NON-ASYMPTOTIC BOUNDS FOR THE AVERAGE SINGULAR VALUE
OF A COMPLEX GAUSSIAN MATRIX

LUIS DANIEL ABREU AND PRATIK PATIL

ABSTRACT. Let G4 be a d x d matrix with independent standard complex Gaussian entries,
let ac(d) be the expected average singular value of G4/v/d, and set Ay := ac(d) — ac(d+1).
The statistic ac(d) admits a variational representation as an expected normalized maximum
over the unitary group and governs approximation guarantees for the little Grothendieck
problem over the unitary group and related unitary registration problems. We obtain a
strictly positive lower bound and an upper bound for A4, both valid in every dimension,
together with corresponding bounds for ac(d) around the Marchenko—Pastur limit. These
bounds match the sharp leading behavior of complete asymptotic expansions for both
quantities, whose coefficients are explicitly computable. The proof combines a three-term
recurrence for Yy = d3/ 2ac(d), obtained from its continuous dual Hahn representation, along
with singularity analysis of the underlying Laguerre moment generating function.

1. INTRODUCTION

1.1. Average singular value of a complex Gaussian matrix. For each integer d > 1,
let G4 be a d x d random matrix with independent standard complex Gaussian entries, each
having density 7 e~ on C (so its mean is zero and its second absolute moment is one).
While the extremal singular values of these matrices have been studied extensively [9], our
focus is the expected average singular value of the normalized matrix G4/ Vd, defined as

ac(d) = E éga](%) | (1.1)

We first record a useful variational interpretation of this quantity. Let U; denote the group
of d x d unitary matrices (that is, those satisfying UU? = U”U = I;). Given a singular value
decomposition A = VIWH | let 73( ) := VW denote the corresponding unitary polar factor.
The case m = 1, n = d of Ky Fan’s maximum principle for singular values [10, Theorem 1,
formula (4)] implies that, for every matrix A € C¥*¢,

Zak(A) = maxRetr(U”A) = Retr (P(4)"A). (1.2)

Ueldy

Applying (1.2) to G4 and using (1.1), we obtain

ac(d) = WE[maX Retr(UGy)| = #jE[Re tr (P(Ga)"Ga)] . (1.3)
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Thus ac(d) is the expected normalized optimal value of a Gaussian linear functional over the
unitary group. Although we have not found this variational interpretation stated explicitly,
it is implicit in the polar decomposition rounding procedure used by Bandeira, Kennedy,
and Singer [4, Algorithm 3 and Lemma 6], which replaces a Gaussian matrix by its unitary
polar factor. Related variational problems arise in Procrustes analysis [19] and, with the
orthogonal group in place of the unitary group, in global point cloud registration [7].

Both the value at d = 1 and the limit as d — oo can be computed explicitly. Direct
polar integration gives ac(1) = E|Gi| = /7/2. As d — oo, the Marchenko-Pastur law
with parameter one, together with the corresponding convergence of the first moments,

gives [17, 6, 21]:
4 1 /4—=z 8
i d) = — dr = —. 14
dl—gloa(c( ) /0 \/EQW T v 3 (1.4)

These endpoint values do not by themselves determine how ac(d) varies in finite dimensions.
Bandeira, Kennedy, and Singer conjectured [4, Definition 2, p. 437]' that ac(d) is strictly
decreasing in d. In our notation, this is the assertion that

Ny = Oé(c(d) - O./(c(d—l- 1) > 0.

They supported the conjecture with extensive numerical experiments, exact formulas in
finite dimensions, and asymptotic bounds [4, Section 4, especially equation (16), p. 447,
and Appendix 2, pp. 463-467]. The conjecture was confirmed very recently by Hutnik [14,
Theorem 8.1]. Although not stated explicitly there, the estimates in the proof also imply the
following sharp leading behavior:?

_ logd
- 8rd?
The present paper complements this leading relation by determining complete asymptotic
expansions for Ay and ac(d) and by providing explicit upper and lower bounds for both

quantities in every dimension. Our approach takes a different route, beginning with a
three-term recurrence for Y; = d*/%ac(d).

Ag

+0(d™?).

1.2. Upper and lower bounds for A; and ac(d). To present the results we need some
notation. For real x > 1, set

U, :=logx + v+ 6log2, (1.5)
where log denotes the natural logarithm and v is Euler’s constant,
(-1
v := lim < i log m) = 0.5772156649. . .. (1.6)
m—0o0
k=1

For an integer d > 1, write H; := ZZZI k1. We obtain the following bounds for every d > 1,
which are the central result of this paper.

ITheir Gaussian matrix has independent complex A(0,1/d) entries and therefore has the same distribution
as Gq/Vd.

