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ABSTRACT
Ensemble methods such as bagging and random forests are ubiquitous in various fields, from finance
to genomics. Despite their prevalence, the question of the efficient tuning of ensemble parameters has
received relatively little attention. This article introduces a cross-validation method, Extrapolated Cross-
Validation (ECV), for tuning the ensemble and subsample sizes in randomized ensembles. Our method
builds on two primary ingredients: initial estimators for small ensemble sizes using out-of-bag errors
and a novel risk extrapolation technique that leverages the structure of prediction risk decomposition.
By establishing uniform consistency of our risk extrapolation technique over ensemble and subsample
sizes, we show that ECV yields δ-optimal (with respect to the oracle-tuned risk) ensembles for squared
prediction risk. Our theory accommodates general predictors, only requires mild moment assumptions,
and allows for high-dimensional regimes where the feature dimension grows with the sample size. As a
practical case study, we employ ECV to predict surface protein abundances from gene expressions in single-
cell multiomics using random forests under a computational constraint on the maximum ensemble size.
Compared to sample-split and K-fold cross-validation, ECV achieves higher accuracy by avoiding sample
splitting. Meanwhile, its computational cost is considerably lower owing to the use of the risk extrapolation
technique. Supplementary materials for this article are available online.
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1. Introduction

Bagging and its variants are popular randomized ensemble
methods in statistics and machine learning. These methods
combine multiple models, each fitted on different bootstrapped
or subsampled datasets, to improve prediction accuracy and
stability (Breiman 1996; Pugh 2002), which is well-suited
for large-scale distributed computation. The success of these
methods lies in the careful tuning of key parameters: the
ensemble size M and the subsample size k (Hastie, Tibshirani, and
Friedman 2009). As M grows, the predictive accuracy improves
while prediction variance decreases and stabilizes, a concept
known as algorithmic convergence (Lopes 2019; Lopes, Wu,
and Lee 2020). However, in the era of big data (Politis 2023),
achieving a precise approximation in the infinity ensemble
is challenging due to computational costs. This necessitates
the selection of a suitable value of M to strike a balance
between data-dependent considerations and budget constraints,
without the requirement for it to scale proportionally with the
sample size. Further, the number of subsampled/bootstrapped
observations, k, used for each predictor plays a crucial role in
ensemble learning (Martínez-Muñoz and Suárez 2010). In low-
dimensional scenarios, a smaller k can yield consistent results
(Politis and Romano 1994; Bickel, Götze, and van Zwet 1997);
however, in high-dimensional scenarios, the prediction risk
may not have a straightforward monotonic relationship with
subsample size, exhibiting instead multiple descent behaviors

CONTACT Jin-Hong Du jinhongd@andrew.cmu.edu Department of Statistics and Data Science, Carnegie Mellon University, Pittsburgh, PA.
Supplementary materials for this article are available online. Please go to www.tandfonline.com/r/JCGS.

(Chen et al. 2020; Hastie et al. 2022; Patil et al. 2022). By
restricting the subsample size, there has been some theoretical
work on random forests showing that consistency and/or
asymptotic normality can be achieved under certain regularity
conditions (Scornet, Biau, and Vert 2015; Mentch and Hooker
2016; Wager and Athey 2018; Peng, Coleman, and Mentch 2022).
Selecting the right subsample size is thus also of paramount
importance for optimal predictive performance.

Several strategies have been proposed to tune either the
ensemble size M or the subsample size k. For instance, to
choose an ensemble size M, a variance stabilization strategy is
proposed by Lopes (2019) and Lopes, Wu, and Lee (2020). This
approach relies on the convergence rate of variance or quantile
estimators, using these metrics to gauge the point at which the
ensemble’s performance stabilizes as M approaches infinity. Such
an approach effectively helps reduce computational expenses.
On the other hand, determining the optimal subsample size k
is a more difficult task and generally tuned by standard cross-
validation (CV) methods. As one of the most basic of the CV
methods, sample-split CV estimates the predictive risk of every
predictor associated with a configuration of parameters using
independent hold-out observations (Patil, Du, and Kuchibhotla
2023). Another commonly used CV method, K-fold CV,
repeatedly fits each candidate predictor on K different subsets
of the data and uses their average to estimate the prediction
risk.

© 2024 American Statistical Association and Institute of Mathematical Statistics
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While these aforementioned methods offer ways to tune M
and k, they have several drawbacks. In terms of turning over
the ensemble size M, the specialized method proposed by Lopes
(2019) and Lopes, Wu, and Lee (2020) involves monitoring the
variability of the test errors as a function of M. However, as
this approach focuses solely on the scale of variance of the risk
rather than the prediction risk itself, it does not provide any
suboptimality guarantee compared to the optimal risk of an
infinite ensemble (LeJeune, Javadi, and Baraniuk 2020). Fur-
thermore, the method does not provide any estimators for the
prediction risks for any finite ensemble size M. In terms of
tuning the subsample size k, the traditional CV methods such
as sample-split CV and K-fold CV can be significantly impacted
by finite-sample effects due to sample splitting, particularly in
high-dimensional scenarios (Wang et al. 2018; Rad and Maleki
2020; Patil, Du, and Kuchibhotla 2023). Furthermore, these
generic CV methods must evaluate every possible ensemble and
subsample size within an arbitrarily chosen search space, which
often requires exploring larger ensemble sizes, thus, demanding
more computational resources. Yet, even with these, certifying
any optimality outside this predefined search is not generally
possible. These drawbacks highlight the need for more efficient
tuning methods for ensemble learning.

This article seeks to address both the theoretical and prac-
tical challenges associated with ensemble parameter tuning. To
this end, we develop a CV method that can efficiently and
consistently tune both the ensemble and subsample sizes. We
focus primarily on randomized ensembles such as bagging and
subagging (Breiman 1996; Bühlmann and Yu 2002) and rely
on out-of-bag observations to estimate the conditional predic-
tion risk. Our proposed method, termed ECV (Extrapolated
Cross-Validation), enjoys several advantages over the previously
mentioned approaches. We highlight two of them below: (a)

Statistical consistency: ECV is versatile and model-agnostic and
is applicable to general ensemble predictors. It provides uniform
consistency in estimating the actual prediction risk of ensembles
over all ensemble and subsample sizes under mild conditions. It
also notably outperforms standard CV methods in finite sam-
ples, especially in high-dimensional settings. (b) Computational
efficiency: ECV operates by estimating the risk of ensembles with
small ensemble sizes (M = 1, 2) using out-of-bag observations
and then extrapolates the risk estimates to arbitrary ensemble
sizes. Unlike sample-split and K-fold CV, our method does not
require fitting an ensemble for every ensemble size or explicitly
estimating prediction risks for every ensemble size, and can
serve as a valuable tool for assessing the fitness of ensemble
predictors. Though our focus in this article is on ensemble
and subsample size tuning, ECV is flexible for tuning other
hyperparameters efficiently by risk extrapolation. As a result,
ECV significantly reduces the computational burden, making it
an efficient method for ensemble parameter tuning.

