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Abstract

Self-distillation (SD) is typically studied when the student is retrained on the teacher’s
original training inputs. In many practical deployments, however, the labeled training data
are no longer available, and one has access only to the trained predictor and fresh unlabeled
covariates. We study SD in this prediction-only regime through a fresh-X prediction-mixed
scheme: a pure-distilled student is trained on fresh covariates pseudo-labeled by the teacher, and
the final predictor is an affine combination of the teacher and student predictions. For ridge
regression under proportional asymptotics, we derive deterministic equivalents for the optimally
mixed prediction risk under general anisotropic covariance and deterministic signal. We show
that this risk is strictly smaller than the teacher risk for almost every pair of teacher and student
regularization levels, including when the fresh covariates are out-of-distribution and even when
their covariance is isotropic. We further show that the optimal mixing weight cannot be identified
from unlabeled data alone, but can be consistently estimated in a single post-training step using
a small independent labeled calibration set, without additional model fitting. Finally, for binary
logistic regression, we show that prediction mixing can outperform both the teacher and the
pure-distilled classifier.

1 Introduction

Knowledge distillation (KD) has become a fundamental technique in modern machine learning
(Bucilua et al., 2006; Ba and Caruana, 2014; Hinton et al., 2015). In its original formulation, KD
transfers knowledge from a high-capacity teacher to a more compact student and allows the student
to achieve comparable performance with fewer parameters. This paradigm has since been extended
to self-distillation, in which a model is retrained using its own predictions while retaining the same
architecture (Furlanello et al., 2018; Zhang et al., 2022). Extensive empirical evidence suggests that
self-distillation can improve generalization (Ahn et al., 2019; Chen et al., 2017, 2022; Gou et al.,
2021).

Self-distillation (SD) is typically studied when the student is retrained on the teacher’s original
training data. In many practical deployments, however, those labeled data are no longer available:
one can query a trained predictor but cannot access its training data or parameters. We instead
assume access to a stream of fresh unlabeled covariates, which may be out-of-distribution (OOD)
relative to the teacher’s training covariates. We refer to this regime as the prediction-only setting.
It arises naturally in post-deployment adaptation and model reuse, particularly when the original
training data cannot be retained or shared because of privacy, safety, or storage constraints (Nayak
et al., 2019; Liang et al., 2022). This setting raises a basic question:
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Figure 1: Schematic of the prediction-only setting and fresh-X prediction-mixed SD. Solid arrows
indicate training steps; dashed arrows indicate other information flows.

Can fresh, potentially OOD, unlabeled data be used to improve a fixed predictor,
even when its original training data are unavailable?

A natural approach is to train a student on fresh unlabeled covariates using the teacher’s predictions
as pseudo-labels. Because no ground-truth labels are used, this procedure yields a pure-distilled (PD)
student (Lopez-Paz et al., 2015). Pure-distillation has been studied in several settings, including
high-dimensional ridgeless regression (Ildiz et al., 2025), ridge regression (Moniri and Hassani, 2025),
random-feature ridge regression (Wu et al., 2026), and Gaussian mixture models (Carmon et al.,
2019; Takanami et al., 2025; Saglietti and Zdeborova, 2022). Perhaps surprisingly, the PD student
can outperform its teacher. Such gains are not guaranteed, however, and the PD student can instead
perform substantially worse; see, for example, Figure 2.

Recent work on same-X ridge SD establishes strict-improvement guarantees (Das and Sanghavi,
2023; Pareek et al., 2024; Dang et al., 2026; Lecoiu et al., 2026). In ridge regression, the optimally
mixed student lies on the affine path between the teacher and the PD student; this observation
suggests directly combining their predictions as the final output. We call this affine combination
predictor the prediction-mized self-distillation (PMSD) student. Its mixing weight is real-valued and
need not lie in [0, 1], so the combination need not be convex. The method is illustrated in Figure 1.

This approach is operationally attractive: it requires no access to the original labeled data and
reduces adaptation to a one-dimensional post hoc aggregation problem, with no additional model
fitting. Establishing an analogous strict-improvement guarantee in the fresh- X setting is theoretically
nontrivial. The same-X result relies on geometric identities induced by the shared design, and these
identities disappear when the student is trained on a fresh design independent of the teacher’s
design. Before turning to theory, Figure 2 provides an empirical preview of the fresh-X setting on
the UCI Blog Feedback dataset. In both the in-distribution and out-of-distribution settings, the
optimally mixed PMSD student outperforms the teacher and the PD student.

This empirical preview motivates three theoretical and practical questions:
1. Under what conditions can the PMSD student improve upon the teacher and the PD student?
2. How does its performance depend on the amount of fresh unlabeled data?

3. Can the optimal mixing weight be tuned when the teacher’s training data are unavailable?
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Figure 2: Strict improvement of the PMSD student. Test squared prediction risks of the
ridge teacher (R, in blue), the fresh-X pure-distilled student (Rpq, in ), and the optimally
mixed PMSD student (Rpmsd, in ), plotted as functions of the teacher’s ridge penalty ;. The
oracle optimal mixing weight £* is shown in red. Setting: UCI Blog Feedback data with n; = 2619,
ns = 5240, and p = 280. We use the representative choice Ay = \;. Experiments with alternative
choices of \g, including values optimally tuned over a grid, are presented in Section I.1.

Our main contributions, which also provide an outline of the paper, are as follows:

¢ High-dimensional characterization for ridge regression (Section 3). We first derive exact
oracle identities for the optimal PMSD mixing weight (Proposition 3.1). Under proportional
asymptotics, we then characterize the PMSD risk and optimal mixing weight under general
anisotropic covariance and deterministic signal (Theorem 3.2).

e Strict improvement and non-monotonicity (Section 4). Using these deterministic equiv-
alents, we show that the PMSD student strictly improves upon the teacher for almost every
pair of regularization levels (A, As) used by the teacher and the PD student (Propositions 4.1
and 4.2). Thus, strict improvement is generic even when ); is unknown or Ay is not optimally
tuned, provided that the mixing weight is chosen optimally.

In the same-)\ isotropic setting, we also highlight a phenomenon absent from same-X self-
distillation: at fixed regularization, the PMSD risk is generically non-monotone in the unlabeled
aspect ratio, so more unlabeled data need not improve performance (Section 4.3).

e Consistent data-dependent tuning (Section 5). We show that the teacher’s outputs
and fresh unlabeled covariates alone do not identify the oracle mixing weight. We then prove
that a small independent labeled calibration sample enables consistent estimation in a single
post-training step, without additional model fitting (Theorem 5.1).

¢ Gains in logistic regression (Section 6). Finally, we extend the analysis beyond regression
under squared loss by studying binary logistic regression. We show that prediction mixing can
strictly outperform both the teacher and the PD student (Theorems 6.1-6.3).



2 Related work

Same-X self-distillation. A recent line of work studies self-distillation (SD) in regression settings
where the original labeled data are available and the student is retrained on the same design.
Mobahi et al. (2020) interpret repeated SD as a regularization mechanism in Hilbert space. Das
and Sanghavi (2023) and Pareek et al. (2024) analyze one-step and repeated SD for linear models
under fixed-design assumptions. Under random design, Dang et al. (2026) establish pointwise strict
improvement guarantees, proportional asymptotic results, and a tuning method for ridge regression.
Lecoiu et al. (2026) further show that, for spiked covariance matrices with s spikes, s rounds of
self-distillation attain optimal performance among spectral shrinkage estimators. Their results
motivate using a different regularization level in each round of self-distillation. Our paper studies a
different regime: the prediction-only fresh-X setting, where the original labeled sample is unavailable
and the same-design geometric identities no longer apply. We instead ask whether prediction mixing
can improve the teacher when its training data and regularization level \; are unknown and the
student penalty As > 0 is arbitrary. Such pointwise guarantees are important because finding the
optimal ridge penalty can be challenging. For example, Stephenson et al. (2021) show that the
leave-one-out cross-validation loss is generally neither convex nor quasi-convex as a function of the
ridge penalty A.

Fresh-X pseudo-labeling and pure-distillation. Empirical work shows that training on unla-
beled data using pseudo-labels generated by the teacher can improve performance (Xie et al., 2020;
Pham et al., 2021). On the theoretical side, pure-distillation on fresh unlabeled covariates has been
studied in high-dimensional ridgeless regression (Ildiz et al., 2025) and ridge regression (Moniri and
Hassani, 2025). Wu et al. (2026) analyze scaling laws for the teacher and the PD student in random
feature ridge regression. These works often consider a student that is stronger than the teacher,
for example because it is more overparameterized or has a better regularization mechanism; this
regime is known as “weak-to-strong” distillation (Burns et al., 2023). Although the PD student
can outperform the teacher, such gains are not guaranteed. For example, in high-dimensional ridge
regression, Moniri and Hassani (2025) show that when the teacher is over-regularized, the PD
student cannot improve upon it and may perform worse; see Figure 2 for this phenomenon. These
works focus primarily on the benefits of pure-distillation in teacher—student transfer, whereas we ask
whether combining predictions from the teacher and the PD student can guarantee an improvement
over the teacher. We also study how the PMSD risk depends on the fresh unlabeled sample size and
how to calibrate the optimal mixing weight post hoc.

Theory of self-distillation in classification. A substantial literature studies the benefits of
retraining on the teacher’s pseudo-labels in classification. This includes linear probing on frozen
feature backbones (Das and Sanghavi, 2023; Jeong and Chung, 2025) and logistic regression on
Gaussian mixture data (Carmon et al., 2019; Javanmard et al., 2025; Das et al., 2025; Takanami
et al., 2025; Saglietti and Zdeborova, 2022). In the Gaussian mixture setting, Das et al. (2025) show
that retraining with the teacher’s hard labels can improve accuracy under certain conditions on the
label noise rate and sample size. In a different direction, Carmon et al. (2019) show that training
a student with the teacher’s hard labels on unlabeled data can improve robustness to adversarial
examples. For binary and multiclass classification with frozen feature backbones (i.e., linear probing),
Das and Sanghavi (2023); Jeong and Chung (2025) show that the pure-distilled student, trained
only on the teacher’s soft labels, can tolerate higher label noise rates and improve accuracy over
the teacher. Our logistic regression analysis and linear probing experiments (see Section 6) are
complementary: we study a prediction mixing mechanism that can improve upon both the teacher
and the pure-distilled student.



3 Ridge regression

In this section, we introduce prediction-mixed distillation for ridge regression, derive its structural
risk decomposition, and obtain deterministic equivalents under proportional asymptotics.

3.1 Setup and preliminaries

Let f\, : R» — R be the teacher ridge predictor trained on an unknown labeled dataset D,p :=
(X,y) € R™*P x R™. Here, X € R™*P is the design matrix with p-dimensional observations z; € RP
as its rows, and y € R™ is the vector of corresponding scalar ground-truth labels y;, for i =1,..., n;.
Denote the regularization parameter used by the teacher by A\; > 0 (potentially depending on Di,p,).
That is, the teacher ridge predictor is the random function

z€RY = fy(x) =2’ aggrﬂi}gn {lly = XBI3/ne + M3} (1)
S

In the prediction-only regime considered here, we can query the teacher at any input but need not
know the explicit form of fy, or its regularization parameter \;. Thus, we observe only the teacher’s
predictions at the queried points.

Given a fresh sample of unlabeled covariates Dyplap := X € R=xp consisting of ng i.i.d. observations
that may be out-of-distribution (OOD) relative to the teacher’s training distribution, we query the

teacher on this unlabeled set and denote its predictions by ¥, := f),(X) € R"s. The pure-distilled
(PD) student fpq x, is the ridge predictor trained on (X,7y,) with penalty As > 0!,

T €RP > foan,(2) i=a' arﬂgrﬂgin {I5n — XB3/ns + AslIB13}- (2)
cRP

A natural approach to improving the student’s predictive performance is to combine the teacher’s
queried predictions with the student’s own PD predictions. We focus on affine mixing strategies,
in which the student deploys an affine combination of the available predictions. Specifically, for a
mixing parameter £ € R, the prediction-mixed self-distillation (PMSD) student predictor is given by

2 € R = fomsd e (%) = (1= &) [, (2) + Efpan, (). (3)

We consider affine rather than convex combinations because negative weights or weights exceeding
one may be preferable. Indeed, empirical and theoretical work shows that the optimal mixing weight
lies outside the unit interval in many settings (Das and Sanghavi, 2023; Pareek et al., 2024; Dang
et al., 2026).

Let (x0,y0) denote an independent test point drawn from the teacher’s training distribution,
corresponding to the out-of-sample in-distribution setting. For any predictor f, define the conditional
squared prediction risk

R(f) = E[(yo - f(xO))z ’ Dlab7 Dunlab] . (4)

For convenience, denote R(\;) := R(f)\t), Rpd(As) := R(fpd ). )s and Rpmsd (At As, &) := R(fomsd A A 6)-
When the regularization parameters are clear from context, we use the shorthand R, Rp4, and
Rpmsd'

'For brevity, we omit the dependence on \; in the notation for the PD student when the context is clear.



3.2 Optimal prediction-mixed risk decomposition

We first decompose the optimally mixed PMSD risk in terms of three key quantities: the teacher
risk R(\¢), the PD student risk Rpq(\s), and the teacher-student residual correlation

C(At; As) = E[(yo — fy,(20)) (Y0 — fodr. (20)) | Diab, Duntab | -

Let §*(At; As) € argmingeg Rpmsd(At, As, §) denote the optimal mixing weight, and let R;msd()\t, As) ==
Rpmsd(At, As, £F) denote the corresponding optimal PMSD risk.

Proposition 3.1 (Optimal prediction-mixed decomposition). Suppose that A;, As, and D(Ag, Ag) 1=
R(M\t) + Rpd(As) — 2C( ¢, Ag) are strictly positive. Then,

R(A) — C( Ay As)
D(Ag, As) ’
(R(Ae) = C(Ar, A))?
‘D()\ta )\s)

§ (A, As) = (5)

(Rpa(Xs) = C(M, As))?
DA, As)

R;msd ()‘t7 )‘8) = R()\t) - = de(As) -

The decomposition implies that 5 (4 < min{R, Rpq}. The gain over the teacher is determined by
the magnitude of R(A\¢) — C(\¢, A\s), while the sign of this difference determines the sign of £*, which
may therefore be negative. The denominator is the mean squared difference between the teacher

and the PD student:
D(At; As) = R(A¢) + Rpa(As) — 2C(Ae, As) = E[(fa, (@0) = fodxe (20))* | Diabs Duntab] > 0.

It is zero if and only if f), and fpqg, ), coincide almost surely on the test distribution, in which case
Rpmsd = R = Rpq for all £, so any £ is trivially optimal. Hence the assumption D > 0 is mild.

3.3 Proportional asymptotics under general anisotropic covariance

In this subsection, we derive deterministic equivalents for the optimal mixing weight and the
conditional PMSD risk in the proportional asymptotic regime, where ns,ns,p — oo at the same
rate.

Throughout, we assume that the teacher’s training data {(z;,y;)};"; are ii.d. samples from a
distribution satisfying the standard assumptions used in the random matrix analysis of high-
dimensional regression (Hastie et al., 2022; Bartlett et al., 2021). We further assume that the fresh
unlabeled covariates {z;};*, are i.i.d. samples whose population covariance matrix is simultaneously
diagonalizable with the population covariance matrix of the teacher’s covariates {x;};"* |; equivalently,
the two covariance matrices commute. This assumption of simultaneous diagonalizability across
covariate sources has also been considered in the transfer learning literature (Mallinar et al., 2024;

Song et al., 2024).

Assumption A (Data distribution). We assume the following about the data distribution.

(a) The training covariates X ~ P2" admit the representation X = ZEtl / 2, where X; € RP*P ig
deterministic and positive definite, with eigenvalues bounded away from 0 and oo, and Z € R™*P

has i.i.d. entries with mean 0, variance 1, and uniformly bounded (4 4 p)-th moment for some
w>0.

(b) The fresh unlabeled covariates X ~ P&"s admit the representation X = Z ny/ ? where ¥, € RPXP
is deterministic and positive definite, with eigenvalues bounded away from 0 and co. Moreover,
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Figure 3: Setting: ¥; = X5 and A\t = A; = . Both panels use an AR1 covariance design, and the true
signal § aligns with the top eigenvectors of ¥;. We set p = 200, n; = ngy = 400, and 02 = 1 in both
panels; the right panel has r? = 1. Similar figures with ¥; # X, and \; # \s appear in Section 1.3.

Z € R™*P has i.i.d. entries with mean 0, variance 1, and uniformly bounded (4 + 11)-th moment
for some g > 0.

