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Abstract

We establish precise structural and risk equivalences between subsampling and ridge regularization
for ensemble ridge estimators. Specifically, we prove that linear and quadratic functionals of subsample
ridge estimators, when fitted with different ridge regularization levels A and subsample aspect ratios
1), are asymptotically equivalent along specific paths in the (\,v)-plane (where 1 is the ratio of the
feature dimension to the subsample size). Our results only require bounded moment assumptions on
feature and response distributions and allow for arbitrary joint distributions. Furthermore, we provide
a data-dependent method to determine the equivalent paths of (A,%). An indirect implication of our
equivalences is that optimally tuned ridge regression exhibits a monotonic prediction risk in the data
aspect ratio. This resolves a recent open problem raised by Nakkiran et al. [1] for general data distri-
butions under proportional asymptotics, assuming a mild regularity condition that maintains regression
hardness through linearized signal-to-noise ratios.

1 Introduction

Ensemble methods, such as bagging [2, 3], are powerful tools that combine weak predictors to improve
predictive stability and accuracy. This paper focuses on sampling-based ensembles, which exhibit an implicit
regularization effect [4-6]. Specifically, we investigate subsample ridge ensembles, where the ridge predictors
are fitted on independently subsampled datasets [7-9]. Recent work has demonstrated that a full ensemble
(that is fitted on all possible subsampled datasets) of ridgeless [10] predictors achieves the same squared
prediction risk as a ridge predictor fitted on full data [11-13].

To be precise, let ¢ be the limiting dataset aspect ratio p/n, where p is the feature dimension, and n is the
number of observations. For a given ¢, the limiting prediction risk of subsample ridge ensembles is param-
eterized by (A, 1), where A > 0 is the ridge regularization parameter and v > ¢ is the limiting subsample
aspect ratio p/k, with k being the subsample size [11, 12]. Under isotropic features and a well-specified
linear model, [11, 12] show that the squared prediction risk at (0,¢*) (the optimal ridgeless ensemble) is the
same as the risk at (\*, ¢) (the optimal ridge), where ¢¥* and \* are the optimal subsample aspect ratio and
ridge penalty, respectively. Furthermore, this equivalence of prediction risk between subsampling and ridge
regularization is extended in [13] to anisotropic linear models. As an application, [13] also demonstrates how
generalized cross-validation for ridge regression can be naturally transferred to subsample ridge ensembles.
In essence, these results suggest that subsampling a smaller number of observations has the same effect as
adding an appropriately larger level of ridge penalty. These findings prompt two important open questions:

(a) The extent of equivalences. The previous works all focus on equivalences of the squared prediction
risk when the test distribution matches the train distribution. In real-world scenarios, however, there
are often covariate and label shifts, making it crucial to consider prediction risks under such shifts. In
addition, other risk measures, such as training error, estimation risk, coefficient errors, and more, are
also of interest in various inferential tasks. A natural question is then whether similar equivalences
hold for such “generalized” risk measures. At a basic level, the question boils down to whether any
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Table 1: Comparison with related work. The marker “v'°” indicates a partial equivalence result connecting

the optimal prediction risk of the ridge predictor and the full ridgeless ensemble predictor.
Type of equivalence results Type of data assumptions
pred. risk gen. risk  estim. response feature  covariance lim. spectrum
LeJeune et al. [11] Ve linear  Gaussian isotropic exists
Patil et al. [12] Ve linear RMT isotropic exists
Du et al. [13] v linear RMT anisotropic exists
This work v v v arbitrary RMT anisotropic need not exist

We
the

equivalences exist at the “estimator level”. Answering this question would establish a connection be-
tween the ensemble and the ridge estimators, facilitating the exchange of various downstream inferential
statements between the two sets of estimators.

The role of linear model. All previous works assume a well-specified linear model between the
responses and the features, which rarely holds in practical applications. A natural question is whether
the equivalences hold for arbitrary joint distributions of the response and the features or whether they
are merely an artifact of the linear model. Addressing this question broadens the applicability of
such equivalences beyond simplistic models to real-world scenarios, where the relationship between the
response and the features is typically intricate and unknown.

provide answers to questions raised in both directions. We demonstrate that the equivalences hold for
generalized squared risks in the full ensemble. Further, these equivalences fundamentally occur at the

estimator level for any arbitrary ensemble size. Importantly, these results are not limited to linear models
of the data-generating process.

1.1 Summary of contributions

Bel
(1)

(4)

ow we provide a summary of our main results.

Risk equivalences. We establish asymptotic equivalences of the full-ensemble ridge estimators at
different ridge penalties A and subsample ratios ¢ along specific paths in the (A, )-plane for a variety
of generalized risk functionals. This class of functionals includes commonly used risk measures (see
Table 2), and our results hold for both independent and dependent coefficient matrices that define these
risk functionals (see Theorem 1 and Proposition 2). In addition, we demonstrate that the equivalence
path remains unchanged across all the functionals examined.

Structural equivalences. We establish structural equivalences in the form of linear functionals of the
ensemble ridge estimators, which hold for arbitrary ensemble sizes (see Theorem 3). Our proofs for both
structural and risk equivalences exploit properties of certain fixed equations that arise in our analysis,
enabling us to explicitly characterize paths that yield equivalent estimators in the (\,)-plane (see
Equation (5)). In addition, we provide an entirely data-driven construction of this path using certain
companion Stieltjes transform relations of random matrices (see Proposition 4).

Equivalence implications. As an implication of our equivalences, we show that the prediction risk of
an optimally-tuned ridge estimator is monotonically increasing in the data aspect ratio under mild regu-
larity conditions (see Theorem 6). This is an indirect consequence of our general equivalence results that
leverages the provable monotonicity of the subsample-optimized estimator. Under proportional asymp-
totics, our result settles a recent open question raised by Nakkiran et al. [1, Conjecture 1] concerning
the monotonicity of optimal ridge regression under anisotropic features and general data models while
maintaining a regularity condition that preserves the linearized signal-to-noise ratios across regression
problems.

Generality of equivalences. Our main results apply to arbitrary responses with bounded 4 + u



moments for some p > 0, as well as features with similar bounded moments and general covariance
structures. We demonstrate the practical implications of our findings on real-world datasets (see Sec-
tion 6). On the technical side, we extend the tools developed in [14] to handle the dependency between
the linear and the non-linear components and obtain model-free equivalences. Furthermore, we extend
our analysis to include generalized ridge regression (see Corollary 5). Through experiments, we demon-
strate the universality of the equivalences for random and kernel features and conjecture the associated
data-driven prediction risk equivalence paths (see Section 6).

The source code for reproducing the numerical illustrations in this paper can be found at following link:
https://jaydul.github.io/overparameterized-ensembling/equiv/.

1.2 Related work

Below we discuss some related work and draw several connections to our work.

Ensemble learning. Ensemble methods yield strong predictors by combining weak predictors [15]. The
most common strategy for building ensembles is based on subsampling observations, which includes bagging
[2, 3], random forests [16], neural network ensembles [17-19], among the others. The effect of sampling-
based ensembles has been studied in the statistical physics literature [20-22] as well as statistical learning
literature [2, 3]. Recent works have attempted to explain the success of ensemble learning by suggesting
that subsampling induces a regularizing effect [4, 6]. Under proportional asymptotics, the effect of ensemble
random feature models has been investigated in [23-25]. There has been growing interest in connecting the
effect of ensemble learning to explicit regularization: see [26] for related experimental evidence under the
umbrella of “mini-patch” learning. Towards making these connections precise, some work has been done in
the context of the ridge and ridgeless ensembles: [11-13] investigate the relationship between subsampling
and regularization for ridge ensembles in the overparameterized regime. We will delve into these works in
detail next.

Ensembles and ridge equivalences. In the study of ridge ensembles, LeJeune et al. [11] show that the
optimal ridge predictor has the same prediction risk as the ridgeless ensemble under the Gaussian isotropic
design, which has been extended in [12] for RMT features (see Assumption 2 for definition). Specifically,
these works establish the prediction risk equivalences for a specific pair of (A*,¢) and (0,%*). The results
are then extended to the entire range of (), ) using deterministic asymptotic risk formulas [13], assuming a
well-specified linear model, RMT features, and the existence of a fixed limiting spectral distribution of the
covariance matrix. Our work significantly broadens the scope of results connecting subsampling and ridge
regularization. In particular, we allow for arbitrary joint distributions of the data, anisotropic features with
only bounded moments, and do not assume the convergence of the spectrum of the population covariance
matrix. Furthermore, we expand the applicability of equivalences to encompass both the estimators and
various generalized squared risk functionals. See Table 1 for an explicit comparison and Section 3 for
additional related comparisons.

Other ridge connections. Beyond the connection connections between implicit regularization induced
by subsampling and explicit ridge regularization examined in this paper, ridge regression shares ties with
various other forms of regularization. For example, ridge regression has been linked to dropout regularization
[27, 28], variable splitting in random forests [2], noisy training [29, 30], random sketched regression [31-33],
various forms of data augmentation [34], feature augmentation [9, 35], early stopping in gradient descent
and its variants [36-39], among others. These connections highlight the pervasiveness and the significance
of understanding various “facets” of ridge regularization. In that direction, our work contributes to expand
the equivalences between subsampling and ridge regularization.

2 Notation and preliminaries
Below we formally define the ensemble estimators and their generalized risks, and set our notation.

Ensemble estimators. Let D,, = {(x;,¥;) : ¢ € [n]} be a dataset containing i.i.d. samples in R? x R. Let
X € R™? and y € R" be the feature matrix and response vector with &, and y; in i-th rows. For an index


https://jaydu1.github.io/overparameterized-ensembling/equiv/

set I C [n] of size k, let Dy = {(x;,y;) : © € I} be the associated subsampled dataset. Let L; € R"*" be a
diagonal matrix such that its i-th diagonal entry is 1 if 4 € I and 0 otherwise. Note that the feature matrix
and response vector associated with Dy respectively are L; X and Lyy. Given a ridge penalty A > 0, the
ridge estimator fitted on Dy consisting of k samples is given by:

A . 1 T 2 2 1 T 71XTL1y
B%(Dr) = argmin — E (yi—z; B)*+ANIBlla=|-X" "L X+, . (1)
Berr K Pyt k k

The ridgeless estimator BQ(D[) = (XTL;X/k)TXTLy/k is obtained by sending A — 0%, where M
denotes the Moore-Penrose inverse of matrix M. To define the ensemble estimator, denote the set of all &
distinct elements from [n] by Z), = {{i1,42,...,ix} : 1 < i1 <ia < ...<ix <n}. For A > 0, the M -ensemble
and the full-ensemble estimators are respectively defined as follows:

B (T = 52 30 BADr), and BR.(D,) =EIBA(D)) | D). e)
Le[M]

Here {I,})X, and I are simple random samples from Zj. In (2), the full-ensemble ridge estimator ,@fq‘oo(’Dn)
is the average of predictors fitted on all possible subsampled datasets. It is shown in Lemma A.1 of [13]
that B,i‘m(Dn) is also asymptotically equivalent to the limit of ,B\,i‘ v (Dn; {Ie}L,) as the ensemble size
M — oo (conditioning on the full dataset D,,). This also justifies using co in the subscript to denote the
full-ensemble estimator. For brevity, we simply write the estimators as ,Z")'\,’C\ Mo ﬁ,;\’oo, and drop the dependency
on D, {I g}é‘il. We will show certain structural equivalences in terms of linear projections in the family
of estimators B,i‘  along certain paths in the (A, p/k)-plane for arbitrary ensemble size M € N U {oo} (in
Theorem 3). Apart from connecting the estimators, we will also show equivalences of various notions of risks
(in Theorem 1), which we describe next.