Before delving into the details of our method, we take the
opportunity to demonstrate these key points through a real-
world example. We apply ECV on four single-cell datasets and
aim to select a δ-optimal random forest in Section 6, so that its
prediction risk is no more than δ = 0.05 away from the best
random forest consisting of 50 trees. In Figure 1, we compare the
performance of the sample-split CV (Patil, Du, and Kuchibhotla
2023), K-fold CV with K = 3, 5, and our method ECV applied
to four datasets, each corresponding to a different cell type
obtained from (Hao et al. 2021). Further details regarding this
application can be found in Section 6. Both of the commonly
used CV methods require estimating the risks with all possible
choices of ensemble size M and subsample size k. To ensure
a fair comparison, we use the same search space of (M, k)
for all methods. Because sample splitting introduces additional

Figure 1. Overview of different cross-validation methods for predicting 50 surface proteins based on 5000 genes in the single-cell sequencing multiomic datasets from
Hao et al. (2021) using random forests. The proposed ECV method estimates the prediction risks based on 20 trees. Each panel shows cell types DC, B, NK, and Mono. (a)
The out-of-sample suboptimality compared to the optimal random forest with 50 trees. The CV predictors are tuned to be δ-optimal in terms of normalized mean squared
errors. The error bars show the standard deviations over 50 proteins, and the red dashed line indicates the optimality threshold δ = 0.05. (b) The time consumption in
seconds. (c) The cross-validated ensemble size M̂. (d) The cross-validated subsample size k̂.
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randomness and the reduced sample size has significant finite
sample effects, we observe from Figure 1(a) that sample-split CV
does not control the out-of-sample error within the specified
tolerance of δ = 0.05 away from the best possible error. On
the other hand, even though K-fold CV gives the valid error
control as ECV, it costs extra computational time, which signif-
icantly increases as the sample size increases; see Figure 1(b).
Overall, the distributions of tuned ensemble parameters (M̂, k̂)
are similar between K-fold CV and ECV; see Figure 1(c)–(d).
These results demonstrate the practical effectiveness of ECV in
addressing the above drawbacks for ensemble parameter tuning.

We next provide an overview of the main results and delineate
the structure for the remainder of the article. In Section 2,
we outline the setup of the tuning problem in the context of
randomized ensemble learning. We also provide a comprehen-
sive review of prior work on cross-validation and tuning and
contrast our method to earlier work. In Section 3, we lay the
foundation for our proposed method by constructing the the-
oretical ingredients essential to our main algorithm, in particu-
lar, the extrapolation risk estimation strategy. Through a non-
asymptotic analysis, we further demonstrate the convergence
rate and uniform consistency of the proposed risk estimator for
general predictors and data distributions under a mild moment
condition (see Theorem 1).

In Section 4, we introduce our main algorithm and discuss
its theoretical properties and various practical considerations.
We prove that the resulting tuned ensemble obtains the best
possible ensemble risk over all ensemble and subsample sizes
up to a specified tolerance of δ (see Theorem 2). In Section 5,
we examine ECV’s generality and effectiveness with various
types of predictors. In Section 6, comparisons with sample-split
and K-fold CV in the protein prediction problem highlight the
statistical and computational benefits of ECV on low- and high-
dimensional datasets, under a computational budget for the
maximum ensemble size. In Section 7, we conclude the article
with a brief discussion that acknowledges some limitations
of the method and provides avenues for future work. The
code to replicate all our experiments can be obtained from
https://jaydu1.github.io/overparameterized-ensembling/ecv and
the Python package implementing the ECV method can be
found on the GitHub repository https://github.com/jaydu1/
ensemble-cross-validation.

2. Randomized Ensembles

We consider a supervised regression setup. Suppose Dn =
{(x1, y1), . . . , (xn, yn)} represents a dataset with independent
and identically distributed random vectors from R

p × R. We
will not assume any specific data model, only that the second
moment of the response is finite, that is, E(y2

1) < ∞. A predic-
tion procedure f̂ (·; ·) is defined as a map from R

p × P(Dn) →
R, where P(A), for any set A, represents the power set of A.

Bagging (as in bootstrap-aggregating) traditionally refers to
computing predictors multiple times based on bootstrapped
data (Breiman 1996), which can involve repeated observa-
tions. There is another version of bagging called subagging
(as in subsample-aggregating) in Bühlmann and Yu (2002, sec.
3.2) where we sample observations without replacement. Our

method and analysis apply to both of these sampling strategies.
Formally, these can be understood as simple random samples
from a finite set, commonly used in survey sampling. Fix any
k ∈ [n], we define the indices {I�}M

�=1 to be M independent
samples with replacement from Ik (denoted by {I�}M

�=1
srs∼ Ik).

Here Ik is defined for bagging and subagging as

Ik =
{{{i1, i2, . . . , ik} : 1 ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ n}, (bagging)
{{i1, i2, . . . , ik} : 1 ≤ i1 < i2 < · · · < ik ≤ n}. (subagging)

(1)

For bagging, Ik represents the set of all possible independent
draws from [n] with replacement, and there are nk many of them.
For subagging, Ik represents the set of all k subset choices from
[n], and there are n!/(k!(n − k)!) many of them. Throughout
the paper, we mainly focus on subagging but the results apply
equally well to bagging. For this reason, we do not distinguish
different choices of Ik. For any I ∈ Ik, let DI and the corre-
sponding subsampled predictor be defined as DI = {(xj, yj) :
j ∈ I} and f̂ (x;DI) = f̂ (x; {(xj, yj) : j ∈ I}). Then the
randomized ensemble using either bootstrap or subsampling is
defined as follows:

f̃M,k(x; {DI�}M
�=1)

= 1
M

M∑
�=1

f̂ (x;DI� ) with I1, . . . , IM
srs∼ Ik. (2)

In the context where we want to highlight the size of boot-
strap/subsample, k, we write Ik,1, . . . , Ik,M instead of I1, . . . , IM .