2The auxiliary quantity used there to control the sign has the expansion f;sz + O(d=2). Combining

equations (4.3) and (5.9) and the identity used in the proof of Theorem 8.1 in [14] with I'(d + 3/2)/d! ~ d*/?
gives the displayed formula.
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Theorem 1. For every integer d > 1,

0y —10/3
Srd2(d + 1)

H;+6log2 —10/3

0
= Srd3/2(d + 1)3/2

<A<

(1.7)

The difference between the upper and lower bounds in (1.7) is itself bounded explicitly:

Hy—logd —~ - 1 - 1
8md3/2(d + 1)3/2 " 167d>/2(d + 1)3/2 = 16md*’

0< (1.8)
In particular, ac(d) is strictly decreasing. Both bounds in (1.7) are asymptotic to
(logd)/(8md?), while (1.8) shows that their relative separation tends to zero.
Useful explicit bounds for a¢ (d) are harder to obtain directly. In [4, Theorem 7] it was
shown that & —2% < ac (d). As observed in [1], since one can directly compute ac (1) = /7,
Hutnik’s result together with (1.4) implies, for all d > 1, the inequality

8 s
— < d) <,/-—. 1.9
= <ac(d) <4/ (19)
Although these endpoint bounds are optimal uniformly over d > 1, Theorem 1 gives sharper

bounds at each fixed dimension. Set

1 (- 10/3 1 1
Agi= og (14+=) - —— Lo 1.10
g 167r{ drig © Og( +d> d+1}> (1.10)

For the upper bound, set

o, . la=17/6 3+l
T T 16ndE T 32nd3(2d + 1)2

(1.11)

This quantity is positive for every d > 1. We then have the following improvement of (1.9).

Corollary 2. For every integer d > 1,

8 8
— +Ag<ac(d) < -— + Q. 1.12
37T+ 4 < ac(d) 37r+ a (1.12)

The bounds are derived from Theorem 1 in Section 5. Together, these bounds quantify
the rate at which ac(d) approaches its limit (1.4) from above. Figure 1 compares the exact
quantities with these bounds and the leading asymptotic approximation.®

1.3. Three-term recurrence. Our results rely on the following connection with continuous
dual Hahn polynomials. Cunden, Mezzadri, O’Connell, and Simm identify the matrix
moment underlying ac(d) with a continuous dual Hahn polynomial [8, Theorem 4.4 and
equation (4.12), p. 1107]. Together with the standard recurrence for this polynomial family,
this identification gives a closed recurrence for the rescaled statistic

Yy = d*?ac(d),  Yy:=0. (1.13)

We record the resulting recurrence here; Subsection 2.2 gives the exact identification and
normalization.

3At d = 1, the exact value ac(1) = \/7/2 is slightly sharper than the upper bound in Corollary 2 and is
used in panel (b).
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(a) The decrement and its estimates. (b) The envelope obtained from Corollary 2 and
the exact value at d = 1, after centering at the
limit.

FIGURE 1. Numerical illustration of the non-asymptotic bounds for 1 < d <
10,000. Panel (a) compares A, with both bounds in Theorem 1 and the leading
asymptotic term (¢4 — 10/3)/(87d?). Panel (b) shows ac(d) — 8/(3n) inside
the shaded envelope from Corollary 2, with the exact value used at d = 1.

Proposition 3. The following three-term recurrence holds, with initial values Yy = 0 and

Yi = /72

3
Yo = (2 + 4—d2) Yy— Yy, d>1. (1.14)

Once Yy and Y; are known, this recurrence computes the entire sequence and is used in
both the asymptotic analysis and the bounds valid in every dimension.

1.4. Complete asymptotic expansions. The following result provides complete asymptotic
expansions for ac(d) and A,4, with all coefficients explicitly computable. These expansions
are an essential ingredient in the proof of Theorem 1.

Theorem 4. There exist uniquely determined sequences of recursively computable constants
(Pj,Qj)j>1 and (C;,Dj);>0, with the following properties. For every integer M > 0, as
d — oo,

M

8 Pilogd+ Q); log d
Oé(c(d) = 3_7T+ZJT]J+OM(W) . (115)
j=1
Moreover, for every integer M > 0, as d — o0,
Y Cilogd + D, log d
Ad = Oéc(d) —Oé(c(d—i- 1) :Z%—}—OM(W) . (116)

J=0
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The proof of Theorem 1 requires the coefficients in (1.15) for M = 1 and those in (1.16)
for M = 0. Computing these constants gives, as d — oo,

o 8 Ed— 17/6 10gd
ac(d) = 0 + 62 —i—O( i ) : (1.17)
g —10/3 logd
T +o( > ) (1.18)

1.5. Application to the little Grothendieck problem over the unitary group. Given
a positive semidefinite block matrix C' € C™*" with blocks C;; € C™*? the problem is to
find

_max ZZtr CHUUH (1.19)

=1 j=1

The variational representation (1.3) comes in handy to explain the appearance of ac(d) in
the little Grothendieck problem over the unitary group considered in [4], the context that
originally motivated the conjecture. Bandeira, Kennedy, and Singer first replace the unitary
matrices in (1.19) by matrices Y; satisfying Y;Y;! = I;. They then multiply the Y; by a
common normalized Gaussian matrix R and replace each resulting square matrix Y;R by
its unitary polar factor P(Y;R). Since Y;R has the same distribution as G4/+v/d, formula
(1.3) shows that ac(d) measures the expected quality of this replacement. They then use
the positive semidefiniteness of C' to prove that the expected objective value of the rounded
solution is at least ac(d)? times the optimum. Thus, the dimension dependence of ac(d)
determines how this guarantee changes with d. To rephrase our results in this setting, observe
that using the lower bound in (1.12) twice, with d and d + 1, gives

