o2)'/?|
<|I=Y2 (b — Bo)ll — 1= 2(Bo — B
<=2 (b — B

< V200 /COIZY?(Bin — Bo) -

(58)
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Dividing by (||[Z'/2(Bm — Bo)||2 + 02)1/2, we obtain the desired convergence

o +||Z2(bm — Bo) | »
0% + |22 (Bm — Bo)I?

)

thanks to p, — 0. For the convergence of the ratio of norms of residuals, we may bound from below the
denominators by

1y = XBom |l = L1, (y — XBu)ll > VI [C)(IZY2(Brm — Bo)1? + 02)1/?

with probability approaching one, since the eigenvalues of |I,,|~'/2L; [X | €/o] are bounded away from
0. In the numerators, ||y — XBm| — ||y — Xbm| is bounded from above by C’(7)||Z'/2(bm — B.m)| and
the ratio ||32/2 (b, — Bm)||/IIZ1/2(B:m — Bo)|| converges to 0 by (58). This proves that the ratios of norms

1—df,, /k
1—df,,/k

consistent (Bellec, 2023, Section 3) for both b,, and Bm, which gives

of residuals converge to 1 in probability. The ratio converges to 1 in probability because GCV is

|21, (y — XBr)|
| Tm|(02 + [ 21/2(Bm — Bo)|2)

(1 — dfpn /k) - 21,

and similarly for b,,. Finally, (58) provides
IZ2(Byn = by )|/ min{|| S 2 (B — Bo), 1Z1/2 (b — Bo)|I} £ 0.

By (41), we further have, for by,...bpsr thanks to the strongly convex penalty, that

(Y (0% + 152 (b — Bo)lI?) < 202 + || 3 =2 (b — B0) %)) — 1.

m

Combining these inequalities, we get that all quantities involved in the definition of (17)-(18) and their targets
are close to the corresponding quantities with (8., ,df,,) replaced by (b, df,,). Thus the consistency of the
estimates for (bm,df,,) implies the consistency of the estimates for (Bm,dfm). O

B. Proofs in Section 5

B.1. Preparatory definitions

Fixed-point parameters. In the study of ridge ensembles under proportional asymptotics, a key quantity
that appears is the solution of a fixed-point equation. For any A > 0 and 6 > 0, define v,(—X;0) as the
unique nonnegative solution to the fixed-point equation

V(=) :)\+9/r(1+vp(—)\; 0)r) =1 dH, (), (59)

where Hp(r) =p~1 Zle 1{,,<r} is the empirical spectral distribution of 3 and r;’s are the eigenvalues of
X. For A =0, define v, (0;0) :=limy _, o+ vp(—A; 0) for & > 1 and oo otherwise.

Best linear projection. Since the ensemble ridge estimators are linear estimators, we evaluate their
performance relative to the oracle parameter:

Bo = E[zz "] 'E[zy],

which is the best (population) linear projection of y onto  and minimizes the linear regression error. Note
that we can decompose any response y into:

Yy = fm(m) + fNL(m),
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where fi,(z) = B4 x is the oracle linear predictor, and fy.(z) = y — fu(z) is the nonlinear component
that is not explained by fi(z). The best linear projection has the useful property that fi;(x) is (linearly)
uncorrelated with fy,(x), although they are generally dependent. It is worth mentioning that this does not
imply that y and « follow a linear regression model. Indeed, our framework allows any nonlinear dependence
structure between them and is model-free for the joint distribution of (x,y). For n i.i.d. samples from the
same distribution as (z,y), we define analogously the vector decomposition:

Y= fu+ fu, (60)
where fi; = XBo and fy. = [fNL(wi)]iE[n]'
Covariance and resolvents. For j € [M], let L; be a diagonal matrix with i-th diagonal entry being 1 if

i € I, and 0 otherwise. Let £; = X T L; X /k and M; = (2, + AI,) L.
Risk and risk estimator. Recall that for m, £ € [M], the risk component is defined as

Re = lfull3, + (Bm — Bo) T =(Be — Bo), (61)

while its two estimators are defined as

1 full
Neovip Nfu
povlp m, £ pfull m,L
Rmyé — povlp? and Rmve ~ pfull’ (62)
m,L m, £

where

NP = Ly 0 1| ™ (y = XBrm) T Lo (y — X Be
tr(Sm)  tr(Se)  tr(Sm)tr(Se)

Il 1L | Lon || e
Nlh=n""(y — XBm) " (y — XBe)
L tr(Sm)  tr(Se) | tx(Sm) tx(Se) [T 0 |

n n n|Im || 1|

ovlp __
D, s=1-

Dt = ,
and Ly,n¢ = L1, n1,-

Asymptotic equivalence. Let A, and B, be sequences of additively conformable random matrices
with arbitrary dimensions (including vectors and scalars as special cases). We define A, and B, to be
asymptotically equivalent, denoted as A, ~ By, if limp_, o [tr[Cp(Ap — Bp)]| = 0 almost surely for any
sequence of random matrices Cj, with bounded trace norm that are multiplicatively conformable to A, and
B, and are independent of A, and Bj,. Observe that when dealing with sequences of scalar random variables,
this definition simplifies the standard notion of almost sure convergence for the involved sequences.

B.2. Proofs of Theorems 4 and 5 (restated here for convenience)

Theorem 4 (Pointwise consistency of intermediate estimators in A) Under Assumptions A and E-G with
vn/k = O(1) for the ovlp-estimator, for A > 0, for any M € N and m,l € [M], it holds that \éfg}gk —
Ry e, 22450 and |}A{£3171L>\ — R e, 224 0. Consequently, it holds that |§§Z}§ — R, 2| 22450 and
|RGL, — Ras x| 225 0.

Theorem 5 (Uniform consistency of intermediate estimators in A) Under same conditions in Theorem 4,
when 1 # 1, it holds that supy ¢ o |Rﬂ1§ — Ry a| =550 and supy ¢ |RY — Rasal 2250.

Theorem 4 is a direct consequence of Theorem 5. Thus, below, we focus on proving Theorem 5. The proof
of Theorem 5 builds on the following lemmas.

1. Risk. Lemma 24 establishes the asymptotics %, ¢ of the prediction risk Ry, ¢.
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2.  Oulp-estimator. Lemma 25 and Lemma, 26 establishes the asymptotics C/Vrs‘jép and @f,:’, 1; of the numerator
Nfr:"lép and the denominator Dfrf}f, respectively, for the ovlp-estimator.
3. Full-estimator. Lemma 27 and Lemma 28 establishes the asymptotics /Vrflule1 and Qfxlz of the numerator

N f#l} and the denominator Dfm“HZ, respectively, for the full-estimator.