We are interested in the performance of our predictors (com-
puted on Dn) on future data from the same distribution P. We
consider the behavior of the predictors conditional on Dn and
{I�}M

�=1. More specifically, for a predictor f̂ fitted on Dn and its
bagged predictor f̃M,k fitted on {DI�}M

�=1, with {I�}M
�=1

srs∼ Ik, the
data and subsample conditioned risks are defined as:

R(̂f ;Dn) =
∫

(y − f̂ (x;Dn))
2 dP(x, y),

R(̃fM,k; Dn, {I�}M
�=1)

=
∫ (

y − f̃M,k(x; {DI�}M
�=1)

)2
dP(x, y). (3)

The two critical quantities for ensemble learning are the ensem-
ble size M and the subsample size k. Different values of M trade-
off model stability and computational burden. As M increases,
the bagged predictors get more stabilized while requiring more
time to fit them. On the other hand, the subsample size trades
off the bias and variance of the bagged predictors. A smaller sub-
sample size has a considerable bias but may reduce the variance.
For example, in the context of subagging minimum norm least
square predictors with M = ∞, a properly chosen subsample
size k strictly less than n can have a higher variance reduction
compared to the inflation of bias. This raises the question: how to
efficiently choose both the ensemble size (M) and the subsample
size (k) to minimize prediction risk (3) for general predictors.
We address this question in the next section. Before that, we
review some related work on cross-validation and situate our
work in the context of other related work.

https://jaydu1.github.io/overparameterized-ensembling/ecv
https://github.com/jaydu1/ensemble-cross-validation
https://github.com/jaydu1/ensemble-cross-validation
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There is extensive literature on cross-validation (CV)
approaches; see Appendix S1 for a detailed survey. In the context
of bagging and subagging, Liu, Chin, and Tran (2019) study
parameters selection for bagging in sparse regression based on
the derived error bound. For subsample size tuning, a sample-
split CV method is proposed in (Patil et al. 2022; Patil, Du,
and Kuchibhotla 2023). To estimate the prediction risk without
sample splitting, the other line of research uses the out-of-
bag (OOB) observations (Breiman 2001). For example, the
algorithmic variance of ensemble regression functions at a fixed
test point is studied in Oshiro, Perez, and Baranauskas (2012),
Wager, Hastie, and Efron (2014); in Lopes (2019) and Lopes,
Wu, and Lee (2020), the authors extrapolate the algorithmic
variance and quantile of random forests for classification and
regression problems, respectively. Their extrapolated estimators
based on the heuristic scaling improve computation empiri-
cally, but theoretically, the statistical property is still unclear.
Politis (2023) discuss scalable subbagging estimator when the
subsample size k and the ensemble size M scale with the sample
size n.

This article differs from the previously mentioned works in
two significant aspects. First, the consistency of sample-split
CV is shown in Patil, Du, and Kuchibhotla (2023) for a fixed
ensemble size M for subagging, which suffers from the finite-
sample effects because of sample splitting. Additionally, their
results rely on stringent assumptions that require the asymp-
totic risk to satisfy certain analytic properties and do not pro-
vide any convergence rates. In contrast, our work establishes
uniform consistency over both the ensemble size M and the
subsample size k for bagging as well as subagging. More impor-
tantly, we also characterize the proposed estimators’ conver-
gence rate and require much milder assumptions on the risk, in
the form of certain moment conditions. Second, Lopes (2019)
and Lopes, Wu, and Lee (2020) rely on the convergence rate
of variance to extrapolate the fluctuations of the estimates and
require the ensemble size M to approach infinity. In contrast,
ECV directly estimates the extrapolated risk (not just the scale
of variances or quantiles) for an arbitrary range of ensemble sizes
in a consistent manner. Additionally, while their papers only
focus on tuning the ensemble size M, we also tune the subsam-
ple size k, which is crucial to minimizing the predictive risks,
especially in high-dimensional scenarios, as alluded to in the
introduction.

3. Method Motivation

In this section, we derive preliminary results that serve as the
foundation for our extrapolated cross-validation method in Sec-
tion 4. Our approach relies on utilizing out-of-bag (OOB) obser-
vations to tune both the ensemble size M and the subsample

size k. Let us now describe the main components behind our
methodology.

3.1. Decomposition and Risk Estimation

To begin with, we will fix k and focus on tuning over M ∈
N. Recall the conditional risk R(̃fM,k; Dn, {I�}M

�=1) associated
with an M-bagged predictor f̃M,k, as defined in (3). The sub-
sequent proposition demonstrates that R(̃fM,k; Dn, {I�}M

�=1) can
be expressed as a linear combination of the conditional risks for
M = 1 and M = 2.

Proposition 1 (Squared conditional risk decomposition). The
conditional prediction risk defined in (3) for a bagged predictor
f̃M,k decomposes into

R(̃fM,k; Dn, {I�}M
�=1) = −

(
1 − 2

M

)
a1,M

+ 2
(

1 − 1
M

)
a2,M , (4)

where a1,M = 1
M

M∑
�=1

R(̃f1,k;Dn, {I�}),

a2,M = 1
M(M − 1)

∑
�,m∈[M]

� �=m

R(̃f2,k; Dn, {I�, Im}).

The proof of Proposition 1 can be found in Appendix S2.1.
The statement follows due to a special decomposition that gov-
erns the squared risk of the M-bagged predictor. The compo-
nents a1,M and a2,M in the decomposition (4) are the averages
of the 1-bagged and 2-bagged conditional risks, respectively.
Conditional on Dn, note that a1,M and a2,M are U-statistic based
on iid elements {I�}M

�=1 sampled from Ik.
Toward motivating our ECV method, let us assume that there

exist constants R1,k and R2,k such that as n → ∞, both
a1,M − R1,k and a2,M − R2,k converge almost surely to 0. Then
Proposition 1 implies that the conditional prediction risk of f̃M,k
can be approximated asymptotically by −(1−2/M)R1,k +2(1−
1/M)R2,k. This serves as the basis for the concept of ECV, where
consistent estimation of R1,k and R2,k allows for a consistent
estimator of the risk of f̃M,k for every M ∈ N, hence, justifying
the name “extrapolated” cross-validation.

To consistently estimate the basic components R1,k and R2,k
in (4), we first leverage the OOB risk estimator for an arbitrary
predictor f̂ fitted on DI based on the OOB test dataset DIc =
Dn \ DI . One can simply consider the average of the squared
loss (mean) on OOB observations inDIc as a risk estimator. This
choice, however, is not suitable for heavy-tailed data and hence
we also consider a median-of-means (mom) estimator:

R̂(̂f ,DIc) =
{ 1

|Ic|
∑

i∈Ic(yi − f̂ (xi))2, if est = mean,
median

{
1

|I(b)|
∑

i∈I(b) (yi − f̂ (xi))2, b ∈ [B]
}

, if est = mom,
(5)
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with B = �8 log(1/η)	 and I(1), . . . , I(B) being B = �8 log(1/η)	
random splits of Ic for some η > 0. The median-of-means
estimator was developed for heavy-tailed mean estimation and
is commonly used in robust statistics (Lugosi and Mendelson
2019).

We will provide a condition to certify the pointwise con-
sistency of risk estimates R̂ under certain assumptions on the
data distribution. Toward that end, for any nonnegative loss
function L and a given test observation (x0, y0) from P, define
the conditional ψ1-Orlicz norm of L(y0, f̂ (x0)) given DI as
‖L(y0, f̂ (x0))‖ψ1|DI = inf

{
C > 0 : E

[
exp

(
L(y0, f̂ (x0))C−1) |

DI
] ≤ 2

}
. Similarly, for r ≥ 1, define the conditional Lr-

norm as ‖L(y0, f̂ (x0))‖Lr |DI = (
E[L(y0, f̂ (x0))

r | DI]
)1/r .

See Vershynin (2018, chap. 2) for more details. The following
proposition provides the condition for consistency.