(¢) 3; and Xy are simultaneously diagonalizable, i.e., there exists an orthogonal matrix U € RP*P
such that 3y = U diag(o,...,0,)U and X5 = U diag(cy, ..., 0,)U.

(d) The training labels y ~ P, have mean 0 and uniformly bounded (4 + v)-th moment for some
v>0.

Key quantities and notation. We define the population projection and variance parameters as
B := X, 'E[zy] and ¢? := Var(y — 2T 3), respectively. The signal energy is r2 := ||3||3 and SNR :=
r?/o?. Denote the labeled and unlabeled data aspect ratios 7; := p/n; and v, := p/ns, respectively.
We introduce several scalar quantities to characterize the limiting risk. Let tr(A) := tr(A)/p denote
the normalized trace. For any fixed Ay > 0 and A\g > 0, define k; = k(M) > 0 and kg = ks(Ag) > 0
as the unique solutions to the corresponding fixed-point equations,

e = M+ e 0 (Se(Se + welp) 7Y and ke = g + Yok tr(Zs(Ss + ksLp) ), (6)

respectively, and let G; = (3; + Ii‘,tlp)_l and G5 = (X5 + mslp)_l be the associated resolvents. For
fixed (3¢,v) and (Xs,7s), the maps \; — k; and Ag — ks are both one-to-one on (0, c0). Finally,
for i, j > 0, define the mixed signal-covariance alignment and trace functionals as

;=B GiGI%, B, @i =B GiGI%, B, tij = tr(Z7GIGY), (7)

and set by == (1 — tg0) "' and by := (7, tr(Z:5:G2)) /(1 — 75 tr(X2G?)).

Our first result states that the three oracle ingredients in Proposition 3.1 have deterministic
equivalents, in the sense defined in Section C.5, under general anisotropic covariance and deterministic
signal. The exact closed forms are more algebraically involved than those for same-X ridge distillation
in Dang et al. (2026) because they involve two coupled resolvents, but remain explicit in terms of
finitely many traces of functions of (Gy, Gy, ¥¢, ¥;) and finitely many quadratic forms 87 f(2¢, £4) 5.



Theorem 3.2 (General anisotropic risk asymptotics). Under Assumption A, for fixed A\ > 0
and A\s > 0, as ng,ng,p — oo with 0 < liminfy, < limsupy < oo and 0 < liminf~y, <
lim sup s < oo, we have

RO 2R, Rog(As) B Ropa(As), O As) B CO ), (8)
where
R(M) = 0 + Kibgao + 02bitayp,
C( A, As) = 02 + Kibigao + 07bita — Ks(—Kequn + Kiqa + Kibita, 12,0 + 0 bita ),
Rpd(As) = K2 (%,2 + bsGo,2 — 2kt(q12 + bsd12) + K7 (a2 + bsG2,2)
+ by (K7 q2,0 + 0°) (ta,2 + bsye ﬁ(EtZstGi)D = R(A) +2C (A, As)-

In the nontrivial case r* + 2 > 0, the limiting denominator R (\) + Rpd(As) — 2C( e, As) is
strictly larger than 0, and

R(At) — C( Aty As)

" 1%
{ ()\ta /\s) — R(At) + de()\s) = ZC()\t, /\s),

2
Rimsa(Mts As) = Rimsa(hes As) = R(\) = R(At(>7z+(jid<i(>Af ;2)2&, )

pmsd

(10)

As shown in Figure 3a, the theoretical predictions closely align with the empirical risks even at
moderate values of ng, ng, and p.

4 Strict improvement and non-monotonicity

Using the risk characterization from Section 3, we now study two qualitative questions: when the
PMSD student strictly improves upon the teacher and the pure-distilled student, and how its optimal
risk depends on the amount of fresh unlabeled data.

4.1 Strict improvement over the teacher

Leveraging the deterministic equivalents from Theorem 3.2, we study when the PMSD student
strictly improves upon the teacher. Equation (10) shows that the PMSD risk is asymptotically
strictly less than the teacher risk whenever

R(A) = C(A; As) # 0, (11)

and the two risks coincide otherwise. Thus, characterizing when the PMSD student fails to improve
upon the teacher amounts to understanding when R (A¢) — C(A¢, As) vanishes.

Since Y; and X, are simultaneously diagonalizable, let 3; = U T diag(al,...,ap)U and Y, =
UT diag(ay,. .., ap)U be their eigendecompositions. Define the squared signal-covariance alignment
by v; := ((UB);)? for i € [p]. Let m and m (1 < m,m < p) denote the number of distinct eigenvalues
of ¥t and X, respectively. Write {o(1),...,0(m)} for the corresponding set of distinct eigenvalues of



Y, with o) < -+ < o). The term R(A¢) — C(At, As) can be rewritten as follows (see Section D.2):

p m
¢ d;

R )\ —C )\ ,)\5 - = : - ~7j, 12
(Ae) =€ 2s) Zl Gi + K Z., () + Fs "

= J=1

where
2 2 2
KtO; Kibiqao + o“by .

G = : —v; |, =1,...,p, 13
¢ (ai+/£t)2< KT U) ! P (13)
d; = c, j=1,..., 14
j

k: &k :5(7)

For a fixed and unknown A; > 0 used by the teacher, we are interested in the choices of A\; > 0 for
which the PMSD student strictly improves upon the teacher. Hence, we study the cardinality of the
set of \g for which there is no strict improvement at a given \;, which we call the “student-tie” set:

AsO) = DA > 0: R(\) — Ch, As) = 0).

Fix A\ and suppose that R(\;) — C(As, As) is not identically zero as a function of A;. Setting the
right-hand side of (12) to zero and clearing the denominators gives

Z d; H(a(k) + ks) =0,

J=1 k#j

which is a polynomial equation in ks of degree at most m — 1. The one-to-one correspondence
between \; and ks in equation (6) implies that there are at most m — 1 values of s for which
R(At) — C(M\i, As) = 0. Therefore, [Ag(A¢)| < m — 1 in this case.

On the other hand, if, for a given A\, the gap R(A¢) — C(A¢, As) is identically zero as a function of
s, then the PMSD student cannot improve upon the teacher for any choice of A;. Equivalently,
As(A) = RT. We call this the “teacher-degeneracy” set:

At = {)\t >0: R()\t) — C()\t, AS) =0 for all )\s > 0}

Proposition 4.1 (Upper bound on teacher-degeneracy set size). A; belongs to A; if and only
if dj = 0 for every j € [m], where the d; are defined in (14). Moreover, in the nontrivial case
r?2 4+ 02 > 0, a crude upper bound on |Ay| is 4m — 1, where m is the number of distinct eigenvalues
of Zt-

Generally, this degeneracy condition requires A; to satisfy a specific system of m equations determined
jointly by the covariance structure of ¥, the signal-covariance alignment, and the noise variance 2.
The bound on |A4] is crude, as it uses only the weaker necessary condition

which holds whenever Ay € A;. When A\ ¢ A, we further bound the size of the “student-tie” set
Ags(\y) as follows.



Proposition 4.2 (Upper bound on student-tie set size). For any A\; ¢ Ay, the cardinality of As(\:)
is bounded above by the number of sign changes in the sequence {di,...,ds} after deleting zero
entries, where the d; are defined in (14).

Thus, under the mild nondegeneracy condition \; ¢ A, the deterministic equivalent of the optimal
PMSD risk is strictly smaller than that of the teacher for almost every A;. Equivalently, the two
risks can tie only at finitely many values of \s for each fixed p. When ¥ has p distinct eigenvalues,

K07 Kibigo0 + o2by .
dj =cj = 5 : -vj |, j=1,...,p,
(Uj + Ky) Kty
Thus, many sign changes in the sequence {dj, ..., dp} can occur only if the sequence {vy, ..., v,} oscil-
2 2
kzbiqe 0+0“by

lates repeatedly across the exact threshold P , which is typically a restrictive configuration.
For common covariance-signal models, we obtain the following stronger guarantees.
4.1.1 In-distribution fresh unlabeled covariates

First, consider fresh unlabeled covariates drawn from the teacher’s training distribution, so that
Y = 2t

Corollary 4.3. Assume g = ;. The following guarantees of strict improvement hold.

(a) For an isotropic design X = I, with 2 > 0, when

A & Ay = {yo?/r?},

we have RY (A, As) < R(Ay) for all A > 0.

(b) For a spiked covariance model with s spikes, when
At ¢ Ay ={X:d;j(A\) =0 for every j € [s + 1]},

the inequality R5. (A, As) < R(A) fails for at most s values of As > 0.

(c) For %y = U diag(oy,...,0,)U with p distinct eigenvalues satisfying o1 < - -+ < 0, suppose the

signal alignment is monotone along the spectrum and that there exists an 7 such that

2 2
Kibiqa,0 + 07by
KTt '

v #

Then A\ ¢ Ay, and R% (A, As) < R(A¢) fails for at most one A\g > 0.

pmsd

For example, in the isotropic design setting, the “teacher-degeneracy” set is the singleton Ay = {\j},
where \f = v;02/r? is the ridge-optimal value. Consequently, the PMSD student does not strictly
improve upon the optimally tuned teacher, but it does improve for every other A; > 0 and any choice
of As > 0. Figure 2a illustrates this property on the Blog Feedback dataset, using fresh unlabeled
covariates taken from the same data pool as the teacher’s data (but with different samples).

As another consequence of Theorem 3.2, when the fresh sample size matches the teacher’s sample
size and the same regularization is used, fresh-X prediction mixing recovers the tangent identity
that drives strict improvement in same-X, same-\ ridge self-distillation in Dang et al. (2026).

Corollary 4.4 (Same-\ balanced regime). Assume X3 = ;. If Ay = A\s = X and 75 = 7, then
ks = Kkt = £ and the fresh-X optimal mixing asymptotically matches the same-X ridge geometry. In
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Figure 4: PMSD using fresh covariates from an isotropic Gaussian distribution on real-
world regression tasks. At each value of )¢, the student penalty A is tuned separately over a
grid for the PD and PMSD students.

particular,
K
RA) —CMA) = —— R (N). 15
()= CON) =~ ROY (15)
Hence, whenever R'(A) # 0, R 4(A, A) < R(A) and sign(€*(A\, A)) = —sign(R'(N)).

The deterministic limiting risks and the sign rule for the mixing weight in this same-\ balanced
regime are illustrated in Figure 3b: (i) the PMSD and teacher risks coincide only at the teacher’s
stationary point, and (ii) the sign of the optimal mixing weight is opposite to the sign of the
derivative of the teacher risk curve.

4.1.2 Out-of-distribution fresh unlabeled covariates

In many settings, we may not know X; or have access to fresh covariates from the same distribution
as the teacher’s training data. A simple and practical alternative is to sample the fresh unlabeled
covariates from an isotropic distribution, which commutes with any ;. In this case, we obtain the
following strict improvement guarantee.

Corollary 4.5. Assume ¥, = I,,. For any A; > 0 such that > ¥ | ¢; # 0, we have R,*)msd()\t, As) <
R(A¢) for all A\s > 0.

To see this, setting s = I, in equation (12) gives

P
R(\) = €, As) = £, (16)

Thus, if d; = Y7, ¢; # 0, strict improvement holds for every A\s > 0. If d; = 0, the two risks tie
for all A,. For example, Corollary 4.3 shows that when ¥; = I,,, this degeneracy occurs only at the
ridge-optimal value A}. More generally, the “teacher-degeneracy” condition can be rewritten as

] (07 + Ki)? KTy

11



which is a polynomial in k; with degree at most 4m — 1 (see Section D.1).

2

We now compare the “teacher-degeneracy” condition with the stationary points of the teacher risk
function to see whether isotropic fresh covariates can improve upon a tuned teacher. By equation
(58), the stationary condition R'(A;) = 0 is equivalent to

p 2 2 2
. b b
s (”t 120+ 0 _ vi) =0, (18)

P (oi + Ke)3 KT

Therefore, strict improvement over a teacher at its stationary point fails if and only if both equations
(17) and (18) hold. Equivalently,

p p 2

DDy P e LD Dy et - L "

prt 0'7, + Kut 1 (Uz + Kt) _ Kibiqa o + o°by (19)
2 (o; ¥ m) 2 (oi+ ra)?

In general, this imposes a strong alignment condition: two different weighted averages of the squared
signal-alignment values {v;}!_; must equal the same threshold. Thus, we expect this simultaneous
equality to be non-generic unless the covariance or signal alignment has special structure.

We illustrate the benefit of the PMSD student using isotropic fresh unlabeled covariates on real-world
regression tasks in Figure 4. Additional experiments appear in Section I.1.

4.2 Strict improvement over the pure-distilled student

To compare the PMSD student with the pure-distilled student, we use a decomposition analogous
to equation (10):

(Rpa(As) = C(Ar, As))

R R(A) + Rpd(As) — 2C (A, Ag)

pmsd()‘t’ A ) de(AS) -

(20)

Thus, the PMSD student strictly improves upon the PD student whenever

Rpd(As) = C(Ae; As) # 0.

Since this condition is quite involved, we specialize to the isotropic design setting, where it admits a
clean characterization.

Proposition 4.6 (Strict improvement over the PD student). Assume ¥; = X, = I, and r2+o2 > 0.
Then, for any A; > 0, there are at most two values of A\; > 0 satisfying Rpq(As) — C(Ai, As) = 0.

Consequently, in the isotropic setting, the PMSD student strictly improves upon the PD student for
all but at most two choices of \; > 0.
4.3 Non-monotonicity in the amount of unlabeled data

A natural question is whether increasing the amount of fresh unlabeled data always improves
the PMSD student. In the proportional regime, this amounts to fixing the labeled aspect ratio
and studying the optimal PMSD risk as a function of v,, where smaller 7, corresponds to more

12
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Figure 5: Non-monotonicity of the PMSD risk with the amount of fresh unlabeled data in the
same-\, in-distribution setting.

unlabeled data. We specialize to the same-\ isotropic setting for this analysis. Surprisingly, for a
fixed Ay = A; = A, the optimal PMSD risk is not globally monotone in 5. Non-monotone risk profiles
as functions of aspect ratio are well documented in high-dimensional prediction, and subsampling-
and aggregation-based procedures can sometimes restore monotonicity (Patil et al., 2022a, 2023).
The phenomenon here is different: the labeled training sample and teacher remain fixed, while
only the amount of fresh unlabeled data varies. Even so, the optimal PMSD risk has a simple
one-dimensional structure and is unimodal in v5. See Section H.1 for the formal result and Figure 5
for illustrations from synthetic and real data experiments.

5 Data-dependent tuning

The results in Section 4 demonstrate the benefits of fresh-X distillation with optimal prediction
mixing £*. However, the deterministic equivalents in Theorem 3.2 depend on population quantities
that are unknown in practice, such as the covariance spectrum and signal-covariance alignment. In
this section, we study how to tune the mixing weight £. We show that fresh unlabeled samples alone
are insufficient, whereas an independent labeled calibration set facilitates consistent tuning.

Recall that the optimal oracle mixing weight from Proposition 3.1 depends on residual correlations
with the unknown response. Thus, in the fully prediction-only regime, unlabeled covariates and
teacher outputs alone are insufficient to identify £*. This is an information-theoretic limitation, not
a computational one. To see this, fix the observed teacher predictor f and the induced fresh-X
PD student f,q. These predictors are observable in the prediction-only setting, while the response
law is not. Consider two response models with the same covariate distribution: y = f(x) 4+ ¢ and
y = fpd(x) + €, where ¢ is mean-zero noise independent of x. Their oracle mixing weights are
& = 0 and £ = 1, respectively. Therefore, no estimator based only on unlabeled samples and
teacher queries can be uniformly consistent for £*. We give a formal non-identifiability statement in
Section H.2.

However, £* can be consistently estimated using an independent labeled calibration set Dg, :=

{(x$al, yeal)} sl which is used only for evaluation and not retraining. Conditional on the teacher
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Figure 6: PMSD risk estimated using a small calibration set of size n¢, on real datasets. We use the

same-\ setting with A\, = A\g = A.

predictor and fresh unlabeled data, both f and f,q are fixed predictors. For an independent test point
(z,y) drawn from the target distribution, define the residuals e :=y — f(z) and P4 ;= y — foq(2).