For A > 0 and k € K,, such that p/k — [¢, 00), the consistency of the two estimators follows by showing
that the ratio of the numerator asymptotics and the denominator asymptotics in (1) and (2) matches with
the risk asymptotics in Lemma 24, respectively:

ovlp ovlp
N VN N, ~

~ _ m,l _ Hovlp

Rm,l 7'%7”7@ - _@ovlp - Dovlp - 'm0
m,L m, L
and full full
u u

R ~R _ /m,é ~ Nm,l _ ﬁfull

m, b = m. = g < pfall — Cim e

m, L m,L

Next, Lemma 29 takes care of the boundary cases when 1 = co and A = 0.

Finally, from Lemma 29, we also have that the sequences of functions {Ry, ¢ — %m, ¢}pen, {R(;Z}E -
R i ypen, and {ﬁfm‘l“e — %m0 }pen are uniformly equicontinuous on A € A = [0, co] when 9 # 1. This implies
that the sequences of functions {R,, ¢ — Rfrj}f
on A € A = [0, co] almost surely. From Theorem 21.8 of Davidson (1994), it further follows that the sequences

converge to zero uniformly over A almost surely.

Ypen and {Ry,¢ — R} e are also uniformly equicontinuous

The rest of the current subsection is committed to presenting and proving the important lemmas
Lemmas 24-29.

Lemma 24 (Asymptotic equivalence for prediction risk). Under Assumptions E-G, for ¢ € [¢,00) and
A > 0, it holds that

Rone = Bmo = (| FllZ, + (=X 9) (1 + Tp(=X; @me, 1)),

where Yme = V1 pm—py +¢ L mzey and Up(—A; 0,),Cp(—A; 7)) are defined in Lemma 30.

Proof. From the definition of the ridge estimator (26) and the decomposition of the response (60), we have

~ XTL
Bm — Bo = Mme(Xﬁo + fx) — Bo
XL
= _)\Mmﬂo + MmefNL-
Then it follows that
I fwli2, + (Bm — Bo) TE(Be — Bo)
= N?B) M, EM.SBo
+ L X XTL,

+(||fNLH2L2 +.fNL TMmEMZ fNL)

k
XTL XTL
+(\Bg MzzMeTmfNL + \Bq Mzz:MmT"‘fNL)
=T +Tv +Tc.

Bias term. From Lemma 30, we have

Tp = (=N ) (1 + Tp (=X @me, ¥)),
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where Qe =V L pm—py +O L2y and Up(—A; ¢,%),Cp(—A; 7)) are defined in Lemma 30.
Variance term. By conditional independence and Lemma D.2 of Patil and Du (2023), the variance term
converges to the the quadratic term of fo = L, ¢ fae:

1 -
Ty ~ ”kaH%2 + ﬁfJXMmEMZXTfO ~ HfNLH%Q(l + 'Up(f/\§ ‘Pmﬁ:w)):
where the last equivalence is from Lemma 31.

Cross term. From Patil and Du (2023, Lemma A.3), the cross term vanishes, i.e., Toc ~% 0.
This completes the proof. 0O

Lemma 25 (Asymptotic equivalence for numerator of the ovlp-estimator). Under Assumptions E-G, for
P € [p,00) and A > 0, and index sets I, Ip 5B Ty, it holds that

NP o 2P = N (= X5 90)2 (1 fllF, + S (=X 9) (L + Tp (=X e, 1)),

where @me =Y L pm—ry +O L2y and vp(=A;1), Up(—=A; ¢, ¢) and ¢p(—A; ) are defined in Lemma 30.

Proof. From the definition of the ridge estimator (26) and the decomposition of the response (60), we have

2 XTL,,
Lmﬁf(y - Xﬂm) = Lmne (Ip — XMmi)

k

XL,
= ALmneXMpmBo + Lynne | Ip — XMy, A S
Then it follows that

(Y — XBm) " Lynne(y — XBe)

|Im ﬁ]@|
= \2B0 M e MoBo
1 XM,XT XM, X"
— = (Lmfuw)' (I, - =22 )L I, - "= (L
+ ‘Im OIZ|( fNL) ( D & ) mnNe < P & ) ( EfNL)
A T - XL, - - XTL,
+ m Bo M¢X Lo | Ip — XMmT fao +Bg My X ' Lpyre | Ip — XMzT i

=T +Tv +Tc.

Next, we analyze the three terms separately.
Bias term. From Lemma 30,

Tg ~ Nup(=X;9)%Cp (=X 9) (1 + Up (=X @me, 1)),
where @rme =Y 1 m—ry +@ Limzey and vp (=X 1), Up(—=A; ¢,4) and €,(—A; 1)) are defined in Lemma 30.

Variance term. By conditional independence and Lemma D.2 of (Patil and Du, 2023), the variance term
converges to the the quadratic term of fo = Luynefau:

1 XM, XT XM, XT
Ty ~—— (L VI, - 2222 VLee ([ Iy — 5252 ) (Beme fa
\% |Imﬂle|( mefm) ( P A ) ne < P A )( nefm)
1 1 XM;XT Im N Ie| v XMy Smne M XT
L -t o g XM e D N fo
[ I N I k [ I, N I k [ I, N I

je{m,e}

~ A2, (=X 10)2 (1 4 Tp (= A; ©me, ¥)),
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where the last equivalence is from Lemma 31.
Cross term. From Patil and Du (2023, Lemma A.3), the cross term vanishes, i.e., T¢ 2550, O

Lemma 26 (Asymptotic equivalence for denominator of the ovlp-estimator). Under Assumptions F and G,
for ¢ € [p,00) and A > 0, and index sets I, I¢ 5 Tk, it holds that

Dovlp ~ _@OVIP = )\QUp(f)\;lb)Qv

m, L — “m,L

where vy, (—A\; 1) is the unique nonnegative solution to fixed-point equation (59).

Proof. Since I, I; % Ty, we have that |I,,| = |I| = k. From Du et al. (2023, Lemma C.1), we have that

tr(S;) 1 1
r|(15\]) = 5 r(XMXTLy) = - tr(M;8) = 1= Moy (<),
J

By continuous mapping theorem,

1 tr(Sm)  tr(Se) | tr(Sm)tr(Se)

~1_ _ ) _ N2 N2 (Y. a2
T T = 2 N )+ (= M (X ) = W (),

which completes the proof. [

Lemma 27 (Asymptotic equivalence for the numerator of the full-estimator). Under Assumptions E-G, for
Y € [¢,00) and X > 0, it holds that

Nty = A0 = dp (=X omes ) (1l + S (=X)L + Tp (=X ome, ¥)),

where
Yl PN (—X)?, i e =,
P P
dp (=X @me, P) = -6 2
(T + i)\vp(—k 'l/’)) i pme =9,

Pme =YLy +O L imzpy, and Up(=X; ¢, 1), ¢p(—A; 1) are defined in Lemma 30.