Proposition 2 (Consistent risk estimators). Let f̂ (·;DI) be any
predictor trained on DI ⊂ Dn, and est = mean or est = mom
with η = n−A, where A ∈ (0, ∞) is a fixed constant. Define σ̂I =
‖(y0 − f̂ (x0;DI))2‖ψ1|DI . If σ̂I/

√|Ic|/ log n → 0 in probability,
then |̂R(̂f ,DIc) − R(̂f ;DI)| → 0 in probability. The conclusion
remains true for est = mom even when the conditional ψ1-
Orlicz norm in the definition of σ̂I is replaced with ‖ · ‖L2|DI .

The proof of Proposition 2 can be found in Appendix S2.2.
It follows from the results in Patil, Du, and Kuchibhotla (2023,
Lemmas 2.9 and 2.10), which are used to demonstrate the strong
consistency of sample-split CV in (Patil et al. 2022; Patil, Du,

and Kuchibhotla 2023) for subsample tuning. However, our
analysis will utilize the finite-sample tail bounds that underlie
Proposition 2 to obtain convergence rates.

Recall from (2) that f̃1,k is computed from one datasetDI1 and
f̃2,k is computed from two datasets DI1 and DI2 or equivalently
that f̃2,k is computed on DI1∪I2 . Hence, Proposition 2 can be
applied to f̃1,k with I = I1 and to f̃2,k with I = I1 ∪ I2 to con-
sistently estimate the conditional prediction risks of f̃1,k and f̃2,k.
To obtain consistency, we need to ensure that the assumption
on σ̂I becomes reasonable if |Ic|/ log n → ∞ as n → ∞. For
subagging predictors f̃1,k and f̃2,k, we have |Ic

1| = n(1−k/n) and
by Lemma S3, |(I1 ∪ I2)

c| ≈ n(1−k/n)2, asymptotically. On the
other hand, for bagging predictors f̃1,k and f̃2,k, we have |Ic

1| ≈
n exp(−k/n) and |(I1 ∪ I2)

c| ≈ n exp(−2k/n), asymptotically.
Hence, collectively, assuming k ≤ n(1 − 1/ log n) implies that
|Ic| � n/ log2 n, asymptotically.

Under the assumption k ≤ n(1−1/ log n), the risks of f̃1,k and
f̃2,k computed on DI1 and DI1∪I2 , respectively, can be estimated
consistently. Further, if we assume that the limiting conditional
risks (R1,k and R2,k) of f̃1,k and f̃2,k do not depend on the
particular subsets I1, I2, then R̂(̃f1,k,DIc

1
) and R̂(̃f2,k,D(I1∪I2)c)

consistently estimate R1,k and R2,k, as n → ∞. Note, however,
that because the limiting conditional risks do not depend on
specific subsets I1, I2, we can reduce the variance in our estimates
of R1,k and R2,k by averaging the estimated risks over several
subsets I�’s. This observation suggests the out-of-bag risk esti-
mates for M = 1, 2 as

R̂ECV
M,k =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

M0

M0∑
�=1

R̂(̃f1,k(·;Dn, {I�}),DIc
�
), M = 1,

1
M0(M0−1)

∑
�,m∈[M0]

� �=m

R̂(̃f2,k(·;Dn, {I�, Im}),D(I�∪Im)c), M = 2, (6)

where I1, . . . , IM0 are iid samples from Ik and M0 ≥ 2 is a pre-
specified natural number. Increasing M0 improves estimates but
also increases computation.

As hinted above, the risk decomposition (4), along with the
component risk estimation (6), suggests a natural estimator for
the M-bagged risk:

R̂ECV
M,k = −

(
1 − 2

M

)
R̂ECV

1,k

+ 2
(

1 − 1
M

)
R̂ECV

2,k , M > 2. (7)

We call this “extrapolated” risk estimation according to (4)
because the M-bagged risk is extrapolated from the 1- and
2-bagged risks. If the prediction risk of M = 1, 2 can be
consistently estimated, the extrapolated estimates (7) are also
pointwise consistent over M ∈ N for k fixed.

3.2. Uniform Risk Consistency

The next step is then to tune both M and k. To tune k, we define
Kn ⊂ [n] to be a grid of subsample sizes. In practice, we would
like Kn to cover the full range of n asymptotically (in the sense

that Kn/n ≈ [0, 1]), and one simple choice is to set Kn =
{0, k0, 2k0, . . . .�n(1 − (log n)−1)/k0�k0} where the minimum
subsample size is k0 = �nν� for some ν ∈ (0, 1). Here we adopt
the convention that when k = 0, the ensemble predictor reduces
to the null predictor that always outputs zero. To facilitate our
theoretical results for general predictors, we make the following
two assumptions. The results are stated asymptotically as n tends
to infinity, where we view both k and p as sequences {kn} and
{pn} indexed by n, and assume k diverges with the sample size n
(except when k ≡ 0), but the feature dimension p may or may
not diverge.

Assumption 1 (Variance proxy). For k ∈ Kn, assume for all
{I1, I2} srs∼ Ik, as n → ∞,

log n√
n

σ̂I1 → 0, and
(log n)3/2

√
n

σ̂I1∪I2 → 0,

in probability, where the variance proxies σ̂I1 and σ̂I1∪I2 are
defined in Proposition 2.

Assumption 2 (Convergence of asymptotic risks). For k ∈ Kn,
assume for all {I1, I2} srs∼ Ik and for M = 1, 2, there exist
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constants ε ∈ (0, 1), C0 > 0, η0 ≥ 1, γM,n = o(n−ε), and
RM,k ≥ 0, such that the following holds:

lim sup
n→∞

sup
η≥η0

η1/ε

P(γ −1
M,n|RM,k(̃fM,k; Dn, {I�}M

�=1) − RM,k| ≤ η) ≤ C0. (8)

Assumption 1 is used to show consistent risk estimation
with M = 1, 2 in Appendix S2.2. Assumption 2 formalizes
the assumption that the limiting values of the conditional risks
RM,k(̃fM,k;Dn, {I�}M

�=1) do not depend on {I�}M
�=1. This assump-

tion also requires certain rate and tail assumptions, which are
used to provide the rate of consistency of our ECV procedure.
In Assumption 2, γM,n for M = 1, 2 represent the lower bounds
of the rates of convergence over k ∈ Kn, which are typically on
a scale of n−α for some constant α > 0. Condition (8) is also
known as the weak moment norm condition (Rio 2017; Guo
and Peterson 2019), which ensures that the expected differences
between the risks and the limits also converge to zero in certain
rates. Under classical linear models with fixed-X design and
Gaussian noises, the risk of linear predictor concentrates around
its mean and satisfies (8); see, for example, Bellec (2018, Lemma
3.1). Another sufficient condition for (8) is the strong moment
condition that E(γ

−1/ε
M,n |RM,k(̃fM,k; Dn, {I�}M

�=1) − RM,k|1/ε) is
bounded.