Generalized risks. Since the ensemble ridge estimators are linear estimators, we evaluate their perfor-
mance relative to the oracle parameter: 3y = E[zx "] 'E[xy], which is the best (population) linear projection
of y onto & and minimizes the linear regression error (see, e.g., [40-42]). Note that we can decompose any re-
sponse y into: y = fu(x)+ fx.(x), where fi (x) = By x is the oracle linear predictor, and fy.(x) = y — fu(x)
is the nonlinear component that is not explained by fi;(«). The best linear projection has the useful prop-
erty that fi,(x) is (linearly) uncorrelated with fy,(x), although they are generally dependent. It is worth
mentioning that this does not imply that y and x follow a linear regression model. Indeed, our framework
allows any nonlinear dependence structure between them and is model-free for the joint distribution of (x, y).
Relative to By, we measure the performance of an estimator B via the generalized mean squared risk defined
compactly as follows:

RB: 4.5, 00) = sl nlB = o)l g

where Lz 5(8) = AB + b is a linear functional. Note that A and b can potentially depend on the data, and
their dimensions can vary depending on the statistical learning problem at hand. This framework includes
various important statistical learning problems, as summarized in Table 2. Observe that the framework
also includes various notions of prediction risks. One can use the test error formulation in Table 2 to
obtain the prediction risk at any test point (o, yo), where yo = w(—)'— Bo + €0, and €y may depend on xy and
have non-zero mean. This also permits the test point to be drawn from a distribution that differs from
the training distribution. Specifically, when g = fx.(g) but xo has a distribution different from x, we
obtain the prediction error under covariate shift. Similarly, when eg # fy.(@o) but g and & have the same
distribution, we get the prediction error under label shift.

Asymptotic equivalence. For our theoretical analysis, we consider the proportional asymptotics regime,
where the ratio of the feature size p to the sample size n tends to a fixed limiting data aspect ratio ¢ €
(0,00). To concisely present our results, we will use the elegant framework of asymptotic equivalence [12, 43,
44]. Let A, and B, be sequences of (additively) conformable matrices of arbitrary dimensions (including
vectors and scalars). We say that A, and B, are asymptotically equivalent, denoted as A, ~ B, if
lim, o | tr[Cp(A, — Bp)]| = 0 almost surely for any sequence of random matrices C,, with bounded trace



Table 2: Summary of various generalized risks and their corresponding statistical learning problems. The
asymptotic equivalences between subsampling and ridge regularization are analyzed in Theorem 1 and Propo-
sition 2 for generalized risks (3) defined through functionals L 4 p for various A and b.

Statistical learning problem LA’b(ﬁ -Bo) A b nrow(A)
vector coefficient estimation B — Bo I, 0 P
projected coefficient estimation — a' (B —Bo) a' 0 1
training error estimation X B -y X —fu n
in-sample prediction X (B - Bo) X 0 n
out-of-sample prediction :c(—)r B — Yo wa— —£0 1

norm that are (multiplicatively) conformable and independent of A, and B,. Note that for sequences of
scalar random variables, the definition simply reduces to the typical almost sure convergence of sequences of
random variables involved.

3 Generalized risk equivalences of ensemble estimators

We begin by examining the risk equivalences among different ensemble ridge estimators for various gener-
alized risks defined as in (3). To prepare for our upcoming results, we impose two structural and moment
assumptions on the distributions of the response variable and the feature vector.

Assumption 1 (Response variable distribution). Each response variable y; for ¢ € [n] has mean 0 and
satisfies E[|y;|*™] < M,, < oo for some p > 0 and a constant M,,.

Assumption 2 (Feature vector distribution). Each feature vector x; for ¢ € [n] can be decomposed as
x; = X2z, where z; € RP contains i.i.d. entries z;; for j € [p] with mean 0, variance 1, and satisfy
E[]2;;|*t] < M, < oo for some v > 0 and a constant M,, and ¥ € RP*? is a deterministic and symmetric
matrix with eigenvalues uniformly bounded between constants rpyi, > 0 and ryayx < 00.

Note that we do not impose any specific model assumptions on the response variable y in relation to the
feature vector . We only assume bounded moments as stated in Assumption 1, making all of our subsequent
results model-free. The zero-mean assumption for y is for simplicity since, in practice, centering can always
be done by subtracting the sample mean. The bounded moment condition can also be satisfied if one imposes
a stronger distributional assumption (e.g., sub-Gaussianity). Assumption 2 on the feature vector is common
in the study of random matrix theory [45, 46] and the analysis of ridge and ridgeless regression [10, 47-49],
which we refer to as “RMT features” for brevity.

Given a limiting data aspect ratio ¢ € (0, 00) and a limiting subsample aspect ratio ¥ € [¢, oc], our statement
of equivalences between different ensemble estimators is defined through certain paths characterized by two
endpoints (0,1) and (A, ¢). These endpoints correspond to the subsample ridgeless ensemble and the (non-
ensemble) ridge predictor, respectively, with A being the ridge penalty to be defined next. For that, let H,
be the empirical spectral distribution of X: H,(r) = p~! > 1y, <r}, where 7;’s are the eigenvalues of 3.

Consider the following system of equations in A and v:

1 :X+¢/ " 4H,(r), and 1 :%/HLWde(r). (4)

v 14 or )

Existence and uniqueness of the solution (X, v) € [0,00]? to the above equations are guaranteed by Corol-

lary E.4. Now, define a path P(); ¢, ) that passes through the endpoints (0,%) and (), ¢):

PXio, ) ={(1-0)-(X\,¢)+0-(0,9) | 0 €[0,1]}. ()

We are ready to state our results. We consider two cases for the generalized risk (3) depending on the
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Figure 1: Heat map of the various generalized risks (estimation risk, training error, prediction risk, out-
of-distribution (OOD) prediction risk) of full-ensemble ridge estimators (approximated with M = 100), for
varying ridge penalties A and subsample aspect ratios ¢ = p/k on the log-log scale. The data model is
described in Appendix F.2 with p = 500, n = 5000, and ¢ = p/n = 0.1. Observe that along the same path
the values match well for all risks, in line with Theorem 1 and Proposition 2.

relationships between (A,b) and X. In the first case, when both A and b are independent of the data,
Theorem 1 shows that the generalized risks are equivalent along the path (5).

Theorem 1 (Risk equivalences when (A,b) 1 (X,y)). Suppose Assumptions 1-2 hold. Let (A,b) be
independent of (X ,y) such that nrow(A)~'/2||A||op and ||b]|2 are almost surely bounded. Let n,p — oo such
that p/n — ¢ € (0,00). For any ¥ € [¢,+o0], let X be as defined in (4). Then, for any pair of (A1, 1)
and (M2,12) on the path P(\; ¢,) as defined in (5), the generalized risk functionals (3) of the full-ensemble
estimator are asymptotically equivalent:

R(BY g1 00i Ab, Bo) = R(B)2, i Ab,Bo). (6)

In other words, Theorem 1 establishes the equivalences of subsampling and ridge regularization in terms
of generalized risk for many statistical learning problems, encompassing coefficient estimation, coefficient
confidence interval, and test error estimation. All of these problems fall in the category when (A,b) are
independent of X. However, there are other statistical learning problems not covered in Theorem 1, such as
the in-sample prediction risk and the training error, which correspond to the case when A = X. Fortunately,
the equivalences also apply to them, as summarized in Proposition 2.

Proposition 2 (Risk equivalences when A = X). Under Assumptions 1-2, when A = X, the conclusion in
Theorem 1 continue to hold for the cases of in-sample prediction risk (b = 0) and training error (b = — fy.,).

Both Theorem 1 and Proposition 2 provide specific second-order equivalences for the full-ensemble ridge
estimators, in the sense that the quadratic functionals of the estimators associated with (A, b) are asymp-
totically the same. See Figure 1 for visual illustrations of both equivalences. These statements are presented
separately because their proofs differ, with the proof for the dependent case being more intricate. We note
that by combining the risk functionals in Table 2, it is possible to further extend the equivalences to other
types of functionals not directly covered by statements above, using composition and continuous mapping.
For example, it is not difficult to show that similar equivalences hold for the generalized cross-validation in
the full ensembles [13]. This follows by combining the result for training error from Proposition 2 and for
denominator concentration proved in Lemma 3.4 of [13].

Theorem 1 generalizes the existing equivalence results for the prediction risk [11-13] to include general risk
functionals under milder assumptions. As summarized in Table 1, we allow for a general response model
and feature covariance without assuming convergence of the spectral distributions H,, to a fixed distribution
H. This flexibility is achieved by showing equivalences of the underlying resolvents in the estimators rather
than deriving the limiting functionals as done in previous works. To extend results allowing for a general
response, we generalize certain concentration results by leveraging tools from [14] to handle the dependency
between the linear and non-linear components.

As alluded to earlier, it is worth noting that the generalized risk equivalences only hold in the full ensemble.
However, by using the risk decomposition obtained from Lemma S.1.1 of [12] for finite ensembles, one can
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Figure 2: The range (the difference between the maximum and the maximum along the path) of the finite-
sample generalized risk of M-ensemble ridge estimators on the path through (A ¢) = (0,2), for varying
ensemble size M under the same setting as in Figure 1. The generalized risks include the estimation risk,
the training error, the prediction risk, and out-of-distribution (OOD) prediction risk.

obtain the following relationship along the path in Theorem 3:
M . 22 . ~
R(ﬁtp/le’Ma Av b» ﬁO) - R(’BLP/il}zJ M Av bv /80) — A/M7

for some A (independent of M) that is eventually almost surely bounded. In other words, the difference
between any two estimators on the same path scales as 1/M when n is sufficiently large, which is also
numerically verified in Figure 2.

4 Structural equivalences of ensemble estimators

The equivalences established in the previous section only hold for the full-ensemble estimators in a second-
order sense. We can go a step further and ask if there exist any equivalences for the finite ensemble and if
there are any equivalences at the estimator coordinate level between the estimators. More specifically, we aim
to inspect whether each coordinate of the p-dimensional estimated coefficients asymptotically equals. This
section establishes structural relationships between the estimators in a first-order sense that any bounded
linear functionals of them are asymptotically the same.

Theorem 3 (Structural equivalences). Suppose Assumptions 1-2 hold. Let n,p — oo with p/n — ¢ €
(0,00). For any ¥ € (¢, +00], let A be as in (4). Then, for any M € NU {oo} and any pair of (A1,¢1) and
(A2, 12) on the path (5), the M-ensemble estimators are asymptotically equivalent:

X A
Blorwiim = Plorya) v (7)

Put another way, Theorem 3 implies that for any fixed ensemble size M, the M-ensemble ridgeless estimator
at the limiting aspect ratio ¢ is equivalent to ridge regression at the regularization level X. This equivalence
is visually illustrated in Figure 3, where the data is simulated from an anisotropic and nonlinear model (see
Appendix F.2 for more details). Furthermore, the contour path P(X\; ¢,) connecting the endpoints (0, 1))
and (X, ¢) is a straight line, although it may have varying slopes. Along any path, all M-ensemble estimators
at the limiting aspect ratio ¢ and ridge penalty A are equivalent for all (X, ) € P(); ¢, ). The equivalences
here are for any arbitrary linear combinations of the estimators. In particular, this implies that the predicted
values (or even any continuous function applied to them due to the continuous mapping theorem) of any
test point will eventually be the same, almost surely, with respect to the training data. Finally, we remark
that in the statement of Theorem 3, the equivalence is defined on extended reals in order to incorporate the
ridgeless case when ¢ = 1.

The paths (5) in Theorem 3 are defined via the spectral distribution Hj,, which requires knowledge of X.
This is often difficult to obtain in practice from the observed data. Fortunately, we can provide an alternative
characterization for the path (5) solely through the data, as summarized in Proposition 4.

Proposition 4 (Data-dependent equivalence path characterization). Suppose Assumptions 1-2 hold. Define
On = p/n. Let k < n be the subsample size and denote by v, = p/k. For any M € NU {oo}, let \,, be the
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Figure 3: Heat map of the values of various linear functionals of ensemble ridge estimators aTﬁ,i‘, Mo for
varying ridge penalties A, subsample aspect ratios ) = p/k, and ensemble size M on the log-log scale. The
data model is described in Appendix F.2 with p = 1000, n = 10000, and ¢ = p/n = 0.1. (a) The values
of the uniformly weighted projection for varying ensemble sizes (M = 1, 5, and 50). (b) The values of
M = 100 for varying projection vectors (uniformly weighted, random Gaussian, and random student’s t).
The black dashed line is estimated based on Proposition 4 with 1) = 2. Observe that the values along the
data-dependent paths are indeed very similar, in line with Proposition 4.

value that satisfies the following equation in ensemble ridgeless and ridge gram matrices:
M
1 1
M ; E tr

Define the data-dependent path P, = P(An; n,¥n). Then, the conclusion in Theorem 3 continues to hold if
we replace the (population) path P by the (data-dependent) path P,.