Proof. Analogous to the proof of Lemma 25, the numerator splits into
1 ~ T ~
E(y = XBm) (y—XB)
1 ~
= —\?Bg Mm Mo
n

1 L, XM,XT XM, XTL
+E‘fNLT (Ip— %) (Ip— #) Fur

k k
XL,
k

AT T T T XL,
+g ,30 MZX Ip_XMm fNL+ﬂ0 MZX Ip—XMZ P fNL
=T +Tv +Tc.

Next, we analyze the three terms separately.
The bias and the cross term are analyzed as in the proof of Lemma 25, by involving Lemma 30 and Patil
and Du (2023, Lemma A.3), respectively:

Te =~ dp(=X; @me, V) Cp (=A%) (1 + Tp(=A; Pme, ),
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Tc ~ 0.

For the variance term, by conditional independence and Lemma D.2 of (Patil and Du, 2023), the variance
term converges to the quadratic terms of f1 = Ly,uefae and fo = Loyne fau, respectively:

1f T <I LmXMmXT) (I XM@XTLg)f
— JNL - - 5 - - 5 NL
n k k
InUI L, XM,XT XM, XTL
= 7| E‘ fNLT (Ip — 7]€ ) Lwnu[ (I - 41616 Z) fNL+

I Ulp)© L,XM,XT XM,XTL
+ |(nig)|fm:r ([p - T) L(mUZ)‘ (I - #) NL

Im U XM, X7 XM, X"
T (g, XMXTY (g XM

|(Im U L)
nk?2

n

I(I Ulz) |

Il foll3 + fo XMy (muey-McX " fo.

From Lemma 31, it follows that

Ty = dp(=X;@me, V)| fsellT, (1 + Tp (= X5 @rme, 1))

Combining the above results completes the proof. [

Lemma 28 (Asymptotic equivalence for denominator of the full-estimator). Under Assumptions F and G,
for ¢ € [p,00) and A > 0, and index sets I, Iy T Tk, it holds that
¢ 2 2 _
71’ +¢>\ vp(=A; )7, m=1{,
Dl ~ gfull

m,l
(wwhzmp( Aw>) —

where vp(—A;9) is the unique nonnegative solution to fixed-point equation (59).

Proof. From the proof of Lemma 26, we have tr(S;)/|I;| 2% 1 — Avp(—A; ), for §j € {m, £}. From Du et al.
(2023, Lemma G.2), we also have k/n =25 ¢ /4.
For m = /¢, we have

tr(Sm)  tr(Se) n tr(Sm) tr(Se) ~1

n n nk

1—

%u Cwp(—Ai) + gu (A )?

%ﬂ(x o(=Xi )2

For m # £, from Du et al. (2023, Lemma G.2), we also have |I,, N I;|/k =% ¢/4. By continuous mapping
theorem, it follows that

t1(Sm)  t0(Se) | tr(Sm) (S Im N L . 26, B s a2
- .t L[] =1 (A EAY) + 5 (1= e (= 9))
V-9 @ )2
= Avp (=X )
( v T urtAY)

which finishes the proof. [
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Lemma 29 (Boundary cases: diverging subsample aspect ratio and ridgeless). Under Assumptions E-G, the
conclusions in Theorem 4 hold for ¢ = oo or A = 0, if kK = w(y/n) for the first estimator and no restriction
on k is needed for the second estimator.

Furthermore, for %m,g,ﬂ/o"lp 9°v'P JVf““ Qf““ defined in Lemmas 24 and 26-28, the sequences of

m,l 2 m, L
functions {Ry,,e — %m0 }pen, {NOVIP/DOle /VOle/jOVIP}peN, and {NfUI}/Dfm“EIZ JVé‘jlel/jf“le}pEN are
uniformly bounded, equicontinuous and approaching zero on A € [0, o] almost surely.

Proof. We split the proof into two parts.
Part (1) Diverging subsample aspect ratio for A > 0. Recall that

1 ~ ~
m(y - Xﬁm)Tmee('y — XB¢)
m

1 2 1 - ~
= (Bo = Bm)  Bmne(Bo — Bm)+|l m||\meefNL||2+mj€§e}fNL LyneX (Bo — Brm).

From law of large numbers, ||Lmnefsoll3/[Im N Ie] 225 [ fxullZ, as [Im N I¢| tends to infinity, which is

guaranteed when k = w(y/n). From Patil and Du (2023, Lemma A.3), fuw. | LimneXB0/|Im N 1| =25 0.
For the other term, note that,

1Bmll2 < (X7 L X /k + M) "X T Liny/k)|l2
<IXTLm X /k+ M) X T Lo /VEI - | Loy /VEl|2

Ely?] - (X "L X /k +Mp) "' X T Lo /VE]op,

where the last inequality holds eventually almost surely since Assumption E implies that the entries of y
have bounded 4-th moment, and thus from the strong law of large numbers, ||Lmy/\/E||2 is eventually
almost surely bounded above by C+/E[y?] for some constant C. On the other hand, the operator norm of
the matrix (X "L, X /k + )\Ip)_lXLm/\/E is upper bounded max; Si/(s,b2 4+ A) < 1/8min where s;’s are
the singular values of X and smin is the smallest nonzero singular value. As k,p — oo such that p/k — oo,
Smin — 00 almost surely (e.g., from results of Bloemendal et al. (2016)) and therefore, ||Bm|l2 — 0 almost
surely. Because HEHOP is upper bounded almost surely, we further have fy, " mﬁZX,Bm/|I NI, =% 0.
Consequently we have fu. | L,neX (8o — ,Bm)/\Im N 1| 2540 and

m(y — XBm) Linne(y — XBe) 22 B =Bo + || full2,

Since §; = Xy, B; for j € {m, £}, we have that tr(S;)/k -5 0. So the denominator converges to 1, almost
surely.
On the other hand, the asymptotic formula for A > 0 satisfies that

. AZU@(_AHD)Q(HJCNL”QLZ + Ep(_A§¢))(1 + ﬁp(_)ﬂ @méﬂ/’)) _ 2 T
wh~>moo X2up(—N; )2 = [Ifxllz, + Bo EBo,

where we use the property that limy o vp(—A;9) = 0. Thus, the asymptotic formula is also well-defined
and right continuous at ¥ = co.

