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This document acts as a supplement to the paper “Extrapolated cross-validation for random-
ized ensembles.” The section numbers in this supplement begin with the letter “S”” and the equa-

tion numbers begin with the letter “S” to differentiate them from those appearing in the main

paper.

Notation and organization

Notation

Below, we provide an overview of the notation used in the main paper and the supplement.

1. General notation: We denote scalars in non-bold lower or upper case (e.g., n, A, C'), vectors

in lower case (e.g., «, 3), and matrices in upper case (e.g., X). For a real number z,
(x)4 denotes its positive part, |z | its floor, and [x] its ceiling. For a natural number n,
n! = ], ¢ denotes the n factorial. For a vector 3, || 3|2 denotes its ¢, norm. For a pair
of vectors v and w, (v, w) denotes their inner product. For an event A, 14 denotes the
associated indicator random variable. We use O, and o,, to denote probabilistic big-O and

little-o notation, respectively.

2. Set notation: We denote sets using calligraphic letters (e.g., D), and use blackboard letters
to denote some special sets: N denotes the set of positive integers, R denotes the set of
real numbers, R, denotes the set of non-negative real numbers, and R, denotes the set

of positive real numbers. For a natural number n, we use [n] to denote the set {1,...,n}.
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3. Matrix notation: For a matrix X € R"™*?, X T € RP*" denotes its transpose. For a square

matrix A € RP*P, A~! € RP*P denotes its inverse, provided it is invertible. For a positive
semi-definite matrix 3, X!/2 denotes its principal square root. A p x p identity matrix is

denoted I, or simply by I, when it is clear from the context.

Organization

Below we outline the structure of the rest of the supplement.

e In Appendix S2, we present proofs of results appearing in Section 3.

— Appendix S2.1 proves Proposition 1.
— Appendix S2.2 proves Proposition 2.

— Appendix S2.3 proves Theorem 1, conditional on certain helper lemmas presented in

the next section.
e Appendix S3 provides intermediate concentration results used in the proof of Theorem 1.
¢ In Appendix S4, we present proof of results in Section 4.

— Appendix S4.1 proves Theorem 2.

— Appendix S4.2 extends additive optimality in Theorem 2 to multiplicative optimality

stated in Remark 1.

— Appendix S4.3 specialize Theorem 2 to ridge predictor under weaker assumptions.

e In Appendix S5, we collect various technical helper lemmas related to concentrations and

convergences along with their proofs that are used in various proofs in Appendices S2

to S4.

e In Appendix S6, we present additional numerical results for Section 5 and Section 6.
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— Appendix S6.1 presents additional illustrations for subagging and bagging in Sec-

tion 5.1.

— Appendix S6.2 presents additional illustrations for subagging and bagging in Sec-

tion 5.2.
— Appendix S6.3 presents results of ECV on imbalanced classification.
— Appendix S6.4 presents additional illustrations for bagging in Section 5.3.

— Appendix S6.5 presents additional illustrations for Section 6.

S1 Related work on cross-validation

Different cross-validation (CV) approaches have been proposed for parameter tuning and model
selection (Allen, 1974; Geisser, 1975; Stone, 1974, 1977). We refer readers to Arlot and Celisse
(2010); Zhang and Yang (2015) for a review of different CV variants used in practice. The
simplest version of CV is the sample-split CV (Hastie et al., 2009), which holds out a specific
portion of the data to evaluate models with different parameters. By repeated fitting of each
candidate model on multiple subsets of the data, K-fold CV extends the idea of the sample
splitting and reduces the estimation uncertainty. When /K is small, the risk estimate may inherit
more uncertainty; however, it can be computationally prohibitive when K is large. Asymptotic
distributions of suitably normalized K -fold CV are obtained in Austern and Zhou (2020), under
some stability conditions on the predictors.

In a high-dimensional regime where the number of variables is comparable to the number of
observations, the commonly-used small values of K such as 5 or 10 suffer from bias issues in
risk estimation (Rad and Maleki, 2020). Leave-one-out cross-validation (LOOCYV), i.e., the case
when K = n, alleviates the bias issues in risk estimation, whose theoretical properties have been
analyzed in recent years by Kale et al. (2011); Kumar et al. (2013); Rad et al. (2020). However,

LOOCYV, in general, is computationally expensive to evaluate, and there has been some work on
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approximate LOOCYV to address the computational issues (Rad and Maleki, 2020; Stephenson
and Broderick, 2020; Wang et al., 2018; Wilson et al., 2020). Another line of research about CV
is on statistical inference; see, for example, Bates et al. (2021); Lei (2020); Wager et al. (2014).
Central limit theorems for CV error and a consistent estimator of its variance are derived in Bayle
et al. (2020), which assumes certain stability assumptions, similar to Celisse and Guedj (2016);
Kumar et al. (2013). Their results yield asymptotic confidence intervals for the prediction error
and apply to K-fold CV and LOOCV. A naive application of these traditional CV methods for
ensemble learning to tune M and k requires fitting the ensembles of arbitrary sizes M, leading to

a higher computational cost.

S2 Proofs of results in Section 3

S2.1 Proof of Proposition 1 (Squared risk decomposition)

Proof of Proposition 1. We start by expanding the squared risk as:

R(J?M,k; D, {I:}})

:/(y—% A@,m)) dP(z, y)
:/<%Z(y—f(w79h))> dP(z,y)
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In the expansion above, for equality (7), we used the fact that ab = {4(a/2+b/2)* — a® — b*} /2.

This finishes the proof. [

S2.2 Proof of Proposition 2 (Consistent component risk estimation)

Proof of Proposition 2. Let A, = |R(f,D;) — R(f;D;)|. We will view p, |I|, and |I°| as se-

quences indexed by n. Define 5; = ||(yo — f(wo; Dr))?||4yp,- From Patil et al. (2023, Lemma
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2.9, Lemma 2.10), we have

P (An > ', max {, | A|1]°cg|”, A;;j"}) <nA (12)

for some positive constant C'. Let x,, = C'o; max {, / A‘lffl", A‘I})ﬁ" }

Since o1 = 0,(1/|1¢|/logn) as n — oo, we have that x,, = 0,(1). Let A > 0 be fixed, For

all ¢ > 0, we have that

P(A, >€) =P(A, >€> k,) +P(A, > €,k, > €)

<n A+ Pk, > €) =0,
which implies that A,, = 0,(1). The proof for | - || z,p, follows analogously. O

S2.3 Proof of Theorem 1 (Uniform risk estimation over (1, k))

Proof of Theorem 1. Before we prove Theorem 1, we present the proof strategy in Fig. S1. In
Fig. S1, four important auxiliary lemmas and propositions are deferred to the next section. For
the asymptotic results, we will let k, p be sequences of integers {k,}°2 ;, {p,}>2, indexed by n
but drop the subscripts n.