Define the calibration residuals

€ =Y;

cal

and estimate the three oracle quantities by

1 Ncal
peal . 2 : ~\2
R i (67,) 3
Ncal “—
=1

Define the one-shot plug-in calibration estimators of £* and R

R\cal _ acal

cal ~pd | cal cal
f@) and " =y — foa(ai™),
1 Tcal g 1 TNcal g
peal . ~pd\2 Acal . ~ P
Ry = E (€ )7, = — E €i€;
Necal “— Ncal “—
i=1 i=1
*
pmsd by

§:al =

]iécal 4 ]/%Céél _ QC\cal’
p

pmsd,cal *

The next result establishes their consistency.

and RY .= Rl —

(Ecal _ écal)Q
f{cal 4 R\Bﬁl _ 26'cal )

r

uniformly bounded, then

|\

é:al -
Moreover, the same convergence holds uniformly over any fixed finite collection of candidate
students under the corresponding uniform conditions.

Theorem 5.1 (Calibration consistency). Fix the teacher and the fresh unlabeled sample, and
suppose the oracle denominator D := R+ R,q —2C is bounded away from zero. If the calibration
sample is independent, n¢, — 0o, and the conditional variances of ()2, (eP9)?, and eeP? are

* P D* *
5 - 07 Rpmsd,cal - Rpmsd

— 0.

J

The assumptions required for consistency are minimal. Because the calibration set estimates only the
risk and residual correlation of fixed predictors, no asymptotic condition involving p/nc,; is required.
For consistency, n., need only diverge, regardless of the growth rate of p. Computationally, tuning
¢ is inexpensive: after training the PD student once, (21) requires only evaluating the two predictors
on the calibration points and computing three empirical averages. The uniform finite-candidate
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statement also allows the same calibration set to choose among finitely many student penalties Ag or
unlabeled sample sizes ng. Figure 6 illustrates calibration-based tuning with small labeled samples
on real datasets. Reducing the label cost of this calibration step through alternative sampling or
model-assisted evaluation schemes is a natural direction for future work (Fogliato et al., 2024).

6 Logistic regression

We now turn to the fresh-X prediction-only setting for logistic regression with cross-entropy loss.
Our goal is to show that the PMSD student can strictly outperform both the teacher and the PD
student.

Setting. A theoretical analysis of self-distillation for classification is more challenging than for
regression. To streamline the presentation, we adopt the setting of Das and Sanghavi (2023); Jeong
and Chung (2025), which we review here. We study a binary classification problem in which each
instance x € X has a ground-truth label y(z) € {0,1}. Let P denote the underlying distribution on
X. We have access to an unlabeled dataset Dypiap = {:Bi}?gl consisting of 2n i.i.d. draws from P. The
corresponding labels y; := y(xz;) are deterministic functions of the instances but are unobserved. We
assume that the dataset is balanced and index the observations so that y; = 1 fori € S :={1,...,n}
and y; =0 for i € So:={n+1,...,2n}.

Teacher. We have access to a teacher classifier that returns a hard label y(z) € {0,1} for any
x € X. Although its form is unknown, we can query its predictions. Suppose that its population
classification error is the same within each class and equals an unknown p € (0,1):

Poup (9(2) # y(2) | y(z) = 0) = Poup (§(z) # y(2) | y(z) = 1) = p.

Following Das and Sanghavi (2023), let n := [np] and assume that the teacher makes n errors in
each class. After reindexing the observations within each class, write the teacher’s labels on Dypnian
as

1—y; forie{l,....n}U{n+1,...,n+n},

~ ~ S1,bad S0,bad
o () — : ,
i = ylw) Yi forie{n+1,....n}U{n+n+1,...,2n}.
Sl,good ’SO,good
Thus, |Si bad| = |So,bad| = 7, and the fraction of incorrect labels in each class converges to p as

n — oQ.

Students. We assume a feature map ¢ : X — H, where H is a Hilbert space, and keep ¢ fixed
throughout. We train a linear classifier in H on the teacher’s hard pseudo-labels {7;}?", using
£o-regularized logistic loss:

2n
1 _ A
fpq := argmin 7 > CE (Ui, o ({0, o)) + 51161, (22)
=1

where CE(q, q) := —qlog(§) — (1—q) log(1—q) is the binary cross-entropy loss and o(z) := (1+e7%)~!
is the sigmoid function. The resulting PD student’s soft prediction is yp4(z) := o((fpd, ¢(z))) € (0,1).
This setting corresponds to linear probing in neural networks, where a learnable linear layer and
sigmoid activation are placed on top of a frozen feature backbone. Given a mixing weight £ € R, the
PMSD classifier is

ypmsd,f(x) = H{(l - 5)@(45) + gypd(x) > 0-5}- (23)
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We make the following assumption on the feature map ¢ and the unlabeled dataset Dynjap-

Assumption B (Feature norm and correlation structure). The features have unit norm, ||¢(x)|| =1
for all z € X. Let ® € R?"*?" denote the Gram matrix on Dypjap, with [®];; := (¢(;), ¢(z4)). We
assume that [®];; = 0 when y; # y; and [®];; = ¢ € (0,1) when y; = y; and i # j.

This assumption, formulated by Das and Sanghavi (2023), is technically convenient because it
makes the data separable with respect to their unobserved ground-truth classes, thereby ensuring
the existence of a perfect classifier. Moreover, Jeong and Chung (2025) empirically validate this
assumption on six real datasets: CIFAR-100, Caltech-101, Caltech-256, Flowers-102, Food-101, and
Stanford Cars. They use features from a ResNet-34 pretrained on ImageNet; see their Figure 1 and
Appendix D.2.

Goal. Given a soft prediction rule yg : X — [0,1], an instance x is classified correctly when
y(x) = I{yg(z) > 0.5}. By construction, the teacher’s accuracy on Dyplap converges to 100(1 — p)%.
We show in Theorem 6.1 that, when p is sufficiently close to 0.5 from below, the PD student trained
by (22) also achieves only 100(1 — p)% accuracy as n — oo. Our goal is to construct a PMSD
classifier as in (23) that achieves asymptotic 100% accuracy and thus perfectly recovers the true
labels in the limit.

Prior work (Das and Sanghavi, 2023; Jeong and Chung, 2025) characterizes conditions on p and A
under which the PD student ypq itself achieves this goal. These works refer to the result as “100%
population accuracy” because the generalization gap vanishes for finite-dimensional linear classifiers
as n — oo (Kakade et al., 2008; Koltchinskii and Panchenko, 2002).

Theorem 6.1. Let )\, := 2n\ and suppose that A, — X € (0,00) as n — co. Under Assump-
tion B, there exists a threshold py = po(c, A) € (0,0.5) such that, for every p € (po,0.5), the
PD student ypq has 100(1 — p)% population accuracy. On the other hand, for every p < 0.5,
there exists £ > 0 such that the PMSD student ypmsd,¢ achieves 100% population accuracy.

Self-distillation has been observed to induce label averaging among highly correlated instances
(Jeong and Chung, 2025). When p is small, the PD student can therefore correct mislabeled samples
by aggregating labels from correctly classified neighbors, although incorrect neighbors also reduce
its confidence on correctly labeled samples. Relative to the teacher, the student can thus trade
confidence for accuracy. As p approaches 0.5 from below, however, incorrectly labeled neighbors
increasingly mislead the student, and its predictions no longer cross the classification threshold on
the mislabeled samples. Choosing £ > 1 extrapolates beyond the PD student’s soft prediction and
can amplify this corrective direction, although an excessively large & may hurt performance. We
illustrate this behavior with synthetic experiments in Figures 18 and 20.

6.1 Soft teacher—student prediction mixing

Theorem 6.1 mixes the teacher’s hard label with the PD student’s soft prediction and strictly
improves upon both when py < p < 0.5. We now consider mixing soft predictions from both models.
Specifically, we treat the PD student ypq(-) = 0({pd, ¢(-))) defined by (22) as a teacher that produces

soft labels. Using its predictions on Dyplap, we train a second PD student yéz)(-) = O'(<6r()2d), ()
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with the same regularization parameter A:

2n

O —argmm—ZCE oa(2), 0 (40, 6(z))) + S 6] (24)

For a mixing weight ¢ € R, the resulting PMSD classifier thresholds the affine combination of the
two soft predictions:

yfﬁsd g( z) = T{(1 = &)ypalz) + Sy[(fj) (z) >0.5}. (25)

Previous results (Theorem 5 of Das and Sanghavi (2023) and Theorem 4.1 of Jeong and Chung
(2025)) show that, as n — oo, the second student yffj) can tolerate a higher label noise rate p than

its teacher ypq, subject to p < 0.5. Specifically, there exists a threshold p; with 0 < pg < p1 < 0.5

such that (i) for pg < p < p1, the student yfj) attains 100% accuracy while the teacher y,q has
100(1 — p)% accuracy, and (ii) for p; < p < 0.5, both achieve 100(1 — p)% accuracy. In contrast, we
show that, for every p < 0.5, an appropriate mixing parameter & > 0 allows the PMSD classifier

y'(mzsd ¢ in (25) to attain 100% accuracy.

Theorem 6.2. Let A, := 2n\ and suppose that A\, — X € (0,00) as n — co. Under Assump-

tion B, for every p < 0.5, there exists & > 0 such that the PMSD student y'(jrzsd ¢ achieves 100%
population accuracy.

When p > 0.5, incorrectly labeled neighbors outnumber correctly labeled ones. The resulting label
averaging prevents the student from correcting misclassified samples and also causes it to misclassify

samples that the teacher labeled correctly. In fact, both 3,4 and y[(fd) achieve 0% population accuracy

as n — oo. Nevertheless, the PMSD student y( ) de can achieve asymptotic 100% population
accuracy. See Figures 19 and 21 for synthetic 1llustrat10ns with p > 0.5.

Theorem 6.3. Under Assumption B, let p > 0.5 and take the regularization parameter to be
(2)

a sequence \, = O(1). Then, as n — oo, both ypq and Ypd achieve 0% population accuracy.

On the other hand, there exists & > 1 such that the PMSD student yfﬁsd ¢ achieves 100%
population accuracy.

In this regime, the first PD student y,4 misclassifies both the samples that the original teacher
labeled correctly and those it labeled incorrectly. Although the soft predictions of the second student
ygd) move in the correct direction relative to those of y,4, the shift is insufficient to alter the induced
hard predictions. With an appropriate mixing weight & > 1, the PMSD student amplifies this

corrective signal and extrapolates far enough to change the final predictions.

6.2 Linear probing experiments on real datasets

To illustrate the performance of PMSD, we consider multiclass classification with £s-regularized
cross-entropy loss on Caltech-101, Caltech-256 (Griffin et al., 2007), and CIFAR-100 (Krizhevsky,
2009). For each dataset, we train a linear classifier with a softmax output on frozen features from a
ResNet-34 pretrained on ImageNet. We use this setup for both the teacher and the pure-distilled
student: the teacher is trained on corrupted one-hot labels, whereas the student is trained on the
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Table 1: Test classification accuracy on CIFAR-100 with hierarchical corruption p = 0.2. The mixing
weight is tuned over the grid [—20, 20] for all linear probing experiments.

Regularization level A 107* 1073® 107% 10725 1072 107'® 107! 10705 100
Teacher (%) 52.8 529 529 532 540 56.1  57.7 504  35.9
PD student (%) 53.1  53.8 55.0 56.1 57.3 56.8  47.3  20.8 2.3
Optimal PMSD student (%) 54.5 549 556 56.6 574 573  59.0 541  43.1

Estimated optimal mixing weight fA* 10.5 4.1 2.1 1.3 0.9 0.7 —-17.8 —15.0 —-20.0

teacher’s soft pseudo-labels using the same \. Table 1 reports the test accuracies of the teacher, PD
student, and PMSD student. We estimate the mixing weight £ on a small calibration set using a fine
grid over [—20, 20]. Additional results across datasets and corruption levels appear in Section 1.2;
experimental details are provided in Section J.

7 Discussion

In this section, we discuss several possible extensions, compare the PMSD student with the same-
X loss-mixed SD student, and examine the limitations of our proposed PMSD approach in the
prediction-only regime, with a focus on high-dimensional ridge regression. This comparison clarifies
both the advantages and the limitations of prediction-only distillation.

7.1 Negative regularization

Our analysis extends readily to negative regularization parameters A; and \s, provided they are
bounded below to prevent the risk from diverging. Negative regularization can be optimal on real
datasets (KKobak et al., 2020) and has since been studied in the high-dimensional ridge regression
literature (Wu and Xu, 2020; Patil et al., 2021, 2024). Under this extension, the strict improvement
results in Section 4.1 remain essentially unchanged. In particular, Proposition 4.1 and Proposition 4.2
hold regardless of the signs of A; and A4: the cardinality of the student-tie set is controlled by
the number of real-valued solutions to a polynomial equation in ;. Although the correspondence
between A\ and ks need not be one-to-one under negative regularization, each value of ks determines
at most one value of A\ through (6).

7.2 Fresh-X prediction-mixed versus same-X loss-mixed SD

Fresh-X PMSD and the same-X loss-mixed SD methods studied by Das and Sanghavi (2023);
Pareek et al. (2024); Dang et al. (2026); Lecoiu et al. (2026) operate with different information and
therefore have different performance limits. Consider a teacher whose regularization parameter \; is
mistuned for the target risk. A same-X student can reuse the original labeled sample to correct the
teacher, whereas prediction-only PMSD can use only the teacher’s predictions on fresh unlabeled
covariates. Consequently, fresh unlabeled data need not recover information lost in the teacher,
regardless of the fresh sample size. Figure 7 illustrates both the benefits and the limitations of
PMSD relative to same-X loss mixing.

In the one-spike covariance model, Lecoiu et al. (2026) show that same-X loss-mixed SD, with
jointly optimized A, As, and & € R and with negative regularization allowed, is optimal within the
spectral shrinkage class given the labeled sample Dy, = (X, y). Once additional fresh unlabeled data
Dunlap are available, the fresh-X PMSD student, which uses only the teacher’s ridge predictions,
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Figure 7: Fresh-X PMSD versus same-X loss-mixed SD. Setting: p = 400, n; = 200, ns = 4000,
and ¥; = X;,. The ng fresh unlabeled samples are used only by the fresh-X PD and PMSD students.
For each value of |\;| on the x-axis, we evaluate both signs of the teacher regularization, tune As over
a grid on [—100,100] in each case, and report the smaller risk. The signal is 8 = auj + Vr? — a?v,
where a = 1.7, r = 2, uy is the principal direction of ¥;, and v is orthogonal to ;.

can nevertheless outperform this optimal same-X student; see Figure 7a. The gains are especially
pronounced in the overparameterized regime p > ny.

The comparison reverses in the isotropic design setting, where the optimally tuned teacher is optimal
within the spectral shrinkage class. Because the same-X loss-mixed student is itself a spectral
shrinkage estimator (Lecoiu et al., 2026), it cannot outperform the optimally tuned teacher. If the
given teacher is mistuned, however, the same-X student can attain the optimal ridge risk by setting
As = A} and effectively ignoring the teacher’s predictions while using the original training data. In
contrast, PMSD relies only on the mistuned teacher’s predictions on fresh unlabeled covariates. It
can substantially improve upon this teacher but generally cannot attain the optimal ridge risk or
outperform the optimally tuned teacher; see Figure 7b. Figure 17 presents a similar comparison for
an AR1 design.

7.3 Optimal fresh-X covariance structure

Our framework also raises a natural design question: given the teacher predictor, from which
distribution should the fresh unlabeled covariates be sampled to minimize the PMSD risk? Within
the class of covariances Y5 that are simultaneously diagonalizable with 3J;, this amounts to maximizing
the teacher-to-PMSD risk reduction in Theorem 3.2,

(R(A) = C(At, As))
R(/\t) + de()\s) — QC()\t, )\s).

2
(26)

R(At) - 7?’;;msd ()‘t7 )‘S) =

Because this quantity also depends on \; and As, the optimal choice X% generally varies with the
regularization parameters. Jointly optimizing Y5 and A; for a given teacher is considerably more
involved, and we leave this problem for future work.

We instead consider the underparameterized regime ¢, vs < 1 and the post-asymptotic ridgeless limit
A, As — 0. Recall that 3, = U diag(o1,...,0,)U, ¥s = U diag(c1, . ..,0,)U, and v; = ((UB);)>.
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For each i € [p], define w; = 5; ' and let w = (wy,...,wp) . The limiting risk reduction in (26) is
invariant under the rescaling 35 — ¢X; for ¢ > 0, so we impose the normalization p! Zle w; = 1.

Define ) )
0™t Vs g™t .
;i =ov+ ——"—v, tii=m—r— vyt ———— ), i=1,...,p,
T p(l =) 2p(1—’ys)( " opoi(1 —%))
and
S = diag(s1,...,5p), t:(tl,...,tp)T, 9:(01,...,0p)T.