Part (2) Ridgeless predictor when A = 0. Below, we analyze the numerator and the denominator
separately for the first estimator. To indicate the dependency on p and A\, we denote the denominator and
its asymptotic equivalent by

— ovlp _ ovlp
Ppx:=D Qpx =9

m,L ) m, L)
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where we view k and n as sequences {kp } and {n,} that are indexed by p. For j € {m, £}, since S; > 0, x and
1S llop = IL; X(XTL; X /k+X,)T X TL;/|Lil|lop < 1is upper bounded for A > 0, with equality holds only
if A\ = 0. When A = 0 and ¢ < 1, we have tr(S;)/|I;| = tr(L; X (X TL; X /k)"* X T L; /|1;])/|L;| = p/|L;| < ¢
almost surely. When A = 0 and ¥ > 1, we have that tr(S;)/|L;| > TminTmaxD/| 1] =25 TminTmicd > 9.
Thus, we have that 0 < P, x < (1 — )2 for A >0 and A =0, ¥ # 1.

Next we inspect the boundedness of the derivative of P, x:

Kl B _tr(%sm) B tr(580)  tr(:& Sm) tr(Se) + tr(Sm) tr(Z Se)
ax " ] |Le] [ | '
For j € {m, £}, note that
XTL;X 2 XTL,
gsj =L;X (73 ,\I) 2
O k |1,

We also have ||08;/9M||op is upper bounded almost surely on A, and thus so does |0P, x/dX|. We know that
Ppa — Qpa =250 for A > 0. Define Qp o := limy_o+ Qp,x = (1 — )2, which is well-defined according to
Du et al. (2023, Proposition E.2). The equicontinuity property, together with the Moore-Osgood theorem,
we have that almost surely,

lim |P, o — ol = lim lim |P, » — Al= lim 0=0
Tim_ [P0~ @pol = limTim [Py —Qpal = lim 0=0,

which proves that the denominator formula Q0 is valid for A = 0.
For the numerator, similarly, we define

1
Ply=NP=—— gy Lnney— > Y SjLmaey+y' SmSey,
’ ’ |Im N Ig| .
j€{m, L}
and Q; N :/Vn(;vl}p . By the similar argument above, the sequence of function P}; N Q; 5 is equicontinuous

on A and thus Q;,o = lim, _, o+ Q;»\ is well-defined. Finally, since the proof for the second estimator and
the risk are similar, we omit it here for simplicity.

Part (3) Equicontinuity (in \) of the ratio. Again, we focus on proof for the first estimator. Define
Pl = Nzlf/Dz;'}f and QY y = ,/Vg‘y’l}p/.@z:’,lf. From the proof of Part (1), we know that D:L"lf is positive
and upper bounded almost surely, and IV, fnv lep is nonnegative and upper bounded almost surely. Thus, we
have that P;f 5 is upper bounded almost surely over A.

On the other hand, from the monotonicity and boundedness of fixed-point quantities (Du et al., 2023,
Lemma F.12), it follows that when A = 0 and ¢ # 1, @fr:”l; = (1 —1%)2; when X\ > 0, _@fr::l; is a continuous
function, with left limit at A = 0 bounded away from zero and infinity and right limit limy _, oo A2v,(=A;9) =
1, and is therefore also bounded away from zero and infinity over A. This implies that Q;’ _» is upper bounded
over A.

Next, we examine the derivative of Pz/)/k and Q;’ A
, ,

9 BN,O,Z? Dovlp _ Novlp ‘9ny‘:,1§ 9 8‘/‘/72\];1) @ovlp _ JVOle 3@3:]};
Y pr.o— 9 m, £ m,€ 9N and —Q , = 22N m, £ m,€ 9

P T ovlpy2 ) DA T &°vIip\2 :
£ (DR o\ (227P)

By a similar argument as above, we can also show that 9P’ /0A| and |0Q) 5 /OA| are upper bounded over
A. Applying the Moore-Osgood theorem, the conclusion follows. [

B.3. Proof of Theorem 6 (restated here for convenience)

Theorem 6 (Uniform consistency of corrected GCV in A\) Under the same conditions in Theorem 4, it

holds that |RSEY V' — Ry z| 225 0 and |RSE%Y ™ — Rar n| 225 0. Moreover, when ¢ # 1, it holds that

pHegev,ovl a.s. Hegev,full a.s.
supk€A|R1\§’T[7)\ P — Rup Al —> 0 and supk€A|R]§I’)\ — Ramoa| — 0.
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Pointwise consistency

From Lemma 24 and Lemma 27, we have that

M
1 ~
Ru = | fullZ, + el > IB(Pr,) — Bolls:
m=1
M

TE) (B(D1,) — Bo)  =(Be — Bo))

m,l=1

+

1 ~
= (3 T )
M—-1

FEE T30 ) (1wl + 8 (-Xi0),

(63)
1 ~ - ~
g”y - Xﬁm)Hg ~dp (=X, 9) (1 + ”p(_)\ﬂ/”"l’))(HfNLHQLQ +p(=A;9)),

and

(64)

1 ~
~|ly — XBumll3
n

= Zly = XBm) |2 + — “(y—XBm) (y— XB
Ve 321 —lly = XBm)llz + 113 m%:l (Y= XBm) (y—XB)

1 ~
(73 901+ (A, )
M-—-1

AL (X0 D1+ (X6 8) ) (Ul + (350,

(65)

On the other hand, from Du et al. (2023, Lemma 3.4.), the average degrees of freedom df and the
denominator (1 — df/n)2 of the naive GCV estimator satisfy that

Lat = (1= xup (=25 0)), (66)
n P
and

N2 v—¢ ¢ ) .
(1 —df/n)? ~ + = dvp(=XN9) ) =dp(—X;0,9). (67)
(4 (4
Thus, from (63), (65) and (67), the difference between the prediction risk and the naive GCV estimator

admits the following asymptotic representations:
Ry, v = XBur3/n
(1 —df/n)?
1 dp(=A; ¢7¢)) ~ 2~
~ (1= 220 (14T, (=M, ) (I f + (=X 9)).
a7 (1 EEE ) QB )l + (i)
On the other hand, from (64), (66) and (67), we also have that for all m € [M],
1 1

(68)

L O (W = 9)(df/n)*
(1—df/n)2 M (1 —df/n)?+ ( — ¢)(df/n)2

L Ldp(=X,9) U ¢>)%§(1 — Avp(=A;9))?
T M dp(=X6,%) b (—Xs b, %) + (& — 6) 2z (1 — Aop (=)

. ly — XBmll3

n

1+ Tp (=X 0, ) (IfllT, +Ep(=X%))



62 Bellec et al.

d(v—2) 21h))?
QW) (1 — Ny (=)
_1 79 r L+ Tp (=X 0, 9D (IfllT, +Ep(=X))

7N 5 R
RN e AN .
=7 (1- 2 A m X Ol + S ), (69)

by noting that d’f\(_)\; Y, ) —dp(=X;d,0) = d(p — P)—2(1 —A)\vp(—)\; ))2. Matching (68) and (69) finishes

the proof when R, is the full-estimator. The proof when R, . is the ovlp-estimator follows similarly.