1 T +
<EL1,ZXX LI£> -

1y [(%XXT + Xn1n> 1] . (8)

The term “data-dependent path” signifies that we can estimate the level of implicit regularization induced
by subsampling solely based on the observed data by solving (8). We remark that (8) always has at least one
solution for a given triplet of (n, k,p). This is because the right-hand side of (8) is monotonically decreasing
in A, and the left-hand side always lies within the range of the right-hand side. The powerful implication of
the characterization in Proposition 4 is that it enables practical computation of the path using real-world
data. In Section 6, we will demonstrate this approach on various real-world datasets, allowing us to predict
an equivalent amount of explicit regularization matching the implicit regularization due to subsampling.

One natural extension of the results is to consider the generalized ridge as a base estimator (1):

-~ 1 1
BrC(Dr) = argmlnEZ(yi —z;8)° + \|G28]3, 9)

BERr N eT

where G € RP*P is a positive definite matrix. The equivalences still hold, albeit on different paths:

Corollary 5 (Equivalences for generalized ridge regression). Suppose Assumptions 1-2 hold. Let G € RP*P
be a deterministic and symmetric matriz with eigenvalues uniformly bounded between constants gmin > 0 and
max < 00. Let n,p — 0o such that p/n — ¢ € (0,00). For any ¢ € [¢p,+00], let X be as defined in (4) with
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Figure 4: Tllustration of risk monotonicity of optimal subsampled ridgeless regression versus optimal regu-
larized ridge regression. The underlying model has a non-isotropic covariance as described in Appendix F.2
with a linearized signal-to-noise ratio of 0.6 and || fx..||z = 1. This results in a null risk of 1.6, which is kept
the same across all regression problems. The left panel shows the limiting risk of the full-ensemble ridgeless
regression at various data and subsample aspect ratios (¢, ). The right panel shows the limiting risk of the
ridge predictor (on the full data) at various data aspect ratios and regularization penalties (¢, A). Optimal
risks for each data aspect ratio are highlighted using slender red lines in both panels. Observe that the
optimal risk in both cases is increasing as a function of ¢. In the left panel, in addition, for every subsample
aspect ratio v, the risk of subsampled ridgeless is increasing in the data aspect ratio ¢. This in turn implies
the risk monotonicity claim for the optimal ridge regression in Theorem 6 through a slick triangle inequality
argument (see the proof in Appendix C for more details).

H,, replaced ﬁp, the empirical spectral distribution of G=Y/?*XG~Y2. Then, the conclusions in Theorems 1
and 8 continue to hold for the generalized ridge ensemble predictors.

Another extension of our results is to incorporate subquadratic risk functionals in Theorem 1 to derive
equivalences of the cumulative distribution functions of the predictive error distributions associated with the
estimators along the equivalence paths. One can use such equivalences for downstream inference questions.
Finally, while our statements are asymptotic in nature, we expect a similar analysis as done in [50] can yield
finite-sample statements. We leave these extensions for the future.

5 Implications of equivalences

The generalized risk equivalences establish a connection between the risks of different ridge ensembles,
including the ridge predictors on full data and the full-ensemble ridgeless predictors. These connections
enable us to transfer properties from one estimator to the other. For example, by examining the impact of
subsampling on the estimator’s performance, we can better understand how to optimize the ridge penalty.
We will next provide an example of this. Many common methods, such as ridgeless or lassoless predictors,
have been recently shown to exhibit non-monotonic behavior in the sample size or the limiting aspect ratio.
An open problem raised by Nakkiran et al. [1, Conjecture 1] asks whether the prediction risk of the ridge
regression with optimal ridge penalty A* is monotonically increasing in the data aspect ratio ¢ = p/n.
The non-monotonicity risk behavior implies that more data can hurt performance, and it’s important to
investigate whether optimal ridge regression also suffers from this issue. Our equivalence results provide a
surprising (even to us) indirect way to answer this question affirmatively under proportional asymptotics.

To analyze the monotonicity of the risk, we will need to impose two additional regularity assumptions to guar-
antee the convergence of the prediction risk. Let 3 = Z§:1 rj'wj'w;'— denote the eigenvalue decomposition,
where (r;,w;)’s are pairs of associated eigenvalue and normalized eigenvector. The following assumptions
ensure that the hardness of the underlying regression problems across different limiting data aspect ratios is
comparable.



Assumption 3 (Spectral convergence). We assume there exists a deterministic distribution H such that
the empirical spectral distribution of X, Hy(r) = p~1 Zle 14, <ry, weakly converges to H, almost surely
(with respect to ).

Assumption 4 (Limiting signal and noise energies). We assume there exists a deterministic distribu-
tion G such that the empirical distribution of By’s (squared) projection onto 3’s eigenspace, G,(r) =
[1Boll5% 30, (Bg wi)? 1y, <y, weakly converges to G. As n,p — oo and p/n — ¢ € (0,00), the limiting
linearized energy p® = lim [|Bo||3 and the limiting nonlinearized energy ¢ = lim || fy.||7, are finite.

Assumption 3 is commonly used in random matrix theory and overparameterized learning [10, 12, 13] and
ensures that the limiting spectral distribution of the sample covariance matrix converges to a fixed dis-
tribution. Under these assumptions, we show in Appendix C that there exists a deterministic function
A(X; d,1), such that R(ﬁg"oo; A b, By) ~ #(X\; ¢,1). Notably, the deterministic profile on the right-hand
side is a monotonically increasing and a continuous function in the first parameter ¢ when limiting values
of |Boll5 and || fx||7, are fixed (i.e., when Assumption 4 holds). Moreover, the deterministic risk equivalent
of the optimal ridge predictor matches that of the optimal full-ensemble ridgeless predictor; in other words,
miny>o Z(X; ¢, ¢) = ming>4 #(0; ¢,v). The same monotonicity property of the two optimized functions
leads to the following result.

Theorem 6 (Monotonicity of prediction risk with optimal ridge regularization). Suppose the conditions
of Theorem 1 and Assumptions 3—4 hold. Let k,n,p — oo such that p/n — ¢ € (0,00) and p/k — ¢ €
[p,00]. Then, for A = X2 and b = 0, the optimal risk of the ridgeless ensemble, ming > Z(0; ¢,v), is
monotonically increasing in ¢. Consequently, the optimal risk of the ridge predictor, miny>o Z(\; ¢, @), is
also monotonically increasing in ¢.

Under Assumptions 3 and 4, the linearized signal-to-noise ratio (SNR) is maintained at the same level across
varying distributions as ¢ changes. The key message of Theorem 6 is then that, for a sequence of problems
with the same SNR (indicating the same level of regression hardness), the asymptotic prediction risk of
optimized ridge risk gets monotonically worse as the aspect ratio of the problem increases. This is intuitive
because a smaller ¢ corresponds to more samples than features. In this sense, Theorem 6 certifies that
optimal ridge uses the available data effectively, avoiding sample-wise non-monotonicity. Moreover, as the
null risk is finite, this also shows that the optimal ridge estimator mitigates the “double or multiple descents”
behaviors in the generalization error [1, 5, 51].

Attempting to prove Theorem 6 directly is challenging due to the lack of a closed-form expression for the
optimal risk of ridge regression in general. Moreover, the risk profile of ridge regression, Z()\; ¢, ¢), does not
exhibit any particular structure as a function of A. On the other hand, the risk profile of the full-ensemble
ridgeless, Z(0; ¢,1), has a very nice structure in terms of ¢». This, coupled with our equivalence result,
allows one to prove quite non-trivial behavior of optimal ridge. See Figure 4 for a visual illustration.

6 Discussion

Motivated by the recent subsampling and ridge equivalences for the prediction risk [11-13], this paper
establishes generalized risk equivalences (Section 3) and structural equivalences (Section 4) within the family
of ensemble ridge estimators. Our results precisely link the implicit regularization of subsampling to explicit

ridge penalization via a path P defined in (5), which connects two endpoints (0,4) and (), ¢) regardless
of the risk functionals. Furthermore, we provide a data-dependent method (Proposition 4) to estimate this
path. Our results do not assume any specific relationship between the response variable y and the feature
vector . We next explore some extensions of these equivalences.

Real data. While our theoretical results assume RMT features (Assumption 2), we anticipate that the
equivalences will very likely hold under more general features [50]. To verify this, we examine the equivalences
in Proposition 4 with M = 100 on real-world datasets. Figure 5 depicts both the linear functionals in
Theorem 3 and the generalized quadratic functionals in Theorem 1 computed along four paths, shown in
different colors. We observe that the variation within each path is small, while different paths have different
functional values. This suggests that the theoretical finding in the previous sections also hold quite well on
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Figure 5: Comparison of various linear functionals (Theorem 3) and generalized risk functionals (Theorem 1)
on different paths evaluated on CIFAR-10. The aspect ratios ¢ = p/n and ¢ = 4¢ are estimated from the
dataset and fixed. For different values of /\17) (different colors), we estimate A from Proposition 4, which gives

a path between ()\@, ) and (), ). For each path, we uniformly sample 5 points and compute the functionals
of the ridge ensemble using M = 100. The values of different paths are then normalized by subtracting the
mean value in the first path and dividing by the mean difference of values on the last and first paths.

real-world datasets. We investigate this further by varying v on the three image datasets, CIFAR-10, MNIST,
and USPS. Figure F8 shows similar values and trends at the two points. These experiments demonstrate
that the amount of explicit regularization induced by subsampling can indeed be accurately predicted based
on the observed data using Proposition 4.

Random features. Closely related to two-layer neural networks [52], we can consider the random feature
model, f(x;3,F) = BT¢(Fx), where F € RY*? is some randomly initialized weight matrix, and ¢ :
R — R is a nonlinear activation function applied element-wise to Fx. As from “universality/invariance”,
certain random feature models are asymptotically equivalent to a surrogate linear Gaussian model with a
matching covariance matrix [53], we expect the theoretical results in Theorems 3-1 to likely hold, although
the relationship (4) will now depend on the non-linear activation functions. Empirically, we indeed observe
similar equivalence phenomena of the prediction risks with random features ridge regression using sigmoid,
ReLU, and tanh activation functions, as shown in Figure 6. Analogous to Proposition 4, we conjecture a
similar data-driven relationship between (\,, ¢,,) and (0,,,) for random features X = (X FT):

Conjecture 7 (Data-dependent equivalences for random features (informal)). Suppose Assumptions 1-2
hold. Define ¢, = p/n. Let k < n be the subsample size and denote by 1, = p/k. Suppose ¢ satisfies certain
regularity conditions. For any M € N U {oo}, let A, be the value that satisfies

S

L 1 ! 1 -\t
Lt [(kcp(LIZXFT)go(LIKXFT)T) ] = —tr K@(XFT)SD(XFT)T +)\nIn> 1 .
n n
=1
Define the data-dependent path P,, = P(An; dn,¥n). Then, the conclusions in Theorem 1, Proposition 2,
and Theorem 3 continue to hold on (p(XFT),y) with P replaced by P,,.

Kernel features. We can also consider kernel ridge regression. For a given feature map ® : R? — R?, the
kernel ridge estimator (in the primal form) is defined as:

~ . k
Br(Dr) = argmin > (y; — (x;) ' B)” + ~A||B[3.
BeRP 7 p

Leveraging the kernel trick, the preceding optimization problem translates to solving the following problem
(in the dual domain):

a) (D) = argrﬂr;in o (K4 kM) o+ a'yr,
ac
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Figure 6: Heat map of prediction risks of full-ensemble ridge estimators (approximated with M = 100) using
random features, for varying ridge penalties A, subsample aspect ratios ¢y = p/d on the log-log scale. We
consider random features o(Fx;) € RY, where ¢ is an activation function (sigmoid, ReLU, or tanh). The
data model is described in Appendix F.4 with p = 250, d = 500, n = 5000, and ¢ = d/n = 0.1. As in
Theorem 1, we see clear risk equivalence paths across activations.

where K; = ‘I>1'~‘I>}r € R¥*k i the kernel matrix and ®; = (®(x;))icr € R™¥ is the feature matrix. The
correspondence between the dual and primal solutions is simply given by: B2 (D) = ®] &} (Dy).