From Lemma S2 we have

sup  |Rak — Rumpl = Op(n (Y10 + Y2n))-
MeN,kek,

On the other hand, from Proposition S4 we have
sup  |RECY — Rars] = Op(Galogn/n'’? + (v + 7)),

MeN,kek,
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Assumption 1 and

Assumption 2 Proposition S3

sup |Rak — Rl sup @1;:\/% — Rl
kekn kekn ’
M = 1,2 M = 1,2
Lemma S1

Proposition S4

h 4

4
E (Sup | Rarke — Rl | Dn sup | RECY — 93y,
kekn MeN,kEK, ’
M = 1,2
|
|
|
|
Lemma S2 1
I
l
Y v
sup R — Rarnel | oo > sup  |RESY — Ryxl
MEN,kEK, MEN,kek,, '

Figure S1: Reduction strategy for obtaining concentration results in Theorem 1. The solid lines
indicate basic components presented later in Appendix S3 and the dashed lines indicate the
proof strategy in Appendix S2.3. Here, Rys i = 2R 1 — R i + 2(R1p — Ro ) /M.

where 0, = max,, se(my) kek, 01, ,UI, .- BY the triangle inequality, we have

sup |R]JEV?\I£ — R | = Op(0 log n/nl/2 + 1 (Y10 + Y2n)),
MeN ke,

which completes the proof. [

S3 Intermediate concentration results for Theorem 1

In this section, we show the concentration of conditional prediction risks to their limits. Proposi-
tion S3 derives the uniform consistency over k € K, of the cross-validated risk estimates to the
risk Ry, for M = 1, 2. Proposition S4 derives the uniform consistency over (M, k) € Nx K, of
the cross-validated risk estimates to the deterministic limits 93, ;. Lemma S1 establishes the con-

centration for the expected (with respect to sampling) conditional risk over k£ € K,,. Lemma S2
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establishes the concentration for subsample conditional risks over M € Nand k € K,,.

S3.1 Uniform consistency of cross-validated risk over k& for M = 1,2

In what follows, we derive the uniform consistency over k£ € /C, of the cross-validated risk

estimates for M = 1,2 in Appendix S3.1.

Proposition S3 (Uniform consistency over k for M = 1,2). Suppose that Assumption 2 holds,

then ECV estimates defined in (6) satisfy that for M = 1, 2,

sup [ BEEY — Rasa| = Opl@alog(m)n ™2 + 1 (0 + 72.).
ke

SRS

where G, = MaXo, sc[Mo] hekn Oy Ul 1A Rape = R (fark; Doy {Tke}ity) for {Tee}ily ~

Zy.

Proof of Proposition S3. Note that

My
N 1 .
Ry = A Z R(f(;{Dr,,}), Dre,)
/=1
1 N
Rg(l:cv MO(MO — ) Z R(f( ;{le,é’ ka-,m})> D(Ik,ZUIk,m)C)'
@?E[Mo]

-~

Define 5; = ||(yo — f(@0; D1))?||¢yp, and recall Ay, for M = 1,2 are defined as follows:

My
~ 1 N
Ay = RS — A E Rk (f; Doy {Ixe})
=1

13)
Agjp =R — ——— R Do A Lo, L }).
e VAV > Rop(foki Do ATiw Iem})
EJZ;[MO}

By the triangle inequality, for M/ = 1, 2, it holds that

sup [RYSY — Rkl < sup [Arg] +  sup  [Ryk(f; Dn, {Ike}) — Rukl (14)
kekn keKn k€EKn L[ Mo]
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sup |R55Y — Ryl < sup [Agp| +  sup | Ro i (f; Dy {Lkym, I }) — Rup|  (15)
ke ke keKn,m e[ Mo)

where Ay, are defined in (13). Next we analyze each term separately for M = 1, 2.

Part (1). For the first term, from (12) in Proposition 2 and applying union bound over k£ € KC,,,

we have that

_ log(Mo|Kr|n) log(Mo|KC, 1
P( sup [Agl>C  max &, max og(Mo |77)7 og(Mo|Knln) <1
ke, kekn Le[Mo] " n/logn n/logn n
~ log(Mo|KCr|n) log(Mo|KC, 1
P(sup |Aox|>C  max Gy max og(Mo| In)7 og(Mo|Kuln) |} _ 1
kel kECn f£me[My) T n/logn n/logn n
(16)
for some constant C' > 0. This implies that
N log(|/C,.|) logn
sup |Ag k| :Op< max UIH\/ 8(1Kn]) log )
kekn kekn, Le[Mo] ™ n
. log(|KC,]) logn
o y |
f§£| 241 =0y (ke/cn?#an}fewo} Ol el n
To summarize, supyex, |Aari| for M = 1,2 can be bounded as:
1 2
. [log®n (17)

sup |[Api| =0, | On ,
€Kn n

where Op — maXm7ge[MoLke]Cn Ufk,ZUIk,m'

Part (2). For the second term, from (8) in Assumption 2 we have that when n is large enough, for

allp > 1,

Co
nnl/e ’

P (0 yi Al R(fiki Dr,) = Fael 2 1) <
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Let v} ,, = n°Y1,,. Taking a union bound over k € K,, and ¢ € [My], we have

_ ~ CoM,
P <71,n1 sup ‘Rl,k(f7 DTL? {[k,é}) - ml,k‘ 2 77) S 01/607
keKn,L[Mo] n
which implies that
sup  [Ru(f: Dy {T1e}) — Ri| = Op(n ). (18)
kEKn L€M)
Analogously, for M = 2, we also have
sup | Rox(f3 Doy {Tms I }) = Rkl = Op(n72.0). (19)
keK,m#ALe[ Mo]
Part (3). Combining (15), (17), (18) and (19) yields that
DECV ~ 10g2 n €
Su’? |RM,k — %M,k’ = Op On +n ’)/Mm s M = 1,2,
EXn
ignoring constant factors. [

S3.2 Uniform consistency of cross-validated risk to 23, over (M, k)

Proposition S4 (Uniform consistency to Ry over (M, k)). Suppose that Assumptions 1 and 2

hold, then ECV estimates defined in (6) satisfy that

sup Ry — Rurn| = Op(0, log(n)n™2 + n (Y, + 72.m)),
MeN ke,

where o,, = MAXy, e[ Mo keKn Oy, (Ul m-

Proof of Proposition S4. Note that ﬁlj{fz satisfies the squared risk decomposition and the ran-

domness of ﬁljﬂ also due to both the full data D,, and random sampling.
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From Proposition S3, we have

} HECV _ ~
sup |Ryrp — Rkl = Op | O
ke,

On the other hand, by the definition of ﬁlj{fz for M € Nin (7), taking the supremum over

both M and k yields that
sup ’E‘jﬂ —Rupk| < sup ‘filfiv — N1k +2sup )EE%V — NRok
MEN, ke ’ keKn ’ keKn '
= Op (Cn) )

where ¢, = 7,1/1og? n/n+n (yin + Y2n)- o

S3.3 Proof of Lemma S1 (Concentration of expected risk over k£ € K,,)

To obtain tail bounds for the subsample conditional risk defined in (3), we need to analyze its
conditional expectation. Here the expectation is taken with respect to only the randomness due to

sampling and conditioned on D,,. For example, we define the data conditional (on D,,) risks as:

Riua (D)) D) = [B | (3= Fustes (i, 0) 19, apten. o

Observe that the conditional (on D,,) risk of the bagged predictor fy/x(-; {Dy,,}2L,) integrates
over the randomness of the future observation (x,y) as well as the randomness due the simple
random sampling of I ,, ¢ = 1,..., M. Nevertheless, the subsample conditional risk ignores
the expectation over the simple random sample. Considering a more general setup, when we
need to obtain tail bounds for sup,cx |R(far: Do, {1 ketdl,) — Raurk|, we again need to control
its expectation conditional on D,,. The result is summarized as in the following lemma. Note that

when |IC,,| = 1, it simply reduces to controlling the data conditional risk.
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Lemma S1 (Concentration of expected risk). Consider a dataset D,, with n observations, a
subsample grid IC,, C [n], and a base predictor f Suppose Assumptions 1 and 2 hold, then it

holds for M = 1,2 that

E (ksué) |R(fM§ Dy, { L }t,) — mM,k’) = On“Yarn),
€Kn

SRS

where {1}, } 2, '~ T.