Uniform consistency

From the proof of Lemma 28, we have that

2
(1—df/n)? ~ <1 — 3(1 — Avp (=X 1/1)) =: _@,f,‘:’lz, for all m # ¢,

and
~ 1 ,/Vfulel 1 gfull
Rpsin X Sel N me-gn Y P,
2 “gfall 2 Zfull
M m,LE[M] ju M m,LE[M] M2 me[M] 91712
Rfrﬁ,,m - Rm,m
Then we have
M
chcv # égcv _ i (df/?’l)2 w - Cb i D
- M T m,m
M(1—df/n? ¢ M ‘=
Dgcv 1 M 9{?{1 B @]f:lilél
=Ry — 15 full Rinym
M o} 91}2
1
“aE 2 T
m,LE[M]
- RM7

which establishes the point-wise consistency.
Similar to the proof of Theorem 5, the uniform equicontinuity of R%f[v and R,, ¢ to their asymptotic limits
follows from Lemma 29. And the uniformity for |RS5°"# — Ry| follows similarly.

B.4. Technical lemmas and their proofs

Lemma 30 (Bias term of risk). Suppose the same assumptions in Theorem 4 hold and let ¢, =
Y1 m=¢y +® L meey, then it holds that:

L A?Bg My SMBo = (=X ) (1 + Tp(=X; ome, 1)
2. A28] M, e MiBo ~ N20p(—A; 1) 28 (=X 0) (1 4 Tp(—=A; @me, )

(ww ° + z(ZAQUp( A ) ) Ep (=AY 4 0p (=X me, ), m =4,

2
(% + :Z,\ p(_A;¢)> Cp(= X)L+ Tp(= A pme, ¥)),  m#L.

Here the nonnegative constants vy, (—X; %), Up(—XA;¢,%) and ¢p(—X\;1)) are defined through the following
equations:

3. A2B] M,,=M,By ~

vp( )\7/1) +1/’/1+ ) dHp (1),
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2
¢/<1+vp< DL,
op (=)~

dHp(r)
Up (=X 8,9) =

=0 [ Gt

Ep(=X50) = By (Up(—=MY)B + L) ' B(vp (=X ) S+ I,) "' Bo

Proof of Lemma 30. Note that B¢ is independent of M,, 3 My, Mmf]mmeMz and MmZA]Mz. We analyze
the deterministic equivalents of the latter for the three cases.
Part (1) From Patil et al. (2023, Lemma S.2.4), we have that

A My S My ~ (vp (=X 9)2 + Ip)_l 1+ p (=X 0me, ) B (vp (=X )X + Ip)_l .

Since ||Bol|2 is almost surely bounded from Patil and Du (2023, Lemma D.5.), by the trace property of
deterministic equivalents in Patil and Du (2023, Lemma E.3 (4)), we have

By MmEMyBo === B (vp(—=X;9)2 + Ip) ™ (1 + Tp(=X; @ime, ¥)E (vp (=X ¢)2 + I,) "' Bo

= (=N +0p (=X @me, ).

Part (2) From Du et al. (2023, Lemma D.6 (1) and Lemma F.8 (3)), we have that
N M BimneMe = Nop(=X9)? (0p (=X 9) 2 + 1) ™1 (14 Tp(= X5 0me, ¥) B (vp (- A 9)E +I,) " . (70)

Then, by the trace property of deterministic equivalents in Patil and Du (2023, Lemma E.3 (4)), we have

AQUP(_)\% IP)QﬁJ (vp (=X )2 + Ip)_l (1 + Up (=5 0me; ¥) X (vp (=X 9) 2 + Ip)_l Bo
= 220p (=X 9) 28 (=X 9) (1 + Tp (= X; e, ).

/@(;rM’mimﬁéMZﬁO

Part (3) Note that s = %imug + %i(muz)w we have

Mmf]mUZMZ +

I UI
M, SM, = 1 U Le|
n

Im UIp)e -~
%Mmz:(muz)cMZ. (71)

For the first term in (71), from Du et al. (2023, Equation (54)), when m # £, it holds that

N Mo BnueMe 2 N op (=X %) (14 Tp (=X 6, 9)) (22(1) — z) M (imp) + wqﬁ_ ¢) (vp (=N B+ I,) 2%,
P )

From Part (2), when m = ¢, it holds that
)\szf:mUZMZ =~ )\2'”;0(—)\§ 1/’)2 (vp(=X9) 2 + Ip)71 (1 +Tp (=X Pme, P))Z (vp(—A;9) 2 + Ip)il )
For the second term in (71), from Du et al. (2023, Lemma F.8 (1)), we have
)‘2Mm§(muﬁ)“M€ ~ N MIEM: =~ (vp (=N ) B+ Ip) ™ (L4 Tp (X 0me, ¥)E (vp (M) E+ 1) 7,
where the last equivalence is from Part (1).

When m = £, the coefficients in (71) concentrate | I, UI¢|/n =25 /1 and |(Im U Te)¢|/n =25 (v — @) /9
from Du et al. (2023, Lemma G.6). Then (71) implies that

AZMmiMez(‘”w‘z’ z vp (=25 ) )(vp<—A;w>z+1p>—1(1+6p<—A;¢me,w>>z(vp<—A;w>z+Ip>—



64 Bellec et al.

When m # £, the coefficients in (71) concentrate |I,,, U Ip|/n =25 ¢(2¢) — ¢) /4% and |(I;m U Io)¢|/n 225
(v — ¢)? /92 from Du et al. (2023, Lemma G.6). Then (71) implies that

N 2
MM, SM, ~ (1"7‘15 + Loy (=n w>) (Wn(—A)S 1 L)~ (14 (X @rmes )3 (0p(— A )8 4 1)L

Finally, applying the trace property of deterministic equivalents in Patil and Du (2023, Lemma E.3 (4)) as
in the previous parts completes the proof. O

Lemma 31 (Variance term of risk). Suppose the same assumptions in Theorem 4 hold and let ., =
Y1 {m=¢y +¢ L {mxey, then it holds that:

L k= 2f0 XM SMX T fo = || faull2,0p (=X @me, ).
T
2 b do (I = XM X0 ) L (I = EMXTY gy o | i3, A0p (=X 9))2(1 +
5p(_)‘; 4Pm£ﬂﬁ))~ .
3. UnbLlpr (Ip - %) Lo (1 - M) f1
+ |(ImiJLIi)c|Hf H2 + I(ImUIe)(\QfTXMmz(mUaCMZXTfO
Ifl2, (%‘M 2 X2, (- A;w?) (L4 B (A Pmentd), m =6,

2
1z, (¥+ ZMP w)) (14 5p(=X omes 8))s £ L.