16
Oé((j(d) + Ck(c(d—l- 1) > % -+ Ad -+ Ad+1.

The difference between successive approximation ratios factors as
Oz(c(d)Q — Oz(c(d + 1)2 = (Ozc(d) + Oz(c(d -+ 1)) Ad.
Combining this identity with (1.7) and the preceding lower bound for the sum gives

16 g —10/3
ac(d)* — ac(d +1)* > (37 + g+ Ad+1> 8md3/2(d + 1)3/2

> 0. (1.20)

The approximation ratio itself satisfies, from (1.12),

(o) w3 on)
— + Ay < Oé(c(d) < | =—+Q . (121)
3T 3T
1.6. Related work. Earlier work of the first author derived a relation for ac(d 4+ 1) — ac(d)
involving two explicit Laguerre integrals and isolated the sign condition that remained to be
proved [1, Proposition 1 and equations (1.6)—(1.9)]. Hutnik used this relation to prove strict
decrease in the square case and, more generally, for d x (d+ ) complex Gaussian matrices with
every fixed nonnegative integer A\ [14, Theorem 8.1, pp. 10-11, and Theorem B.4, pp. 27-28].
The present paper grew from a proof that ac(d) — ac(d+ 1) > 0 developed by the second
author independently of Hutnik’s manuscript and by different methods. That proof used
the recurrence in Proposition 3, while the continuous dual Hahn identification of Cunden,
Mezzadri, O’Connell, and Simm provides a conceptual source for the same recurrence.
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Subsequent discussions led to the present joint work, which derives sharp upper and lower
bounds valid in every dimension and complete asymptotic expansions from this structure.

While finalizing this paper, we learned of a very recent preprint by Baslingker and Dan [5].
Their argument likewise specializes the general Laguerre moment recurrence associated with
the continuous dual Hahn correspondence to give another proof of monotonicity, and it
extends the result to every real nonnegative shape parameter. That paper does not pursue
the complete asymptotic expansions or the bounds valid in every dimension obtained here.

A separate recent preprint by Hutnik proves that the real average singular value increases
with dimension [15], as conjectured by Bandeira, Kennedy, and Singer [4].

1.7. Outline of the paper. Section 2 expresses the statistic through Laguerre moments,
uses the continuous dual Hahn representation of these moments to obtain Proposition 3, and
derives the hypergeometric generating function underlying the asymptotic analysis. Section 3
expands this generating function at z = 1, extracts its coefficients, and uses the recurrence to
explain why only even inverse powers occur in the expansion of ac(d). Section 4 then proves
Theorem 1, and Section 5 derives Corollary 2 by summing the upper and lower bounds for
the decrement.

2. LAGUERRE MOMENTS: RECURRENCE AND GENERATING FUNCTION

We use the following convention for the generalized hypergeometric series with complex
upper parameters ay, ..., a, and complex lower parameters by, ..., b,, where no lower param-
eter is a nonpositive integer [2, 20, 18]. Here (a)o :=1 and (a), :=a(a+1)---(a+n —1) for
n>1:

ap,as,...,a L (a1)n(ag)p - -+ (ap)n 2"
F )y W2y » Up | — z
g q< by, by Z) Z (b1)n(b2)n -+ (bg)n 7!
For complex parameters a, b, ¢ such that ¢, ¢ — a, and ¢ — b are not nonpositive integers and
Re(c —a — b) > 0, Gauss’s summation formula [18, DLMF 15.4.20] states

|
ab |\ _T@Ne—a—b)
o () ey =y

For a > 0, the generalized Laguerre polynomial is defined by

1w = (s

k=0

With this normalization it satisfies the orthogonality relation

o . o I'k+a+1
/ x%e Lg )(.215)L§€ N(z) dx = %(&k.
0 .

2.1. Singular value density. Let L, = LY denote the ordinary Laguerre polynomial.
With the Gaussian normalization in (1.1), let Ay, ..., Ay denote the eigenvalues of G4G%.
They form the square Laguerre unitary ensemble with weight e™*. The associated orthogonal
polynomial kernel gives the expected eigenvalue density [12, Section 3.2, pp. 90-97]

r)=e" z_: Li(2)%, x> 0. (2.2)
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The normalization of p; means that

d [e%S)
B S0 = [ fwne)do

for every nonnegative Borel function f. Since o;(Gq/V/d) = \/);/d, the singular values are
obtained from f(x) = y/x. Thus,

d—1
Y, Y, 1 [ 1 .
Ckc(d> = W’ ﬁ = E Uk, U = ﬁ/o 33'1/26 Lk<l‘>2 dzx. (23)

This is the representation used in [4, equation (16), p. 447] and [1, equations (2.1)—(2.2)].