From now on, we shall write RM,k = R(̃fM,k; Dn, {I�}M
�=1)

to indicate the dependency only on M and k and to simplify
the notations. In Appendix S4.3, we present an example of
ridge regression where the convergence is under the propor-
tional asymptotics (i.e., both the data aspect ratio p/n and the
subsample aspect ratio p/k converge to fixed constants), and
Assumptions 1–2 are satisfied. The following theorem guaran-
tees uniform consistency over both M and k.

Theorem 1 (Uniform consistency of risk extrapolation). Sup-
pose Assumptions 1 and 2 hold for all k ∈ Kn, then ECV
estimates defined in (7) satisfy that

sup
M∈N,k∈Kn

∣∣̂RECV
M,k − RM,k

∣∣ = Op(ζn),

where ζn = σ̂n log n/n1/2 + nε(γ1,n + γ2,n), and σ̂n =
maxm,�∈[M0],k∈Kn σ̂Ik,�∪Ik,m .

The result in Theorem 1 is of paramount importance to estab-
lish the convergence rate of the CV-tuned estimator returned by
our algorithm. In words, the theorem says that the extrapolated
error depends on three factors: the cross-validation error and the
rates for M = 1, 2. While the convergence rates of asymptotic
risks of M = 1, 2 usually depend on the chosen predictor,
the non-asymptotic analysis in Theorem 1 allows us to derive
convergence rates even for general predictors. This is particu-
larly advantageous when compared to the consistency results
established in Patil, Du, and Kuchibhotla (2023) for subagged
ridge predictors.

The proof Theorem 1 is rather involved and can be found in
Appendix S3. For the convenience of the readers, we provide a
schematic of the whole proof in Figure S1. We will now explain
the key ideas involved in the proof. The proof strategy relies on
deriving concentration results of varied random quantities to
their limits in a specific order. First, we establish the uniform

consistency of the risk estimates R̂ECV
M,k over k ∈ Kn to the risks

RM,k for M = 1, 2 (see Proposition S3). Building upon this
result and the risk decomposition presented in Proposition 1,
we then derive the uniform consistency of the risk estimates
R̂ECV

M,k over (M, k) ∈ N × Kn to the deterministic limits RM,k
(Proposition S4). On the other hand, to establish the concentra-
tion for subsample conditional risks over M ∈ N and k ∈ Kn,
we first establish the concentration for the expected conditional
risk E[RM,k | Dn] over k ∈ Kn (Lemma S1). We then apply the
reverse martingale concentration bound (Lemma S2).

4. Main Proposal: Extrapolated Cross-Validation

Based on the previous discussion in Section 3, we present the
proposed cross-validation algorithm for tuning the ensemble
parameters without sample splitting in Algorithm 1. The pro-
cedure requires a dataset Dn of n observations, a base prediction
procedure f̂ , a natural number M0 for risk estimation, and some
other parameters. It first constructs the grid of subsample sizes
Kn and fits only M0 base predictors accordingly. Then, the
prediction risk for M-bagged predictors can be estimated based
on the OOB observations through (6) and (7). Observe that the
optimal risk of (7) for any k is obtained at R̂ECV

∞,k = 2R̂ECV
2,k −

R̂ECV
1,k when M = ∞. Thus, to tune k, it suffices to perform

a grid search to minimize R̂ECV
∞,k over k ∈ Kn, because the

optimal ensemble size happens to be infinity from the previous
results (Lopes 2019; Patil, Du, and Kuchibhotla 2023). However,
calculating it is prohibitive in practice. Thus, we pick the smallest
M̂ such that R̂ECV

M̂,̂k
is close to R̂ECV

∞,̂k
within δ error, where δ is

the suboptimality parameter. Finally, Algorithm 1 returns a M̂-
bagged predictor using subsample size k̂. Note that Algorithm 1
naturally applies to other randomized ensemble methods, such
as random forests, when fixing other hyperparameters.

As a byproduct, Algorithm 1 also gives the ECV risk esti-
mates R̂ECV

M,k for all M ∈ N and k ∈ Kn. This risk profile in
(M, k) is helpful for users to investigate whether the given base
predictor f̂ well fits the dataset Dn or not. For instance, one can
tune the ensemble predictors under a computational budget on
the maximum ensemble size Mmax. This gives rise to practical
considerations presented later in Section 4.2.

4.1. Theoretical Guarantees

By combining the ingredients in Section 3, our main theorem
states that Algorithm 1 yields an ensemble predictor whose risk
is at most δ away from the best ensemble predictor. Further,
it provides an estimator of the risk of the selected ensemble
predictor.

Theorem 2 (Optimality of OOB estimate and ECV-tuned risk).
Under the assumed conditions in Theorem 1, for any δ > 0, the
OOB estimate and the ECV-tuned risk output by Algorithm 1
satisfy the following properties respectively:∣∣∣̂RECV

M̂ ,̂k − RM̂ ,̂k

∣∣∣ = Op(ζn),∣∣∣∣RM̂ ,̂k − inf
M∈N,k∈Kn

RM,k

∣∣∣∣ = δ + Op(ζn), (9)

where ζn is the quantity defined in Theorem 1.
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Algorithm 1 Tuning of ensemble and subsample sizes without
sample splitting
Input: a dataset Dn = {(xi, yi) ∈ R

p × R : 1 ≤ i ≤ n}, a base prediction
procedure f̂ , a real number ν ∈ (0, 1) (subsample size unit parameter), a
ensemble size M0 ≥ 2 for risk estimation, a centering procedure est ∈
{mean, mom}, a real number A used to compute η when est = mom,
and optimality tolerance parameter δ.

1: Construct a grid Kn = {0, k0, 2k0, . . . , �n(1 − 1/ log n)/k0�k0} where
k0 = �nν�.

2: Build ensembles f̃M0,k(·) = f̃M0 (·; {DIk,� }M0
�=1) with M0 base predictors,

where Ik,1, . . . , Ik,M0
srs∼ Ik for each k ∈ Kn.

3: Estimate the conditional prediction risk on OOB observations of f̃M0,k
with R̂ECV

M,k defined in (6) for k ∈ Kn and M = 1, 2.
4: Extrapolate the risk estimations R̂ECV

M,k using (7).
5: Select a subsample size k̂ ∈ Kn that minimizes the extrapolated

estimates using

k̂ ∈ argmin
k∈Kn

2R̂ECV
2,k − R̂ECV

1,k .

6: Select an ensemble size M̂ ∈ N for the δ-optimal risk with a plug-in
estimator:

M̂ =
⌈

2
max{δ, n−1/2} (̂RECV

1,̂k − R̂ECV
2,̂k )

⌉
.

7: If M̂ > M0, fit a M̂-bagged predictor f̃M̂ ,̂k = f̃M̂ ,̂k(·; {DÎk,�
}M̂
�=1).

Output: Return the ECV-tuned predictor f̃M̂,̂k, and the risk estimators
R̂ECV

M,k for all M, k.