Here fo = Lmnefse, f1 = Lmuefi and the nonnegative constants v, (—XA; ) and vp(—X; ¢, ) are defined
in Lemma 30.

Proof. Since || fui|lass < oo from Patil and Du (2023, Lemma D.5), we have that || fo|3/|Im N1e| 22 ||fNL||%2
by strong law of large number. Then, from Lemma 32, we have that the quadratic term

1

T T
—fy XAX ~
|ImﬂIg|f0 fo

1 o~
mﬂfmﬂiz tr(LimnreXAX T Linne) = || full2, tr(AZ000) (72)

for any symmetric matrix A with bounded operator norm. We next apply this result for different values of
A.

Part (1) Let A = M,,X M. Since from (70) and the product rule (Patil et al., 2023, Lemma S.7.4 (3)), we
have that

MeimmeMmE >~ vp(—A; 7/})2 (vp(= XN P)2 + Ip)_l (1 +0p (=X 0me, ) E (vp (=X P) 2 + Ip)_l D>
Then by the trace property of deterministic equivalents in Patil and Du (2023, Lemma E.3 (4)), we have

( vp (=N P)r
1+ vp(=A¢)r

/4 1 a ~ 2
L (AS ) = e (L4 T (X e ) ) dH, (r)

kLim=ey +nlimeey P
= Up(=X; Pme, ¥))-
Finally, note that [In, N Ie|(k 1 {megy +nLgpmzpy) = k2. This implies that
k=2 fo XMpuSMeX T fo =~ || full2,0p(=A; @me, ).

Part (2) Note that

XM, X" XM, X7
-/ m" )L I, — ="
Im mz|f° ( k ) m““(p k )fo
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—————1fo fo - > fo 7fo+ 2fJ X My Sne M X T fo.

1
|Im N Ig| Jetm}

“m mI\

We next analyze the three terms separately for m # £. By the law of large numbers, the first term converges
as fo fo/lIm N Ig| 22 ||fNL||2L2. For the second term, let A = M,, and M. From Patil and Du (2023,
Corollary F.5 and Lemma F.8 (4)), it follows that for j € {m, ¢},

Mjimmf ~Ip — (vp(=X9)2 +Ip)_17

and thus, we have

1 o N vp (=X Y)r o1 .
LS = [ R A, () = w7 (1= A (<X5)
It then follows that
1
m Z fo 7.f0—2||fN1”L (1 = Avp(=A;9)).

jE€{m, L}

For the third term, let A = MmflmmgMg. When m # £, from Patil and Du (2023, Lemma D.7 (1) and
Lemma F.8 (5)), we have that

Mo S Mo S = g (m—xw _¥ - oo (— N, w)) (p(—X; S + )15
AT (=X 6, 0) (0p (=X ) + I,) 25,

where Uy (=A; %) = vp(—=A;9)2(1 + Up(—A; $,9)). Then from (72), we have

XM, XT XM, X7
- m= )L I, - ="
T ﬂIg|f0 (p A > mmz(p A )fo

= 1l (1= 20 = g0+ (350 = L0000 ) [ o a0

N (N0 [ s Hp( P Hp<r))

(
= HfNL||2L2>\5v(—>\;¢7’¢)( o (—n ) +¢/<m> dHp(r) — (¢ — ¢)/dep(r)
- | Tt )

_ 2 v~ (4. 1 _ r
=l 60 (s = [ T )
= Il AT )

= 270 (X )2+ (X ),

when m # £.
When m = £, from (72) and Du et al. (2023, Lemma D.7 (1)), we have

XM, XT XM, X"
-/ m" )L I, — "
Im me|f° (p k ) W(” k )f"

XM, XT XM, XT
g (1 ST g (g, XM
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= fall3, (0= T 0(MEn) + 1 (M S M E1n)
ol 200 (X521 TN ).

Combining the above results finish the proof for Part (2).
Part (3) We analyze the three terms separately for m # ¢. From Du et al. (2023, Lemma D.7 (3)), we have

1 XM, XT XM, X7
— =t (L, = ) Lo (I, —
L U I k k

20 (=\: )2 2(¢_¢) 1 ¢ Do (=N
=X (AY) (2¢—¢ Avp(—A;w)+2w—¢)(1+ p(=X%,9)

From Lemma 32, it then follows that

I, UI XM, X7 XM, XT
Ut g, XMaXTY (g XY
2, $2¢ —9) \» 2 — ) 1 ¢
Y2

= o 29 — ¢ Avp(=A;9) " 29 —¢

op-xi0)? ( )<1+'ﬁp(—x;w7w>>.

m

From strong law of large numbers, the second term converges
term, let A = Mmfl(mug)cMg, then we have

225 || fwll2,. For the third

1 - - 1 - -
;tr(MmE(mUE)GMZZVnOZ ~ ;tr(MmEMZZVnOZ ~ T T, (=N 9, 1),

where the first equality is from the conditional independence property and the second is from Du et al. (2023,
Lemma F.8 (3)). Again, from Lemma 32, it follows that

|(Im U Le)°|?

T XM S MXT fo =l (£52) 52000

P

Combining the above results finishes the proof of Part (3) for m # £.
When m = ¢, the formula simplifies to

1 XMmXT XM, XT
—fd (Ip - 7) (Ip o il )fo.
n k k

From (72), Part (2) and Patil et al. (2023, Lemma S.2.5 (1)), we have

1 XM, X" XM, XT
L (5 - XMaXT) (1, X0IXT)
n k k
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L (5~ XMaXT) (1, XY,
n k k

1
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HfNLH%zE (1 % tr(MX,,) + p tr(MmEmMmEm))
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Combining the above results finish the proof for Part (3). O

Lemma 32 (Quadratic concentration with uncorrelated components). Let X € R™*P be the design matrix
whose rows x;’s are independent samples drawn according to Assumption F. Let f € RP be a random vector
with i.i.d. entries f;’s, where f; has bounded L2 norm and is uncorrelated with x;. Let A € R™"X™ be a
symmetric matrix such that limsup ||Allop < Mo almost surely as p — oo for some constant My < co. Then
as n,p — oo such that p/n — ¢ € (0,00), it holds that

1 1
ngXAXTf”: ;IIfNLIIQLQ tr(XAXT). (73)

Proof. Let £ = XT X /n and M = (£ + M,)~! be the resolvent. Note that
1 1
“fTXAX T f=—fTXM(M *AM-HYMX'f (74)
n n

Since X = ZX/2, we have MX T = X~V2(ZTZ/n+AX~1)"1ZT =X1/2Z27(Z8Z" /n+ A\,)~". Let
B =(ZZZ7 /n+A,)"" and B2 = ZSY2M~'AM~'2Y2ZT /n, then (74) becomes

%fTXAXTf = f"B1B:B:f. (75)

Next, we adapt the idea of Bartlett et al. (2021, Lemma A.16), to show the diagonal concentration and trace
concentration successively.
Diagonal concentration. From a matrix identity in Patil and Du (2023, Lemma D.4), we have that, for
any t > 0,

1

B 'B:B[ ' = ;(B;1 —(B1 +tB2) ') +tB{*B2(B1 + tBs) !By BT .