Figure 7 illustrate results for kernel ridge regression using the same data-generating process as in the previous
subsection. The figure shows the prediction risk of kernel ridge ensembles for polynomial, Gaussian, and
Laplace kernels exhibit similar equivalence patterns, leading us to formulate an analogous conjecture for
kernel ridge regression (which when ®(x) = x gives back Proposition 4 with appropriate rescaling of features):

Conjecture 8 (Data-dependent equivalences for kernel features (informal)). Suppose Assumptions 1-2 hold.
Define ¢, = p/n. Suppose the kernel K satisfies certain regularity conditions. Let k < n be the subsample
size and denote by v, = p/k. For any M € NU {oo}, let \,, be the value that satisfies

1 M n -1
—) tr[Kf] =t <Kn +—/_\nIn) .
M; I‘[ Iz] r[ [n] P ]

Define the data-dependent path P,, = P(An; dn,¥n). Then, the conclusions in Theorem 1, Proposition 2,
and Theorem 8 continue to hold for kernel ridge ensembles with P replaced by P, .

The empirical evidence here strongly suggests that the relationship between subsampling and ridge regression,
which we have proved for ridge regression, holds true at least when the gram matrix “linearizes” in the sense
of asymptotic equivalence [14, 54, 55]. This intriguing observation opens up a whole host of avenues towards
fully understanding the universality of this relationship and establishing precise connections for a broader
range of models [17, 18, 20, 21]. We hope to share more on these compelling directions in the near future.

Tying other implicit regularizations. Finally, as noted in related work, the equivalences between
ridge regularization and subsampling established in this paper naturally offer opportunities to interpret and
understand the other implicit regularization effects such as dropout regularization [27, 28], early stopping
in gradient descent variants [36, 38, 39]. Furthermore, these equivalences provide avenues to understand the
combined effects of these forms of implicit regularization, such as the effects of both subsample aggregating
and gradient descent in mini-batch gradient descent, and contrast them to explicit regularization. Whether
the explicit regularization can always be cleanly expressed as ridge-like regularization or takes a more generic
form is an intriguing question. Exploring this is exciting, and we hope our readers also share this excitement!
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Supplementary material for
“Generalized equivalences between subsampling and
ridge regularization”

This document serves as a supplement to the paper “Generalized equivalences between subsampling and
ridge regularization.” The initial (unnumbered) section of the supplement provides a summary of the notation
used in both the paper and supplement, followed by an organization for the supplement.

Notation

Below we provide an overview of the notation used throughout.

General notation

Notation Description

Non-bold Denotes univariate objects such as scalars, functions, distributions, etc. (e.g., A, f, H).
Bold lower case  Denotes vectors (e.g., , 3).

Bold upper case  Denotes matrices (e.g., X).

Calligraphic font  Denotes sets (e.g., D).

Denotes certain limiting functions that are rather intricate to stare at and often involve

Seript font certain fixed-point parameters, with the font indicating this visually (e.g., Z in (26)).

N Set of positive integers.

R Set of real numbers.

Ry Set of positive real numbers.

C Set of complex numbers.

Cc* Set of complex numbers with positive imaginary parts.

[n] Set {1,...,n} for natural number n.

() + The positive part of real number x.

[2] The ceiling of real number x.

|x] The floor of real number z.

171z, The Ly norm of function f, ||f||z, = Ez[f*(x)].

18ll2 The {5 norm of vector 3.

(v, w) The inner product of vectors v and w.

tr[A] The trace of square matrix A € RP*P,

A1 The inverse (if invertible) of square matrix A € RP*P,

»i/2 The principal square root of positive semidefinite matrix 3.

I,orl The p X p identity matrix.

1 X |op The operator norm (spectral norm) of real matrix X.

12X ||t The trace norm (nuclear norm) tr[(X " X)'/2] of real matrix X.

£(A) The matrix V f(R)V ~! where A = VRV ! is eigenvalue decomposition, and f(R) is
f applied (elementwise) to the diagonals of R.

A=<B The Loewner ordering for symmetric matrices A and B.

1a Indicator random variable associated with event A.

O, Probabilistic big-O notation.

Op Probabilistic little-o notation.

22, Almost sure convergence.

LN Convergence in probability.

4, Weak convergence.
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Specific notation

Notation Description

(z,y) The population random vector in RP x R.

Dy A dataset containing i.i.d. samples of (z,y): D = {(xi,y:) : i € [n]}.

X,y The feature matrix in R™”*P and the response vector in R™

D; A subsampled dataset Dy = {(@;,y;) 14 € I}.

EQ(DI) A ridge estimator fitted on Dy with |I| = k observations and ridge penalty A.

3 (Do: {1} An M-ensemble ridge estimator fitted on {Dy, }22, with subsample size k and ridge
k. MAZTo VS 0=1) penalty M.

Bo The best (population) linear projection coefficient of y onto x: E[zx "]~ E[zy].

ful(x) The best (population) linear projection of y onto x: x ' By.

fru(x) The component of y that is not explained by x: y — =" 3.

fu, P fu=X0Bo, fu= [fNL(mi)]iE[n]'

A note on indexing of sequences

In the subsequent sections, we will prove the results for n,k,p being a sequence of integers {n,}5°_,,
{km}2 1, {pm}55_,. Alternatively, one can also view k and p as sequences k,, and p,, that are indexed by
n. For notational brevity, we drop the subscript when it is clear from the context.

Organization

Below we outline the structure of the rest of the supplement. The technical lemmas refer to the main
ingredients that we use to prove results in the corresponding sections.

Table 3: Outline of the supplement.

Section  Description Technical lemmas
Appendix A gésgizfg'fheorem 1, Proposition 2 (from Lemma A.1, Lemma A.2, Lemma A.3

Proof of Theorem 3, Proposition 4, Corollary 5

(from Section 4). Lemma B.1, Lemma B.2

Appendix B

Appendix C Proof of Theorem 6 (from Section 5). Lemma C.1

New asymptotic equivalents, concentration
Appendix D results and other useful lemmas (used in
Appendices A-C).

Lemma D.1, Lemma D.2, Lemma D.3,
Lemma D.5

Asymptotic equivalents: background and known

Appenle E results (used in Appendices A*D)

Appendix F' Additional details for all the experiments.
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A Proofs of results in Section 3

A.1 Proof of Theorem 1

Given an observation (x,y), recall the decomposition y = fi,() + fu.(x) explained in Section 2. For n i.i.d.
samples from the same distribution as (x,y), we define analogously the vector decomposition:

Y= fu+ fu, (10)

where fi, = XBp and fu, = [fun(®i)]ien)- Let na = nrow(A). Note that
R(By 003 A b, B0) = R(BR oo A, 0, B0) + 2030 A(B} o — Bo) + 3" [1BII3.
By Theorem 3, the cross term vanishes, i.e., n;lleA(B,;\m - Bo) 2%, 0. We then have

IR(BY! ; A,b,Bo) — R(B? ; A, b, Bo)| 225 |R(B)! 3 A,0,80) — R(By2 . A,0,80)].

k1,007 k2,007 k1,007 k2,007
It suffices to analyze R(B} . ; A,0,Bo).

For simplicity, we treat A as the normalized matrix n:/ A to avoid the notation of nrow(A). Note that
y = XBo+ fu + €, where 3y is the best linear projection of y on X, fy. is the nonlinear residual and
€ is the independent noise. Let A} = Erur, [((X "L X /k + M) ' X "L;/k] and B} = I, — A} X =
Eroz, [MXTL; X /k + M\,)7']. We begin by decomposing the generalized risk for arbitrary (A, k) into
different terms:
R(BY oci A, 0,80) = [ A(Bc — Bo) 3

= | A(ARy — Bo)ll3

= [ AAR(XBo + fuu) — ABol13

= B0 (ARX —I,) T ATA(ALX — I)Bo + fu." (A7) TATAAR fur

+2fu " (A})TATA(ALX — 1,)B0
= ﬂ(;rB];\ATAB]?,BO + fNLT(Ai)TATAAngL - 2fNLT(A2)TATAB?IGO'

When A\ > 0, from Lemma A.3, we know that the cross terms 2fNLT(A2)TATAB,§,60 vanishes as p tends
to infinity. Further, by Lemma A.l and Lemma A.2, it follows that when A Il (X,y), as p/n — ¢ and

p/k — 1,
IR(B} o0; A, 0, Bo) — Ry(X; 6,00)| 225 0,

where the function R, is defined as

Rp(X; 6,9) = (=X 6,00, AT A) + || full, (= s 6,00, AT A), (11)
and the nonnegative constants ¢,(—\; ¢,v, AT A) and U,(—A; ¢, 10, AT A) are as defined in Lemma A.1.

When A = 0, as in the proof of Theorem 3, we again show that P, — @, is equivcontinuous over
A = [0, Amax] for any Apax € (0, 00) fixed, where we define

Pn,)\ = R(B?,oov A7 Oa /60)7 and Qn,)\ = RP(Aa ¢7 1/’)

When ¢ # 1, it can be verified that | P, x|, |0F, x/0A], |@nal, |0Qn,x/0A| are bounded almost surely. Thus,
by the Moore-Osgood theorem, it follows that, with probability one,

lim |R(BY .; A,0,80) — Rp(0;6,¢)| = lim lim |R(B} . A, 0,Bo) — Ry(X; 6, %) = 0.
n—oo A—0t+ n—o0
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Note that ¢,(—\; ¢, 1, AT A) and v, (—\; ¢, 1), AT A) are functions of the fixed-point solution v, (— ,1/))
Lemma C.1 we have that for 1) € [¢, 00| there exists a segment P such that for all (A1, 1), (A2, ¢2) € P,
holds that v(—A1;¢1) = v(—A2;19) as p/k1 — ¥ and p/ks — 9. This implies that

Rp(Mi59,91) = Rp(A2; ¢, 102).
Thus, by triangle inequality, we have
|R(By! i A, 0,80) — R(BR2 .5 A, 0, Bo)| =2 0,

which completes the proof.

A.2 Proof of Proposition 2

When A = X and b = f,, the generalized risk reduces to
1

R(B} e 4,1, B0) = —[|1X (B o — Bo) — fuul}
1 ~
= EHXﬁ]i\,OO —(XBo+ fu)ll3
1

7HXAA(XﬁO + .fNL) - (Xﬁo + fNL)H%

= By BrEB B, + fNL (I, - XA) (I, - X AD) fur + fNL (I, - XA})" X B} Bo.

The proof then follows analogously as in Theorem 1 by involving Lemma A.1 and Lemma A.2 with A =
n~ 12X,

When A = X and b = 0, we have
R(B} i A,b,B0) = By BYEBBo + fu. (A) S AN fu — 2fu (A2) T EBLB0.
Invoking Lemma A.2 for fN,AT(Ag)TflAngL instead of fNLT(Ip — XA) (I, — X A}) fu., the proof follows
analogously.
A.3 Technical lemmas

Lemma A.1 (Bias of generalized risk). Suppose the same assumptions in Theorem 1 hold with A > 0. Let
B)=1I,- A}X =E; .7, [N\X"L; X /k + \I,)"]. For any A with limsup || Allop bounded almost surely,
the following statements hold:

(1) If A 1L (X,y), then
By BiATAB}By — Gp(—X;h,00, AT A) =25 0.

(2) If A=n"12X then

(=N 9)r

2
m de(T)) Cp(=A 9,1, 8) = 0.

BIB)ATAB)G, — (1 - /

Here the nonnegative constants v,(—X; ), Up(—\; ¢,10, AT A) and ¢,(—X; ¢, 9, AT A) are defined through the
following equations:

(Aw) A+1"/1+ e
gbtr[ATAE (v, ( /\1/1)E+I) 2/p

~¢ | o )
N A7 A) = BN IS AT A1 4 AT Ao )5 + 1) 5o

Tp(— N, 0, AT A) =
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Proof. Note that 3¢ is independent of
B)ATAB = \Ey, 1,01, [M1AT AM,)],

where £y = X TLynn, X /|1 NI and M; = (X TL;, X/k 4+ A,)~" for j = 1,2. We analyze the
deterministic equivalents of the latter for the two cases.

(1) Al (X,y).
From Lemma D.1 (2), we know that when A is independent to (X, y), it follows that

NE, roz, [M1AT AM,] ~ (v,(= N0 + L) (T,(—= X ¢, 0, AT A)E + AT A) (v, (=N 0)S + L)

Then, by the trace property of deterministic equivalents in Lemma E.3 (4), we have

(vp( A Y)E + Ip)71 (Ep(_)ﬂ 7, ATA)E + ATA) (Up(_)‘§ V)X + Ip)71 Bo
=== Cp(_/\§ o, 9, ATA)-

By BiAT AB;

(2) A=n"12X.
From Lemma D.1 (4), it follows that
z? Er 1~ [MIEMZ (1 - ¢/ 1 —|—Up T’ dH ( ))
(L4 0p(=X ¢,1/))>( vp(= A ) S + I,)7?%.