2.2. Continuous dual Hahn identification and proof of Proposition 3. For a complex
moment order with Re > —1, define the square Laguerre unitary ensemble moment

n—1 00
Yu(p) :=ETr(G,G))! = Z/ rte " Ly(z)? dz, n>1,
k=00

and set Vy(p) := 0. Equation (2.3) gives Y, (1/2) =Y,,.
For 5 > 0, set

. gl =24 SCPH(—(n+1/2)%3/2,1/2,1/2)
p](l’[’) ':3F2( 2’2 ’1): : (2)3 9

where the second equality is the continuous dual Hahn normalization in [18, DLMF 18.26.2].
In the notation of Cunden et al., Y,(1) = Q%(n,n). Their Theorem 4.4 and equation (4.12),
specialized to the square case, give

Vo) = 02T (p + 1)pp_1(p), Repu > —1. (2.5)

The cited theorem obtains this identity for complex moment orders by Carlson continuation
from the nonnegative integers [8, Theorem 4.4 and equation (4.12), p. 1107]. Here p determines
the polynomial argument, while the three parameters of the continuous dual Hahn family are
fixed at 3/2,1/2,1/2. For these positive parameters, the family is orthogonal with respect to
its standard positive measure, supported on arguments y* with y > 0 [18, DLMF Table 18.25.1
and equations 18.25.2, 18.25.6-18.25.8]. At u = 1/2, the argument in (2.4) is —1, outside
this support, but the recurrence used below remains valid there because it is a polynomial
identity in the argument.

The continuous dual Hahn recurrence [16, Section 9.3, equation (9.3.4)], specialized to the
parameters in (2.4), is

(n+1)*pa(pe) = {20 + (e + D}pa-i () + (0 = 1P°pua(u) =0,  n =1 (26)
For n = 1, the last term vanishes, so no value of p_; is required. Multiplying (2.6) by I'(x+ 1)
and using (2.5) gives

(2.4)

Yt = 2u(p) + Vo) = LDy ) s (2.7

n
At p = 1/2, equation (2.3) gives V,(1/2) = Y,, so (2.7) becomes (1.14). The initial
values follow from Yy = 0 and ) (1/2) = I'(3/2) = /m/2. This proves Proposition 3. For
comparison, the related but distinct associated continuous Hahn family and its recurrence
and orthogonality theory were studied by Gupta, Ismail, and Masson [13].
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2.3. Laguerre moment generating function. The Laguerre representation also gives the
generating function needed for the asymptotic analysis. The Laguerre connection formula
specialized to the parameters used here is [18, DLMF 18.18.18|

L(z) =Y —(z;/f)ls—,mg/ ?(x). (2.8)
k=0 '

The polynomials on the right are orthogonal for the weight x'/2¢~*, with [18, DLMF Ta-
ble 18.3.1]

o r 2
/ xI/Qe_ngl/”(x)L,(:/Q) (z) dz = %5]&_ (2.9)
O .

Squaring (2.8) and applying (2.9) gives
L™ s e e ((F1/2),0\ Tk + 3/2)
Up = ﬁ/o at?e™ Ly (2)? dv = ;; ] NI (2.10)

The squared connection coefficients and the Gamma factors have generating functions
2 Fi(—1/2,-1/2;1;2) and 3(1 — z) %2, respectively. Consequently, for |z| < 1,

= 1 11
U(z):= Zunz” = 5(1 —2) 3R (—5, —5 1; z) : (2.11)
n=0

3. PROOF OF THEOREM 4

The proof begins with the hypergeometric generating function for Y,,. We expand it at
its dominant singularity z = 1, obtain all the singular coefficients explicitly, and extract the
corresponding asymptotic expansion of Y,, term by term. The recurrence (1.14) then shows
that every odd inverse power in the expansion of ac(n) vanishes. Finally, subtracting the
expansions at the consecutive indices n and n + 1 gives the expansion of A,,.

Since
1 — 7 —
— E Y, 2" = E upz",
ﬁ 1— ya
n=1 n=0

we obtain from (2.11) the generating function of Y,,:

;Ynz" = ﬁl j ZU(z) = gz(l — )72 F(2), (3.1)

where F(z) 1= oF) (—%, —%; 1; z).

3.1. Expansion near z = 1. The hypergeometric continuation formula [18, DLMF 15.8.10],

specialized to a = b = —1/2 and m = 2, gives the following expansion when z = 1 — ¢,
0<|t| <1, and |argt| < 7
4t
Fl—t)=———
I-t)=———

B > k,_(é/—i)é)!tk logt —(k+1) —(k+3)+2¢(k+3/2)].  (3.2)
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Here ¢y = T"/T" is the digamma function. The normalized hypergeometric function used in
the cited formula coincides with F' because I'(1) = 1. Writing (3.2) as

F(l—t)=> ant™ +logt» but™, (3.3)
m=0 m=2
we obtain
4 1
ap = —, = ——, (34>
T T

and, for every integer k > 0,

RN
bers =~ e T ST (3.5)
A ((/ Ji L 0k + 1)+ w(k +3) = 2006 +3/2)]. (3.6)
In particular,
8log2 — 5 1
ay=—2— b= (3.7)

Thus all the coefficients in the expansion at z = 1 are explicit.