Let U € R™*™ with U;; = [f]s[f]; 1{¢ # j}. We then have

> By 'B2Bi'ilfLilfl

1<i#j<n

=[(B; 'B2B; 1, U)|

<lB—1U—lB B))"L U B Y2 B2, (B Bs)~ ! U 76
_t|< 1 U) tl(( 1+tB2)” 5 U)| +t| By |5, 11 B2llgp (B + tB2) ™~ lop |U |6 (76)

For the first two terms, Patil and Du (2023, Lemma D.3) implies that

1
—|(By ', U)| 2250, and —[((B1+tB2)"*,U)| =20,
n —_—

1
n
where the second convergence is due to |((By + tB2)~ 1, U)| < t|(By*,U)| because of Woodbury matrix
identity and the bounded spectrums of By and Bs. For the last term, note that || B1|lop < A™! and || B2||op <
[|Allop|I2Z|lop, where ||A|lop is almost surely bounded as assumed, and HZZl/Qng/n = ||Z]lop < rmax(1l+

V#)? almost surely as n,p — oo and p/n — ¢ € (0,00) (see, e.g., Bai and Silverstein (2010)). Also,
1Ulex/m < 2|1 F113/n =2 2||fNLH2L2 < oo from the strong law of large numbers. Thus, the last term is almost

surely bounded. By choosing ¢t = +/|(B ', U)|/||U||tx, it then follows that n~'|(B7 ' B2 By ', U)| 225 0.
Therefore,

LR —1 LS~ po —1 2
~fTB'B:By ' f — — > By BBy 'uilf]}
n n

i=1

a.s. 0.
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Trace concentration. From the results in Knowles and Yin (2017), it holds that

1 a.s.
max |[By 'B2B; ']y — — tr[By 'B2By ]| 225 0.
1<i<n n

Further, since n ™| £[|3 == || fu]|22, we have

]. — — — — a.s.
g|fTB1 1BQB1 'f — tr[B; 1B2B1 1]HfNLH2L2| —0,

which finishes the proof. [
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C. Additional numerical illustrations in Section 4

C.1. Comparison of intermediate ovlp- and full-estimators for elastic net and lasso

Elastic net:

—e— Ovip ° —e— Ovip
Full Full

Relative error
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>
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o
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0.4 x 10 1.0 x 10° 1.6 x 10° 1072 107"
Subsample size k ElasticNet penalty A1

Fig. 9: Full-estimator performs better than ovlp-estimator across different subsample sizes. The
relative errors of the “ovlp” and “full” estimators for ridge ensemble with ensemble size M = 10. The left
panel shows the results with ridge penalty A = 1 and varying subsample size k. The right panel shows the
results with subsample size k = 300 and varying ridge penalty A. The data generating process is the same as
in Figure 1.

Lasso:
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Fig. 10: Full-estimator performs better than ovlp-estimator across different subsample sizes.
The relative errors of the “ovlp” and “full” estimators for ridge ensemble with ensemble size M = 10. The
left panel shows the results with ridge penalty A = 1 and varying subsample size k. The right panel shows
the results with subsample size £ = 300 and varying ridge penalty A. The data generating process is the same
as in Figure 1.
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C.2. Comparison of ovlp- and full-CGCV for ridge, elastic net, and lasso
Ridge:
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Fig. 11: The CGCV_full estimator (R$%°¥'™!") performs better than CGCV ovlp estimator
(RSEV>°VIP). Plots of relative errors of the R$5* ™! and RV °V'" for ridge ensemble with ensemble size
M = 10. The left panel shows the results with ridge penalty A = 0.001 and varying subsample size k. The
right panel shows the results with subsample size £k = 500 and varying ridge penalty A. The data generating
process is the same as in Figure 1.

Elastic net:
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Fig. 12: The CGCV full estimator (R$5°V'™!!) performs better than CGCV _ovlp estimator
(RSEV>°VIP). Plots of relative errors of the RSE™Y ™! and RE“Y°V'P for elastic net ensemble with ensemble
size M = 10 and A2 = 0.01. The left panel shows the results with elastic net penalty A1 = 0.002 and varying
subsample size k. The right panel shows the results with subsample size k& = 200 and varying elastic net
penalty A1. The data generating process is the same as in Figure 1.
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Lasso:
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Fig. 13: The CGCV _full estimator (RSE°V'™!") performs similar to CGCV _ovlp estimator
(RSEV:°VIPY). Plots of relative errors of the R?ﬁcv’f‘ln and R$EY°V'P for lasso ensemble with ensemble

size M = 10. The left panel shows the results with lasso penalty A = 0.003 and varying subsample size k. The

right panel shows the results with subsample size £ = 200 and varying lasso penalty A. The data generating

process is the same as in Figure 1.

C.3. Comparison of CGCV and GCV in k for ridge, elastic net, and lasso

Ridge:

Ridge penalty A

500 750
Subsample size k
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1.0 Type m—— Risk ® CGCV v GCV
M=3 M=5
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1000 1250 1500 1750 250 500 750 1000 1250 1500 1750

Subsample size k Subsample size k

Fig. 14: CGCYV is consistent for finite ensembles across different subsample sizes. Plot of risks

versus the subsample size k for the ridge ensemble with different A and M. The data generating process is

the same as in Figure 1.
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Elastic Net:

ElasticNet penalty A; 0.002 0.005 Type mmmm Risk ® CGCV v GCV
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Fig. 15: CGCYV is consistent for finite ensembles across different subsample sizes. Plot of risks
versus the subsample size k for elastic net ensemble with different A and M.

Lasso:
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Fig. 16: CGCV is consistent for finite ensembles across different subsample sizes. Plot of risks
versus the subsample size k for elastic net ensemble with different A and M.
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C.4. Comparison of GCV and GCV in M for ridge, elastic net, and lasso
Ridge:

Ridge penalty A 0.5 1.0 Type mm— Risk ® CGCV v GCV
k =300 k =500 k =700
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Ensemble size M Ensemble size M Ensemble size M

Fig. 17: GCV gets closer to the risk as ensemble size increases across different subsample sizes.
Plot of risks versus the subsample size k for the lasso ensemble with different A and M. The data generating
process is the same as in Figure 1.