Proof of Lemma S1. Define

Biyn = sup |R(fix; Do, {T51}) — Risl. Q1)
ke,

<&m::%wR@mﬂ%&hhhﬂ)—%mk (22)
cxn

We start with the M = 1 case by bounding the expectation of (21). Note that from (8), we

have that for all n > n,,

1

—e.—1 s
P <7’l ’Yl,n|R(f1,kaD11) - 9{17k| > 7”) < W

Let 7}, = n“Y1,n. Taking a union bound over k£ € KC,,, we have

1

P(yiBin > 1) < —-.
11 771/6

(23)

Then, it follows that

8

E(Bin) =7, | PO Bia >n)dn

mo o0
gfyin(/ 1de—|—/ ?—?de)
» 0 o n €

e—1 1 1/
o — Co——n'"" )

70
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e—1 1 1/
2(770+Co "o />7§,n-

The proof for M = 2 follows analogously. ]

S3.4 Proof of Lemma S2 (Concentration of conditional risk)

Lemma S2 (Concentration of conditional risk). Consider a dataset D,, with n observations and

a base predictor fA Under Assumption 2, it holds that,

sup Rk — Rarg| = Op (CrIKn )10 + Co(IKn)1,0) (24)

MeN,kek,

where Ry = 2Ra, — Rk + 2(R1x — Rox) /M.

SRS

Proof of Lemma S2. By Proposition 1, we have for {I; /}1, '~ T

‘R<fM,k§ Do, {1 }L) — %M,k’

- 2
= ’R(fM,k;Dna (L) — {(29%2,1@ —Rix) +

(=1

(R — Rog)
M

2 ~
oz 3 (RUaks DAl Tush) — i)
6€[M)
i#j

Then, it follows that

sup ‘ROFM,k; Do, { L }ol)) — Rura

MeNkeK,
2 1 ~
<|1——|sup|— Z sup |R(f1k; D, {1ke}) — Rkl
M | p>1 Me kEKn
e[M]
+2 b \R(fas: Doy {Ii, I;}) — Roi|
sup — sup 2,ky Doy iy djg) — Nk
yz2 | MM —1) - o kekn
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1 -
< sup |- Z sup |R(f1k; Dy {Ixe}) — Ruil

M>1 Ee[M]keK"
+2 e S sw R Dk Teg}) ~ Bl ©9)
su EVIZVEEER su ) ns (3] j - .
szz M(M—l) kGKIZL 2.k ks Lk,j 2.k

i,j€[M],i#]

We start by observing that the two terms

1 _
Um = i Z sup |R(fik: Dy {dre}) — Rigls

(e ke
1 ~
v, =—— R Dy, {Li I} — R
W= aarmn S RGP (ke D) = Fa
jE[M],i#]
are U-statistics based on sample Dy, ..., Dy,,. Theorem 2 in Section 3.4.2 of Lee (1990) implies

that {Ups}ar>1 and {U}, }ar>2 are a reverse martingale conditional on D,, with respect to some
filtration. This combined with Theorem 3 (maximal inequality for reverse martingales) in Section

3.4.1 of Lee (1990) (for r = 1) yields

1 1 ~
P (SUP |Unt| > 5) <:E[th|] =<E [SUP |R(f1.4; Dy {I11}) — Rugl | -
0 0 |kekn

M>1

On the other hand, from Lemma S1, the expectations are bounded as

E [sup R(ﬁ,k;pna {Ik1}) — R
ke,

1 = O0(nv1,).
It follows that

sup [Un| = Op(n“yin)-
M>1

Analogously, for the second U -statistic we also have

sup [Ups| = Op(n“y2,0)-
M>2
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From (25), it follows that

sup | R(far; Doy {Tke}22)) — Rl
MeN ke,

= sup |Un| + 2 sup Uy,
M>1 M>2

= Op(n“ (V1.0 + Y2,n))- (26)

This completes the proof. ]

S4 Proofs of results in Section 4

S4.1 Proof of Theorem 2 (4-optimality of ECV)

Proof of Theorem 2. For simplicity, we denote R(ka; Dy, {I10}}L,) by Ry as a function of
M and k. We split the proof for the two parts below.

Part (1) Error bound on the estimated risk. From Theorem 1, we have

Sup ‘EIJ%/([:,Z - RMJ€’ = Op(Cn)a
MeNke,

where ¢, = ,logn/n'? + n(y1, + Y2.) and G, = MaXy, ¢e[Mo] keKn O Ly UL+ Lhen the

conditional risk of the ECV-tuned predictor R; + admits

|REY — Rpa| < LS [RESY — Rari| = Op(Ga).
’ eN,ke/lln

Part (2) Additive suboptimality. The proof proceeds in two steps.

Step 1: Bounding the difference between ﬁfocv(fMo +) and the oracle-tuned risk. Let

(M* k") € arginf R(farx; D, {1:}1L)),

MeN,kek,

45



which is a tuple of random variables and also functions of n. For any k € K,, by the risk

decomposition (4) we have that
inf Ry = Rook-
MeN M.,k 00,k
That is, M* = oo is one minimizer for any k € /C,,. Then it follows that
00,k

DECV _ - _ :
ReG =0t Rt OpG) = | inf - Rarg + Op(Ga) @7

where the first equality is due to Theorem 1.
Step 2: ) optimality. Next, we bound the suboptimality by the triangle inequality:

’R/\’\ - inf RM,k’

ME  peNkeKn

_ . _ DECV ECV DECV | DECV
\RMk R +f€ Rm;‘FRm@ Reo k-

<|Rgz — ECVy + |RECV RECY| + | REY = Roge .

(28)

From Part (1) we know that the first term in (28) can be bounded as [Ry; 7 RECV = 0,(¢n)-

= Op(Gn)-

It remains to bound the second term in (28) . By the definition of RECV in (7), we have that

From (27) we know that the last term in (28) can also be bounded as |}3LEC\E' — Roo o

}A%Ec —9 RECV RECV.

. iV ECV DECV DECV _ DECV : :
Since M = [2/6 - R Rﬁ 1>2/6- RL@ - R2,@ , the second term in (28) is bounded by

ECV HECV HECV HECV
|RECY — BECY| = R1 RV < (29)
Therefore, the §-optimality conclusion on Eﬁﬂ’ follows. O
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S4.2 Proof of multiplicative optimality

Proposition S5 (Multiplicative optimality). Under the same conditions in Theorem 2, if [{y —
E(y | ©)}? dP(x, y) is lower bounded away from zero and (]\/4\ ) /l;) is defined for relative optimal-

ity such that

RECY < i RECY
Rig: < (14 96) Mell\lr,llfelcn Ry (30)

then it holds that

Ryp < (1+0) inf  Ryu(l+O0,(Ga))-

MeN,ke,

Proof of Proposition S5. By definition of (30), we have

RESY — (14+6) inf RESY
Mk ( )AJENkeKn M.k

=(149) u inf  Ryi(l+ Op(G))-

eNkeK

where the inequality is from Theorem 2 and the last equality is from the assumption that the risks
are lower bounded. Further, since from Theorem 1, sup e gerc, [Rark — fiﬁf}; = 0,(¢,), we

have

Ripp < REY + 0,(G) < (146) inf  Rare(1+ 0p(Ga)).