Proposition 7.1. Under Assumption A, further assume that 4, v, < 1 and o2 > 0, and consider the
ridgeless limit A¢, A\ — 0. Then maximizing the risk reduction in (26) over the spectrum {oy,...,0p}
of the positive definite matrix X is equivalent, up to positive rescaling, to the optimization problem

minimize w' (S+ 0T + QtT)w, (27)
weRy

subject to 1;w =p,

where w; = &; ' for i € [p).

This is a linearly constrained quadratic program in w and can be solved numerically using standard
quadratic programming methods. In general, the spectrum of the optimal ¥% depends on the teacher
covariance, the signal-covariance alignment, the noise level, and the data aspect ratios. In particular,
matching the teacher covariance need not be optimal: ¥% need not be proportional to ;. This
differs from a recent result on optimal labeled-data selection for ridgeless estimators (Rezaei et al.,
2025), reflecting the different role of the fresh sample in our prediction-only setting.

Together with our calibration and logistic regression results, these observations outline the scope of
PMSD: prediction mixing can exploit fresh unlabeled data to improve a fixed teacher, and a small
labeled sample can make this improvement operational, but PMSD cannot in general recover the
information in the original labeled sample. Optimizing the fresh covariate distribution beyond the
simultaneously diagonalizable ridgeless setting is a natural direction for future work.
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A Notation

General. We denote vectors by lowercase letters and matrices by uppercase letters. We use
blackboard letters for standard number systems: N denotes the positive integers, R the real numbers,
and R the extended real line.

For a positive integer n, we write [n] := {1,...,n}. For z,y € R, we write z A y := min{z,y} and
x Vy = max{z,y}. For an event or set A, 14 denotes its indicator.

Linear algebra. For a vector z, ||z||2 denotes its Euclidean norm; when the subscript is omitted
for simplicity, ||«|| has the same meaning. For a matrix X € R"*?, X T € RP*™ denotes its transpose
and XT € RP*™ its Moore-Penrose pseudoinverse. For a square matrix A € RP*P_ tr(A) denotes its
trace and tr(A) := tr(A)/p its normalized trace. If A is invertible, A~! denotes its inverse. For a
symmetric positive semidefinite matrix 3, £/2 denotes its principal square root. The p x p identity
matrix is denoted by I,, or simply by I when its dimension is clear. For a matrix X, || X||op denotes
the operator norm induced by the Euclidean vector norm, and || X ||r denotes the Frobenius norm.
For a matrix M, || M|l denotes its trace norm, equal to the sum of its singular values.

Asymptotics. For Y > 0, we write X = O, (Y) if |X| < C,Y, where C, may depend on the
ambient parameter o but not on the other parameters under consideration. We use O, for the
corresponding probabilistic order notation. The notation ©(1) denotes a quantity whose absolute
value is bounded above and away from zero by constants independent of the asymptotic index. We
write X,, & X for convergence in probability and X,, == X for almost sure convergence. When the
mode of convergence is clear from context, we write X,, — Y, to mean | X,, — Y,,| — 0 in that mode.
We use C' and C’ for generic positive absolute constants whose values may change from line to line.

B Further related work

Retraining on synthetic labels and model collapse. Beyond a single round of pure-distillation,
recent work studies how recursively training on model-generated data can degrade performance, a
phenomenon known as model collapse (Shumailov et al.; 2024; Alemohammad et al., 2023; Dohmatob
et al., 2024; Gerstgrasser et al., 2024; Schaeffer et al., 2025; Dohmatob et al., 2025). He et al. (2026)
and Garg et al. (2026) study infinitely repeated schemes for ridge and ridgeless regression that
mix ground-truth and synthetic labels with a fixed weight w € [0, 1] to prevent such degradation.
Bakshi and Chakraborty (2026) studies an extension of this iterative training framework to the
next-token prediction setting, using a mixture of real and synthetic data at the population level.
Dohmatob et al. (2025) use the term “strong model collapse” when a model trained on synthetic
data has worse asymptotic risk than one trained only on ground-truth data. Our setting differs in
two respects: we study a fixed, finite distillation procedure using fresh unlabeled covariates, and the
final predictor mixes predictions rather than recursively replacing ground-truth data with synthetic
data. Accordingly, our results concern the benefits of post hoc prediction mixing, rather than the
long-run stability of repeated synthetic training; see Sections 4 and 6.

Risk estimation and tuning. Our calibration analysis in Section 5 connects to the literature on
out-of-sample risk estimation for high-dimensional ridge regression and related models, including
analyses based on leave-one-out and generalized cross-validation (Rad and Maleki, 2020; Patil et al.,
2021, 2022b; Wei et al., 2022). Risk estimation has also been studied for finite ensembles of penalized
estimators and subagged regularized M-estimators (Bellec et al., 2025; Koriyama et al., 2026).
Unlike those settings, PMSD combines two predictors linked through pseudo-labeling, and our goal
is to estimate their residual correlation and optimal mixing weight using a small independent labeled
calibration sample, without retraining either model.

29



C Proofs in Section 3

C.1 Preliminaries

Define the empirical covariance matrices for the teacher’s training covariates and the student’s fresh
covariates, together with their resolvents, by

~ 1 ~ 1 ~— ~ ~ ~ -
Y= n—XTX, Y= n—XTX, Q= (E+ ML) Q=+ NN
t s

The teacher coefficient is 8y, := Qx, X 'y/n:. The fresh-X pure-distilled (PD) coefficient is
Bodn. = Qx. BBy, = (Ip — M@, ) B,
The prediction-mized student family is
Jomsd A ha e () = (1= &) fa, () + Efpa . (), @) =2 By fodn, () =2 Bpda,-
Recall the in-distribution risks and correlation
R(M) =E[(yo — £,(20))* | Diab], Rpd(As) := E[(y0 — fodr. (%0)) | Drabs Duntab)
C(M, As) := E[(yo — . (0)) (o — fodxs (%0)) | Drab, Duntab),
Romsd(Mts Asy €) = E[(¥0 — fomsd. e re6(20))? | Diabs Dunlab),

Denote the deterministic equivalents of the first three quantities by R(A;), Rpd(As), and C(A¢, As),
respectively. Also define D(A¢, Ag) := R(M) + Rpd(As) —2C (A, As) > 0.

Recall the random-design model in Assumption A. The population Lo-projection coefficient, residual,
and residual variance are

B :=Elzz "] 'E[zy] = X, 'Elzy], e=y—z'f, o? :=E[?.

Then E[ze] = 0 (equivalently, E[z¢] = 0) and E[¢] = 0. Throughout, we consider in-distribution
prediction: the test pair (zg, o) is an independent copy of (z,y), so yo = x{ 8+ o, With E[zgeg] = 0
and E[e3] = o2

C.2 Proof of Proposition 3.1

Proof of Proposition 3.1. Let e := yo—f,, (20) and epq = Yo— fpd A (T0). Since Yo— fomsd,Ae\e,6(Z0) =
(1 —¢&)e + &epd, we have

Romsd(At, As, €) = (1 — )’ R(N) + ERpa(As) + 2£(1 — £)C (M, As)

= R(A) — 26(R(A) — C(Ar, As)) + E2D(Ny, As). (28)

If D(A¢, As) > 0, this is a strictly convex quadratic in £ with unique minimizer £*(\, A\s) =
(R(A) — C(At, As))/D (A, As). Substitution gives

(R(A\) — C (A, As))?

X sd( Ay As) = R(\) — 2
R ) = BN — =2 (29)
Equivalently, expanding the same quadratic around £ = 1 gives
(Bpa(Xs) = C (A, As))?
* )\ )\5 == )\s - )
Rpmsd( ty ) de( ) D()\t7)\5)
which proves both identities in Proposition 3.1. O
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C.3 Deterministic equivalents for the proof of Theorem 3.2
Fix Ay > 0. Let ¢ = k¢(A¢) > 0 denote the teacher fixed-point solution
ke = A+ ke T (Se(Se + redp) ), (30)

and define
Gt = (Zt + HtIp)il.

Likewise, let k5 = ks(As) > 0 denote the PD student fixed-point solution

Ks = As + Yshis t0(8(Ss + nslp)_l)’ (31)

and define
Gs = (S + kL) "

For ¢, > 0, define the mixed signal-covariance alignment and trace functionals by
Gij =B GG B, Gy= B GIGIS B, tiy = (EGIGY), (32)

and set

B S BH(2,5,G2)
by :=(1—1 Ly = 7 — 5.,
AR e )

Lemma C.1 (Deterministic equivalents with a deterministic insertion). Let A € RP*P be determin-
istic, symmetric, uniformly bounded in operator norm, and commuting with ;. Define

TA =Vt H‘(EthAGt)

Then, for each fixed \; > 0,

)\tQ)\zA = K¢ GtA, (33)
MNQxAQy, = K2GAG + K2by T4 G2 Gy, (34)
and
1 e VaY] P
nf tr(AZQ)\t) — bt TA, (35)
t

where by := (1 — t20) ! and to g = 1 tr(X7G?).

Proof of Lemma C.1. The first display (33) follows immediately from the scaled resolvent determin-

istic equivalent
)\tQ)\t = kG

by right-multiplying with the bounded deterministic matrix A.

For (34), we repeat the 2 x 2 block linearization used in Lemma B.9 of Dang et al. (2026), with A
as the off-diagonal coupling matrix. Concretely, define

DRI, JA -1
H(J) := LN G(J) :=H(J) ".
(/) < JA 2+Mp>7 (J) (J)
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Differentiating at J = 0 gives

_(G,(O))H = Q)\tAQ)\t'
On the deterministic-equivalent side, the same linearization yields a self-consistent equation for the
off-diagonal block whose solution is

MQ)AQy, =< KIGAG + K2by T4 G2 Gy,
where the scalar correction factor is

by = (1 —ta0)" ", tao = v T(Z7GY).

Finally, using the exact identity
EQit = Q)\t - )\tQita

we have 1
L (ASQR) = 7 Tr(AQx) = A Br(AQR).
Let
sa(Ae) ==y tr(AQy,).
By (33),

K —
sa(M) 2 v )TZ tr(AGy).
Differentiating this equivalent and using x}(\) = by and G}(\;) = —k}(\)G? = —b,G? gives
1 a _
;t tI‘(AEQ?\t) = SA()\t) + )\ts;l()\t) 3> 'Ytbt tI‘(AGt(Ip — Iith)).

Since I, — k;Gt = 3G, and A commutes with 3; and Gy, this becomes

’)/tbt ﬁ'(AGtEth) = ")/tbt H‘(EthAGt) = bt TA-

C.4 Proof of Theorem 3.2

Proof of Theorem 3.2. By Theorem 3.1 of Dang et al. (2026), the teacher risk has the deterministic
equivalent

R(M\) = K2bigoo + o2bitag + o2 (36)

The next two lemmas give

R(A) — C (s As) 2 R(A) — C( My As) = ks — Kiqia + Kige + Kibita a0 + 02bita 1),
p
=D

D(A¢, As) (At As) = £2(qo02 + bsdo.2 — 26¢(q1,2 + bsqr2) + K7 (q2,2 + bso,2)
+ (K7 qa,0 + 0%) (ta + by tr(Ze2,G7G2))).

Since D(A¢, As) = R(At) + Rpd(As) — 2C(Ag, As), these identities yield closed-form expressions for
Rpd(As) and C(Ag, As):

C(Ats As) = 02 + Kibigoo + 07bitag — Ks(—Keqi + Kiga1 + Kibita, 12,0 + 0 bita 1), (37)
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Rpd(As) = £2(q0,2 + bso,2 — 26¢(q1,2 + bsqr,2) + K7 (q2,2 + bsd2)

+ by (K7q2,0 + 02) (tan + bsye (2 DsG2G2))) — R(M) +2C( A\, As). (38)

In the nontrivial case 72 + o2 > 0, we have the scalars ky, ks, by, b, q2,0,t22 > 0, and

M%

Oi0; <1 2 N K2 2)
(O-'L + Kls) Ui + K/t (UZ + K/t)

;i o; 2
(i + ks)? \o; + Ky

03'01'

(i + K)%(0; + ks)?

2
qo,2 — 2Ktq12 + Kiq22 =
1

%

I
M‘B

&
Il
—

>0,

I
M“@

N
Il
i

040; <1 2k N K7 2>
(G + k)2 oi+ ke (07 + Kke)

oiv; < o; >2
(05 + Kks)? \ o7 + Kt

azgzvi
(07 + Kt)%(0; + ks )?

M@

Qo2 — 2Kid12 + KiGao =

@
I
—

I
M'ﬁ

=1

I
M‘B

=1

Then, the limiting denominator D(A¢, As) = R(A¢) + Rpd(As) — 2C(A¢, As) is strictly larger than 0
since

K2 (%,2 + bsd0.2 — 264(q1,2 + bsGr2) + K7 (qo.2 + bs@,2) + be(Kigo0 + 0°) (ta2 + bst ﬁ"(ztszng)D

= K2 (%,2 — 2K4q1 2 + KiG2,2 + bs(Go.2 — 2612 + KiG2,2) + bi(Ki g0 + 07) (ta2 + by (42, GFG2)) )

>0 >0 >0 >0

Substituting these deterministic equivalents into the oracle identities in Proposition 3.1 gives
R(A) — C( Mg, As)
R(At) + Rpd(As) — 2C (A, As)’

(R(\) = C(Ai, )
R\ + Rpa(As) — 2C(Ae, Ag)

g*()‘tv )‘S) £>

R;msd()‘ta )‘8) £> R(/\t) -

O]

Lemma C.2 (Deterministic equivalent for R — C'). Under Assumption A, as n¢, ns, p — oo with
0 < liminf; < limsupy < oo, 0 < liminf v, < limsup s < 00,

for each fixed \; > 0 and Ay > 0,

R(A) — C (s As) 2> ks ( — mequ1 + Kigon + Kibita1ga0 + 02t ). (39)
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Proof of Lemma C.2. Recall that
Br = QaX "y m,  Bodr, = QxS By = (Ip — AQx,)Ba,
Therefore,
R(A) = C(Ae As) = (Br, = B) TS4(Br, — Boar,) = As (Br, — B) ' SeQn, B,

By the fresh sample resolvent deterministic equivalent,
)\SQAS = kG,

hence

R(At) = C(At, As) = ks (Ba, — B) 4G B, + 0p(1).
Now expand

Br — B=-MQx\B+QxX"e/n, B =L —MQx)B+ QX /0y
With A; := X:G, this gives

1 .
(Bx, = B) " AsBr, = =M BT QN AL+ NBT Q0 AQN B+ 58" XQ), AsQx, X Te + Lin(\y),
t

(40)

(41)

(42)

where Lin(\;) is linear in €. By the same leave-one-out concentration argument used in Lemma B.3

of Dang et al. (2026), we have Lin(\;) = op(1).
Apply Lemma C.1 with As = 3;Gs. Because As commutes with X,
TA, = Tt E"(Z?G?GS) = t2’1.

Also,
BTGiAB =B GG =q1, BT GAGS =BT GI%IGsf = 1.
Therefore,
-t 5TQ>\tAsﬂ £> —hktq1,1,
A2BTQxAsQx, B 2 K2qo1 + K2bita 1 ga.0,
and 1 )
ﬁaTXQ,\tASQ,\tXTs 2. — tr(As2Q3,) B obita1.

t t

Thus,

R(A) — C( Ay As) = ks (— Kequ1 + K7 q2,1 + Kibita1q2,0 + 02bita).

Lemma C.3 (Deterministic equivalent for D). Under Assumption A, as ng, ng, p — 0o with
0 < liminf~ < limsupy; < oo, 0 < liminf v, < limsup s < 00,
for each fixed \; > 0 and Ay > 0,
DAt As) 2 D(As, As) = K2 (90,2 + bsdo2 — 2¢(q1,2 + bsqr,2) + K7 (2,2 + bsGo,2)
+ by (K720 + 0°) (ta2 + bsy tr(2,2,GG2))),
where by = (75 tr(3:2:G?%)) /(1 — 7, tr(22G?)).
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Proof of Lemma C.3. We first note the exact identities
Bodre = (Ip = XQx)Brs  Br, — Bodrs = 1@ B,
where Qy, := (X + AsIp) 7! and > = X X /n,. Writing ey, := 8, — 3, we have
D(Ais As) = (Br, — Bodr,) " Se(Br, — Bodn,) = A2 5,\Tt©,\82t©,\55>\t-

Applying the fresh-sample analogue of Lemma C.1 with A = ¥;, which commutes with 3, by
Assumption A, gives

2 Vs H(EsEtGg)
"1 -7, tr(23G2)

AsQ», = kG, AQx2:0x, = K2G?S + K [eB >Nl

Hence,
D(Ae, As) = B, A28, + 0p(1),

Ay = K,gGgEt + HgbsGsEsGSv (44)

where we denote o )
_ Vs tr(ESZtGS)

ST n(226R)

Note that
ex, = B, — B=—-MQ) B+ Q,\tXTa/nt.