Theorem 2 implies that the OOB estimate is close to the
true risk because of the uniform consistency from Theorem 1.
Furthermore, the ECV-tuned ensemble parameters M̂ and k̂
produce a bagged predictor with a risk δ-close to the optimal
predictor. The optimality is model-agnostic because it does not
directly depend on the feature and response models. On the
other hand, in real-world applications, the infinite ensemble may
not be of interest because of the computational cost. Because
of the uniform consistency established in Theorem 1, one can
naturally extend Theorem 2 to tuning with restriction on max-
imum ensemble sizes. In Appendix S4.3, we also provide a
concrete example of the application of Theorem 2 to ridge pre-
dictors, which verifies Assumptions 1 and 2 under mild moment
assumptions.

Remark 1 (From additive to multiplicative optimality). The-
orem 2 provides a guarantee of additive optimality for tuned
predictor returned by Algorithm 1, while it is also useful to
consider the multiplicative optimality. Toward that end, with the
choice of k̂ in Step 5 of Algorithm 1 and change the choice of M̂
in Step 6 to

M̂ =
⌈

2
max{δ, n−1/2}

R̂ECV
1,̂k

− R̂ECV
2,̂k

2R̂ECV
2,̂k

− R̂ECV
1,̂k

⌉
,

then, under the assumption that the irreducible risk∫ (
y − E(y | x)

)2 dP(x, y) is strictly positive, Proposition S5
guarantees

RM̂,̂k = (1 + δ) inf
M∈N,k∈Kn

RM,k(1 + Op(ζn)). (10)

Compared to (9), the optimality upper bound on the right-hand
side of (10) depends on the scale of the optimal prediction risk.

4.2. Computational Considerations

Algorithm 1 estimates the ensemble parameters k̂ and M̂ to
derive a δ-optimal bagged predictor. Here, we compare the com-
putational complexity of Algorithm 1 with other common CV
methods. For each k ∈ Kn, suppose the computational complex-
ity of fitting one base predictor on k subsampled observations
and obtain their predicted values on n − k OOB observations
is O(Cn) (ignoring k). Then the computational complexity of
estimating M̂ and k̂ for all three validation methods are given
as below.

• ECV: For each k ∈ Kn, we need to fit M0 base predic-
tors. Then we estimate R1,k and R2,k in O(M0(n − k)) and
O(M2

0(n−2k+i0)), respectively, where i0 = k2/n is the inter-
sect observations between two indices of a simple random
sample. The computational complexity of risk extrapolation
is negligible compared to the above time consumption. All in
all, it takes O(Cn(|Kn|M0 + Mmax)) to obtain tuned bagging
parameter by ECV.

• sample-split CV: Suppose the ratio of training data is α ∈
(0, 1). Similar to ECV, each base predictor is fitted and eval-
uated on �nα	 observations and we need to fit Mmax base
predictors. We then compute the moving average of the pre-
dicted values for M varying from 1 to Mmax, which gives
the predicted values of the M-bagged predictors, which takes
O(Mmax) operations. We note that one can alternatively fit
one bagged predictor for each k and each M; however, this
will cause much more time consumption compared to the
simple matrix computation operations we used above. All
in all, it takes O(|Kn|Mmax(Cnα + n)) to obtain the tuned
parameter.

• K-fold CV: We follow the same strategy for fitting base pre-
dictors so that K-fold CV has roughly K times of complexity
as sample-split CV. Specifically, it takesO(K|Kn|Mmax(Cn/K+
n)) to obtain the tuned parameter.

In general, we expect Cn to grow much faster than n, because fit-
ting one base predictor may involve matrix multiplication opera-
tion, which takesO(n2). Therefore, the computational complex-
ity of the three methods has the ordering: ECV ≤ sample-split
CV ≤ K-fold CV, provided that M0 is much smaller than Mmax.

Besides the computational efficiency gained by ECV, we also
discuss some considerations when the proposed method is used
in practice.

1. Maximum ensemble size: Algorithm 1 determines k̂ and
M̂ by minimizing the estimated risk (7) with the infinite
ensemble. However, it may still be computationally infeasible
if M̂ is too large. In such cases, based on the extrapolated risk
estimation in Algorithm 1, we can also derive the δ-optimal
bagged predictor whose ensemble size is no more than a
pre-specified number Mmax, which we call the restricted
oracle. That is, we choose subsample and ensemble size to
restrict the computational cost: k̂ ∈ argmink∈Kn R̂ECV

Mmax,k and

M̂ =
⌈

2(δ + R̂ECV
Mmax,̂k

− R̂ECV
∞,̂k

)−1(̂RECV
1,̂k

− R̂ECV
2,̂k

)
⌉

. On the
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other hand, it also controls the suboptimality to the oracle:

RM̂ ,̂k − min
k∈Kn

R∞,k︸ ︷︷ ︸
suboptimality to the oracle

= RM̂,̂k − min
k∈Kn

RMmax,k︸ ︷︷ ︸
suboptimality to the restricted oracle

+ min
k∈Kn

RMmax,k − min
k∈Kn

R∞,k︸ ︷︷ ︸
unavoidable budget error

.

When δ = 0, the suboptimality to the restricted oracle
vanishes, and the tuned ensemble simply tracks the optimal
Mmax-ensemble.

2. To bag or not to bag: The benefit of ensemble learning may
be slight in some cases. For instance, when the number of
samples is much larger than the feature dimensions and the
signal-noise ratio is large, ensemble learning can only pro-
vide minor improvements over the non-ensemble predictor.
Suppose that R̂ECV

0 is the estimated risk of the null predictor,
mink∈Kn R̂ECV

1,k is the optimal estimated risk due to subsam-
pling when M = 1, and mink∈Kn R̂ECV

Mmax,k is the optimal
ECV estimate with maximum ensemble size Mmax. Let ζ >

0 be a user-specified improvement factor that encodes the
desired excess risk improvement in a multiplicative sense.
Then we can decide to bag if either the null risk is smaller in
the sense that R̂ECV

0 < mink∈Kn R̂ECV
1,k , or the improvement

due to ensemble exceeds ζ times the improvement due to
subsampling:

min
k∈Kn

R̂ECV
1,k − min

k∈Kn
R̂ECV

Mmax,k︸ ︷︷ ︸
improvement due to ensemble

> ζ︸︷︷︸
improvement factor

× R̂ECV
0 − min

k∈Kn
R̂ECV

1,k︸ ︷︷ ︸
improvement due to subsampling

. (11)

3. Absolute versus normalized tolerances: The choice of the
tolerance threshold δ is for controlling the absolute subopti-
mality, but the scale of the prediction risk may be different for
different predictors and datasets. One can normalize the esti-
mated risk by the null predictor’s estimated risk to make the
tolerance threshold comparable across different predictors
and datasets, or tune based on the multiplicative guarantee
(10).

5. Numerical Illustrations

In this section, we evaluate Algorithm 1 on synthetic data.
In Section 5.1, we inspect whether the extrapolated risk esti-
mates R̂ECV

M,k serve as reasonable proxies for the actual out-of-
sample prediction errors for various base predictors on uncor-
related features. In Section 5.2, we further evaluate the risk min-
imization performance with tuned ensemble parameters (M̂, k̂).
Finally, in Section 5.3, we consider tuning M for random forests
on correlated features.