Elastic Net:
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Fig. 18: GCV gets closer to the risk as ensemble size increases across different subsample sizes.
Plot of risks versus the ensemble size M for ridge ensemble with different A and k.
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Lasso:

Lasso penalty A 0.005 0.01 Type mm— Risk ® CGCV v GCV
k =300 k =500 k=700

2 4 6 8 10 2 4 6 8 10 2 4 6 8 10
Ensemble size M Ensemble size M Ensemble size M

Fig. 19: GCV gets closer to the risk as ensemble size increases across different subsample sizes.
Plot of risks versus the ensemble size M for ridge ensemble with different A and k.

C.5. Comparison of CGCV and GCV in X for ridge, elastic net and lasso
Ridge:

Ensemble size M 1 3 5 Type mmmm Risk ® CGCcV v GCV
k =300 k =500 k=700
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Fig. 20: CGCV is consistent for finite ensembles across different regularization levels. Plot of
risks versus the ensemble size M for ridge ensemble with different A and k.
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Elastic Net:

Ensemble size M 1 3 5 Type mmmmn Risk ® CGCV v GCV
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Fig. 21: GCV gets closer to the risk as ensemble size increases across different subsample sizes.
Plot of risks versus the ensemble size M for elastic net ensemble with different A and k.

Lasso:

Ensemble size M 1 3 5 Type mmmm Risk ® CGCV v GCV
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Fig. 22: GCV gets closer to the risk as ensemble size increases across different subsample sizes.
Plot of risks versus the ensemble size M for lasso ensemble with different A and k.

C.6. Numerical simulations with large ensemble size M

Recall that Section 4.4 presents simulation results when M is at most 10. In this section, we provide simulation
results in the same setting as described in Section 4.4, but with M as large as 100. The goal is to illustrate
that our proposed CGCV estimator is efficient not only for small M but also for large M. Since the bias of
the GCV is decreasing with M, we expect the GCV works well for large M. It is evident from Figure 23 that
the CGCV accurately estimates the actual risk for all values of M, while the bias of GCV diminishes only
when M is large.
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Fig. 23: CGCV efficiently estimates the actual risk for all values of M. GCV gets closer to
the actual risk as M increases. Top row: Ridge; Middle row: Elastic Net; Bottom row: Lasso. The data

generating process is the same as in Figure 1.
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C.7. lllustration of inconsistency for GCV variant

Ensemble size M 1 3 5
30 Ridge
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107t
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mmmm Risk

10°

CGCV v GCV variant (8)
ElasticNet

107 10
Penalty A1

Fig. 24: The GCV variant (8) is not consistent for finite M > 1. Plot of risks versus the regularization
parameter for ridge, lasso, and elastic net ensembles, under different M and fixed kK = 800. The data

generating process is the same as in Figure 1.
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D. Additional numerical illustrations for Section 4 with non-Gaussian data

In this section, we conduct the same numerical experiments as in Section 4 except that here the design matrix
is not Gaussian distributed. We consider two non-Gaussian distributions: the Rademacher distribution and
the uniform distribution in [—v/3,v/3]. The design matrix X is then generated by a scale transformation
to ensure the covariance matrix is the same as ¥ in Section 4.4. In the following subsections, we present
counterpart plots to Figures 1 and 3-5 in the same setting, except here X is non-Gaussian distributed.

D.1. Results for Rademacher distribution

Ensemble size M 1 3 5 Type mem Risk ® CGCV Vv Gecv
Ridge Lasso
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Fig. 25: CGCYV is consistent for finite ensembles of penalized estimators while GCV is not. The
simulation setting is the same as Figure 1, except that here X is Rademacher distributed.
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Fig. 26: Full-estimator ﬁf\‘/}“ performs better than ovlp-estimator ﬁ?\/}'lp across different
regularization and for small subsample size k. The simulation setting is the same as Figure 3, except
that here X is Rademacher distributed.
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Fig. 27: CGCYV is consistent for finite ensembles across different subsample sizes. The plot of
risks versus the subsample size k for Elastic Net ensemble with different A and M and fixed Ao = 0.01. The
simulation setting is the same as Figure 4, except that here X is Rademacher distributed.
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Fig. 28: GCV gets closer to the risk as ensemble size increases across different subsample sizes.
The plot of risks versus the Elastic Net ensemble size M for ridge ensemble with different A and k and fixed
A2 = 0.01. The simulation setting is the same as Figure 5, except that here X is Rademacher distributed.
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D.2. Results for uniform distribution

Ensemble size M 1 3 5 Type mom  Risk ® CGCV ¥ Gcv
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Fig. 29: CGCYV is consistent for finite ensembles of penalized estimators while GCV is not. The
simulation setting is the same as Figure 1, except that here X is uniformly distributed.
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Fig. 30: Full-estimator ﬁf\‘/}“ performs better than ovlp-estimator ﬁ?\/}'lp across different
regularization and for small subsample size k. The simulation setting is the same as Figure 3, except
that here X is uniformly distributed.
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Type - Risk ® CGCV Y GCV
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Fig. 31: CGCYV is consistent for finite ensembles across different subsample sizes. The plot of

risks versus the subsample size k for Elastic Net ensemble with different A and M and fixed Ao = 0.01. The
simulation setting is the same as Figure 4, except that here X is uniformly distributed.
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Fig. 32: GCV gets closer to the risk as ensemble size increases across different subsample sizes.
The plot of risks versus the Elastic Net ensemble size M for ridge ensemble with different A and k and fixed
A2 = 0.01. The simulation setting is the same as Figure 5, except that here X is uniformly distributed.
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E. Additional numerical illustrations for Section 5 with non-Gaussian data

E.1. Comparison of CGCV and GCV in X for elastic net and lasso

Elastic net:

Ensemble size M 1 2 5 Type memm Risk e CGCVv v GCv
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Fig. 33: CGCV is consistent for finite ensembles across different regularization levels. The GCV
estimates for the Elastic Net ensemble with varying lasso penalty A1 and fixed As = 0.01 in a problem setup
of Section 5.4 over 50 repetitions of the datasets. Here the feature dimension is p = 1200. The left and the
right panels show the cases when the subsample sizes are k = 2400 and k& = 800, respectively.

Lasso:
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Fig. 34: CGCYV is consistent for finite ensembles across different regularization levels. The GCV
estimates for the lasso ensemble with varying lasso penalty A in a problem setup of Section 5.4 over 50
repetitions of the datasets. Here the feature dimension is p = 1200. The left and the right panels show the
cases when the subsample sizes are kK = 2400 and k = 800, respectively.