MeNke,

This finishes the proof. [
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S4.3 Concrete example: bagged ridge predictors

Application of Theorem 2 to a specific data model and a base predictor requires verification
of Assumptions 1 and 2. As an illustration, we verify all the conditions for ridge predictors.
Consider a dataset D,, = {(x1,v1),- .-, (®,, yn)} consisting of random vectors in R? x R. Let
X € R"*P denote the corresponding feature matrix whose j-th row contains :an, and lety € R"
denote the corresponding response vector whose j-th entry contains y;. Recall that the ridge
estimator with regularization parameter A > 0 fitted on D; for I C [n] is defined as 8, (D;) =
argmin . (y; — x| B3)%/|1| + A||B||3. The associated ridge base predictor and the subagged

BERP
predictor are given by fy(x;D;) = ' B\(D;) and farx(x; D) = " Baar({Dr,}2L,), where

SRS

I €7, and {]Z}Kj\il ~ Tp.
We consider Assumptions S3-S4 on the dataset D,, to characterize the risk, which are standard

in the study of the ridge and ridgeless regression under proportional asymptotics; see, e.g., Hastie

et al. (2022); Patil et al. (2023).

Assumption S3 (Feature model). The feature vectors x; € RP, ¢ = 1,... n, multiplicatively
decompose as x; = X'/%z;, where 3 € RP*? is a positive semi-definite matrix and z; € RP is
a random vector containing i.i.d. entries with mean 0, variance 1, and bounded kth moment for
k> 2 Let X = WRW denote the eigenvalue decomposition of the covariance matrix X,
where R € RP*? is a diagonal matrix containing eigenvalues (in non-increasing order) r1 >
rg > - >1, > 0, and W € RP*P is an orthonormal matrix containing the associated
eigenvectors wi, W, ..., w, € RP. Let H, denote the empirical spectral distribution of %

(supposed on R~ o) whose value at any r € R is given by

1 p
Hp(?”) = 5 Z ]I{TiST} .
=1

Assume there exists 0 < Tmin < Tmax < 00 Such that ryin < 11 < 1) < Tmax, and there exists a

fixed distribution H such that H,, — H in distribution as p — oc.
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Assumption S4 (Response model). The response variables y; € R, i = 1,...,n, additively de-
compose as y; = x, By + &, where 3y € RP is an unknown signal vector and ¢; is an unobserved
error that is assumed to be independent of x; with mean 0, variance o2, and bounded moment
of order 4 + § for some § > 0. The (y-norm of the signal vector ||By||2 is uniformly bounded
in p, and lim,_ . |Bol|3 = p* < oo. Let G, denote a certain distribution (supported on R)
that encodes the components of the signal vector B in the eigenbasis of 3 via the distribution of
(squared) projection of By along the eigenvectors w;,1 < j < p, whose value at any r € R is
given by

1 2

> By w:)’ Lir<ry -

) = 318 2

Assume there exists a fixed distribution G such that G, — G in distribution as p — 0.

Assumptions S3-S4 provide risk characterization for subagged ridge predictors (Patil et al.,
2023), which establishes the consistency of sample-split CV for any fixed ensemble size M,
without obtaining the convergence rate. In Proposition S6, Assumptions S3-S4 assume a linear
model y; = sz Bo + ¢; for observation 7, where the feature vector is generated by x; = »2z
is the covariance matrix and z; contains i.i.d. entries with zero mean and unit variance. We make
mild assumptions about such a data-generating process: (1) the noise ¢; and the entries of z; have
bounded moments, and (2) the covariance and signal-weighted spectrums converge weakly to
some distributions as n, p — oo.

Under Assumptions S3-S4, we will show that 7,, = o(1) when using with MOM. To prove the
result for MEAN, we need the modified assumptions by replacing the bounded moment conditions
on z;; in Assumption S3 and ¢; in Assumption S3 by bounded v,-norm conditions.

We will analyze the bagged predictors (with M bags) in the proportional asymptotics regime,
where the original data aspect ratio (p/n) converges to ¢ € (0,00) as n,p — oo, and the sub-
sample data aspect ratio (p/k) converges to ¢ as k, p — oo. Because k < n, ¢ is always no less
than ¢.

Under these assumptions, the results for ridge predictors are summarized in Proposition S6.
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Proposition S6 (ECV for ridge predictors). Suppose Assumptions S3-S4 in Appendix $4.3 hold.
Then, the ridge predictors with X\ > 0 using subagging satisfy Assumption 1 with 5, = O,(1)
for MOM and Assumption 2 for any 1 € (0,1) such that p/n — ¢ € [, and p/k — ¢, €

(6,97 as k,n,p — oo. Consequently, the conclusions in Theorem 2 hold.

We remark that Proposition S6 verifies Theorem 2 for EST =MOM, but one can also verify
for EST =MEAN under slightly different assumptions; see Appendix S4.3 for more details. It is
worth mentioning that Assumption 2 only requires the conditional risks for the ridge ensemble
with M = 1,2 converge to their respective conditional (on D,,) limits, while the limiting forms
of them are not required. In this regard, Assumptions S3-S4 can be further relaxed with some
efforts, but we do not pursue fine-tuning of assumptions as our intent is only to illustrate the
end-to-end applicability of Theorem 2. The generality of Theorem 2 to general predictors is

illustrated empirically in the next section.

Proof of Proposition S6. We split the proof into different parts.

Part (1) Bounded moments of the risk for M = 1. For [ € 7y, define L; be the diagnoal matrix

whose ¢th diagonal entry is one if © € [ and zero otherwise, let S =X'L;X /|I]. We begin

with analyzing the risk for M = 1:

R(E,MD])
= E{(y0 — 2 Bo)?} + |81 (Dr) — Boll%y

~ ~ ~ 1 ~
=E{(yo — xy Bo)?*} + By Zr(Z; + \L,) 7?28, + ﬁeTLIX(EI + ML) 72X "Lie. (31)

Note that the first term is just a constant, and the last two terms can be bounded as:

By S1(Z1 + ML) 2218 < |Z1(Z + ML) 2 |0l Bol3

i€l (A + 5(%0))?

<p2
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1 ~ 1 .
—e ' L;X (3 +A\,)?X"Lie < EHLIX(EI + ML) 2 X "Lyl opl| Lrel|3

k2
MLl si(S)
Eoodell A+ 5;(3)))2
el
- kA

where sj(f][) > 0 is the jth eigenvalue of flf. For all ¢ < 2+ §/2, it follows that

= 1
1R Po)lle, < B{(yo — 26 Bo)*} + p° + M1 Lsell3],

1
< E{(yo — 9 Bo)*} + p* + 3 max €]z,

which we denote as Cj ;. From the bounded moment assumption S4, we know that ||e?[|, < oo
for all j. Thus, ||R(f1k, Dy)||L, is upper bounded by constant Cy 4 for all n € N.