For any deterministic positive semidefinite insertion A that commutes with 3;, Lemma C.1 gives
ex, Aex, B Kk1BTGLAGB + by Tr(ASGF) (Kigo0 + 0?),

and
ex, AB D —ky BT GLAB,

where linear terms in € are o,(1) by the same leave-one-out concentration argument used in Lemma
B.3 of Dang et al. (2026).

Using 8y, = B + ey,, we therefore obtain
ex, ABy, = e, AB + e\ Aex, & —ry BT GLAB + k7B GLAGS + by vy Tr(ASGY) (Kiga0 + 02),

and
B, ABy, = BTAB + 25, AB + e}, Aey,

2 BTAB — 2k BT GLAB + k78T GLAGB + by vy Tr(ASGY) (Koo + 02).
Substituting A = As yields
BT AsB = K2qo2 + K2bsq0,2, BTG1AB = Kiq1 2 + K2bsG1 2, BTG1AGB = K2qo2 + K2bs2,2,
and
Ve H‘(AgztG?) = Iigtgg + Iﬁzbs’yt ﬁ(EtZngGg)
Finally,

D(Mi, As) = £2(go2 + bsdo.2 — 264(q1,2 + bsGr2) + K7 (g2,2 + bso,2)
=+ bt(:‘i%qu + 0'2) (t272 + bS'yt H‘(EtESGsz))) .
This proves (43). O
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C.5 Background on deterministic equivalents
We use an anisotropic (bilinear-form) notion of deterministic equivalent.

Definition 1 (Deterministic equivalent). Let A = A, be a (possibly random) p X p matrix and
A = A, a deterministic p x p matrix. We write A < A if, for every pair of deterministic vectors
u = up, and v = v, with |lul|2, [|v]2 = O(1),

uw' (A—Aw Bo.

If A(9), A(0) depend on a parameter @ in an open set ©, we write A() < A(0) uniformly on compact
subsets of © if the convergence above holds uniformly over 6 in any compact K C O.

This notion implies trace convergence whenever operator norms are uniformly bounded. In particular,

if A=< A and ||Allop; | Allop = Op(1), then tr(A) — tr(A) 2 0.
We will also use that uniform deterministic equivalents can be differentiated.

Lemma C.4 (Differentiate a deterministic equivalent). Let A(z) be random and A(z) deterministic,
both analytic in a complex neighborhood U of zp. If A(z) < A(z) locally uniformly on U, then
A/(Zo) = 171,(20).

Proof. For any deterministic u and v, apply Cauchy’s integral formula to u' (A(z) — A(z))v on a
sufficiently small circle around 2y contained in U. Local uniform convergence makes the resulting
contour integral o,(1). O

For the next two lemmas, let S=XTX /n be a generic sample covariance matrix with population
covariance ¥ and aspect ratio 7 = p/n, and let Q) = (X + )\Ip)_l. A standard anisotropic local law
for sample-covariance resolvents gives the following deterministic equivalent; see, e.g., (Rubio and

Mestre, 2011; Knowles and Yin, 2017; Patil and Du, 2023).
Lemma C.5 (Scaled resolvent deterministic equivalent). Under Assumption A, for each fixed A > 0,
AQy < k(A (Z+ &\t = kG, (45)
where kK = k() > 0 is the unique solution to
k= A+yk (S +kL), (46)

and G = (X 4 /dp)*l. The equivalence extends locally uniformly to a complex neighborhood of each
A > 0 and, in particular, holds uniformly for A in compact subsets of (0, 00).
Define 1

ta(N) := v fr(2*G? b(A) == ————.

() = BEIE), b = s

Lemma C.6 (Derivative of the fixed-point solution). The map A — x(A) is differentiable for A > 0

and
1

K =00 = T

Proof. Differentiate (46) and use I, — kG = G to obtain
() (1—~&(22G?)) = 1.
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D Proofs in Section 4

D.1 Proof of Proposition 4.1
Proof of Proposition /.1. For fixed A, define

As A ranges over (0,00), the corresponding fixed-point solution ks ranges over an interval. Thus,
Ay € Ay if and only if H vanishes throughout this interval. Clearing the denominators gives

Zd H k)—i-/is)—o.

J=1  k#j

The left-hand side is a polynomial that vanishes on an interval and is therefore identically zero. For
any j € [m], evaluating it at ks = —0 ;) yields

d; [1Gw - a6) =0
k#j

The eigenvalues (1), . .., 0(m) are distinct, so d; = 0. Conversely, if every d; = 0, then H is identically
zero and A\ € Ay.

We provide a crude upper bound on the cardinality of A; using only the weaker necessary condition,
m p
SUEDWE
j=1 i=1
This condition is equivalent to

i /ﬁ;tO'ZZ <H%th2,0 + O'th _ U') -0
C— (0 + Ky)? KT ‘ ’

=1

p p

bt 2 2 UUZ
< — + =0. 47
2w +0) > s DN (17)

(o; + K
i=1 -1 i+ he)?

For convenience, write k; as k. Let m be the number of distinct eigenvalues of ¥;, denoted by
{e@), -+, 0(m)}- Define

m
U(]

j=1

P

:Z I (oG +#?

=1 JU(])7£U’L

p

Z i II (o) +#)?
=1 JU(Jﬁé‘TZ
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Then

o602 Q) & ol S(w) & o R(R)
; (0i+ k)2 P(r)2 Z Gt R PP 0T (ot af T P
by = = =

Ctao 1oy e PR QU

Substituting these identities into the degeneracy condition and clearing the denominator gives

Q) (2 () + 2P (1)) — KS(R) (P2 — Q) /) = 0. (49)

T

By construction, deg P = m and deg (), deg R, deg S < 2m 2, so this polynomial has degree at most
4m — 1. When S # 0, its leading coefficient is — Y &_, o7 20; < 0.If =0 and 0% > 0, the polynomlal
reduces to 02Q(k)P(k)?/n; and is again nonzero. Thus, in the nontrivial case 72 + o2 > 0, the
degeneracy condition has at most 4m — 1 solutions. Because \; — k; is one-to-one, the same bound

applies to the corresponding values of A;.

O
D.2 Proof of Proposition 4.2
Proof of Proposition /.2. By Lemma C.2,
R(M) —C(At, As) = ks (— Requ1 + K2go1 + Kibita1g2,0 + Uthtz,l)-
The equation R (A¢) — C(A¢, As) = 0 is therefore equivalent to
—kiq11 + Ko + Kibita 1q20 + 02bita 1 = 0. (49)

Recall the eigendecompositions ¥; = U diag(oy, . .. ,op)U and ¥, = U diag(oy, . .. ,0p)U, and the
squared signal-covariance alignment v; = ((Uf3);)?. Equation (49) becomes

2

P 2
— IitO'Z’Ul Ky 030; 1 o;
+ — K2b +o%b =0
;((Uz + k) (i + Ks) (034 k)2 (03 + Ks) + (kibigz0 t)nt (o3 +/<t)2(01+/€s)>

zp: of |—kevi + (K thQ oto bt)/nt] 1
(0; + Kt)? 0; + ks

& =0. (50)

=1

IitO'Q [nfbtq2,0+02bt

+th) Kt

For i € [p], define ¢; := G — v;]. Then (50) becomes

p m

H(kg) := =0, 1
(15) ZO'Z-FHS Za(j + Ks (51)
=1 J=1
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where d; :=),. Gu=5;) Ck°

Let j; < --- < jg index the nonzero entries of (dy, ..., ds), and let M be the number of sign changes
in (dj,,...,d;j.). Because A\; ¢ A, Proposition 4.1 ensures that &K > 1. Suppose, for contradiction,
that H has r > M distinct positive roots 0 < z1 < -+ < xp.

Let Z contain the indices a at which d;, and dj,,,
Na € (5(ja)7&(ja+l)) and set

Qt) ==co H(t—ﬂa),

a€l

have opposite signs. For each a € Z, choose

where the sign of ¢y # 0 is chosen so that

[l
=

sign Q(0;,)) = signd,,, a
This construction gives deg(Q) = M < r — 1. Define
t
P(t) = #
[To—i (¢ + 2¢)
Since deg(Q) < r — 1, P has the partial fraction decomposition

.
Ye Q=
P(t) = PR .Wi:HE_))-
—1 Ly k£0\ Tk — ¢

Indeed,

Z Yp H t+ x),

=1 kAL
because the two polynomials have degree at most » — 1 and agree at t = —x1,..., —T,.

Since z¢ > 0, the denominator of P(c;)) is positive. Thus, d; P(7(;)) > 0 for every nonzero d;, and

Z djp(g(j)) >0
j=1

On the other hand,

<

> _diP(GG) =) ue Z Z yeH () (52)
=1

g
=1 j=1 G T

which is a contradiction. Therefore, H has at most M positive roots. ]

D.3 Proof of Corollary 4.3
Proof of Corollary 4.3. We consider the following cases.

(a) Isotropic design: equation (51) has no solution if Y%_; ¢; # 0. Consequently, Rimsd(Ats As) <
R(A¢) for all As > 0.

If Y77 ) ¢i =0, then H(rs) = 0 and RY 4(A, As) = R(Ar) for all Ag > 0. Since -, v; = || 5[5 =
r2, this degeneracy condition is equivalent to

— ke + Y (KEbigoo + 02by) = 0, (53)
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where

2 (14 k)2
= b= 54
q270 (1 + Iit)Q t (1 + I'Qt)2 — "Vt ( )
KRt
=A . 55
Kt t + Nt 1+ (55)
From (55),
Kt Ke(1+ ke — )
N o= Ky — = ) 56
t = Kt %1+I€t 1+ (56)
Since (1 + k)2 — v > 0 for A > 0, equation (53) can be rewritten as
2,2 2 2
9 ek + 0 (1 + Ky)
— K"+ =0
t Yt (1 I K/t)Q — v
o2
& me[(1+r)* = 7] =% (n? + 51+ m?)
o2 9
= K,t(]. + I{t)(l + Ky — ’yt) = ’)/tﬁ(]_ + Iit)
re(1+ ke — 1) o’
= 57
1 + K¢ " ’1“2 ( )

Comparing (56) and (57) shows that the only value satisfying the degeneracy condition is the
ridge-optimal \} := y,02/r2.

(b) Spiked covariance model with s spikes: here, m = s + 1, so the sequence {dy,...,d,,} has at
most m — 1 = s sign changes. The claim follows from Proposition 4.2.

(c¢) 3; with p distinct eigenvalues: we have

2
P K7biga o + o2by
j = Cj - . 2 _'Uj .
(0’] + Ky) KNy
—_——

Vo

Since (v1,...,vp) is monotone and at least one v; # vg, not all the d; vanish, so Ay ¢ Ay by
Proposition 4.1. Moreover, (v1,...,vp) can cross the threshold vy at most once, so (d1, ..., d,) has
at most one sign change after its zero entries are removed. The claim follows from Proposition 4.2.

O]

D.4 Proof of Corollary 4.4

Proof of Corollary 4.4. Since Ay = As = A and ¢ = s, we have k; = ks = kK and Gy = G,. Thus,
by Lemma C.2,

R(A) — C(\ ) = k(= kg0 + K230 + be t3 0 (K% q20 + 02)).

Differentiating
R(\) = o? + k2b 42,0 + o?us, ug = taoby,

40



and using the identities

K (N) = by, dh0(N) = —2bygs,0, tho(A) = —2bitsp, by(\) = —2bit30, uh(\) = —2b3t3,

we obtain
R'(\) = =207 ( — kgo0 + K230 + be t30 (K q20 + 02)). (58)
Therefore,
R —C\A) = ——= R'(N).
2b;
The strict-improvement and sign claims now follow from Proposition 3.1. O

D.5 Proof of Corollary 4.5
Proof of Corollary 4.5. When ¥, = I,,, all ; equal 1, so (51) becomes
P

H(ks) = I :z L
S

If the numerator is nonzero, H(ks) = 0 has no solution; hence, strict improvement holds for every
As > 0. O]

D.6 Proof of Proposition 4.6

Proof of Proposition /4.6. The oracle decomposition in Proposition 3.1 gives

(Rpa(As) — C(A, A))?

Rimsd(Ats As) = Ropd(As) — . 59
pmsd( ty ) Pd( ) R(At)_}'de()\s) _2C()\t,>\5) ( )
Thus, R5ea(At, As) < Rpd(As), with strict inequality if and only if Rpq(As) — C(Ar, As) # 0.
We now characterize this difference. For every As, A > 0,
Rpd(As) — C(Ae, Ag) = D( M, As) — (R()\t) — C()\t,)\s)). (60)

Subtracting the deterministic equivalent for R — C in Lemma C.2 from that for D in Lemma C.3
gives

Rpd(As) — C(At, As) = K2 (q0,2 + bsqo,2 — 264 (q12 + bs@1,2) + K7 (q2,2 + bsGo,2)
+ by (K7 qa0 + ?) (t2,2 + bsyt ﬁ(EtEstGﬁ)))

- Fés( — Keq1,1 + /‘0?(]2,1 + H%bttZ,NIZ,O + Uzbtt2,1)- (61)
When X, = %, we have g;; = ¢;j and 1+ bs = 1/(1 — 75 tr(X2G?)). Hence,
Rod(As) — C(Ai, As) = K2(1+ bs) (qo2 — 26eq1,2 + K7 qo,2 + bi(K7qo,0 + 0%)ta2)

— fis( — Keqi1 + Kiga + ﬂ?bttzl@,o + U2btt2,1)- (62)
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Setting the right-hand side of (62) to zero and simplifying gives

P odv; + Lolby(kiqoo + 0?) P 2
Ks i Z Pvi T s £ 42, 7 022 (—Iitvi+%bt(%?q1o+02)>.
1 _ 23yP o; - (0 + Ke)?(0i + Ks) — (0 + k)% (05 + Ks) P
p £=i=1 (o+rs)2 =1 =1

Under the isotropic design ¥; = X5 = I, this simplifies to

Rs(L+hs)® 7+ ybi(Rfazo +0°) _ —ker® + ubi(rigep +07)
(1+£ks)2 =7 (L4 k)21 + ks)? (1+ ke)2(1 + Ks)
& [P +bi(k7ga0 + 0°) ] (1 + Ks) = [ — mr® + 7ibi(K7q2,0 + 0] [(1+ Ks)* — 7]

< (14 /-@t)r%i + [(1 + 2f<at)r2 — ’)’tbt(lﬁ??qg,g + 02)] ks + (1 —7s) [mtrQ — Yeby (FL?QQ,O + 02)] =0.

The left-hand side is a polynomial of degree at most two in k. In the nontrivial case 12 + o2 > 0,
it is not identically zero: if 2 > 0, its quadratic coefficient is (1 + ;)r? > 0, while if 7> = 0 and
o2 > 0, its linear coefficient is —y;b;02 < 0. Therefore, for any fixed \; > 0, there are at most two
values of k,, and hence at most two corresponding choices of g, for which Rpq(As) — C(As, As) = 0.

O

E Proofs in Section 5

E.1 Proof of Theorem 5.1

We prove a slightly more general finite-candidate version of Theorem 5.1. This version is useful when
the same calibration set is used to choose among finitely many student regularization parameters
s, unlabeled sample sizes ng, or other finite hyperparameter choices.

The argument is straightforward: once the teacher and fresh-X pure-distilled student are fixed,
calibration estimates only the risks and residual correlation of two fixed predictors. Thus, no
high-dimensional condition on p/nc, is needed.