Then, by the trace property of deterministic equivalents in Lemma E.3 (4), we have

gy BEBo 2= (10 [ (ORI an, ) (14 5o
A z(vp<—x;w>z+1p>*ﬁo
2
s (1m0 [ A am0)) v )

O
Lemma A.2 (Variance term of generalized risk). Suppose the same assumptions in Theorem 1 hold with \ >

0. Let A) =E; o7, (XL X /k+AL,) ' X "L;/k] and By = I, — A} X =Erog, M X "L X /k+ AI,) Y.
For any A with limsup || Al|op bounded almost surely, the following statements hold:

(1) If A UL (X,y), then

Fo (AN TATAAY fuo — | fual22(1+ (-2 6,9, ) 2550,
(2) ]fA:n—l/QX’ then
-\ 2 ~
.fNL (A)‘)TATAA fNL *—> ||f1\L||L2 <1¢/MdHI’(T)) '(1+Up(*/\;¢,1/1,2))

Tl <2¢ / H%de(r) _ 1) |

2
%fNL (XA/\ I,) (XA)\ L) fu Ly ||]01\L||%2 <1_¢/ l—qij—p dHP(”) .02(1"‘:‘727(_)‘;(1)71!)7 %)),

)\ )1
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Here the nonnegative constants v,(—\; ) and Uy(—X; ¢,, AT A) are defined through the following equations:
1
———dH
¢>tr[ATA2(vp( A ¢)2+I )%1/p

Proof. The two cases are treated separately below.

1) AL (X,y).

EP<_)‘; ¢7 w7 ATA)

We split the proof into three different parts.
Part (1) Intersection concentration. Let fy, = Lz, fxo + Lo, foo + Lippr, fxw = fo + f1 + fo.
Note that

XT
fu AVTATAAY £ =Ep ez, |[(fo+ F1) T M1ATAM27(f0 + f2)| -

where M; = (X "Ly, X /k + M,)~!. By conditional independence and Lemma S.8.5 of [51], the cross
terms vanish

XL as L, X X7, s
£ MlATAMz 2f0 2550, and  fu | = ATAM27 f2 255 0. (12)
It remains to analyze the quadratic term of fy:
LinnX XTL; AL
N 7112’2 MlATAMgikhmz fo.

By conditioning on Ly s, X, from Lemma S.7.10 (1) of [12], we have
det koo -1
M; ~ M := Z_—(EoJr)\Ier)\C)
0

where ;0 = XJX(]/io, X() = L11ﬂ12X7 C = (k — 20)/20 . (v(—)\WhECl)E + Ip), Cl = Z()()\(k —
i0)) "1 (o + AI,) and ig = |I; N I5]. Then we have

XOM ATAM XO ~ k ‘XO_1\4'det14T14]\4—det)((;r
k k i3k k
kX X7
“OMA M 13
=7k K (13)

where X} = Xo(I, + C)~/2, A’ = (I, + C)" 2 AT A(I, + C)~Y/2, and M’ = ((I, + C) /Sy (I, +
C)~'2 4+ AL,)!

Part (2) Diagonal concentration. We next use a similar strategy as in the proof of Lemma A.16 in
[14] by showing that the off-diagonal summation vanishes. Let X' = (I, + C)~/2%(I, + C)~'/2. Since
Xy = ZoX'/?, we have X, = ZyX""/2. Then, the quadratic form becomes:

—1
L S io Z(]Z:/Z(;r Z(] 13 Arsv ZJ Z()E/ZS—
—fo XoM'A'M'X, — + A, —32 AN —— [ ——— 4+ AL,
k'2 fO 0 0 fO fO i + \/% \/% Z_O + fo

i _ _
= k%fOTBl 'B;B; ! f. (14)
Note that from Lemma D.4, we have for any ¢ > 0,

_ 1, _ _ _ _
B{'B,B;' = - (By ' (By +tBy) ') +tB;'By(By +tBy) ' By By .

23



Let U € R™*™ with Us; = [foli[fol; 1{¢ # j}. We then have

Z [By ' BBy ]i5[folil fol,

1<iZj<n
= |(By'B:B; ', U)|

1 _ -
< - [(BrhU)| - *|<(Bl +tBo) L U+t By 5, B2ll2, (B + tB2) Hlopl[U e (15)

~+

For the first two terms, Lemma D.3 implies that
1 a.s. 1 — a.s.
E\(Bfl,U>|—>0, and g|<(31+“32) L) 2 o.

For the last term, note that || Ballop < ||A||gp|\f)0||op7 where || A||op is almost surely bounded as assumed,

and HEOHOP < Pmax (14 /%2 /¢)? almost surely as k,n,p — oo and p/n — ¢ € (0,00), p/k — 1 € [¢, 0]

(see, e.g., [45]). Also, |U]|. < 2| full3 == 2[|fwll?, < oo from the strong law of large numbers,

Lemma D.5, and ||Bi|lop < A™!. Thus, the last term is almost surely bounded. It then follows that
“Y(B;'ByByt, U)| 22 0. Therefore,

1 3 3 n
2 fd Bi'B2B ' fo - Z By 'B,yB; il o)}

W\H

Part (3) Trace concentration. From the results in [57], it holds that

a.s.
max — 0.

1
B 'ByB7Y; — —tr[B7'By,B !
1§i§n[ 1 2D Jis ntr[ 1 2D ]

Further, n=2 37" | £2 225 | fwl/2 by strong law of large number and Lemma D.5. Therefore, we have

BT BB f B BB ] 5 0. (16)
Combining (12), (13), and (16) yields that
|FT(AR)TATAARS — 0[(A) T ATAAY] - [|fllZ| = 0.
By the trace property tr[(A}) T AT AA}] = tr[A}(A))T AT A], it remains to derive the deterministic
equivalents of A}(A2)T AT A. Note that

|I; N 1o
2
where 8100 = X "Ly, n7, X /|, N 15| and M; = (XTL;, X /k+\,)"! for j = 1,2. The above quantity
is well-defined almost surely because |I; N I| converges to some positive quantity almost surely. Next,

we analyze the trace term for the two cases.

Ap(AY)TATA = Ef, 1ymz, [M1Z102 M) AT A

From Lemma D.1 (3) we know that when A is independent to (X, y), it follows that
1y 1oz, [MiZ102 Mo] AT A ~ 6715, (=X 6,9) (0p(— X ) E + I,) *SAT A

‘We now have
o p LNl 1

.fNL (A/\)TATAA fNL ||fNL||L2*' A '5tr[EIhIzNIk[MlilﬂzMQ]ATA]
1.
Z 50(= X b, AT A)

= HfNLH%Zap(_)H d)?z/JaATA);

where the second convergence is from Lemma S.8.3 of [12] and the trace property in Lemma E.3 (4).
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(2) A=n"12X.

Instead of working on (13), we use the following decomposition:

MMy = MiS My + £, My — MiS10oM, + M1§(1u2)cM2
2
= M; — 2AM, My — My 310 My + My 3 (109)- M,
j=1
Then, repeating Part (2) and (3) as above, it suffices to derive the deterministic equivalents of (AQ)TEIAQ.
We decompose this term into:

(AQ)TATAA*_—(XA* I) (XA) - I,) + %(XAngXT(Aﬁ)T)—%In. (17)

For the last two terms of the right hand side, following the similar argument as in Part (1), it holds that

(=A9)r

a.s 1
—————dH - — =1.
5 oy (A 0)r dHp(r) 0, and ntr[In] 1 (18)

ztr[XA’\ —2¢/

For the first term of the right hand side, notice that it is the variance term of the mean squared error
computed on all samples, which is the variance term of the numerator of the generalized cross-validation
(GCV) estimator in [13]. It has been shown in Proposition 3.6 of [13] that in the full ensemble, the
GCV estimator is consistent to the prediction risk, which is also true for the variance term:

1

LAY = 1)T (AR - 1) 25 (1= [ R )) o245, 6.0 D)

(19)

Finally, combining (14)-(16) with the above finishes the proof for the first convergence result of A =
n~12X.

Analogously, from (19), we also have

1 ? N
%-fNL (XA/\ I,) (XA)\ L) fx — ||]01\L||%2 <1_¢/ 1+Up dHP(T)> .02(1"‘”?(_)‘;%#)7 %)),

,,,

which finishes the proof for the second convergence result of A =n~1/2X.

O

Lemma A.3 (Cross terms of generalized risk). Suppose the same assumptions in Theorem 1 hold with A > 0.
Let Aﬁ = EINZIC[(XTL]X/]C + )\Ip)_leL[/k] and Blz\ = Ip — AI>C\X = EINIk [A(XTL[X/k + AIp)_l].
For any A with limsup || Al|op bounded almost surely, it holds that

o (AN TATAB)By 2 0
Proof. Note that

n
nl[(AR) T ATABLBol3 < ARSI Allsy B 112,11 Boll3

n ~ 1 _

< %Em:rk[IIEzllépIIA(XTLzX/k+Mp) Hlop)? - 1 BR 12, 11Alls, 18013
n A~

< %Euzk[IIZzIIop] A5, 18oll3-

Let s? be the singular value of f]j. From the results in [45], we have lim sup HEI”OP < lim sup maxi <j<p 52 <
Tmax(1 + v/2P)? almost surely as k,p — oo and p/k — ¢ € (0,00]. On the other hand, n/k 22 ¢ /¢ and
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A||3 is uniformly bounded as assumed. Thus, we have limsupnl|[(A})T AT AB}By||% is bounded almost
E k0112
surely.

Similar to the proof of Theorem 1, we decompose fu. as fu. = Linnfs + Linnfa + Lipg, fao =
fo+ f1 + fo. We then have

L X XL X
Fo FRCESMIAT AM, =R 6

as L X XTL X
s. oT Ilr‘];Ig MlATAMg 2012
as. 4 k2 X! ~
2y EO fJ L1 Z,—QTOM’A’M’E{)BO

0

Bo

7 k% X/ 7
= Eo.f(;rLIlﬁlzﬁio M'A'By — A2y Lo,
5 k k

kQ Xé ! !/ !/

%7]\4 A'M’' By,

where the first convergence is from Lemma S.8.5 of [51] and the second convergence is from (13), with
X, = Xo(I, +C)"Y/2, A = (I, + C)"Y2ATA(I, + C)"Y/2, and M’ = (£ + AI,)" and &} = (I, +
C)~1/284(I, + C)~'/2. From Lemma D.2, the first term in the above display vanishes. Analogous to (15),
the second term also vanishes by splitting and applying Lemma D.2. Thus, we have for Iy, Iy ~ Zj,

LinnX X"LinnX , as
fNLTiflf;f? MlATAM272”12 Bo == 0.
Finally, by Lemma G.5 (2) of [13], the conclusion follows. O

B Proofs of results in Section 4

B.1 Proof of Theorem 3

We consider two cases.

(1) A1, Ao > 0.
We begin to prove for the full ensemble when M = oo. For j = 1,2 and I; ~ Zj,, define ﬁj =
XTL;, X /nand M; = (XL, X /k+ X\I,)". Recall that y = X8 + fu. and

' XTLy

kj
= Eiynz, [M; 35180 + Ery oz, [M;X T Ly /)

Y 1
ﬁk;,oo = EIjNIk]. [(%XTL[jX + )\jIp)

Then, for a € R? with bounded I3 norm, we have

a' (B o = B2 o) = @ (Bpynzy, [M1Z1] = By, [M2E5]) B0

kQ,OO

T

+a" (Efng,, [IMiX L1 /by = Epyeg,, [Mo X T L] /ks) f. - (20)

T

Next, we analyze the three terms separately.

For the first term, from Lemma D.1 (1) we have for A\; > 0,

Efnz, [IM;35] = 1, = Egjag, [N M) = I = (0(=X39) 2 + 1) 7,
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where v(—\;;9;) is as defined in (39). By Lemma C.1 we have that for 1) € [¢,o0] there exists a
segment P such that for all (A1,41), (A2, 2) € P, it holds that v(—=A1;¢1) = v(=A1;¢2) as p/k1 — ¥y
and p/ka — 3. By the definition of deterministic equivalents (Definition E.1), it follows that

T1 = tr[Boa” Ery oy, [Mi S]] — tr]Boa” Erpe,, M)
255 lim rfBoa’ (I, = ((- M) + L) 7)) — trfBoa (I, — (v(- Ao ¥2) T+ 1,) )]

=0.
For the second term, notice that by Lemma D.2,

1
EaTMjXTlej fu=a
’ .

Z%t (Z2%27 -1
T k‘z < - +Aj1,,> Fa 2250,
J J

From Lemma G.5 (2) of [13], it follows that
a’T]EIJNij [MjXTLIijijL et 0, 7=12

and T 225 0.