3.2. Truncation and coefficient extraction. Define
H(z) = 2(1 — )RR,

By (3.1),

Set

and, for j > 0, define

a; — aj_q b'—b'_l
cj = %, dj == % (3.9)
Writing z = 1 — (1 — 2), the expansion (3.3) gives
H(z) = (c; +djlog(1 — 2)) (1 — 2)775/2, (3.10)
=0

Consider the truncated expansion

Hy(2) =) (¢ +d;log(l —2)) (1 —z) 2,

Jj=0

From now on, denote by [z"] {E(z)} the coefficient of z" in the expansion of E(z). Using this

notation, (3.8) gives [2"|{H(z)} =Y, /+/7. Thus, Y,"”) the approximation to Y, obtained by
retaining the singular terms with 0 < 57 < J, can be naturally defined as:

Y= V" {H(2)}
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while ag) (n), the corresponding approximation to ac(n), is defined as:
v
() . 1n
For A ¢ {0,1,2,...}, we have
(1-— " 1.
2)A nz NESNE + 1)2 |z| <
Differentiating this equality with respect to A gives, since ¢ = =
= I'(n—X)
1—2) og(l —2) = —\) — — ).
(12 og(1 =) = 32 et ) — vl V)
Thus:
['(n—\)
(1 — = 12
10 - 2 = e (3.12)
I'n—A
271 - 2 og(1 - 2) = =02 (- M) (3.13)

L(=MTC(n+1)
Applying these identities with A = j — 5/2 to the terms of (3.10) with 0 < j < J gives

D) L(n—j+5/2)
v \/_Z ]F (5/2—=7)T(n+1)

—j+5/2)
T( 5/2 HT(n+1)

+\/_sz [(5/2 = j) —¥(n —j+5/2)]. (3.14)

Apart from I'(n + 1), all Gamma and digamma arguments in (3.14) are nonintegral half-

integers. Thus V" is well defined even when J > n. We now estimate the error resulting
from truncating (3.10). Let

J
Ry(z Z (c; +djlog(1l — 2)) (1 — 2)7=%/2,
7=0

The convergent expansion (3.3) gives, uniformly in closed subsectors of |arg(l — z)| <,
Ry(z) = Oy (11 = 2772 (1 + [log(1 = 2)])) , (3.15)

as z — 1. The principal branch of F' is analytic in C\ [1,00). The finite sum defining H; has
the same property, and hence R; = H — H is analytic in a A-domain at z = 1. Applying
the transfer theorem for algebraic and logarithmic singularities [11, Theorem V1.3, p. 390] to
(3.15) gives

2" {Rs(2)} = Oy (n —JH1/2 g n).
Since [2"] {H(2)} = Y,,//7 and [z"] {H,(2)} = Y,\”) /\/7, we obtain
Y, =Y + 0, (n?logn), (3.16)

ac(n) = a (n) + 0, (%) . (3.17)
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3.3. Proof of (1.15) and (1.16). Step 1. Using [18, DLMF 5.11.2 and 5.11.13], we observe
that, for each fixed j, the Gamma quotient in (3.14) has an asymptotic expansion in descending
powers of n, while the corresponding digamma difference equals —logn + O(1). From [18,

DLMF 5.11.8 and 5.11.17] it follows that the corresponding coefficients are given explicitly in

terms of Bernoulli polynomials. Thus, ozg)(n) has an expansion to any prescribed order with

coefficients of the form Alogn + B.

Step 2. We show that every odd inverse power vanishes. By Step 1 and (3.17), ac(n) has,
to arbitrary order, an expansion in integer powers of n=!, whose coefficients have the form
Alogn + B. Write this expansion as

ac(n) ~ Z(Aj logn + B;)n™
Jj=0
Since Y, = n*2ac(n), the corresponding expansion of Y, is
Y, ~ ) 0¥ (A;logn + B)). (3.18)
Jj=0
To compute the action of the three-term recurrence operator
Lo(f):=fn+1)=2f(n)+ f(n—1) (3.19)
on each term of the expansion of Y,,, write
f(n) =nP(Alogn + B).
Expanding f(n + 1) and f(n — 1) in Taylor series and adding the results gives

f 2k)

fn+1)=2f(n)+ f(n—1) = 22 (3.20)

Since f®(n) = O (n?~*logn) and
f'(n) =n"" (p(p — 1)(Alogn + B) + (2p — 1)A),

Subtracting the term

% (n) = an2 (Alogn + B),
from both sides leads to

Fln 1) = 2f(n) + fn = 1) = Lz (n)

= nP? { (p(p —1) - %) (Alogn + B) + (2p — 1)A} +O(n"*logn) . (3.21)

We now substitute the expansion (3.18) into (1.14) and compare, at each power of n, the
logarithmic and constant coefficients. At the order n=7='/2 formula (3.20) shows that the
possible contributions come from the term of index j through its second derivative, from the
term of index j — 2 through its fourth derivative, from the term of index j — 4 through its
sixth derivative, and so on. Thus the equation at index j involves only the coefficients at
indices

J—2,5—4,....
Consequently, the equations with even indices involve only coefficients with even indices,
while those with odd indices involve only coefficients with odd indices. To complete the proof,
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we show by induction that A; = B; = 0 for every odd index j in the expansion (3.18). For
the initial case j = 1, only the term indexed by 1 contributes at order n=3/2. Taking p = 1/2,
A=Ay, and B = By in (3.21) and comparing the logarithmic and constant coeflicients at
order n=%?2 in (1.14) gives

Now let 7 > 3 be odd and assume, as the induction hypothesis, that all coefficients at smaller
odd indices vanish; that is,

Al:Ble;g:Bg:"':Aj,QZBj,QZO.
At order n=771/2_ the recurrence involves only the coefficients at indices
7,0 =2, —4,...,1.