Let G denote the sigma-field generated by the deployed teacher, the fresh unlabeled covariates, and
all fitted pure-distilled students under consideration. Conditionally on G, the teacher and student
predictors are fixed functions. For a single candidate fpq, let (X£2, Y2l be an independent
labeled calibration sample drawn from the target test distribution. Define

e =Y = fOEY), B = Y - fpa( X,
The oracle quantities are
R:=E[(e)’|G],  Rpa:=E[()’[G],  C:=Elec™|(],

where (e, eP?) denotes an independent test residual pair. The calibration estimates are

1 Ncal 1 Ncal d 1 Ncal d
peal . § : 2 peal . § : pd\2 Acal . § : p
R = T (61) s de = n (ei ) s C = T eiei .
cal cal ;| cal

We first prove the following finite-candidate result.
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Theorem E.1 (Calibration consistency, finite-candidate version). Fix a finite collection of candidate

pure-distilled students
f( 1) (J )

T
with J < 0o, and condition on G. For each j € [J], deﬁne

Rogy =E[(2)2 ]G],  Cj:=Elec?[G],  Dj:= R+ Rpa; -2,

where e j =Y - fo4 U)(x (X) for an independent target-distribution pair (X,Y"). For the calibration
observatlons let

6p,(]i — Ycal fézi) (Xical)’

and define
1 Ncal d ) R | 1 Ncal pd
Real .— — eP)”, Cc = ee’’.
pd,j Neal z;( w) J Neal ; 171,
Assume that there exists dy > 0 such that
min D; > dp,
jelJ]
and that the conditional variances of
d d .
(e)? (5% e, el
are bounded uniformly over j € [J]. Then, as nc, — oo,
p p
Hé?}(}gcal,j 5;’ — O? m?}]; Rpmsd cal,j — R;msd,j| - 0’
where
5*,_R_Cj * ‘_R_(R_Cj)2
J T D, ) pmsd,j " D, )
and 5 are the corresponding plug-in calibration estimates. In particular, Theorem 5.1

cal,j’ pmsd,cal,j
follows by taking J = 1.

Proof. We first establish consistency of the three empirical quantities. For the teacher risk estimate,
conditional on G,

E[Ecal ’ g] =R, Var(écal ’ g) — VaI‘((e)2 ‘ Q)

Ncal

The assumed variance bound and Chebyshev’s inequality give
R — R 2 0.
The same argument, followed by a union bound over the fixed candidate set, gives

_ | P ~cal | P
max de,]‘ =0, jrréax|0 C]‘ =0

Therefore,

maX|D(;al o Dj B> 07 Dcal Rcal + R;?jlj o QC]C-al.
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Since min; D; > dp, we have

min DCal > dy/2
Jjel]

with probability tending to one.

Thus, with probability tending to one, every plug-in denominator is bounded away from zero.
Applying the continuous mapping theorem to each candidate and taking the maximum over the
fixed finite set yields

5*‘ 2o, max‘R

max}f ¥ Rysd il 0.

jel) cal,j =

pmsd,cal,j —

O

This finite-candidate consistency statement immediately implies that calibration can also be used
for finite hyperparameter selection.

Corollary E.2 (Selecting among finitely many candidates). Under the assumptions of Theorem E.1,
let

] € argmlnR

pmsd,cal,j*
JEJ]

Then

R* min R*

pmsd,] J€l] pmsd,j _> 0.

If the oracle minimizer j* € argmin; RS is unique and separated by a positive gap, then

pmsd,j

Proof. Let Aca := maxc \R |. By Theorem E.1, Ay 0. By definition of j 7,

pmsd,cal,j — pmsd i

~
*

_ |
pmsd.cal] = Bpmsd.calj  for every j & [J].

Let j* € argmin; R} Then

pmsd,j*

R* <R Ay < R

<
pmsd,j — = ‘pmsd, cal,j «+ Acal Ry

Sk + 2AC&1 .

pmsd,cal,j pmsd,j

Thus

0< R* min R*

<
Pmsd,j Jel] pmsd, j 2Acal _> 0.

If the minimizer is unique, let

g := min (R

*
msd., j msd,j* >0
GNP J— “'pmsd,j )

denote its separation gap. The event A, < g/2 then forces j]\ = j*. This event has probability
tending to one. 0
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E.2 Vector-valued predictors

The same calibration method extends directly to vector-valued prediction, which is used in our
squared-loss linear-probing experiments. Suppose Y € R¥ and predictors f : X — RX are evaluated
by squared risk

R(f) =E[Y = f(X)]3].

For two fixed predictors f and fpq, define vector residuals

e:=Y - f(X), =Y - fra(X),

and set
R:=E[le|3],  Rpa:=E[|™]3],  C:=E[e,e)].
Then the same affine-risk expansion gives
G R-C_ . (RoCP
" R+ Ryg —2C° prsd R+ Ryg —2C°

The calibration estimates are obtained by replacing scalar squares and products with squared
Euclidean norms and inner products:

. 1 Ncal ~ 1 Tcal d -~ 1 & d
B = S elld R = 3 ePlE O = > (e,
Ncal i—1 Tcal i=1 Tcal i=1

The proof of Theorem E.1 applies directly under the corresponding finite-variance assumptions on

leli3, NPl (e, ePd).

A note on the computational cost: The calibration estimator is “one-shot” in the following sense. For
a fixed candidate student f,q, after training f,q once on fresh pseudo-labels, tuning £ requires only

(f (@), foa(ag™), ys™) i),

followed by three empirical averages and the closed-form plug-in formula. There is no retraining
over candidate mixing weights £. If one considers finitely many candidate students, such as different
student penalties Ag or different fresh unlabeled sample sizes ng, each student must be trained once,
but the same calibration set can evaluate all candidates by Corollary E.2.

F Proofs in Section 6

F.1 Preliminaries

For readability, we write p in the finite sample systems below. When np is not an integer, this
notation denotes p, := |np|/n; since p, — p, this does not affect the limiting conclusions.

Recall the training objective for the student classifier based on the teacher’s hard labels:

1 A
6p4 := argmin 7 Z; CE(5i, o ({0, ¢(x4)))) + §H9H2 : (63)

L£1(0)
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The loss can be rewritten as

£1(0) = o 3 (log (14 e09) — Guto, o(a))) + 261 (64)
i=1
2n
VE0) = 5> (010, 0(wi))) — 5:) () + 26, (65)
i=1
Setting V.L1(0) = 0 gives
2n 2n
s =Y 5 (5= o (Bpas ) (0 = > e T o). (66)
i=1 Py i=1
It follows that
Ypd(7i) = 0 ((Opd> (1)) = ¥i — 2nAa(zi, Yi)- (67)

The following result characterizes these coefficients.

Lemma F.1 (Adapted from Lemma 2 of Das and Sanghavi (2023)). Under Assumption B, let

An = 2nA. Then

—a, forie Sl,bad7
. an for i € S1 goods
(i, ¥i) = § . :
Op for i € SO,bad’

—oy,  fori € Spgood-
Here, o, > 0 and @, > 0 solve

0<cn(an ~ (an +Gn)p) — (1 — c)an) — Xnin

a(cn(an — (ap +an)p) + (1 — c)an) =1- A\, .

By Lemma F.1, the student predictions on the training set are

AnQin, for i € 51 pads
1 — Ao, fori € St sood,

ypd (xl) _ 7nAn ’ ,800 (69)
1 — Aoy, fori e Sppad,

A Cip, for i € Sp good-

For ypq to achieve 100% training accuracy with respect to the ground-truth labels, we require
A Qp > 0.5 and A\, < 0.5.

In Section 6.1, we train a second student on the first student’s soft labels 1,q4(-) over the same
unlabeled set Dypjap- Its training objective is

1 & b
05 = argmin 5>~ CE(ypa(ar). o((6.0(x:)))) + 1617 (70)
i=1

L2(0)
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Setting VL2(0) = 0 gives

2n
2 1 2
5 = 2 3 (spalas) = (852 () ) b)) = Y Bio(a). (71)
i=1
=P
The following lemma characterizes the coefficients ;.
Lemma F.2 (Adapted from Lemma 3 of Das and Sanghavi (2023)). Under Assumption B, let
Ap, := 2n\. Then
—Bpn  for i € S pad,
n f ) S ood»
g = P 1o i€ Sigood, (72)
Brn  for i€ Sppad,
—Bn for ¢ € SO,good

Here, 3,, and Bn solve

{U(Cn(ﬂn - (5n + B\n)p) - (1 - C)B\ ) j\ Oln, n/Bn (73)
U(Cn(ﬁn = (Bn+ Bu)p) + (1 —¢)Bn ) =1— Aan — Anfn,
where (a,, @y,) solve (68). If \,@, < 0.5 and A\, < 0.5, then ﬁn,gn > 0.
By Lemma F.2, the second student’s predictions on the training set are
E\nan + X,ﬁn for i € &1 pads
2 1- nan - nﬂn for i € Sl, d,
ysa (i) = = oo (74)
1- nan - nﬁn for i € SO,bada
;\nan + /\nﬂn for i € SO,good-

For yl()zd) to achieve 100% training accuracy, we require A, (@, + ﬁn) > 0.5 and A, (v, + Bn) < 0.5.

To distinguish the affine scores from the thresholded classifiers in (23) and (25), define
. 2 2
Somsd ¢ () 1= (1= E)5() + Evpa(@), Spmaa (@) = (1= ©)tpa(@) + v (@),

F.2 Proof of Theorem 6.1

Proof of Theorem 6.1. We first show that when )\, — A € (0, 00), there exists py € (0,0.5) such
that ypq has 100(1 — p)% population accuracy for every p € (po,0.5), matching the teacher.

By Lemma F.1,

U<cn(an ~ (am + @n)p) — (1 — c)an) = Mndin )
o*(cn(an — (ap + aQn)p) + (1 — c)an) =1— Ay

The regularized logistic objective is strictly convex, and the feature spans for the two classes are
orthogonal, so this system has a unique solution (a,, &,). Because the sigmoid takes values in (0, 1),
both «a,, and @, are strictly positive.
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Let T, := o — (o, + Qi) p. Suppose, for contradiction, that &, < a,. Using o(z) =1 — o(—2) and
the monotonicity of the sigmoid,

o(enTy, — (1 — ¢)apn) = M@n < Ay, = a(—enTy, — (1 — c)ay,)

= cnl,— (1—-ca, <—cnT, — (1 —c)ay,
= 2cnT, < (1—c)(an, —ay) <0. (76)

This is impossible because p < 0.5 and &, < «, imply T}, > 0. Hence, &,, > «;,. Moreover,

(@ + ap) =o(enT, — (1 —c)a,) + 1 —o(enT), + (1 — ¢)ay,) < 1,
because «ay,, 0, > 0.

Since A\, — A > 0 and A\,ap, M\p@y, € (0, 1), the sequence (au,, @) is bounded. Fix p € (0,0.5) and
let

= —— € (0,1).

ri= e )
Pass to an arbitrary convergent subsequence, still indexed by n, with limit (a, @). Then 0 < o < @,
Ma+a) <1, and
T:=1lmT, =a—(a+a)p.
n

We claim that 7' = 0.

e If T > 0, both sigmoid arguments in (75) diverge to +0o. Hence, \a =1 —Xa =1, s0 a > 0
and o = 0, contradicting 7" > 0.

e If T < 0, both arguments diverge to —oo. Hence, \d =1 - Aa=0,s0 @ =0 and a = 1/ > 0,
contradicting 0 < o < a.

Therefore, T'= 0, and every subsequential limit satisfies
a = ra. (77)

The sequence nT;, is also bounded. Otherwise, pass to a subsequence along which it diverges to +oo
or —oo and then to a further subsequence along which («,, a@,) converges. In the first case, (75)
gives A& = 1 and Aa = 0; in the second, it gives A@ = 0 and Aa = 1. Both conclusions contradict
(77) because r > 0.

Consequently, every subsequence of (ay,, @y, nT;,) has a further convergent subsequence. Let (o, &, N)
be any such subsequential limit. Taking limits in (75) gives

a(cN (1- c)a) —Xa a(cN (1 c)a) —Xa -
J<CN+(1—c)a):1—)\a - a(—cN—(l—c)oz)zon. (%)

We now show that this subsequential limit is unique. Let logit(u) := log{u/(1 — u)}. The first
equation in (78) implies 0 < A& < 1, so the logit below is well defined. The first equation in (78)
gives

cN = logit(A@) + (1 — ¢)a.
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Substituting this identity and o = ra into the second equation gives
9r(@) := o —logit(A@) — (1 — ¢)(1 4+ r)a) — Ara = 0. (79)
On h € (0,1/)), the function g,(h) is strictly decreasing, with

lim g.(h) =1, lim g.(h) = —r.
lim g, (h) m/xg( )

Thus, (79) has a unique solution, denoted h,.. It follows that every subsequential limit is the same:

logit(Ah,) + (1 — ¢)h,
. :

(/)é\:hr, O(:Thr, N:NT::

Therefore, the full sequence (ay,, @y, nT;,) converges to (rhy, hy, Ny).

It remains to study the limit as p 1 0.5, or equivalently as 1 1. The unique zero h, of g, depends
continuously on r € (0, 1], because g,(h) is continuous in (r, h) and strictly decreasing in h. Indeed,
if ¢ — 7, the endpoint limits above ensure that every subsequential limit of h,, lies in (0,1/X) and
solves gr(h) = 0; uniqueness then forces that limit to equal h,. At r = 1, the continuous extension
of the limiting equations in (78) becomes

a(cNy — (1 —c)hy) = Mhy, o(—cNy — (1 — ¢)hy) = Ahy.

The strict monotonicity of the sigmoid implies N1 = 0, and the first equation then gives

0 < Ahy =o(—(1—c)h1) <0.5.
Consequently,

N, — 0, hr — h1 >0 as p10.5.
Hence, there exists py € (0,0.5) such that, for every p € (pg, 0.5),
cN, — (1 —c)h, <0, Ah,. < 0.5.

Since o = rh, < h,, we also have Aa < 0.5. Equation (69) therefore shows that y,q misclassifies

exactly the samples in S paq and Sp pad, and hence has 100(1 — p)% population accuracy.

Mixing achieves 100% accuracy for all p < 0.5. We now prove the second statement of the
theorem. Under the assumed regime A\, — A € (0,00), we can choose & so that thresholding the
affine score (1 — &)y(z) + Eypd(z) yields 100% population accuracy as n — oo. The limiting affine
scores are B

f/\a for i € Sl,bad7

1—E&a forie S1,g00d s

1— 55\& for i € SO,bad)

fXCK fori e SO,good-

Spmsd,ﬁ(xi) = (1 - 5)@\2 + gypd(l‘i) =

Since & > «, there are three algebraic cases:

o If \a > 0.5 > A, then (69) shows that the PD student already achieves 100% accuracy as
n — 00, so we choose £ = 1.

e If 0.5 > A\a > Aa, choose £ > 1 such that éAa > 0.5 and £Xa < 0.5. Such a choice exists because
a > a.

e The case A& > Aa > 0.5 is impossible because A\(a + a) < 1.
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F.3 Proof of Theorem 6.2
Proof of Theorem 6.2. As established in the proof of Theorem 6.1,

a=ra, r::Le(O,l), AMa+a)<1

In particular, @ > « > 0. Write
P :=)a, Q := la =rP.

If P > 0.5, then @ < 0.5 because P 4+ ) < 1. Thus, ypq already achieves 100% accuracy, and
choosing £ = 0 recovers the classifier induced by ypq. It remains to consider

0<Q<P<05 (80)
This includes the boundary case P = 0.5.
The equations in (73) imply
0 < Xn(@n + Bn) < 1, 0 < Anlay + Bn) < 1.
Hence, (5, B\n) is bounded. Let (S, E) be an arbitrary subsequential limit, and define
Wo:=Bu = (Bu +Bu)p, W i=1lmW, = (1-p)8 - pb.

We claim that W = 0. If W > 0, both sigmoid arguments in (73) diverge to +oo, giving

P+Xi=1, Q+X3=0.
Thus, 3 > 0 and 8 < 0, contradicting W > 0. If W < 0, both arguments diverge to —oo, giving

P+XM=0, Q+X3=1

Thus, B\ < 0 and 8 > 0, contradicting W < 0. Therefore, every subsequential limit satisfies
B =rp. (81)

The sequence nW,, is bounded as well. Otherwise, pass to a subsequence along which it diverges
to 400 or —oo and then to a further subsequence along which (G, B\n) converges. The limiting
equations would again force 8 and B\ to have opposite signs, contradicting (81). Consequently, every
subsequence of (5, B\n, nW,) has a further convergent subsequence.

Let (5, B,M ) be any such subsequential limit. Using (77) and (81), the limiting equations are

o(cM — (1 —¢)B) = @+ B),
ol A

~ (82)
—cM — (1 —c¢)rp) = Ar(a+ B).