Part (2) Uniform integrability of the risk for M = 1. Under Assumptions S3-S4, from Patil et al.

(2023, Theorem 4.1) we have that there exist deterministic functions R; and (R, such that, for all

I €T,and {I,,,} N T,

R(fix:Dr) = Ru(h.ds) = 0, R(foy; Duy {11, Io}) — Ra(, b5) — 0, (32)

with probability tending to one, as k,n,p — oo, p/n — ¢ € [, and p/k — ¢, € [p, 1]
Furthermore, R; and R, are continuous functions on ¢, for any ¢, which are bounded in the
domain. To verify the tail bound condition for M = 1, Hastie et al. (2022, Theorem 5) shows

that
P(n"=2|R(f10; D)) — R, ds)| > C1) < Cn P,

where C; = C(p? + A"H)A~! for any D, €’ > 0 and the constant C' depends on €/, D and other

model parameters. For all ¢ < 14 /4, let y1,, = n~ 1=/ and Z, = 4 2| R(fi4: D) —
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R1(¢, ds)|. Then, we have P(Z2 > CF) <1 —Cn~P, and

E(Z9) = B(Z91{Z, < C1}) + E(Z91{Z, > C,})
< Ol +{E(Z,1)}2P(Z, = C1)

_D
2

< Of + (Cllag + R (0, 6) )y, 4297 O %,

where the first inequality is from Holder’s inequality. For ¢’ € (0, 1) fixed, setting D = (1 —¢')/2

yields that
E<Zg) < C'1q + (Cg,2q + ERl (¢7 ¢S>%)2q710%7
Therefore, Z! is uniformly integrable. By Chebyshev’s inequality, we further have

lim sup sup 7P(Z, > 1) < OF + (Clly, + R0, ¢5)2)2071C2, (33)

n—oo n>0

which implies Assumption 2 for v, ,, = n~(1=¢)/2 and for any ¢ = 1/q where ¢ < 1 + §/4.

Part (3) Concentration of the risk for M/ = 2. To show the existence of 7, ,, from Patil et al.

(2023, Lemma 3.8.), we have that with probability tending to one,

R(fai: Doy {11, 1a}) = a0, 6) = 0.
By convexity, we have
0 < R(Jfos: D, {11, 12}) < 27" (R(f16: D {11}) + R(f1 D {12})),
which implies that
0 < R(fo: Dy {11, L)Y <27V (R(f1; Dno {11}) + R(f16: Do, {L}). (34
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We next apply Pratt’s lemma to show L'/‘-convergence for M = 2. Note that the tail bound

condition (33) implies L'/“-convergence:

Youl BLR(Fup Do {L}) = Ra(6,0:))/F =0, j=1,2
and the 1/¢-th moment converges:

Vonl BR(fus Do ALNY = Ra(,00)1) >0, j=1,2

By Pratt’s lemma (see, e.g., Gut, 2005, Theorem 5.5), we have the 1/e-th moment for M = 2

also converges:

N BAR(fog; Doy {11, L)Y — Ro(, 65) ) — 0.

From Gut (2005, Theorem 5.2), we further have LY ‘-convergence for M = 2:

VM BB (far; Doy {11, In}) — R0, 6)) "/} — 0.

This implies that there exists a constant sequence of 7, such that E{(R(fos; D, {11, I}) —

Ra(9, 95))/} < b, and 4}, > v1/€. Hence, we can simply pick Vom = ~i/€. Then, by

n n

Markov’s inequality, we have that for all ' > 0

P(|R(fa; Dns {11, Io}) — R, 6)|Y > /) < %.,/7,
or equivalently for all n > 1,

P(IR(for; Dus {11, 12}) = Ra(0, 6)| > ma) < 1/,

where 75, = 75, and 72, = o(n ™). Thus, Assumption 2 is satisfied under proportional asymp-
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totics.

Part (4) Bounded variance proxy for CV estimates. From results by Patil et al. (2022, Remark

2.19), Assumption S3 in random matrix theory implies L, — Lo norm equivalence, since the
components of Z are independent and have bounded kurtosis. Invoking Proposition 2.16 of Patil

et al. (2022), there exists 7 > 0 such that

or <7 inf (llyo - o B, + 18— Br(Dr)2)*.

When 8 = Bo, ||lyo — x{ Boll, = o and [|Bo — Bx(D)||s — R1(6, ¢,) with probability tending
to one, which is continuous and bounded in ¢ € [¢),% '] and ¢, € [p,1!]. This implies that
or = O,(1). Analogously, 7,7, = O,(1) and hence it holds for EST = MOM.

Combining the parts above finishes the proof. [

SS Helper concentration results

S5.1 Size of the intersection of randomly sampled datasets

In this section, we collect a helper result concerned with convergences that are used in the proofs
of Theorem 2. Before stating the lemma, we recall the definition of a hypergeometric random

variable along with its mean and variance; see Greene and Wellner (2017) for more related details.

Definition 1 (Hypergeometric random variable). A random variable X follows the hypergeomet-
ric distribution X ~ Hypergeometric(n, K, N) if its probability mass function is given by

(1) G
)

P(X =k) = max{0,n + K — N} <k < min{n, K}.

The expectation and variance of X are given by

EX)= "B ) = M (]Xm_( ]\[f )_<]1V> —n)
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The following lemma characterizes the limiting proportions of shared observations in two

simple random samples when both the subsample size k and the full data size n tend to infinity.

Lemma S3 (Asymptotic proportions of shared observations, adapted from Patil et al. (2023)). For

n €N, define Tj, = {{i1,ia, ... iy} : 1 < iy <iy <...<ip <n}. Let I, I, "R T, define

the random variable ig*°™ = |I; N Iy| to be the number of shared samples, and define i5"*"}
accordingly. Then ig"*"® ~ Binomial(k, k/n) and ig**"°® ~ Hypergeometric(k, k,n). Let
{km Yo, and {n,, }5°_, be two sequences of positive integers such that n,, is strictly increasing

inm, nt, < ky, < n,, for some constant v € (0,1). Then, i5"*"%/ky, — km/nm — 0, and

igFS"OR [y — K/ — O with probability tending to one.

S6 Additional experimental details and results

S6.1 Risk estimation and extrapolation in Section 5.1

In these experiments, we use n = 500, p = 5,000 (¢ = 0.1) and n = 5,000, p = 500 (¢ = 10)
for underparameterized and overparameterized regimes, where the subsample aspect ratio ¢,
varies from 0.1 to 10, and from 10 to 100, respectively. The out-of-sample prediction errors are
computed on ny. = 2,000 samples, and the results are averaged over 50 dataset repetitions. The
ECV cross-validation estimates (7) are computed on M, = 10 base predictors. For the kNN
predictor, we use 5 nearest neighbors. For the logistic predictor, we further binarize the response

at the median with the null risk of a predictor always outputs 0.5 being 0.25.

Table S1: Summary of experimental results in Section 4.