By the induction hypothesis, all contributions from the indices j — 2,5 — 4, ..., 1 vanish. It
remains only to consider the term with index j. Taking
3

pzé_ja A:Ajv B:BJ

in (3.21), the multiplier of A;logn + B; is

() (ba)-2esn

Comparison of the logarithmic coefficients at order n=7=/2 therefore gives
i —2)4; =0.

Since j is odd, j(j — 2) # 0, and hence A; = 0. Comparison of the constant coefficients at
the same order gives

3G =2)Bj +2(1 - j)A; = 0.

Since A; = 0 and j(j — 2) # 0, it follows that B; = 0. This completes the induction and
proves that all odd inverse powers in the asymptotic expansion of ac(n) vanish.

Step 3. To prove (1.15), take J =2 when M =0 and J = 2M + 1 when M > 1, expand
al! (n) through order n~2 and combine the finite expansion with (3.17). The constant
term is 8/(37) by (1.4); relabeling the coefficients with even indices proves (1.15).

The constant term in the expansion of ac(n) cancels in a consecutive difference, while
the first correction, of order n=2logn, gives a difference of order n=2logn. This explains
the starting power in (1.16). To obtain that expansion with a controlled remainder, take
J =M + 3 in (3.17), write the resulting finite approximations at n and n + 1, and subtract.
Bounding the two remainders separately gives

nM+4

A, = ozg)(n) - oz((c‘])(n+ 1)+ OM(logn) .

Expanding this finite difference proves (1.16); no cancellation between the remainder terms is
required.
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3.4. Leading asymptotic coefficients. We now compute the first correction to the limiting
value 8/(37). After division of (3.14) by n*/2, the term indexed by j begins at the inverse
power n~7, with an additional factor logn when d; # 0. Consequently, to determine all terms
with inverse powers n°, n~!, and n~2, including their logarithmic factors, it suffices to retain
the terms indexed by 7 = 0,1, 2. We denote their respective contributions to a((c‘]) (n) (J >2)
by To(n), Ti(n) and Ty(n). From (3.7) and (3.9), the required coefficients in the expansion

(3.10) are

2 ) 1 [log2 11 1
Co—;,Cl——%y@—;( 1 +3—2), do—dl—ojdz——ﬁ-

The j = 0 contribution is

 Vmey T(n+5/2)
To(n) := n3/2 T'(5/2)I'(n+1)

Using
['(n+5/2) 15 65 L
— T 14+ = O
Tz~ g T 1se TOT):
we obtain . - o
To(n) = —+ —+ +0(n™?).

3 wn  48wn?
Similarly, the j = 1 contribution is

Vrer T(n+3/2)
n3/2 T(3/2)I'(n+1)

T1 (’I’L) =

Since

T(n+3/2) 1 3
D(n+1)n32 n (

1+—+0 -2
8n (n )) ’

it follows that
5 15

Ti(n) = By +0(n™?).

For 7 = 2, the analytic and logarithmic parts must be considered together. Their sum is
1 I'(n+1/2)

To(n) i= i e+ 6(1/2) = vln+ 1/2))}.
Using
o e = (1007
and
¥(1/2) = —y — 2log 2, Y(n+1/2) =logn + O(n™1),
we find

1 11 logn
L) = 167n? (ﬁn + ?) o ( n3 ) ’

where ¢, = logn 4+ v + 6log 2. Adding the three contributions gives

acn) = = 4 =16 <bﬂ> . (3.22)

- 3 167n? nt
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Finally,
En—a_€n+1—a:2(€n—a)—1+0 logn .
n? (n+1)2 n3 n4
Taking @ = 17/6 and subtracting the expansion at n + 1 from the expansion at n gives
¢, —10/3 logn
Ay=—FT—4+0| ——|. 3.23
8mn? * < n* ) (3:23)

4. PROOF OF THEOREM 1

The proof of Theorem 1 combines the recurrence (1.14) with the leading asymptotic formula
(3.23). The recurrence will show that a suitable auxiliary sequence is strictly decreasing,
while the asymptotic formula identifies its limit. By writing Ay in terms of Y, as

Yy Yai1

Ag = Oé(c(d) - Oé(C(d+ 1) = 13/2 - (d+ 1)3/2’

we obtain
(d—|— 1)3/2(d—l— 2)3/2 d3/2(d—|— 1)3/2
Agy1 — ————Ay
\/E NZS
\/_ {((@+2)%2 +d%2) Yy — (d+ 1) (Yaun + Ya)

Replacing d by d + 1 in the recurrence (1.14) gives

3
Y, Yi=24+——= ) Y1
a2t Yq (+4(d—|—1)2) d+1

Consequently,
(d—{— 1)3/2(d—|— 2)3/2 d3/2(d—|— 1)3/2
e hen T A
Yat1 { 3/2 3/2 , 33/2 3
= d+2)32 —2(d+ 12 4+ d*? - ——|. 4.1
Jr [T D WaTl b