In particular, 0 < A(a + B) < 1, so the logit below is well defined. The first equation implies

o~

M = logit(\@ + B)) + (1 - ¢)B.
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For h € (—@,1/\ — @), define
ky(h) == o(—logit(A(@ + h)) — (1 — ¢)(1L 4+ r)h) — Ar(@ + h). (83)

Substituting the expression for M into the second equation in (82) shows that k,.(3) = 0. The
function k, in (83) is strictly decreasing, with

lim k.(h) =1, lim k.(h) = —r.
hl—a A1/ A—@

Thus, k,(h) = 0 has a unique solution, denoted b,. Moreover,
k. (0)=1—P—-@Q >0,
where the strict inequality follows from (80) and @ = rP < P. Therefore,
b.>0, B=b, B=rb <b,.

The value of M is then uniquely determined by the first equation in (82). Hence, the full sequence
(Bny Brn,nW,,) converges to this unique limit.

The limiting affine scores are

P+ ENb, for i € Si pads
1—Q— &b, for i € 81 goods
1—P—¢X\b,  fori € Sppad,
Q + Exrd, for i € Sp good-

2
S[()nst,g (xl) =

Choose £ such that
0.5—-P 0.5—-Q

— <E< —
Aby Arb,
This interval is nonempty because P > @ and b, > rb,. > 0; its lower endpoint is zero when P = 0.5.

This choice makes the first two scores exceed 0.5 and the last two fall below 0.5, proving the
claim. 0

F.4 Proof of Theorem 6.3

Proof of Theorem 6.3. For this proof, write \,, for the regularization parameter at sample size n, so
that A\, = 2n)\, and \, = ©(1). Let T}, := oy, — (o, + @) p. The equations in (68) force au,, dy, > 0.
We first show that a,, > &, when p > 0.5. Suppose instead that a,, < &,. Using 0(z) =1 — o(—2)
and the monotonicity of the sigmoid, we have

o(—enTy, — (1 = e)ay) = Aoy < M@y = o(enTy, — (1 — c)ay,)

= —cnl,— (1 —ca, <enT, — (1 —c)ay,

= 2cnT, > (1—c)(a, —ay) >0,
which is a contradiction because T}, = (1 — p)a,, — pay, < 0 (recall that p > 0.5). Thus, we must
have «y, > .

Because A\, = O(1), we have \,, — 0o. Define the scaled coefficients

~

A, = Ao, A, = M0, N, :=nT,.
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The equations in (68) imply A, A, € (0,1), so ay,, @ — 0. Moreover,

22N = (1 = p)A, — pA,. (84)
Hence, (A4,, gn, N,,) is bounded.

Starting from an arbitrary subsequence, pass to a further subsequence along which
(An, An, Npy M) — (A, A NN, Ay € (0,00).

Taking limits in (68) gives

~

A=0(cN), A=o(—-cN), A+A=1. (85)

Since ay, > @, we have A > A IfN > 0, then (85) gives A> A, a contradiction. If N = 0, then
A = A = 0.5, whereas (84) gives
_1-=2p

0
92 )

again a contradiction because p > 0.5. Therefore,

N<0, A<05<A. (86)

The original subsequence was arbitrary, so every subsequential limit satisfies (86). Consequently, for
all sufficiently large n, A, < 0.5 < A,,. By (69), the first PD student therefore has asymptotic 0%
population accuracy.

For the second student, define
By, := \pBn, B, = 7\an, M, = n((l —0)Bn — pgn)

Equation (73) implies L
0< A, + B, <1, 0< A, + B, <1,

so (By, En) is bounded and f3,, Bn — 0. We also have the exact identity

2A M, = (1 — p)Bp — pBy, (87)

which shows that M,, is bounded.

Passing to a further subsequence if necessary, suppose that
(Bp, By, M) — (B, B, M).
Taking limits in (73) gives
A+B=o0(cM), A+ B=oc(—cM). (88)
Combining these equations with A + A=1 yields

B+B=0. (89)
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Taking limits in (87) and using (89) gives
2AM = B. (90)

We claim that B < 0 < B. If B > 0, then (90) gives M > 0. On the other hand, A+ B > A > 0.5,
so (88) gives M < 0, a contradiction. If B = 0, then B =M =0, and (88) gives A = A = 0.5,
contradicting (86). Therefore, B < 0 < B, and (90) gives M < 0. It follows from (88) that

A+B<05<A+B. (91)

Because the original subsequence was arbitrary, for all sufficiently large n, zzl\n + En <05< A,+B,.
Equation (74) therefore shows that the second PD student also has asymptotic 0% population
accuracy.

At any subsequential limit, the affine scores are

A\Jr fé for ¢ € Sl,bada
1-A—-¢B fori€ Sy good,
1-A— SB\ for i € Sp bads
A+¢EB for i € Sp good-

2
E)nzsd g( ;) =

Thus, it suffices to choose

¢ > max 05—-A A—0.5
B ' -B |

Both ratios in (92) exceed 1 because

~ ~

A+B<05<A+B.

Finally, let K denote the compact set of all subsequential limits of (A,, //l\n, By, En) On K, we have
B>0and —B > 0, so the two ratios in (92) are continuous and have a finite maximum. Choosing £
larger than this maximum gives £ > 1 and makes all four groups classify correctly for all sufficiently
large n. Hence, the PMSD student has asymptotic 100% population accuracy. O

G Proof in Section 7

G.1 Proof of Proposition 7.1
Proof of Proposition 7.1. Let

W =31 =U" diag(wy, . .., w,)U.

For a € {t, s}, the fixed-point equation can be rewritten as
Ao = Ka(l = 7o t2(Za(Za + Kalp)h)).
Because

0 < t1(Sa(Ba + kalp) ') <1
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and v, < 1, the factor in parentheses is bounded below by 1 —~, > 0. Hence,

a

1—7,’

0< ke <

SO
K, ks — 0 as A, As — 0.

It follows that 1

1—%'

Gy — o7, Gy =Xt =W, by —
Moreover,

s ﬁ(EsEtGE) N Vs

.= - (). 93
T2 1o, ) (93)

Recall that the risk reduction has the form (R —C)?/D. Substituting these limits into the expressions
for R — C and D in Theorem 3.2, we obtain

R — C 0'2’Yt _
li = 4
W T T T 5
and
lim 2 = BTWEWE + — L & (s,W)8T W5
At As—0 K2 11—~

TV [ Vs — y—1

+ _%{tr(W )+ ) W)}. (95)

After canceling the common factor x2, the limiting risk reduction is the square of the right-hand
side of (94) divided by the right-hand side of (95).

We next express the right-hand side of (95) in terms of w. In the common eigenbasis of ¥; and 3,
we have
p p
BIWSWB = oww, B WB=> wvaw,
i=1 i=1
and

P 1 <~ w;
> wi o w(EW) == —
=1

==

p o}

_ 1 & _
tr(Z W) = - Zaiwi, tr(W?) =
P i=1
Substituting these identities into (95) gives
p

S [ o N

Pt Pt 1—7) p(l—7)

By the definitions of S, t, and 6, this expression equals

w! (S +t0" + QtT)w.

The squared numerator determined by (94) and the denominator in (95) are both homogeneous
of degree two in w. We may therefore impose the normalization 1; w = p, under which tr(W) =1
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and the squared numerator equals the positive constant 72. Hence, maximizing the limiting risk

reduction is equivalent to
minimize w' (S +t0" + GtT)w,
wERﬁ

subject to 1;w =p.

H Additional theoretical results

H.1 Non-monotonicity in the fresh unlabeled sample size

In this subsection, we consider the isotropic and same-\ setting, i.e., Ay = Ay = A\. We demonstrate
that the optimal fresh-X PMSD risk is not globally monotone in ;. Instead, it has a simple

one-dimensional structure and is unimodal in ~;.
Assume X; = X, = I, and 8 ~ N(0, (r?/p)1,), where r2 > 0, and let

02

Noi= .
Tt T2
For the labeled sample, let x; = k(A) be the unique positive solution to

Ykt

=\ ,
it +1—|—I€t

and set

by == (1 — 7(1 _:202)1.

For the fresh unlabeled sample, let ks = k5(A) be the unique positive solution to

Vsks

= A
s +1+/<cs’

and define

Cs 1= (1 — (1‘1:}/8/1'5)2)_1.

Let R(\) := R(\) — 0’3 denote the excess teacher risk. Define the excess PD-student risk Rpq and

the excess correlation C similarly.

In the isotropic model, the limiting teacher risk in (36) simplifies to

s by 2.2 2
R()\) = m(r K:t + g "}/t)
Define also 1
O:(\) == R(\) — r2" T,(\) = R(A) 4+ 2=t
V= RO =P T = RO) + 1

We are now ready to state the key result in this subsection.
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Proposition H.1 (Dependence of optimal PMSD risk on ~s). In the isotropic setting, for each
fixed A > 0,
0:(\)? 1

Rimsd (N 7s) = Rimea(Ni7s) — 0% = R(\) — :
pmsd( 7 ) Rpmsd( 7 ) o R( ) Tt()\) CS(A) (98)
Equivalently,
— — 1 O4(N)?
*sd( N Ys) = R(N) — Ki(A , Ki(\) = > 0. 99
pmsd( 7’7) ( ) t( >CS(A) t( ) Tt(>\) = ( )
Moreover:
a) if A= then =0 an
(a) if A = A*, then K;()\) d
;msd(/\; vs) = R(A) for all v5 > 0;
(b) if A # \*, then
— A(ys — A —1
87 pmsd(A;ﬁ)/s) = _Kt()‘) ( 5 )2 5 . (100)
s (7s F A+ 1+ /(s + A= D2+ 40)° /(75 + A — 1)2 14X
Hence v — Tz;msd (A;s) is strictly increasing on (0,1 4 \), strictly decreasing on (1 + X, 00),

and has a unique maximum at
¥s =1+ A
In particular, the optimal PMSD risk is not globally monotone in the amount of unlabeled data.

Since smaller s = p/ns corresponds to more unlabeled data, Proposition H.1 shows that adding
more fresh unlabeled data is not uniformly beneficial. For fixed A # A\*:

e if 3 < 1+ A, then decreasing 75 (adding more unlabeled data) decreases the optimal PMSD
risk;

o if v > 1+ A, then decreasing ~s initially increases the optimal PMSD risk, until the turning
point s = 1 + X is reached.

Thus, the fresh-X PMSD risk is unimodal, not monotone, in the amount of unlabeled data.

Proof of Proposition H.1. Let

Ay =By -5, Apd = Bpd,x — B-

All limits below are taken in the proportional asymptotic regime with +; and v, fixed. In the isotropic
in-distribution setting,

R(A\) = LmE|Ay|3, C(A) = imE(Ay, Apg.n), Rpd(\) = imE||Apg |3
Let M, := %(Z + Al,)~"'. Then

Bodx = Mufy, Apdr = MyAy + (M, — I,)B.

Because ¥ is independent of the labeled sample, M, is independent of (Ay, 3). Under isotropy, M,
is orthogonally invariant, and therefore

AYMuAy = sy [AN3, ATMEAL = sz, | AN,
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ANMB = sy (AN, B), BT (My—1,)*8 — (1 — 25, + s2.4) [| 8113,

where 1 1 !
=lim ~ tr(M,) = = lim ~ tr(M?
Sy 1mp r(My) T S2.u 1mp r(M?),
and )
1 KZC
1-2 = lim ~— tr((I, — M,)?) = —=°_.
Su+52,u lmp r(( P u) ) (1—'—/{,8)2

Similarly, on the labeled side,

1
1+ Ky

Rt

; <A)\76> — —7‘2(1 - St) = _T21 ¥ Ht‘

St =

Consequently,
Ty(A) = imE[| 3,3 > 0.

Expanding the fresh-X correlation term gives

C\) =5, R\ + (54 — DIm(Ay, B) = s, R(A) + r2(1 — 5,)(1 — s¢).

Therefore,
R(A) —CA) = (1 = 5,)(R(A) = r?(1 — s1))

= (1— 54) O:(N).

Next, expanding the fresh-X PD risk gives
Rpd(A) = s2,R(A) + 1”2(1 — 524 + 25¢(52, — su))

Hence the discrepancy denominator is

D(A) := R(A) + Rpda(A) — 2C(N)
= (1 —2sy + s2.4)(R(\) + 7‘2(2st -1))
= (1 =25y + s2,4) T1(N).
Using

2

KJS "QSCS
1-2 = %
1+f€57 3u+82,u (1+l‘€5)2’

1—s, =

we obtain (’T{(A) B E(A))Q ) @t()\)g | .
I TPV RPNOVA

Substituting this into the oracle decomposition

7;msd ()‘) = 77?'()‘) -

(R() =)
D(N)

proves (98).
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To identify the flat case, note that
O:(\) = ﬁ(A) — 7“2(1 —5) = r2)\2m27t()\) + 02% (mLt()\) — )\TTLQ#/()\)) — TQ)\ml,t()\),
where

mes(\) = / mdFMM(u), ke {1,2),

are the labeled resolvent moments. Rearranging,

@t()\) = (027t — T‘2A) (mLt()\) - )\m27t(A)).

Since
U
mit(A) — Ama(N) = / Wt A2 dF\p A, (u) > 0,
we have O4(\) = 0 if and only if
2
o
A= )\* = "}’tﬁ

This proves part (a).

For part (b), when A # A* we have K;(\) > 0, so it remains to differentiate 1/cs. Using the explicit
isotropic root

A1V — 1) 44N

S 2 9
we obtain
i . Vs 1 478
cs (1 + k)2 (s + A+ 14+ /(3 F A - D2+ 40)%
Direct differentiation yields
0 (l)_ Ad(vs —A—1)
0 \es/  (yat A+ 14/t A— D2+ 402/ (3 + A= 1)2 + 4X
Substituting into
0 = o /1
LR (i) = —EG (A (7)
8’}’5 pmsd( 78) t( )a’}/s Cs
proves (100) and the sign characterization. O

H.2 Non-identifiability of tuning without labeled data

Recall that, for squared prediction risk with test covariance ¥ > 0, the oracle weight is

e = R-C _ By, = Bs By, = Bpdra)s
D 185, = Bpd,x. I3 ’

provided D(A¢, As) > 0. Thus, for known X, the denominator depends only on the observable pair
(ﬁkt,ﬁm A.), whereas the numerator still depends on the unknown target parameter 5.

Proposition H.2 (Non-identifiability of & without labels). Fix A, A > 0, a teacher ridge predictor
By, € R?, and a fresh unlabeled design X € R" *P. Let

Bodr, = (XX /ns + AIp) " HX T X /ns) By, §:= By, — Bpd .-

58



Assume [|§]|3 > 0. For any 7 € R, define a test model by
xo ~ P, with E[xoxa—] =3, Yo = J:E)F,Bn + €9, By =By, —no

where £ is independent of zp with mean 0 and variance o2. Then, even if ¥ is known, the observable
pair (8 At X ) is the same for every 7, whereas

g;()\ta AS) =1, ;msd,n - 02'

In particular, £*(\;, As) is not identifiable from (3 \ ,)Z' ).

As an immediate corollary, there is no uniformly consistent estimator of £* based only on the teacher
and unlabeled sample. Indeed, any measurable rule 5 =¢ (/BA , ) takes the same value for the
setting in Proposition H.2, whereas the target 5*()\15, s) =1 can be changed arbitrarily.

Proof of Proposition H.2. Since 3, and X are fixed, the induced pure-distilled coefficient Bpq 5, is
also fixed, so the observables do not depend on 7. Now note that

Bx, = Byp=mnd,  Bpar, — By = (n—1)0.

Therefore,
Ry(\) —a® =1PlI8]35, Cy(, As) =0 = n(n — D013,

and hence

Ry(\e) = Cy(Aes As) =815, Dy, As) = [I6]3:.
This gives 5 (A, As) = 7. Finally, the optimally mixed coefficient satisfies

(1 =88y, + & Bpdn. = (L=1)By, +1Bpd x. = By

so at & = 1 the predictor matches the truth exactly and the risk is the irreducible noise level o2. [
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I Additional experiments

Code for reproducing the results is available at https://github.com/hhd357/prediction_only_
mixing_distillation.

I.1 Real-world regression tasks with different student regularization levels

We report additional ridge regression results on Communities and Crime and Blog Feedback. For
each dataset, we compare fresh covariates drawn from the teacher’s training distribution with fresh
covariates drawn from an isotropic Gaussian distribution, fixing or tuning As as in the captions.

I.1.1 Communities and Crime

Communities and Crime Communities and Crime
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(a) Fresh unlabeled covariates are drawn from the (b) Fresh unlabeled covariates are drawn i.i.d. from
same distribution as the teacher’s training covariates. ~ N(0, I,,).