Combining the above results and applying triangle inequality on (20) yields that

aT (B o = B2 | < ITh] + T 225 0,

k1,00 ko ,00

which completes the proof when M = co. When M € N, replacing the above expectation by the average
over M simple random samples I, Is ~ Z; completes the proof.

A1Ag = 0.
When Ay = Ay = 0, it is trivially true as k; = ko. Otherwise, without loss of generality, we assume
A1 =0 and Ay > 0. We use the same decomposition (20) and first analyze T7. From part one we have
that for A > 0, P,y — Qnx 2245 0 where

Pup = tr[Boa  Er, oz, (X "Ly, X [ky + M) FS4]],

Qny = tr[Boa’ (I, — (v(=X;91)Z + I,) 1))

We next show that

lim lim P, )= lim lim P, ) =0, (21)

n—o00 A—0+ A—0+4 n—o0

by proving that the function P,  is equicontinuous family in A over A = [0, Apax| for any Ayax € (0, 00)
fixed. Note that for all A € A,

|Posl < Eper,, [1(X T Ly, X Jky 4 M) S lopl[1Boa” e < [1Boll3]lall3

and its derivative
0
P,
‘8)\ A

_ ‘EMIM [te[(X Ly, X /ky + ML) 281 Boa ]
<Epez,, (XL X k1 + ML) 7251 loplllBoa |ler
< 1Boli3llal3

are uniformly bounded in A almost surely. In the above inequalities, the operator norm is bounded
because ||(X "Ly, X /k1+ M) " 31 |lop < si/(si+A) < 1and [|(XTLy, X /k1+AL,) 22 |lop < 8i/(si+
A)? < 1/(si + A) < 1, by noting that limsup || X;]lop < limsupmaxi<i<ps? < Tmax(l + V41)? and
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liminf||§]j||op > liminf minj<;<p 82 > rmin(1 — v/41)? almost surely as ki,p — oo and p/ky — ¥ €
(0,00) \ {1} [45]. On the other hand, since @, is a continuous function of v(—A\; 1), we have
|Qual < o(=A ) E(W(=A91) S + L) " opllBoa [l < [IBollzllall3
9 Ov(=A;i )
‘8/\Qn,)\

tr[Boa’ (v(—X;91) T + I,) 28—

o\
Ov(—=A; 1) r
B / T+ o(=x gy ()

When 11 > 1, 9v(—A;11)/0X is bounded over A [13, Lemma E.10 and Lemma E.11] and thus |0Qy, x /0|
is also bounded almost surely. When ¢ < 1, from Lemma E.12 of [13] we have

Ou(—2th) r =N :
[ e r 40 = 5 | e )

o\
/ T oo )

< [1Boa [lop

B 1 r2

(=X )2 wl/ (1 +v(=A;91)r)? A, (r)
o1
S T

since v(—=A;91) < v(0;41) = +oo. Therefore, [0Qn A/0\| is uniformly bounded over A for iy €
(0,00) \ {1}. Thus, by the Moore-Osgood theorem, the convergence is uniform in A and (21) follows.
Finally, since T» is bounded analogously as in Part (1), the equivalence holds when A; = 0.

B.2 Proof of Proposition 4

From Lemma B.2, it follows that
1 1ot !
v(=Xdn) = —tr [ - XX + A, . (22)
n n

By the continuity of function ¢ +— v(—A\; ¢) from Lemma F.10 and F.11 of [13], we have v(—X; ¢,,) ~ v(—A; ¢)
as ¢, = p/n — ¢. From Lemma C.1, there exists A,, such that

0(0;95) = v(=An; ),
as 1, — 1 and ¢,, — ¢. Involving (22) on the both sides yields that

1 1 e | 1 + 1 X 1 +
tr | = XX T+ NI ~ XL, XT ~ )t XL, XT

where {I1,..., Iy} is a simple random sample from Zj.

B.3 Proof of Corollary 5

We will use a structural equivalence (much more direct than the first-order equivalence considered in the
paper) between generalized ridge predictor and the isotropic ridge predictor to prove the result.

The generalized ridge predictor (9), trained on the subsampled dataset Dy, can be expressed as:

T XTLy

~ 1
VE (D) = (kXTLIX + )\G> z

Observe that we can equivalently manipulate the generalized ridge estimator into:

1

§
BYC(Dr) = G (k X Ly

-1
G'2XTL;XG™Y? + A1p> G -
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Recalling from Assumption 2 that X = ZX'/2, where Z € R"*P contains z; in the i-th row for i € [n], we

obtain
-1 G’1/221/2ZTL1y

k

(23)

~ 1
2,G(D1) _ G71/2 (kGl/Qzl/QzTlezl/QGl/Z 4 )\Ip>

We now define ¢ = G /2XG1/2 and consider a transformed feature matrix X¢g = Zzg2. Denote the
transformed dataset corresponding to the new feature matrix by D (where we keep the response vector as
is). Using (23), we can write relate the generalized ridge estimator fitted on the dataset D to the standard
ridge estimator fitted on the data D (both at the same scalar regularization level \) by:

B¢ (Dr) = G V2B)(DF).

Observe that the transformed dataset D satisfies Assumption 2 as the eigenvalues of G are bounded away
from 0 and co. Further, note that both Theorem 1 and Theorem 3 are invariant to linear transformations of
the estimator. Thus, we conclude that the results of both the theorems continue to hold. The equivalence
path now use the modified 3¢, which in turn changes the spectral distribution H), to that of 3¢, in defining
the end points via (4), given by:

~ 1
H,= - Z Ti7<r)s
P
where 7; for i € [p] are eigenvalues of 3. This completes the proof.

B.4 Technical lemmas

Lemma B.1 (Relationship between m and v). For X € R"*P and ¢,, = p/n, define

R 1 1+ ! R 1 1ot -t
m(z;¢n)=5tr (nX X—zlp> , and U(z;gbn):ﬁtr (nXX —zIp) .

It holds that

Proof. Let r be the rank of the matrix X. Denote by s;, i = 1,...,r, the non-zero eigenvalues of the matrix
X T X. Note that these are the same non-zero eigenvalues of the matrix X X T. Define function S such that
for z # 0,

1 1 1n—r 1 1n—r
v yOn) = — - — =5 — —
Oz én) ngsi—z n oz n () n oz
_ 1 1 1lp—r 1 1p—7r
i 6n) = ~ _por Loy leor
o=, 3 = s -
We now expand the left-hand side of (24):
~ P 1 1p—r P
Gnzm(z;0n) + n — 1= =2 =S(2) — - +£2 9
n- \p P z
1 —
=—28(z) -2+ 2 1
n n
1 — — —
Z—zS(z)—n ronor_por Py
n n n n n



n—p P

which finishes the proof. O
Lemma B.2 (Equivalence of ¥ and v). Suppose Assumptions 1-2 hold. Then it holds that

1 1o oo !
v(=A; ) Etr (nXX + )\Ip> .

Proof. From Lemma B.1, we have

Substituting z = — A yields that

1 1 -1 1 1 -t
A—tr [(XXT + Alp> + (¢ — 1) = P A—tr [(XTX + )\Ip) ] . (25)
n n p n
From Corollary E.4, we have
1
= A+ dtr[S(v(=X; 6,)E + 1)1 /p,

This implies

1= Ao(=X; ¢n) + ¢ tr[v(—=A; n)E(0(=X; ¢0)E + L,) ']/
= M0(=X; 6n) + & — b tr[(v(=A; 0n) S + 1) ]) /0

1 —1
1 1 !
= 1—|—/\v(—)\;¢n)—ﬁx\tr l(nXXT—F/\Ip) ] ,
where the last equality follows from (25). This concludes the proof. O

C Proof of results in Section 5

C.1 Proof of Theorem 6
By Assumption 4, R,(); ¢,%), as defined in (11), converges to

Ry(X;0,0) == p?e(=Xi 6,0) + 0*U(=X; 6, 9) = Z(X; 6, 9) (26)
where the nonnegative constants ¢(—\; ¢, %) and v(—A\; ¢, ¢) are defined through the following equations:
o [ e )
B, ) = e 7

o397 =0 [ G A )
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=X b ) = (=X, 9) + 1) / ’ G(r),

1+o(=N\y)r d
1 r
g Tt o[ ox gy H)

From the proof of Theorem 1, we also have that Z(X; ¢, ¢) ~ R,(\; ¢, ¢) ~ R(,Z")’\,’C\’oo; 3,0,80)-

Since Z(0; ¢, 1) is a continuous function of ¢ and v(0;4) and is increasing in ¢ for any fixed 1, it follows
that for 0 < ¢1 < @2 < 00,

. , o , o ,
Iin Z(0; d1,10) < Jnin K (0; d1,1) < Jnin H(0; 2, 1),

where the first inequality follows because {¢ : ) > @1} 2 {1 : ¥ > ¢o}, and the second inequality follows
because Z(0; ¢, 1) is increasing in ¢ for a fixed ¢. Thus, miny>¢ Z(0; ¢, 1) is a continuous and monotonically
increasing function in ¢.

Finally, note that from Lemma C.1, for any A, there exists ¢ such that v(0; ¢, %) = v(—X\; ¢, ). This implies
that Z(0;¢,¢) = Z(\; ¢, ¢). Then we have ming>4 Z(0; ¢, 1) < miny>g %’( ; 0, ¢). Conversely, since for
any v, there exists A such that v(0; ¢,¢) = v(—X; ¢, @), we also have miny >4 Z(0; ¢, ¢) > miny>o Z(A; ¢, ¢).
Combining the two inequalities yields the conclusion.

C.2 Technical lemmas

In this section, we gather results on certain analytic properties of the fixed-point solution v(—A\; ¢) defined
n (39).

Lemma C.1 (Contour of fixed-point solutions). As n,p — oo such that p/n — ¢ € (0,00), for any
Y € [¢,+00], there exists a unique value A > 0 (or conversely for A € [0,00], there exists a unique value
P € [V 1,00]) such that for all (X\,) on the path

P={1-0)-(\o¢)+0-(0,4)|0¢€0,1]},
it holds that

vp(=Ai ) = v(=A;9) = v(=0;9)).
where v,(—X\; ) is as defined in (39).

Proof. Since when ¢ < 1, v(0;4) = +oo for all ¢ € [¢, 1], we can restrict ourselves to ¢ € [¢V 1,400]. From
Lemma E.11 (1) of [13], the function v — v(0;1)) is strictly decreasing over 9 € [¢ V 1, 00] with range

; 1
w(0; v 1) = { U09) 9 €(Lo0) 0 ho0) = lim w(054) = 0.
limg 1+ 0(0;4) = +00, ¢ € (0,1] Yoo
From Lemma E.12 (3) of [13], the function A — v(—\; ¢) is strictly decreasing over A € [0, co] with range
v(0; ¢), ¢ € (1,00) .
0;9) = , —00;¢) == 1 -A9)=0.
v(0:¢) {anm v(=X;¢) = +o0, ¢ € (0,1] v(zooid) = lim v(=A:¢)

Note that v(0;¢ V 1) = v(0;¢). For ¢ € [¢ V 1,00], by the intermediate value theorem, there exists unique
A € [0, 00] such that v(—X; ¢) = v(0;1). Furthermore, when ¢ <1, A = 0 is also the unique value such that
v(0;%) = v(=X; ¢). Conversely, for A € [0, 0c], there also exists 1) € [¢ V 1, 00] such that v(—X; ¢) = v(0;1)).