Predictors ridgeless ridge lassoless lasso logistic kNN

Figure Fig. S3  Fig.S2 Fig. S5 Fig.S4 Fig. S6 Fig. S7
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S6.2 Tuning ensemble and subsample sizes in Section 5.2

In these experiments, we use n = 1,000 and p = |n¢| with data aspect ratio ¢ varying from 0.1
to 10. The ECV is performed on a grid of subsample aspect ratios ¢, given in Algorithm 1, with
My = 10 and M.« = 50. The out-of-sample prediction errors are computed on ny, = 2,000

samples, and the results are averaged over 50 dataset repetitions.

Table S2: Summary of experimental results in Section 5.2.

Procedure bagging subagging
Model M1 M2) (M3) (M1) (M2) (M3)
Figure Fig. S8 Fig.3 Fig.S9 Fig. S10 Fig. S11 Fig. S12
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Figure S2: Finite-sample ECV estimate (points) and prediction risk (lines) for ridge predic-

tors (A = 0.1) using bagging and subagging, under nonlinear quadratic and tanh models (Sec-

tion 5.1) for varying subsample size k = |p/¢s |, and the ensemble size M. For each value of

M, the points denote the finite-sample ECV cross-validation estimates (7), and the lines denote

the out-of-sample prediction error. See Appendix S6.1 for more details.
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Figure S3: Finite-sample ECV estimate (points) and prediction risk (lines) for ridgeless pre-

dictors using bagging and subagging, under nonlinear quadratic and tanh models (Section 5.1)

for varying subsample size k = |p/¢s], and the ensemble size M. For each value of M, the

points denote the finite-sample ECV cross-validation estimates (7), and the lines denote the

out-of-sample prediction error. See Appendix S6.1 for more details.
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Figure S4: Finite-sample ECV estimate (points) and prediction risk (lines) for lasso predic-

tors (A

= 0.1) using bagging and subagging, under nonlinear quadratic and tanh models (Sec-

tion 5.1) for varying subsample size k = |p/¢s |, and the ensemble size M. For each value of

M, the points denote the finite-sample ECV cross-validation estimates (7), and the lines denote

the out-of-sample prediction error. See Appendix S6.1 for more details.
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Figure S5: Finite-sample ECV estimate (points) and prediction risk (lines) for lassoless pre-
dictors using bagging and subagging, under nonlinear quadratic and tanh models (Section 5.1)
for varying subsample size k = |[p/¢s], and the ensemble size M. For each value of M, the
points denote the finite-sample ECV cross-validation estimates (7) computed on My = 10 base
predictors, and the lines denote the out-of-sample prediction error computed on nge = 2,000
samples, averaged over 50 dataset repetitions, with n = 1,000 and p = |n¢|, and ¢ = 0.1 and
10 for underparameterized (p < n) and overparameterized (p > n) regimes.

60



M Risk 1 - 2 =sm 5 =mm 50 Estimate 1 ® 2 m 5 + 50

Underparameterized regime (p <n) Overparameterized regime (p >n)
o 1¢=0.1 ¢=10.0
c i
0.3 !
g : 0.3
R o s 0, X% % % e
<0.2 i e e e e X X -m xxxxxx"""""xxxxxxx
© h 3 e B o g
L et LT DT TPrppr=by T TE b + O g
I e A e R
“o01 ! 0.2
g | #=100
303 b
2 PR
-g 0.3 i -F':s_." X 0 g
“0.2 i e X X K e
oe o 8 et . b L A s e e g e e v
P ! TETE R e e e o bt
i
'5 0.1 02 i
o i ¢=0.1
i
%03 |
g : 0.3
...... b (),
-0‘02 i L xxx*""xxx -
o° Y h X meemeemes P s ° A s e g o 4 A A
SR % % 3 S it i i i
o1 0.2
[®)]
£
[®)]
()]
©
Q
3
("]
> TR g e e AVl
2 b e o o e e At —F
>
o 0.1 0.2
04 1 ¢=10.0
[®)] 1
£ i
©0.3 1
@ |
o 1
-~ 1
£ 0.2 ; " - _ N M R g A g
E i Fr At ha i
02 |
o :
£ i
[®)]
§0.3 i
i
% .......................................................... xxxxxx*xxxxx 0.3 i
- 0.2 et EE :
= O I LI L el +—+ 7
S e e b i
= 02
10! 10! 2x 10! 5x 10! 102
Subsample aspect ratio ¢s Subsample aspect ratio ¢s

Figure S6: Finite-sample ECV estimate (points) and prediction risk (lines) for logistic predic-
tors using bagging and subagging, under nonlinear quadratic and tanh models (Section 5.1) for
varying subsample size & = |p/¢s], and the ensemble size M. For each value of M, the
points denote the finite-sample ECV cross-validation estimates (7), and the lines denote the

out-of-sample prediction error. See Appendix S6.1 for more details.

61



M Risk 1 2 =mm § == 50 Estimate 1 ® 2 m 5 + 50

Underparameterized regime (p <n) Overparameterized regime (p > n)
1z o
=X E t 11 28300
= 1 1
()] 1 1
%0.8 i T 1.0 i
a X * o= - :
o [} R X 2 0 o3 XN N o i
o 0.7 ‘., el . ey 0.9 i
[J] 1—{1\:;':'-!--1.-...... -I.-l--l-"‘.":_:.:-d"*-* el . L . B By B
< i g SRR i =t etk e it
~06 | 08 !
iz P
2 [ —— 1o | ¢=100
g ! 1o a
508 | PR X e
Q 1 3% X~ o 1 SE R X x X
S ' o3t~ % 09 | R XX X X X o X x_x %X XX XX
o i e e 6 X nonomet : Sub e e
0.7 i ,i__x P o 3 X 6 K=K T T T L o I —— P
8 ! ‘l"t.t_:_" ] --l---ﬂ';::;:_'_'_i-u+*""' ! —Hsh
5 o i R L 0.8 i
0.9 1$=0.1 11 | ¢=10.0
g ...... LT oy yo 1
= i i
()] 1 1
©0.8 ! 1.0 I
2 Tx" xx""xx ix.xx""xx
% 2.3 awy X
- b, o X . 100 o0 XSt Hm 0 X | (L0 x""""*x"xxxxxxx
ko) kg e et 0.9 [ At A + LI S
g 0.7 1 k‘_---..-........-..-..-...-..-..-l--:';*_‘_4,.‘1:-*‘1' ...... [l ..4-5.1'..'.'.; SRt T I TN T T
& i “h e e e e e 08 i Bhial S, O iy
0.9
£
>
© 0.8
_g X 5 X x 3% X X % X
(1]
n
S5 0.7 nnmee ow AV
© REEE S S
o

20.60
20.55
- 0.50

Tanh, ba

0.45

2060 | ¢ :
= i 065 |
%055 ...... S R 0 S T T R i
o & x=%  0.60 -
# s 3 i

® 0.50 T%ﬁ-.’,}xxxxxxxx"""xxxx:....m-r": :
= i it wewem 4=+t g o .
Soas | PRI 055
= i 050 !

107t 10° 10! 10! 2 x 10! 5x 10! 102
Subsample aspect ratio ¢s Subsample aspect ratio ¢s

Figure S7: Finite-sample ECV estimate (points) and prediction risk (lines) for kNN predic-
tors using bagging and subagging, under nonlinear quadratic and tanh models (Section 5.1) for
varying subsample size k = |p/¢s], and the ensemble size M. For each value of M, the
points denote the finite-sample ECV cross-validation estimates (7), and the lines denote the

out-of-sample prediction error. See Appendix S6.1 for more details.
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varying ¢ and tolerance threshold §. An ensemble is fitted when (11) is satisfied with ( = 5.