The expression in brackets is positive. Indeed,
(d+ 2)3/2 o 2(d+ 1)3/2 + d3/2

1
3
1= |t|)) ——=dt
/1( ||) 4v/d+ 1+t
The weight 1 — |¢| has integral one and mean zero on [—1,1], and ¢+ (d+1+1)~'/2 is strictly
convex. Jensen’s inequality therefore gives

3
(d+2)%2 —2(d+ 132+ %% > ———.
4y/d+1
Since Yg41 > 0, (4.1) implies
d+1)%2(d + 2)*/? d3/%(d + 1)/
[+ d 42 R
N NS

Before completing the proof of Theorem 1, we need two auxiliary results. The first is an
upper bound for ac¢(d).
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Lemma 5. For every integer d > 1, set
8 (d+1/2)I'(d+1/2)

B; = —
T 3 43T (d)
Then S d 1/2
+
d) < B 4.2
ac(d) < By < 37 d (4.2)

Proof. Write

1 = (~1 /2
F(z) = o1 (—57 ) mE .
Multiplying the binomial expansion

(1) =3 Bk
k=0 ’

by F(z) and using the generating function (2.11) of the sequence {uy} to compare the
coefficients of z* gives

k
1 3 (=1/2)7 (3/2)k-m

B (m2 (k—m)!"

Since (3/2)x/k! is increasing, the power series coefficients of F'(z) are positive, and extending
the finite sum over m to the infinite sum adds a nonzero positive tail,

3/2)k —1/2)2, 1(3/2); 2(3/2)
S 200

m=

m=0

where the last identity follows from Gauss’s summation formula (2.1), which gives F(1) = =

Using the identity T
— (3/2)x " G2 (52 (5/2)n
Z(él) :HZ( {c!) _(k:/—l)!): {1!)’

k=0 k=1
together with the definition of Y, 41 (2.3), gives

Yo _ - 2(3/2)k _ 2(5/2)n

Setting d = n + 1 and writing the factorials in terms of the Gamma function gives
Yy
ac(d) = 4372
By the strict log convexity of the Gamma function (or by using Cauchy Schwarz in the
integral representation of I'(d + 1/2)),

< By.

I(d+1/2)%=T <W)Q < T(d)D(d + 1) = dT'(d)>.

Thus I'(d + 1/2) < V/dT'(d), which proves the second inequality in (4.2). O

Finally, we will need an upper bound for the positive quantity appearing in (4.1):

= (d+2)*? —2(d + 1)*?* + @** — ;

Nt (4.3)
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Lemma 6. For every integer d > 2,
d+1

< ’ lo (4.4)
S a/dridt32) © d '
Proof. Writing (4.3) as
1 \3/2 1 \3/2 3
=(d+1)¥? |1+ l=—] -2—-—0
4= (d+1) (+d+1) +( d+1> Ad+12|
it becomes clear that (4.4) is equivalent to
4(d +1)? 1\ 1\ 1 d+1
3 d+1 d+1 4(d+1)? d+3/2 d
(4.5)
For an integer d > 2, set t = 1/(d + 1), so that 0 < ¢ < 1. Inequality (4.5) becomes
64 3 —log(1 —1)
1+ + (1 —0)%2—2-2¢2 _. 4.6
34 {( A1) 1| S T+ 42) (46)

It therefore suffices to prove (4.6) for every 0 < ¢ < 1, which is stronger than the required
statement. The binomial expansion gives

64 3 = , 128 / 3/2
1 3/2 L (1 — )32 9 Z¢2| = 427 o= 7
P [( +1)7 + (1 —1) 44 ;:0 Nt Aj 3 <2j+4) > 0,

where

For 5 > 3,
Nt (A +5)45+7) j+1
A A2 +5)(2+6) 42
Since A3 = 143/2048 < 1/12, induction gives
1

N<— i >3 4.7

Write the power series expansion

o0

! ds —log(1 —t)
t™.
/0 L—st)(L+t/2)  t1+t/2) Za

1 om+1 _ m+1
A, :/ 5 ( 1/2) ds.
0 s+1/2

Then

Since s +1/2 < 3/2 on [0, 1],

- 2/1 241 1
a9 — S S = .
2773 0 3(j+1)

Moreover,

J
1 |
=) 47F - > 0.
925+1 ,; [2j+2—2k 2(2j + 1 2k)] =
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Finally,
1 7 19 33
0 0 @I T Ty 7 956 2
Together with (4.7), these inequalities compare the two convergent series coefficient by
coefficient and prove (4.6). Substitution of ¢t = 1/(d + 1) gives (4.4). O

Proof of Theorem 1. Put
10
Co=7+6log2 = —, By =8mn"?(n+ 124, —logn.