Based on the definition of fixed-point solutions, it follows that

1
v(—)\;(b))\Jrgb/l—&-v (=X; 9)r A d)/l—&—v de(T):U(OQQZ).
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Then, for any (A, %) = (1 —0)(\,¢) + 0(0,%) on the path P, we have
1

1 -y o
v(=A; ) v(=Ai¢)  v(0;9)
—(1— A+ (1-6 ¢>/1+U ¢) +9w/ o de(r)

v+ | T )

Because v,(—A; %) is the unique solution to the fixed-point equation:

1
o (=N 0) _A“”/m dHy(r),
it then follows that v,(—A;¢) = v(—j\; #) = v(0; JJ) N

D Asymptotic equivalents, concentration results, and other useful
lemmas

D.1 Full-ensemble resolvents

Lemma D.1 (Full-ensemble resolvents). Let 3 = XX /n, f]j = X"L;, X /k where I; ~ I),. Let $1q =
X "L n, X /|11 N 15| and C € RPXP with bounded operator norm almost surely. As n,p,k — oo, p/n — ¢,
p/k — 1, the following asymptotic equivalences hold:

(1) Basic ridge resolvent:
AEr~z [(B1 4+ M) '] = (up(~ X )2 + L) ™
(2) Bias resolvent with C 1 X :
Ep pony (81 4+ ML) OS2 4+ ML) 71 = (0p (- N0+ L) (Bp(- 46,1, C) 8 + C) (p (- M) E + 1)~
(8) Variance resolvent with C 1L X :

Er 13~ [(21 +AL) ' E1mp(3 + ML) } ¢ 0o (=X; 0, 9) (0p (=X ) E + I,) *EC.
(4) Bias resolvent with C = 57
En L~z [V(il +AL)'S(S, + /\Ip)’l] ~ d(=X; 6, 9) (1 + Tp(=X; 6,9)) (0p(—A; ) B + I,) 725,

Here v(—=X; ¢) is as defined in (40), and we let U,(—X; ¢,¢) = Vp(—A; 0,9, 3),

lim ¢ tr[CS (v (~ X 9)E + 1,)*]/p
Tp(—X; 6,9, C) = ’

Up(_)\;w)_Q - ¢/ (1 i vp(_)\;w)r)g de(T)
1

vp(—)\ﬂ/J)_z _¢/ 1+vp(7;)\;¢)r)2 de(T)

d(—X; p,1)) = < ¢/1+ dH())Q.

The empirical distribution H,, of eigenvalues can be replaced by the limiting distribution H whenever it exists.

’ﬁv(_/\; (ba w) =

)
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Proof. The proofs for different parts is separated below.

(1) Basic ridge resolvent.

From Definition E.2, we know that /\(flj +AL,) 7! ~ (vp(=A; )X+ 1,) "t By the definition of determin-
istic equivalents in Definition E.1, for any A € RP*P that has bounded trace norm and is independent

to X, we have
ANS; +AL) ™" — (0 (N )D + L) )] 2 0.
From Lemma G.5 (2) of [13], it follows that

O[ANEL~z, (35 + ML) 7] = (up(- A ) B+ I,) )]

= Bz, A + L) = (0 (A 9)Z + 1) 7] =50,

which implies that

AEq oz, (1 4+ M) 7Y = (up(— X 9) S + I,) 7

(2) Bias resolvent with C' 1l X.

Denote M; = (2] + AI,)~ ! for j = 1,2. From Part (c) of the proof for Lemma S.2.4 in [12], it follows

that for Iy, Is ~ Ty,

N M;CM; =~ (v,(=X;9) 2 + Ip)_1 (Up(=X; 0,9, C)E + C) (vp(— ;)X + Ip)_1 .

By the same argument as in (27), the conclusion follows.
(3) Variance resolvent with C 1l X.
From Lemma E.8 (3) of [13], it follows that for Iy, Is ~ Z,

M, 310, M,C ~ 7 0y (=X; 0, 9) (vp(— A ) B + I) *EC.

By the same argument as in (27), the conclusion follows.

(4) Bias resolvent with C' = 53

We begin by decomposing the object inside expectation into two terms:

I U I =~ — |1 U I
|17712|)\2M121U2M2+ %

MM, SM, =

N M S 12y Mo

(28)

where f]lug =X "Ly, X/|I; UI,| and f](lug)c = X"(I—-Lyu1,)X/(n—|I; Ul|). Next, we analyze

each of them.

For the first term, from Lemma D.6 (3) of [13] we have

M, 31,5 M, ~ Vp (= A 0)2 (1 + Tp(—X; 6, 9))
(2(1/) ) 1 o)

+ ) (Up(—)\;w)XH—Ip)*QE

29 — ¢ Ap(=N¢) 20 —¢
where U, (—X; 0, 9) = Up(—A; ¢, 9, 3).

(29)

For the second term, from Lemma E.8 (1) of [13] and the product rule of calculus in Lemma E.3 (3),

we have

MM S 12y My ~ N2 M S M.
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From Part (2) and Lemma E.3 (1), it follows that
NEMLE (10g)e My =~ NXEMIEM, =~ (14 T,(= X5 6,9)) (vp(~ X ) E + 1) ° 5. (30)

Finally, for the coefficients of the two terms, from Lemma S.8.3 of [12], we have that

lIle' _ |11\+|12|n—|11ﬂ12| £>¢(2122—¢)’ n—|~2U12\ a.s. (1/11/}@ 31)
Combining (28)-(31) yields that
AQle)MQ
wz (2(8 — )ohvp(—Ai ) + @ N0 (— X 9)? + (¢ — )?)
(1 +Tp(=X6,9)) (0p (=X )2 + 1) *%
= (OEXGEO IR (4 ) A )B + 1) 7
-1 ¢/1+W) Tmy(Qzu+ﬂa—x¢¢»wA<&wz+lw*2
where the last equality follows by substituting A = v,(—\ — 1 [r(1+vy(=A;p)r) = dH,(r) based
on the fixed-point equation.
O

D.2 Convergence of random linear and quadratic forms

Lemma D.2 (Concentration of linear form with independent components and varying coefficients). Let

zi € RP fori =1,...,n be a sequence of random vectors with i.i.d. entries zij, j = 1,...,p such that
for each i,j, Elzy] = 0, E[2}}] = 1, E[|z;/*"*] < My for some o > 0 and constant M, < oo. Let
Z = [z1,...,2n)" € R™ P be the random matriz formed by concatenating z;’s. Let g : RP — R be any

measurable function such that Elg(z;)] =0 and E[z;9(z;)] =0 fori=1,...,n. Let a, € R? be a sequence of
random wvectors independent of z, such that limsup, lapll?/p < Mo almost surely for a constant My < oc.
Let D be a positive semidefinite matriz such that limsup || D|lop, < My almost surely as p — oo for some
constant My < oco. Then, as n,p — oo such that p/n — ¢ € (0,00), we have

n

-1
1 & D3>Z"ZD> \ as
fz a’ (H +)\Ip> D2ZT| g(z)| 0. (32)
n <
Proof. We will use the standard leave-one-out trick to break the dependence between the i-th component

multiplier in the summation in (32) and g(z;) for each ¢ = 1,...,n. To that end, using the Woodbury matrix
identity, first observe that

D%ZTZD% B
- -

—1
D 77,7 D} | DizzlD
Fx, 2+>\I>
n

D:Z1,Z_,D2 -
Y

D77,z ,D* ' Db
— 4, ’

2] D% (D:27,Z_,D>
n n

-1
+up>
. (33
T ( D227,z D3 - (33)
2] D} (2225208 1) Dig,

K3 n

1+

34



Plugging (33) back into (32), we expand the desired sum into:

—1
" D:Z'ZD: ,
Z a’ <H+)\Ip> D2Z"| g(z)
N n

i

u T(DéZTZDé
o7 (P22 2D

1
+ )\Ip> D%zig(zi)
n

|
\
]

1& D>Z7.Z .D3 !
T (l_l +)\Ip> D%zlg(zl)
n

1
~(D2z7,Z_,D> D3z2'D3 (D3:Z1,Z ;D3
o | /T 4T,
n n n

-1
+ )\Ip> D%zig(zi)

n 4 , (D327.7z_,D% -t
i=1 z;rDi <1n — —|—)\Ip> D3z,
1+ "
1 ¢ 1 b/ dizig(zi)
= > bl zig(zi) - - > 114 (34)
i=1 i=1 v
1 n
< - 14 di)b] zig(z:),
<Ly sz (35)

=1

where in step (34), we denote by:

, (D3:ZT.Z_.D3 -
b=D: | ——=""""_ 1 1,| a,

-1

+ 1 (D2Z27,Z D> f

D: (| /=27 L )\I,| D3z
n

n 7

and step (35) follows since d; > 0. It is easy to check that limsup,, [|bs[|3/p < C1 < oo, and d; 23 0y < 00
for some constants C; and Cs. Appealing to Lemma S.8.5 of [51], (35) almost surely converges to 0. This
finishes the proof. O

Lemma D.3 (Concentration of sum of quadratic forms with independent components and independent
varying inner matrices). Let z, € RP be a sequence of random vector with i.i.d. entries zp;, ¢ = 1,...,p
such that for each i, Elz,] = 0, E[z2;] = 1, E[|2,i[*T*] < My for some a > 0 and constant M, < oo.
Let Z = [z1,...,2,]" € R"™P be the design matriz. Let g : RP — R be any measurable function such that
Elz;g(z:)] = 0 and E[g(z;)] = 1. Let D be a positive semidefinite matriz such that limsup | D|op < My
almost surely as p — oo for some constant My < oco. Then, as n,p — oo such that p/n — ¢ € (0,00),

—1

1 ZDZ' a.s.
LY (ZBEan) stz 2o (36)
1<i#j<n

]
Proof. The strategy in the proof is to express each of the ij-the entry of the resolvent in (36) such that the
dependence on (z;, z;) and the rest of (2, : k # i, j) is separated. One is then able to use the uncorrelatedness
of z and g(z) along with standard concentration of a quadratic form with respect to an independent matrix.
Similar strategy has been used in [14] when analyzing kernel ridge regression under proportional asymptotics.

Denote Y = (ZDZ" /n+ M,,)~!. For each pair of 4,5 € [n] and i # j, we let Z_ij € R(=2)%XP bhe the
matrix comprising the n — 2 rows of Z excluding the ith and jth rows, and U € RP*? be the matrix with
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columns Ujje; = z;,Ue; = z;. We finally define the matrices R_;;) € RP*P as follows:
-1
R_j) =AD" (Dl/zZIuj)Z—(ij)Dl/z/” + Mp) DY,

and let f’ij = {Yin,t}m,reqi,j3 be the submatrix of Y. Then, using the block matrix inversion formula (see,
e.g., Appendix A.1.4 of [45]) and the Woodbury matrix identity, one can show that

-~ -1
Yi; = (U R_ijUs/n+ L)

v, = —<Zi’R7;]_-)Zj>/n7
i

where d;; is given by:
dij = (A+ (21, R_ijyz;) /n) (A+ (20, Roigyzy) /n) — (2, Roiyz;)” /.

Since z;, z;, and R_(;;) are mutually independent, by Lemma S.8.5 of [51], we have <z¢, R_(ij)zj> /n 2250
and the denominator concentrates on A2. By Lemma G.5 (1) of [13], it follows that max;<;zj<, dij — A2.
Thus, there exists Ny € N such that for all n > Ny, maxi<;«j<n dij > A2 /2 almost surely. Then, it follows
that for n > Ny,

1 21
- Z Yij9(zi)g(z;)| < 22 Z | (zis R-i) %) 9(2i)9(2))]|
Picizicn 1<i#j<n
21
=z 2 (F0(z) Roi(z9(2))
1<i#j<n
2250,
where the last convergence is from Lemma S.8.5 of [51] and Lemma G.5 (2) of [13]. O

Lemma D.4. For any two conforming matrices A and B and any t # 0, we have

AT'BA ' = (A" - (A+tB)" Y/t +tAT'B(A+tB)"'BA™.

Proof. We recall the Woodbury matrix identity:
(A+vucv)t=A"'-A'UcCct+valu)'va

This holds for any conforming matrices A, U, C, and V. We will need to apply the Woodbury matrix
identity twice below.

1. Applying the Woodbury identity for the first time with A = A, U =t¢, C = B, and V =1, we get
(A+tB) ' =A"!'—tAY(B ' +tA H)tA" L
Rearranging, this yields

(A7 —(A+tB) )/t=AT (B +tAT) AT = ATI(tAT + BT T AT (37)

2. Applying the Woodbury identity the second time with A =tB, U =1, C = A, and V =1, we get
(A+tB) ' =t"'B~ ' —¢+'B A+ B H "B
Multiplying by ¢tB from the left yields
tBA+tB) ' =I-(A '+t ' B YHYy !B '=1-tA'+B ) 'B
Now, multiplying by B on the right, notice that

tB(A+tB) 'B=B - (tA~'+B~!)"L. (38)
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From (37), observe that
AT7'BAT' - (AT = (A+tB) )/t=A"'BAT' —AT'(tA" + B7")'A™!
=AY B-(tA'+B ) Ha L.
Using (38), we then have
A'BA' - (A"~ (A+tB) ) /t=tA"'B(A+tB)"'BA™".
Rearranging, we arrive at the desired equality:

A'BA' = (A" - (A+tB) )/t +tAT'B(A+tB)"'BA™.