5.1. Validating Extrapolated Risk Estimates

In this simulation, we examine whether our risk extrapolation
strategy provides reasonable risk estimates for specific values of
ensemble size M and subsample size k based on only the risk

Figure 2. Predictors for regression tasks evaluated in Sections 5.1 and 5.2.

estimates for M = 1 and M = 2. We evaluate six base predictors
(in Figure 2) on data models:

(M1) Linear: A linear model: y = x�β + ε,
(M2) Quad: A polynomial regression model: y = x�β +

((x�β)2 − tr(�ρar1)/p) + ε,
(M3) Tanh: A single-index regression model: y = tanh(x�β)+

ε,

where the features and the coefficients are generated from x ∼
Np(0, �ρar1) and β is the average of �ρar1 ’s eigenvectors asso-
ciated with the top-5 eigenvalues. Here �ρar1 = (ρ

|i−j|
ar1 )1≤i,j≤p

is the covariance matrix of an auto-regressive process of order
1 (AR(1)) with ρar1 = 0.5. The additive noise is sampled from
ε ∼ N (0, σ 2) with σ = 0.5. In this setup, 5.1 has a signal-noise
ratio of 2.4. Here, the data aspect ratio φ = p/n varies from
0.1 (low-dimensional regime) to 10 (high-dimensional regime),
and the subsample aspect ratio φs = p/k varies from 0.1 to 10
and from 10 to 100, respectively. The null risk, the risk of the
null predictor that always outputs zero, can also be estimated at
each φ. For ridgeless and lassoless predictors, we use rule (11) in
Section 4.2 to exclude k with exploding risks more than 5 times
the estimated null risk.

The ECV estimates and the corresponding prediction errors
for different ensemble sizes M and subsample aspect ratios φs
are then summarized in Appendix S6 for bagged and subagged
predictors. As k decreases, the ensemble with subsample size
k behaves more like the null predictor. As a result, the risk
curves approach a particular value as the subsample aspect ratio
p/k increases. From Figure S2 to S7, we observe a good match
between the ECV estimates and the out-of-sample prediction
errors. This suggests that Theorem 2 potentially applies to var-
ious types of predictors. Comparing the results of bagging and
subagging, the risk estimates are very similar, especially in the
overparameterized regime when p > n. Thus, we will only
present the results using bagging for illustration purposes.

5.2. Tuning Ensemble and Subsample Sizes

Next, we examine the performance of ECV on predictive risk
minimization. More specifically, we apply Algorithm 1 using
the rule (11) with ζ = 5 to tune an ensemble that is close to
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Figure 3. Prediction risk for different bagged predictors by ECV, under model 5.1 with σ = ρar1 = 0.5, M0 = 10, and Mmax = 50, for varying φ and tolerance threshold δ.
An ensemble is fitted when (11) is satisfied with ζ = 5. The null risks and the risks for the non-ensemble predictors are marked as gray dotted lines and blue thick dashed
lines, respectively. The points denote finite-sample risks averaged over 100 dataset repetitions, and the shaded regions denote the values within one standard deviation,
with n = 1000 and p = �nφ�.

the optimal Mmax-ensemble up to additive error δ, where the
maximum ensemble size Mmax is 50 and optimality threshold
δ ranges from 0.01 to 1. With the same predictors and data
used in Section 5.1, their out-of-sample mean squared errors are
evaluated on the same test set.

As summarized in Figure 3, the thick dashed lines represent
the non-ensemble prediction risk, and the thick solid lines rep-
resent the prediction risk of optimal 50-bagged predictors using
a finer grid. Note that the former may be non-monotonic in the
data aspect ratio φ, but the latter is increasing in φ. The finite-
sample prediction errors of the ECV-tuned predictor are shown
as thin lines. As we can see, when δ decreases, the prediction
errors of ECV get closer to those of the optimal 50-bagged
predictor. The slight discrepancy between the ECV-tuned risks
with the least δ and the oracle risks comes from the fact that
a coarser grid Kn is used for ECV tuning. Overall, the results
suggest that the ECV-tuned ensemble parameters (M̂, k̂) give
risks close to the oracle choices for various predictors within the
desired optimality threshold δ in finite samples. Lastly, though
ECV is proposed for regression tasks, the numerical results
in Appendix S6.3 support its superiority over K-fold CV in
imbalanced binary classification scenarios.

5.3. Tuning Ensemble Sizes of Random Forests

When the data apsect ratio p/n is too small, tuning both the
subsample size k and the ensemble size M may be unnecessary.
In such cases, tuning the ensemble size M (in the sense that
how large M is sufficient to have good performance) is a more
substantial and practical consideration. In this experiment, we

apply Algorithm 1 to tune only the ensemble size of random
forests.

Since the most crucial advantage of the random forest model
is its flexibility to incorporate highly correlated variables while
avoiding multi-collinearity issues, we consider the nonlinear
model 5.1 with a non-isotropic AR(1) covariance matrix. For
a given dataset, we examine two strategies to estimate the con-
ditional prediction risks. The first uses the OOB observations
according to Algorithm 1, while the other uses a hold-out subset
to estimate the risks. Similar to Lopes (2019), �n/6� observations
are randomly selected as the evaluation set for the hold-out
estimates. As suggested by Hastie, Tibshirani, and Friedman
(2009), each decision tree uses �p/3� randomly selected features
with a minimum node size of 5 as the default without pruning.
To build each tree, we fix the subsample size k = n(1 − 1/ log n)

observations for subagging. The results are shown in Figure 4,
where the standard deviation of the estimates are also visualized
as error bars. In the underparameterized regime when n >

p, we observe that ECV and hold-out estimates have similar
performance. Both of them are close to the out-of-sample errors
in this case. However, in the overparameterized regime when
n < p, the hold-out estimates suffer from biases due to sample
splitting. On the contrary, the ECV estimates are still accurate
and have smaller variability compared to the hold-out estimates.
In the right panel of Figure 4, we see that ECV estimates provide
a valid extrapolation path from M = 20 to M = 500 in the
high-dimensional scenarios.

Finally, we conduct a sensitivity analysis of the hyperparam-
eter M0, the correlative strength ρar1 of the feature covariance
matrix, and the covariance structures in Appendices S6.4.1 to
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Figure 4. Risk extrapolation for random forest based on the first M0 = 20 trees, under model 5.1 with σ = ρar1 = 0.5. The left panel shows the risk estimates for
random forests with M = 500 trees and varying data aspect ratios, and the gray dash line y = 0.85 denotes the risk of the null predictor; the right panel shows the full risk
extrapolation path in M when p/n = 8. The error bar denotes one standard deviation across 100 simulations, and the ground truth is estimated from 2000 test observations,
with n = 500.

S6.4.3. The results suggest that ECV is relatively robust under
various scenarios and various choices of hyperparameters. In
Appendix S6.4.4, we illustrate the utility of ECV for tuning the
number of features drawn when splitting each node of random
forests.