The desired lower bound is equivalent to E,, > Cy. We first prove that (FE,) is strictly
decreasing. Set d = n + 1. Equations (4.1) and (2.3), followed by the estimates of Lemmas 5
and 6, give

87qa-1Yq = 87qa1d**ac(d)

64
< qu_n/a(d +1/2)

1 .
< ogd_1

The first inequality has the stated direction because ¢;_1 > 0. Therefore

1
E,— E; 1= 87qu_1yd — IOg (1 + ﬁ) < 0.

It remains to identify the limit. The leading term in (3.23) gives

d—1

Hence E41 — Cjy. Since (Ey4_1) decreases strictly to Cy, we have E;_1 > Cy for every d > 2.
Renaming d — 1 as d proves the lower bound for A, in (1.7). Finally,

log(d — 1
By =8n(d—1)*2d*?Ay_y —log(d — 1) = Cy + O (M) .

1
gd—golegd+Co>O,

because 6log2 > 4 and v > 0. This proves the positivity of the lower bound and establishes
the two lower inequalities in (1.7).

We next prove the upper bound. The lower bound just established, together with ac(d) —
8/(3m), gives

8 32 8 32
ocld) > 2, Ya=dVac(d) > oo d¥ (4.8)

For d > 2, the definition (4.3) gives

= /3/2\ 1
wr =223 (V) 55
Jj=2 2j ) d¥

Every coefficient in this series is positive, so retaining the term j = 2 gives
3

qd—1 > G152 (4.9)
Combining this estimate with (4.8) yields
1
87qu,1Yd > —. (410)

d



18 LUIS DANIEL ABREU AND PRATIK PATIL

The exact increment identity (4.1) therefore gives, for every d > 2,

d 1

Ed—l_Edzlog d—1 d

1 8mqq_1Yy < log

Since Ey — Cp, summing from d = n + 1 to infinity gives

E,—Cy= Z (Eq1 — Ey) < Z (log ——):Hn—logn—'y.

d—1 d
d=n+1 d=n+1

By the definitions of £, and Cj, this is the upper inequality in (1.7).
It remains to estimate the difference between the two bounds. The definition of Euler’s

constant gives
- 1 1
H, -1 —y = 1 1+=-)——7.
ogn — 7y ;{og(—l—k) k;—i—l}

For every x > 0,

LE2

T
< .

l1+2z  2(1+2)

Indeed, the derivative of the first difference is /(1 + z)? > 0. The derivative of

2

2(1+2)

0 <log(l+x)—

— log(1
og( +x)—|—1+x

is 2%/(2(1 + x)?) > 0, and both differences vanish at x = 0. Taking x = 1/k and summing
gives
1 1

100
O<H,—logn—ny<=% — =
cen Ty 2;k(l€+1) on

Substitution into the exact difference between the endpoints of (1.7) proves (1.8) and completes
the proof. 0

5. PROOF OF COROLLARY 2

We first prove the lower bound in Corollary 2, which also gives the lower bound in (1.21).
Equations (1.4) and (1.7) give

1 < {—10/3

ok e (5.1)
8t = K32 (k + 1)/

Since Cy > 2/3, g is positive and strictly decreasing on [1,00). Moreover, k%2(k + 1)%/2 <
(k +1)3, and hence
0. —10/3

k+1
BR 1) g(k) > /k g(z) dz.
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Summing over k > d and integrating by parts gives

oo

4, —10/3 /Oolog:r;—l—Co
> ——d
ka 132 g @y

C0g—10/3 1 1 1
T 2(d+1)2 +§{10g (1+E) d+1}'

8
Oqc(d) > — + Ad,
3

Now (5.1) gives

which proves the lower bound.
For the upper bound, set

10
ap ‘= Hp +6log2 — 3

Since log2 > 1/2, we have a; > 0. The upper bound in Theorem 1 and the limit (1.4) give

o0

8 oo
O‘(C(d)_g,_W:ZA WZ 3/2 k—l— 1)372
1

k=d

(ki_ k+1 ) (5:2)

Since k > 1, all quantities in the coefficient comparison are positive. After multiplying through
by the positive denominators, the second inequality is equivalent to 24/k(k + 1) < 2k + 1.
This follows from (2k + 1)*> — 4k(k + 1) = 1. For N > d, summation by parts gives

N

N
1 1 __Gq ar — Qi1 an
Za’“(ﬁ_(k+1)2)_d2+ 2 k2 (N+1)%

k=d k=d+1

Here aj, — a1 = 1/k and ax/(N + 1)* — 0. Letting N — oo in (5.2) therefore gives

8 1 | Hyj+6log2—-10/3 <= 1
d) — — — 7. .
acld) = 5o < 167?{ & 2 (5:3)
k=d+1
The proof of Theorem 1 established
1
Hd<logd+7+ﬁ (5.4)
We also have

- 5.5
> &< s :5)

k=d+1

Indeed, strict convexity of z — 272 and Jensen’s inequality on each interval [k —1/2, k+1/2]

give
1 k+1/2 dr
— < —.
k3 /k—l/Q z?
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Summing over k > d + 1 proves (5.5). Combining (5.3), (5.4), and (5.5) yields
1 -1 1 1
i)~ 2 {ed 0/3 }

" 37 " 16x 2 B 2t 1/2)

L= 17)6 3d41
- 167d? 327d3(2d + 1)2
This proves (1.12), completing the proof.

= Q.
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