The null risks and the risks for the non-ensemble predictors are marked as gray dotted lines and

blue dashed lines, respectively. The points denote finite-sample risks, and the shaded regions

denote the values within one standard deviation. See Appendix S6.2 for more details.
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denote the values within one standard deviation. See Appendix S6.2 for more details.
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Figure S10: Prediction risk for different subagged predictors by ECV, under model (M1), for

varying ¢ and tolerance threshold §. An ensemble is fitted when (11) is satisfied with ( = 5.

The null risks and the risks for the non-ensemble predictors are marked as gray dotted lines and

blue dashed lines, respectively. The points denote finite-sample risks, and the shaded regions

denote the values within one standard deviation. See Appendix S6.2 for more details.
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denote the values within one standard deviation. See Appendix S6.2 for more details.
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S6.3 Imbalanced classification

For classification tasks, K -fold cross-validation is recognized to have suboptimal performance
in the case of imbalanced data. In this subsection, we evaluate the performance of ECV and
K -fold cross-validation under varying degrees of class imbalance. When K is large, K -fold
cross-validation also behaves similarly to the leave-one-out cross-validation. However, due to
the increased computational complexity, we only examine ' = 3, 5, and 10. We evaluate these

methods using the following two metrics:

e Pointwise prediction error: the absolute error between the risk estimate and the true pre-

diction risk of each ensemble predictor.

e Tuned prediction error: the absolute error between the prediction risk of the tuned ensemble

predictor and the one of the optimal ensemble predictors fitted on all training data.

From Fig. S13, we can see that when M is small, the pointwise prediction error of K-fold CV
increases in both the number of fold /K and the class proportion. This indicates that K'-fold CV
is unstable in the case of unbalanced data. As M increases, the prediction risk gets stabilized
and all methods have similar performance. On the other hand, ECV has stable prediction errors
across different class proportions and much smaller computational complexity than /K '-fold CV,
as pointed out in Section 4.2.

In terms of tuned prediction errors, when M is small, the optimal risks are obtained at either
the smallest subsample size in the overparameterized regime or the largest one in the overparam-
eterized regime, as shown in Fig. S6. Thus, it is easier to achieve good predictive performance
once the subsample size is close to the endpoint of the grid. As a result, we see that the tuned pre-
diction errors of all methods are smaller than their pointwise prediction errors. However, K-fold
CV has increasing prediction error and variability as the class proportion increases, even when
M is large.

Overall, the ECV method is more accurate, robust, and efficient than the K -fold CV method

for binary classification tasks in the presence of class imbalance.
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Figure S13: The pointwise and tuned errors for Logistic predictors with varying negative class
proportions, in (a) the underparameterized regime (¢ = 0.1) and (b) the overparameterized
(¢ = 10) regimes, with n = 1,000 and p = |n¢| across 50 repetitions. The setup is under
model (M2) with p,;1 = 0.5, where the response is further binarized by thresholding at the
specified quantile from 0.5 to 0.9 on the training data. ECV uses M, = 10 to extrapolate the

estimates.
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S6.4 Risk extrapolation in Section 5.3
S6.4.1 Sensitivity analysis of M,

To inspect the performance of ECV on different values )/, the number of base predictors used
for estimation, we conduct sensitivity analysis of M in terms of relative pointwise error (defined
as the ratio of pointwise error to the null risk) and time complexity. Because the scale of the
(absolute) prediction errors may be quite different in the underparameterized and overparame-
terized regimes, we normalize it by the null risk so that it is more informative when comparing
the two scenarios. The results are shown in Table S3. We see that the relative error decreases as
My increases initially; however, it gets stable when M, > 20 in both the underparameterized and
overparameterized scenarios. As anticipated, the errors are slightly greater in the overparameter-
ized regime, reflecting the inherent difficulty of estimation in this scenario. On the other hand, the
time complexity increases in M, sublinearly due to the parallel computation. We also observe an
increase in the time complexity in the overparameterized regime, which is unavoidable because
of fitting deeper random forests. This indicates that one could choose a relatively large M,, e.g.
My = 20 to obtain good accuracy with a small computation cost.

One can also determine M, adaptively when building the ensembles in an online learning
fashion. Since the risk estimate as a function M, converges to a certain limit, we can stop
increasing M, when the risk estimate changes slowly enough. There are various criteria one
may consider for early stopping. For instance, comparing the variance of risk estimate to a pre-

specified threshold, as in Lopes (2019); Lopes et al. (2020).

S6.4.2 Sensitivity analysis of p,.;

To inspect the impact of p,,; related to feature correlation, we conduct sensitivity analysis of
par1 and the results of the relative prediction error (defined as the ratio of prediction error to the
null risk) are shown in Table S4. When the magnitude of p,,; is small, the variability in the

pointwise prediction errors of ECV tends to increase. This phenomenon occurs because when
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My
5 10 15 20 25

0 mMmean 0.0874 0.0731 0.0668 0.0638 0.0661
’ sd  0.0691 0.0570 0.0628 0.0881 0.0696

Pointwise error
mean 0.1133 0.1311 0.1156 0.1058 0.0945
sd 0.1090 0.1272 0.0882 0.0939 0.0812

01 mean 0.0002 0.0006 0.0004 0.0004 0.0001
' sd  0.0006 0.0012 0.0011 0.0011 0.0004

mean 0.0002 0.0003 0.0002 0.0002 0.0002
sd  0.0006 0.0011 0.0007 0.0007 0.0005

0] mean 0.0718 0.0870 0.1067 0.1388 0.1728
' sd  0.0295 0.0346 0.0292 0.0381 0.0301

mean 0.9249 1.2543 1.4492 109112 1.9652
sd  0.2702 0.3360 0.3746 0.4383 0.4035

10

Tuned error

10

Time

10

Table S3: The effect of M on the relative prediction errors and computational time for random

forests under model (M2) with n = 500 across 50 repetitions.

Par1 approaches zero, the features exhibit almost complete independence. In such cases, random
forests struggle to leverage collinearity for mitigating prediction risk. Overall, the relative error

lies between 0.05 and 0.15 in various settings.

(b Parl
-0.75 -0.5 -0.25 0 0.25 0.50 0.75

0] mean 0.0663 0.0822 0.1119 0.1158 0.1053 0.0916 0.0552
' sd  0.0471 0.0803 0.0803 0.0948 0.0819 0.0816 0.0714

mean 0.1322 0.1348 0.1524 0.1277 0.1348 0.1143 0.1154
sd  0.1080 0.0927 0.1145 0.1102 0.1145 0.1107 0.1004

0] mMmean 0.0004 0.0002 0.0007 0.0006 0.0003 0.0003 0.0004
’ sd  0.0008 0.0007 0.0018 0.0014 0.0009 0.0008 0.0007

mean 0.0004 0.0004 0.0010 0.0004 0.0005 0.0007 0.0004
sd  0.0009 0.0009 0.0022 0.0011 0.0013 0.0016 0.0008

Pointwise error

10

Tuned error

10

Table S4: The effect of p,1 on the relative prediction errors for random forests under model

(M2) with n = 500 and My = 20 with varying values of p,;1 across 50 repetitions.
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S6.4.3 Sensitivity analysis of covariance structures

To inspect the performance of ECV on more complex covariance structures, we test it on the

following three block-diagonal or graph-based correlation structures under data model (M2):
e A usual ARI1 covariance matrix Y.
e A block-diagonal covariance matrix with 2 blocks (Z](()l), 252) and E(()l), E((fg € RP/2,

e A block-diagonal covariance matrix with 3 blocks (E((]l), Zé.g, E(_g()w) and Eél), E((f%, E(—?%.s €

RP/3,

The results of the relative prediction error (defined as the ratio of prediction error to the null risk)
are shown in Table S4. In these more complex situations, the relative pointwise prediction errors
are also between 0.05 and 0.15, as we observed in Appendix S6.4.2. Thus, we conclude that ECV

is robust across different feature correlation structures as tested in the current experiment.