D.3 Concentration of energy of linear and nonlinear components

Lemma D.5. Under Assumptions 1-2, the best linear estimator By and the nonlinear component fy, as
defined in (10) satisfies that ||Bollz and | fuol|L,.s are bounded almost surely.

Proof. By Jensen’s inequality and Assumption 1, we have E[y?] < E[y*19]2/(4+9) < O+ for some
y q Y p y Y 0
constant Cy > 0.

By the orthogonality, we have that E[y?] = E[(z'B0)?] + || fuw/|22, which implies that E[(z'Bo)?] and
HfNL||2Lz is bounded. Since by Assumption 2, the eigenvalues of X is lower bounded by 7y, > 0, we have
that E[(z780)%] = BoXB80 > Tminl|Bol|2 and thus ||Bg||2 is bounded.

Since fu, =y — ' By, by triangle inequality we have that

.
[fsellzas < Wllzas + 112 Bollras
< yllzsss + CliBoll2)

for some constant C' > 0. The second inequality of the above display is from Lemma 7.8 of [58]. Since
llyllL,.s and [|Boll2 are bounded, it follows that || .||z, is also bounded. O

E Asymptotic equivalents: background and known results

Preliminary background. In several proofs, we employ the concept of asymptotic equivalence of se-
quences of random matrices; see [12, 44, 49, 51]. This section provides a brief overview of the associated
terminology and calculus principles.

Definition E.1 (Asymptotic equivalence). Consider sequences {A,}tp>1 and {By}p>1 of (random or de-
terministic) matrices of growing dimensions. We say that A, and B, are equivalent and write A, ~ B, if
lim,_, o | tr[Cp (A, — B,)]| = 0 almost surely for every sequence of random matrices C), independent to A,
and By, with bounded trace norm such that limsup,_, . ||Cp ||t < 0o almost surely.

The notion of asymptotic equivalence of two sequences of random matrices above can be further extended
to incorporate conditioning on another sequence of random matrices; see [12] for more details.

Definition E.2 (Conditional asymptotic equivalence). Consider sequences {A,}p>1, {Bp}p>1 and {Dp}p>1
of (random or deterministic) matrices of growing dimensions. We say that A, and B, are equivalent given
D, and write A, ~ By, | D), if lim,_,o | tr[Cp (A, — Bp)]| = 0 almost surely conditional on {Dp}p>1, i.e.,

P (i [01C,(4, ~ Bl = 0] (D)1 ) =1,

for any sequence of random matrices C), independent to A, and B, conditional on D, with bounded trace
norm such that limsup ||C ||t < 00 as p — oc.
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Below we summarize the calculus rules for conditional asymptotic equivalence in Definition E.2. These are
adapted from Lemma S.7.4 and S.7.6 of [12].

Lemma E.3 (Calculus of asymptotic equivalents). Let Ay, B, C, and D,, be sequences of random matrices.
The calculus of asymptotic equivalents satisfies the following properties:

(1) Equivalence: The relation ~ is an equivalence relation.
(2) Sum: If A, ~ B, | E, and C, ~ D, | E,, then A, + C, ~ B, + D, | E,.

(8) Product: If A, has bounded operator norms such that limsup,_, . [|Apllop < o0, A, is conditional
independent to B, and C, given E, forp > 1, and B, ~ C, | E,, then A,B, ~ A,C, | E,.

(4) Trace: If A, ~ B, | E,, then tr[A,]/p — tr[B,]/p — 0 almost surely when conditioning on E,.

(5) Differentiation: Suppose f(z,A,) ~ g(z, B,) | E, where the entries of f and g are analytic functions in
z €8 and S is an open connected subset of C. Suppose for any sequence C, of deterministic matrices
with bounded trace norm we have |tr[Cy(f (2, Ap) — g(z, Bp))]| < M for every p and z € S. Then, we
have f'(z,Ap) =~ ¢'(z, Bp) | E, for every z € S, where the derivatives are taken entrywise with respect
to z.

(6) Unconditioning: If A, ~ B, | E,, then A, ~ B,,.

(7) Substitution: Let v : RP*? — R and f(v(C),C) : RP*P — RP*P be a matriz function for matriz
C € RP*P agnd p € N, that is continuous in the first augment with respect to operator norm. If
v(C) = v(D) such that C is independent to D, then f(v(C),C) ~ f(v(D),C) | C.

Standard ridge resolvents and various extensions. In this section, we collect various asymptotic
equivalents. The following corollary is a simple consequence of Theorem 1 in [59]. It provides deterministic
equivalent for the scaled ridge resolvent.

Corollary E.4 (Deterministic equivalent for scaled ridge resolvent). Suppose x; € RP, 1 < i < n, are
i.i.d. random vectors such that each x; = z;X'/%, where z; is a random vector consisting of i.i.d. entries
zij, 1 < j < p, satisfying Elz;;] = 0, E[zfj] =1, and E[|z;;|*T*] < M, for some constants o« > 0 and
M, < 00, and X € RP*P s a positive semidefinite matriz satisfying 0 = 3 =X rmaxl, for some constant
Tmax < 00 (independent of p). Let X € R™ P the concatenated matriz with x; , 1 < i < n, as rows, and
let & € RPXP denote the random matriz X "X /n. Let v =p/n. Then, for = € CT, as n,p — oo such that

0 < liminf~y <limsupvy < oo, and A > 0, we have
A+ L) = (0(-AE+ L)
where v(—X;7) > 0 is the unique solution to the fixed-point equation

by /;
(x0T TR e(x)r

Here H,, is the empirical distribution (supported on R>o) of the eigenvalues of 3.

dH,,(r). (39)

Side remark: The parameter v(—\;~) in Corollary E.4 is also the companion Stieltjes transform of the spectral
distribution of the sample covariance matrix 3. It is also the Stieltjes transform of the spectral distribution
of the gram matrix X X " /n. This is essentially the characterization we use in proving Proposition 4.

The following lemma uses Corollary E.4 along with calculus of deterministic equivalents (from Lemma E.3),
and provides deterministic equivalents for resolvents needed to obtain asymptotic bias and variance of stan-
dard ridge regression. It is adapted from Lemma S.6.10 of [51].

Lemma E.5 (Deterministic equivalents for ridge resolvents associated with generalized bias and variance).
Suppose x; € RP, 1 < i < n, are i.i.d. random vectors with each x; = z; X%, where z; € RP is a
random vector that contains i.i.d. random variables z;;, 1 < j < p, each with E[z;;] = 0, ]E[zf]] =1, and
E[|2:;|47%] < M, for some constants o > 0 and M, < oo, and X € RP*P is a positive semidefinite matriz
With Tmindpy = 3 =X rmaxd), for some constants ryin > 0 and rmax < 0o (independent of p). Let X € R"*P
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be the concatenated random matrix with x;, 1 < i < n, as its rows, and define s = XTX/n € RP*P, Let
v =p/n. Then, for A >0, as n,p — oo with 0 < liminf~y < limsupy < oo, the following statements hold:

(1) Bias of ridge regression:

N(E+AL) AR + ML) T~ (0N, )B4 L) T @(— Ay, B, AT + A)(u(—Ay, DS+ ) 7

(2) Variance of ridge regression:

(B +AL) 2SA ~ Ty(—A 7, 2) (0(=X;7, )T + I,) 2T A.

Here v(—=A;v,X) > 0 is the unique solution to the fized-point equation

Agng,_A+/444g1447
v(*)‘;’% E) B 1+U(7>‘;’772)r

and Up(—A; 7, X) and U,(—\; v, 2) are defined through v(—\;vy,X) by the following equations:

dH,(r; %), (40)

T(=Ai7, 3, 4) = Y AS (X7, )B4 L) ] /p | )

(A7, B) % - / (1 + o= Ay, D)) 2 A (5 5)

:Ju(_)‘;’% 2)_1 = U(—)\;’y, 2)_2 - /'yrg(l + ’U(_)‘;’}’v E)T)_2 dHn(r§ 2)7 (42)

where H, (+;X) is the empirical distribution (supported on [Fmin,Tmax)) of the eigenvalues of X.

Though Lemma E.5 states the dependency explicitly, we will simply write H,(r), v(—=X;7¥), Us(—A; 7y, A), and
Uy(—=A;7y) to denote H,,(r;3), v(=A;v, %), op(—A;7, X, A), and v,(—A; v, X), respectively, for simplifying
various notations when it is clear from the context. When A = X, we simply write U (—X; ) = 0p(—=X\; 7, A).

F Experiment details

F.1 Reproducibility and compute details

The source code for generating all experimental figures in this paper can be accessed at: code repository.
The source code also includes details about the computational resources used to run the code and other
timing details.

F.2 Simulation details

The covariance matrix of an auto-regressive process of order 1 (AR(1)) is given by X1, where (Xa01)i; =
plfr?‘ for some parameter p,1 € (0,1). Define By = %Z?Zl w(;j) where wy;) is the eigenvector of 3,1

associated with the top jth eigenvalue r(;). We generated data (x;,y;) for i = 1,...,n from a nonlinear
model:
1 1 ii.d. t5 t5
yi =z Bo+ Z;(Hmi”g —tr[Ban]) t e, @ =Bz, oz PR Rt (M-AR1)
5 5

where o5 = 4/5/3 is the standard deviation of t5 distribution. The benefit of using the above nonlinear
model is that we can clearly separate the linear and the nonlinear components and compute the quantities
of interest because By happens to be the best linear projection. For the simulations, we set p,,; = 0.5. For
finite ensembles, the risks are averaged across 50 simulations.
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F.3 Real-world datasets

We conduct experiments on real-world datasets to examine the equivalence in a more general setting. We
utilized three image datasets for our experimental analysis: CIFAR 10, MNIST, and USPS [60]. For the
CIFAR 10 dataset, we subset the images labeled as “dog” and “cat”. For other datasets, we subset the
images labeled “3” and “8”. Then we treat them as binary labels y € {0,1} and use the flattened image as
our feature vector x. The training sample sizes, the feature dimensions, and the test sample sizes (n,p, ne)
are (10000, 3072, 2000), (12873, 784, 2145), and (22358, 3072, 7981) for the three datasets, respectively.

For the first experiment in Figure 5, we fix ¢ = p/n and ¥ = 4¢ using the training set of CIFAR-10. For
)% € {0.01,0.05,0.1,1}, we compute the data-dependent value of A\ based on Proposition 4. Each value of

A gives a path between ()\@,771) and (), @).

For the second experiment in Figure F8, by varying the values of subsample aspect ratios 1, we compare

the random Gaussian linear projection of the estimators and the prediction risk at the two endpoints (A, ¢)

and (0,%), on CIFAR-10, MNIST, and USPS datasets.

Dataset === CIFAR10 MNIST  es=== USPS Model el ) == (0,9)
Random linear projection Prediction risk
002 | " (V) —— ) e — i
5001 0.8
N R R N :
0.00 e .
0.6
2 4 6 8 10 2 4 6 8 10
Subsample aspect ratio @ Subsample aspect ratio @

Figure F8:  The functional equivalences of subsampling and ridge regularization on different datasets.
For each dataset with an aspect ratio ¢ = p/n and each value of ¢, the corresponding ridge penalty A is
estimated by Proposition 4. The two models with ridge penalty and subsample aspect ratio (), ¢) and (0, 1)

are compared. Note that the model corresponding to (), ¢) is ridge regression at ridge penalty A without
subsampling, and the model corresponding to (0,) is full-ensemble ridgeless at a subsample aspect ratio 1.

F.4 Random features model

The data (x;,y;) for i € [n] is generate from the nonlinear model:
T 1 2
yi =x; Bo + 5(”-’“”2 —p)+ei,

where x;; i N(0,1), and ¢; ~ N(0,1). The prediction risk of the ridge ensemble (M = 100) is computed
based on the random feature p(Fx;) and the response y;, where F' € R¥*? is the random weight matrix
with F;; N (0,p~1). Here, ¢ is a nonlinear activation function (sigmoid, ReLU, or tanh) that is applied
entry-wise to F'x;. For the experiment, we set p = 250, d = 500, and ¢ = d/n = 0.1.
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