6. Applications to Single-Cell Multiomics

In genomics, cell surface proteins act as primary targets for ther-
apeutic intervention and universal indicators of particular cel-
lular processes. More importantly, immunophenotyping of cell
surface proteins has become an essential tool in hematopoiesis,
immunology, and cancer research over the past 30 years (Hao
et al. 2021). However, most single-cell investigations only quan-
tify the transcriptome without cell-matched measures of related
surface proteins due to technical limitations and financial con-
straints (Zhou et al. 2020; Du, Cai, and Roeder 2022). The spe-
cific cell types and differentially abundant surface proteins are
determined after thoroughly analyzing the transcriptome. This
has led researchers to investigate how to reliably predict protein
abundances in individual cells using their gene expressions.
Specifically, the effectiveness of ensemble methods has been
illustrated by (Heckmann et al. 2018; Li et al. 2019; Xu et al. 2021)
on the protein prediction problem. Yet, in practice, because
of the lack of theoretical results and pragmatic guidelines, the
ensemble and subsample sizes are generally determined by ad
hoc criteria.

In this section, we apply the proposed method to real datasets
in single-cell multi-omics (Hao et al. 2021). See Appendix S6.5
for details on the datasets and the preprocessing steps. Based
on these real-world datasets, we compare three different cross-
validation methods for tuning both the ensemble size and the
subsample size of random forests: (a) K-fold CV: the K-fold CV
(K = 5); (b) sample-split CV: sample-split or holdout CV (the
ratio of training to validation observations is 5:1); and (c) ECV:
the proposed extrapolated CV. The grid of subsample sizes Kn
is generated according to Algorithm 1. To ensure all the CV
methods are comparable and fairly evaluated, we evaluate the
three CV methods on the same grid [Mmax]×Kn for Mmax = 50.
Decision trees are used as the base predictors to predict the
abundance of each protein based on the gene expressions of sub-
sampled cells. After the tuning parameters (M̂, k̂) are obtained,

we refit the ensemble on the entire training set and evaluate it
on the test set. For each method, the Mmax base predictors are
fitted once so that the training costs are almost the same for
all three. The computational complexity of the three methods
is discussed in Section 4.2. Because different proteins may have
different variances, we measure the overall protein prediction
accuracy by the normalized mean squared error (NMSE), which
is the ratio of the mean squared error to the empirical variance
on the test set. Our target is to select a δ-optimal random forest
so that its NMSE is no more than δ = 0.05 away from the best
random forest with 50 trees.

To illustrate our proposed method, we visualize the predic-
tion risk estimate and out-of-sample error for surface protein
CD103 in Figure S16 and S17. Because the response is centered,
the empirical variance of the response serves as an estimate of
the null risk, that is, the risk of the null predictor that always
outputs zeros. A value of NMSE less than one indicates that
the predictor performs better than the null risk. From Figure
S16, we see that the ECV extrapolated estimates in the left panel
are largely consistent with the actual prediction errors in the
right panel. The out-of-sample error can still be considerable
when M = 10 as shown in Figure S16. As the ensemble size M
increases, both become more stable for various subsample sizes.
Further, we observe that the tuned ensemble and subsample sizes
are close to the optimal ones on the test dataset in finite samples.
The tune subsample size k is much smaller than the total sample
size n. This indicates that our proposed method tracks the out-
of-sample optimal parameter well.

We compare the performance of different CV methods on
various cell types. As shown in Figure 5(a), K-fold CV is very
sensitive to the choice of the number of fold K. sample-split CV
and K-fold CV with K = 3 have the worst out-of-sample per-
formance among all methods. In the low-dimensional dataset
of the Mono cell type, all methods have similar performance.
However, ECV significantly improves upon sample-split CV
with insufficient sample sizes, as in the DC, B, and NK cell types.
In all cases, the out-of-sample NMSEs of ECV are comparable
to K-fold CV with K = 5. Yet, ECV is more flexible to tuning
large ensemble sizes, such as Mmax = 100 and 250. This suggests
that the extrapolated risk estimates of ECV based on only M0 =
20 trees are accurate for tuning ensemble parameters on these
datasets.
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Figure 5. Performance of CV methods on predicting the protein abundances in different cell types. (a) The average NMSEs of the cross-validated predictors for different
methods. ECV uses M0 = 20 trees to extrapolate risk estimates, and the points correspond to Mmax ∈ {100, 250}. (b) The average CV time consumption in seconds.

Regarding time consumption, recall that the base predictors
are only fitted once (Section 4.2) so that the comparison is fair
for all methods. From Figure 5(b), we see that tuning by ECV is
significantly faster than K-fold CV because we are extrapolating
the risks from 20 trees rather than estimating them for every
M > 20. Though ECV has similar time complexity as sample-
split CV when the sample sizes are small, it uses less than 50% of
the time used by sample-split CV as the sample size increases.
Thus, ECV achieves better computational efficiency than the
alternative CV methods in a variety of settings.

7. Discussion

This article addresses the challenge of tuning the ensemble and
subsample sizes for randomized ensemble learning. While previ-
ous work has extensively focused on the statistical properties of
bagging and random forests, ensemble tuning remains an area
that has received comparatively less attention. To bridge this
gap, this article introduces a method that efficiently provides
δ-optimal ensemble parameters (for the tuned risk) without
requiring an exhaustive search over all feasible parameter com-
binations, a common limitation of conventional cross-validation
methods.

Our method hinges on the extrapolation of risk estimates,
which is afforded due to a special decomposition of the squared
risk and the consistent risk estimators of each component. Our
method is sample-efficient and can be naturally extended to
tuning hyperparameters other than subsample sizes, as shown
in Appendix S6.4.4. Furthermore, our algorithm guarantees the
δ-optimality of the tuned ensemble risk in relation to the oracle
ensemble risk.

To demonstrate the practical utility of ECV, we apply it to the
task of predicting proteins in single-cell data. In scenarios with
small sample sizes, ECV achieves smaller out-of-sample errors

without sample splitting compared to traditional sample-split
CV. On the other hand, it drastically reduces the time complex-
ity compared to K-fold CV and maintains comparable accuracy
without repeatedly fitting numerous predictors. In summary,
ECV exhibits both statistical and computational efficiency in
protein prediction tasks.

We next point out some limitations of this work and propose
possible future directions. Future directions for this work
include extending the theoretical framework to other types
of loss functions, such as smooth loss functions, by applying
the “sandwich” sub-optimality gap approach (Patil, Du, and
Kuchibhotla 2023, Proposition 3.6). Additionally, exploring
variance estimation and extrapolation for the proposed risk
estimators could provide a more comprehensive understanding
of their uncertainty. Integrating the concept of performing
CV with confidence (Lei 2020) could address the important
issue of quantifying confidence in a tuned model for model
selection.

Supplementary Materials

Supplementary notes include the proof for all the theorems and extra
experiment results.
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