Type of block structure

¢
1 2 3
01 mean 0.1158 0.0827 0.0725
) . ) sd 0.0729 0.0513 0.0736

Pointwise error
10 mean 0.1277 0.1287 0.1497
sd 0.1190 0.0988 0.1003
0.1 mean 0.0006 0.0004 0.0004
) sd 0.0014 0.0009 0.0009
Tuned error

10 mean 0.0004 0.0005 0.0004

sd  0.0011 0.0010 0.0011

Table S5: The effect of covariance structure on the relative prediction errors under model (M2)

with n = 500 and M = 20 across 50 repetitions.

S6.4.4 Tuning feature subsampling ratios

In the paper, we describe how to tune the ensemble and subsample sizes. In practice, there are

also other hyperparameters that people would like to tune. For instance, the faction of features to
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consider when looking for the best split of random forests, related to parameter max_features
in Python package sckit—-learn (Pedregosa et al., 2011) or parameter mt ry in R package
randomForest (Liaw et al., 2002). In practice, there are a few common heuristics for choosing
a value for mt ry. For example, mt ry can be set as /p, p/3, or log,(p), where p is the total
number of features. In the regression setting, mtry = p/3 is suggested by Breiman (2001),
while mt ry = p was more recently justified empirically in Geurts et al. (2006). These heuristics
are a good place to start when determining what value to use for mtry, before doing a grid
search on mt ry. Below, we illustrate the utility of ECV in tuning factions of features for random
forests.

We consider data model (M2) with 0 = 5, n = 100 and p = 1,000 (such that data aspect
ratio is ¢ = 10). We set the maximum ensemble size M,,,, to be 100, which is the default
in sckit-learn, and set My = 25. We first fix the subsample size as £k = 90, and tune
over factions of features r € R = {0.1,0.2,...,0.9,1}. After r is obtained based on the ECV
estimates, we further tune k € K = {10, 20,...,90} by fixing the factions of features as 7.

The results are shown in Fig. S14. For tuning factions of features, we see a huge gain of
time-saving from extrapolation of the risk estimate of the ensemble size M. This suggests that
ECV is also beneficial in tuning other parameters other than the subsample size. On the other
hand, even after fractions of features are tuned, we observed improvement with further tuning of
the subsample size. When the ensemble size is M = 10, the improvement is significant. When
M is large, we still see consistent slight improvement compared to the one with only fractions of

features tuned.

S6.5 Risk profile in Section 6

Hao et al. (2021) collected samples of 50,781 human peripheral blood mononuclear cells (PBMCs)
originating from eight volunteers post-vaccination (day 3) of an HIV vaccine. The readers can

follow the Seurat tutorial: https://satijalab.org/seurat/articles/multimodal_
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Figure S14: Tuning factions of features, subsample size by ECV. The left panel shows that
computational time with extrapolation (My = 20) and without extrapolation (Mo = 100).
The right panel shows the relative prediction error (the difference between the prediction errors
without and with subsample size tunings, normalized by the null risk) in ensemble size M.

reference_mapping.html to download the preprocessed dataset. This single-cell CITE-
seq dataset simultaneously measures 20,729 genes and 228 proteins in individual cells. As most
genes are not variable across the dataset, we further subset the top 5,000 highly variable genes that
exhibit high cell-to-cell variation in the dataset and the top 50 highly abundant surface proteins.
Then, the genes and proteins are size-normalized to have total counts 10* and log-normalized. In
Figure S15, we visualize the low-dimensional cell embeddings as well as the histograms of gene
expressions and protein abundances in the Mono cell type. Overall, the gene expressions are
extraordinarily sparse and zero-inflated distributed. On the contrary, the distribution of protein

abundances is close to normal distributions.

(a) Cell embeddings (b) 1e7 Gene expressions (¢) Protein abundances
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Figure S15: Overview of the single-cell CITE-seq dataset from Hao et al. (2021). (a) The
2-dimensional tSNE cell embeddings. (b-c) The histogram of overall log-normalized gene ex-

pressions and protein abundances in the Mono cell type.

72


https://satijalab.org/seurat/articles/multimodal_reference_mapping.html
https://satijalab.org/seurat/articles/multimodal_reference_mapping.html

ECV estimate Out-of-sample error

= —
= o 0.90
] 1.05
VYo - ===
+ ™ extrapolation from Mg =20 0.85
S o E -1.00
E—
5O £ -0.80
o — |
g Sr) = -0.75 0.95
Zo * s *
[Te}
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
Subsample ratio X Subsample ratio &

Figure S16: Heatmap of ECV performance on predicting the abundances of surface protein
CD103 in the DC cell type by random forests (subagging). The left and right panels show the
NMSEs of OOB risk estimates and out-of-sample prediction risk, respectively. The values are
normalized by the empirical variance of the response estimated from the test set; the darker, the
larger value of NMSE. The extrapolated risk estimates are based on My = 20 trees.

Table S6: Description of different cell types in the CITE-sep dataset (Hao et al., 2021). The

samples of PBMCs originate from eight volunteers post-vaccination (day 3) of an HIV vaccine.

Cell type Training size n  Test size ni, Data aspect ratio p/n

DC 516 515 9.71
B 2279 2279 2.19
NK 3152 3152 1.59
Mono 7156 7156 0.70

As there is the most outstanding level of heterogeneity within T cell subsets, we only consider
the non-T cell types for the experiments and randomly split cells in each cell type into the training
and test sets with equal probability. Different cell types consist of different numbers of cells and
have various data aspect ratios. As summarized in Table S6, the four cell types cover both low-
dimensional (n > p) and high-dimensional (n < p) datasets. Because the gene expressions
exhibit high dimensionality, sparsity, and heterogeneity, predicting the protein abundances based

on the transcriptome is thus a challenging problem.
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Figure S17: Heatmap of ECV performance on predicting the abundances of surface protein
CD103 in the DC cell type by random forests (subagging) as in Fig. S16 with M € {1,...,50}

and & /n ranging from O to 1 displayed.
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Figure S18: Performance of cross-validation methods on predicting the protein abundances
in different cell types. (a) The average normalized mean squared error (NMSE) of the cross-
validated predictors for different methods. ECV (bagging) uses My = 20 trees to extrapolate
risk estimates, and the dashed lines represent the performance using My,,x € {100, 250}. (b)

The average time consumption for cross-validation in seconds.
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