Figure 8: Communities and Crime with n; = 400, n, = 800, and p = 99. The student regularization
is fixed at Ay = 0.1 for all values of A;.
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Figure 9: Communities and Crime with n; = 400, ns = 800, and p = 99. The student regularization
is fixed at A\g¢ = 1 for all values of ;.
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Figure 10: Communities and Crime with n; = 400, ny = 800, and p = 99. At each value of \;, the
student regularization Ay is tuned separately over a grid for the PD and PMSD students.

I1.1.2 Blog Feedback
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Figure 11: Blog Feedback with n; = 2619, ny = 5240, and p = 280. The student regularization is

fixed at A; = 0.1 for all values of ;.
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Figure 12: Blog Feedback with n; = 2619, ny = 5240, and p = 280. The student regularization is

fixed at A; = 1 for all values of \;.
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Figure 13: Blog Feedback with n; = 2619, ngy = 5240, and p = 280. At each value of \;, the student
regularization Ag is tuned separately over a grid for the PD and PMSD students.
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1.2 Linear probing experiments on real datasets

The following tables report test classification accuracy and the estimated optimal mixing weight
across regularization levels. In every experiment, the mixing weight is selected using a calibration
set over the grid [—20, 20]; see Section J for the dataset and training details.

I.2.1 Caltech-101

Table 2: Test classification accuracy on Caltech-101 with random corruption rate p = 0.2.

Regularization level A 107* 10735 1073 107%% 1072 107> 107! 107%° 10°
Teacher (%) 68.7 68.7 688 689 69.5 70.9 72.8 684 46.0
PD student (%) 68.9 697 714 724 736 719 635 427 27.0
Optimal PMSD student (%) 68.9 70.8 715 724 734 725 72.8 76.1 63.0

Estimated optimal mixing weight ,;?* 5.5 2.5 1.1 0.9 0.9 0.7 -0.1 —-20.0 -17.8

Table 3: Test classification accuracy on Caltech-101 with random corruption rate p = 0.4.

Regularization level A 107* 10735 1073 1072® 1072 107% 107! 10705 100
Teacher (%) 62.5 62.6 626 629 635 653 693 674  45.6
PD student (%) 62.7 633 652 67.7 694 684 61.6 413  26.2
Optimal PMSD student (%) 63.1 65.6 66.8 683 696 689 692 727  63.0

Estimated optimal mixing weight E* 4.9 5.5 2.2 14 1.1 0.9 -0.1 —-42 —-186

Table 4: Test classification accuracy on Caltech-101 with random corruption rate p = 0.6.

Regularization level A 107 10735 1072 1072® 1072 10'% 107! 10795 100
Teacher (%) 49.3 493 493 49.6 50.1 522 571 59.8  36.2
PD student (%) 496 50.0 51.6 541 574 583 525 334 235
Optimal PMSD student (%) 49.5 524 543 559 57.0 582 572 655 604

Estimated optimal mixing weight 2* 0.8 8.4 3.2 1.6 1.7 1.0 0.2 =106 —20.0
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1.2.2 Caltech-256

Table 5: Test classification accuracy on Caltech-256 with random corruption rate p = 0.2.

Regularization level 107 1073® 107* 1072® 102 107 107! 10795 10°
Teacher (%) 65.0 65.1 652 655 66.6 67.5 61.5 35.8 14.1
PD student (%) 65.7 66.5 68.0 68.6 67.8 584 28.4 114 6.0
Optimal PMSD student (%) 66.9 67.7 68.2 685 68.1 68.0 67.6 50.8 25.6
Estimated optimal mixing weight £* 5.6 2.7 1.2 0.9 0.5 -1.9 —-20.0 -20.0 -20.0

Table 6: Test classification accuracy on Caltech-256 with random corruption rate p = 0.4.

Regularization level 107* 1073® 107* 1072® 1072 107 107! 10795 10°
Teacher (%) 56.8 56.8 57.0 575 584 60.3 550 334  13.0
PD student (%) 574 582 59.7 609 60.3 493 255 104 5.4
Optimal PMSD student (%) 59.0 595 60.3 612 604 60.6 615 457 235
Estimated optimal mixing weight £&* 7.4 2.8 1.6 1.2 0.6 —-0.8 —20.0 —-20.0 -—-20.0

Table 7: Test classification accuracy on Caltech-256 with random corruption rate p = 0.6.

Regularization level A 107* 1073%® 1073 10725 1072 10°'% 107t 10705 100
Teacher (%) 43.5 43.6 43.9 44.4 45.6 48.0 45.1 27.5 11.6
PD student (%) 44.1 44.9 46.7 48.3 48.0 39.4 19.6 9.5 3.8
Optimal PMSD student (%) 45.8 46.5 47.5 48.6 47.6 48.3 51.5 39.6 21.5
Estimated optimal mixing weight &* 6.0 2.5 1.9 1.1 0.6 -2.1 -=20.0 -20.0 -194

64



1.2.3 CIFAR-100 (random corruption)

Table 8: Test classification accuracy on CIFAR-100 with random corruption rate p = 0.2.

Regularization level A 107 1073® 107* 1072%® 1072 107 107! 10795 10°
Teacher (%) 53.8 53.9 54.0 54.4 55.2 57.1 58.2 50.6 35.9
PD student (%) 54.0 54.6 55.4 56.8 57.9 56.9 46.4 18.4 2.4
Optimal PMSD student (%) 55.0 55.3 55.9 56.9 57.9 57.6 59.7 54.8 44.2

Estimated optimal mixing weight E* 6.6 2.4 1.5 1.2 0.9 0.7 —20.0 —-20.0 -20.0

Table 9: Test classification accuracy on CIFAR-100 with random corruption rate p = 0.4.

Regularization level 107 1073® 107* 1072® 1072 107 107! 10795 10°
Teacher (%) 478 479 48.0 485 498 527 542 454  31.7
PD student (%) 483 493 506 523 540 526  39.9  16.0 2.3
Optimal PMSD student (%) 50.5  50.6 51.5 53.3 54.0 53.5  56.1 495  40.3

Estimated optimal mixing weight E* 6.9 4.4 2.1 1.5 1.0 0.8 —20.0 —-144 -20.0

Table 10: Test classification accuracy on CIFAR-100 with random corruption rate p = 0.6.

Regularization level A 107* 10735 107% 1072® 1072 107'® 107! 10795 100
Teacher (%) 38.0 38.0 381 386 40.1 439 463 373 243
PD student (%) 38.3 391 41.0 43.6 464 447 305 136 3.3
Optimal PMSD student (%) 409 41.6 43.0 454 469 449 482 431  34.0

Estimated optimal mixing weight fA* 10.2 4.8 2.5 1.7 1.3 0.5 -1.7 -20.0 -20.0
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I1.2.4 CIFAR-100 (hierarchical corruption)

Table 11: Test classification accuracy on CIFAR-100 with hierarchical corruption rate p = 0.4.

Regularization level A 107 1073® 107* 1072%® 1072 107 107! 10795 10°
Teacher (%) 449 450 45.0 453 46.3 495 51.1 42.7 28.4
PD student (%) 45.2  46.1 476 50.0 51.6 50.9 39.4 17.5 4.4
Optimal PMSD student (%) 47.0 476 489 499 51.6 50.9 53.5 47.0 35.9
Estimated optimal mixing weight £&*  13.0 5.7 2.5 2.1 1.3 0.9 —-15.6 —20.0 —-20.0

Table 12: Test classification accuracy on CIFAR-100 with hierarchical corruption rate p = 0.6.

Regularization level A 107% 10735 1072 1072® 1072 10~'® 107! 10795 100
Teacher (%) 31.3 313 315 31.8 325 358 390 325 224
PD student (%) 314 322 334 354 384 391 295 153 3.8
Optimal PMSD student (%) 33.6 340 353 370 387 392 403 369 278
Estimated optimal mixing weight £* 13.0 4.8 24 1.8 1.5 1.0 —43 -156 —20.0
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1.3 Synthetic experiments for ridge regression

We next compare the empirical performance of PMSD with its theoretical predictions under several
covariance and regularization settings.

1.3.1 Empirical versus theoretical predictions
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Figure 14: Empirical and theoretical results when 3J; follows an AR1 covariance model, ¥ = 101,
and Ay = Ag. The signal g aligns with the top eigenvectors of 3;. Both panels use p = 200,
ny = ns = 400, and 0 = 1; the right panel has 72 = 1.
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Figure 15: Empirical and theoretical results when ¥; = 3¢ follow the same AR1 covariance model and
As = 1. The signal 5 aligns with the top eigenvectors of ;. Both panels use p = 200, n; = ng = 400,
and o2 = 1; the right panel has r? = 1.
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Figure 16: Empirical and theoretical results when ¥; follows an AR1 covariance model, X5 = 101, and
As = 1. The signal § aligns with the top eigenvectors of ¥;. Both panels use p = 200, n; = ny = 400,
and o2 = 1; the right panel has r? = 1.

1.3.2 Comparison with the same-X SD student
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Figure 17: Comparison with the same-X SD student when p = 400, n; = 200, ns = 4000, and
Y = X, follow an AR1 covariance model. At each value of |\ on the x-axis, we evaluate the teacher
regularizations \; and —\¢, tune Ay over a grid on [—100,100] in each case, and report the lower
risks. The signal is 8 = auj + V72 — a?v, where a = 1.7, r = 2, u; is the leading eigenvector of ¥,
and v is orthogonal to u;.
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1.4 Synthetic experiments for logistic regression

I.4.1 Constant feature correlation
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Figure 18: Synthetic logistic regression with constant feature correlation ¢ = 0.25, A = 0.01, and
n = 500 samples per class; here, p < 0.5.
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Figure 19: Synthetic logistic regression with constant feature correlation ¢ = 0.25, A = 10, and
n = 1500 samples per class; here, p > 0.5.
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1.4.2 Uniform feature correlation
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Figure 20: Synthetic logistic regression with uniform feature correlation (defined in Section J.3),
A = 0.01, and n = 500 samples per class; here, p < 0.5.
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Figure 21: Synthetic logistic regression with uniform feature correlation (defined in Section J.3),
A =10, and n = 1500 samples per class; here, p > 0.5.
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J Experiment details

J.1 Ridge regression experiments

For the real-world ridge regression experiments in the left panel of Figure 2 and the middle and
right panels of Figure 6, we use UCI Communities and Crime (Redmond, 2002), UCI Blog Feedback
(Buza, 2014), and UCI Airfoil (Brooks et al., 1989). We divide each dataset into a teacher training
set, a fresh unlabeled set, a calibration set, and a test set, with the sizes specified below or in the
corresponding figure captions. After handling missing values as described below, we center and
standardize all variables using the means and standard deviations computed on the teacher training
set.

UCI Communities and Crime. The UCI Communities and Crime dataset (Redmond, 2002)
combines socioeconomic data from multiple sources. It consists of 1,994 samples with 127 covariates.
The response, “ViolentCrimesPerPop,” is the rate of violent crimes per 100,000 population. We
remove 5 nonpredictive identifiers and 23 covariates from the LEMAS survey that contain 1,675
missing values across the 1,994 samples. The remaining 99 covariates have no missing values and
are used in our experiments.

UCI Blog Feedback. The UCI Blog Feedback dataset (Buza, 2014) was constructed from crawled
and processed HTML documents of blog posts. We use its training split, which contains 52,397
samples, and reserve 30% of these samples for testing. The sizes of the teacher training, fresh
unlabeled, and calibration sets are given in the corresponding figure captions.

UCI Airfoil. The UCI Airfoil Self-Noise dataset (Brooks et al., 1989) contains aecrodynamic and
acoustic measurements from NASA tests of two- and three-dimensional airfoil blade sections. The
continuous response is the sound pressure level, measured in decibels. The dataset contains n = 1503
samples and p = 5 covariates: frequency, attack-angle, free-stream-velocity, chord-length,
and suction-side-displacement-thickness. We reserve 30% of the samples for testing. The sizes
of the teacher training, fresh unlabeled, and calibration sets are given in the corresponding figure
captions.

CIFAR-10. The CIFAR-10 dataset (Krizhevsky, 2009) consists of 32 x 32 color images from 10
classes, with 50,000 training images and 10,000 test images. We use subsets of the training and test
splits, with sizes specified in Figure 6.

For the CIFAR-10 ridge regression experiment in the left panel of Figure 6, we extract 512-dimensional
features using a ResNet-18 (He et al., 2016) pretrained on ImageNet and available in PyTorch. We
perform no additional data preprocessing and fit ridge regression to these frozen representations.
The resulting predictor is a vector-valued function f : R%'? — R0, Using the one-hot label vector
y € R0 as the response, we define the aggregate squared risk by summing over the 10 output
dimensions:

10
R(f) = E,y {Z@k - fk<x>>2] , (102)

k=1

where f;, : R?'2 — R is the ridge predictor for the kth component of the one-hot response.
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J.2 Linear probing experiments

For the linear probing experiments on Caltech-101, Caltech-256, and CIFAR-100, we extract features
using a ResNet-34 (He et al., 2016) pretrained on ImageNet and available in PyTorch. We then
train a linear classifier with a softmax output on top of these frozen features. Results appear in the
right panel of Figure 2, Table 1, and Section [.2.

Training details. The teacher is trained by minimizing cross-entropy against the corrupted one-
hot labels. The PD student is trained by minimizing cross-entropy against the teacher’s softmax
predictions. Each linear classifier is trained for 200 epochs using stochastic gradient descent with
momentum 0.9 and a learning-rate decay factor of 0.98. The initial learning rates are 0.001 for the
teacher and 0.05 for the student. We perform no data preprocessing, and all experiments are run on
an NVIDIA T4 GPU.

Caltech-101. Caltech-101 (Griffin et al., 2007) is an object recognition dataset with 101 object
categories plus a background category. It contains approximately 9,000 images, with 40 to 800 images
per category, and is therefore highly imbalanced. We draw disjoint subsets containing n; = 1500
teacher training samples, ng = 4500 fresh unlabeled samples, n., = 500 calibration samples, and
2,000 test samples.

Caltech-256. Caltech-256 (Griffin et al., 2007) contains 30,607 images spanning 256 object categories.
We draw disjoint subsets containing n; = 5000 teacher training samples, ns = 15000 fresh unlabeled
samples, ne, = 1000 calibration samples, and 6,000 test samples.

CIFAR-100. CIFAR-100 (Krizhevsky, 2009) contains 60,000 images from 100 classes. These classes
are grouped into 20 superclasses, each containing five related fine-grained classes; for example,
beaver, dolphin, otter, seal, and whale belong to the same superclass. We draw disjoint subsets
containing n; = 5000 teacher training samples, ngs = 15000 fresh unlabeled samples, n., = 1000
calibration samples, and 9,000 test samples.

Random corruption. Under random label corruption with rate p, we select a fraction p of the
teacher’s training samples uniformly at random and replace each label with one drawn uniformly
from the remaining classes.

Hierarchical corruption. This scheme models errors between semantically similar classes. Because
only CIFAR-100 provides the required superclass structure, we use hierarchical corruption only for
this dataset. At corruption rate p, we select a fraction p of the teacher’s training samples uniformly
at random and replace each label with one drawn uniformly from the other classes in the same
superclass.
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J.3 Synthetic experiments
J.3.1 Ridge regression

For the synthetic ridge experiments in Figure 3 and the additional experiments in Section 1.3, we
use the following covariance and signal models.

e Isotropic covariance: X = I,.

e One-spike covariance: ¥ = I, + 5vv ', where v = g/||g||2 and g ~ N(0, I,,).

e ARI covariance: ¥;; = pli=il for all 4, j, with correlation parameter p = 0.25.
e Isotropic signal: 3 ~ N(0, (r?/p)I,).

e Top-aligned signal: let m € (0, 1) be the alignment proportion, a € (0,1) the alignment factor,
and k = |mp], where 1 < k <p—1.If V = [v1,...,vp] contains the eigenvectors of ¥ in
decreasing order of their eigenvalues, define

1-— 1- i
k

p—k

Thus, a proportion a of the expected signal energy lies in the top k eigendirections. In Figure 3,
we set m = 0.1 and a = 0.9.

The empirical curves in Figure 3 are averaged over 30 independent simulations.

J.3.2 Logistic regression

For the synthetic logistic regression experiments, we follow Das and Sanghavi (2023) and construct
a block-diagonal kernel matrix

K := diag(K, Kj) € R*<%n,

where the two blocks correspond to the ground-truth classes and have zero cross-class correlation.
Each block has unit diagonal. In the constant feature-correlation setting, every off-diagonal entry
equals ¢ = 0.25. In the uniform feature-correlation setting, the off-diagonal entries are taken from
(1/n)ZZ", where the entries of Z € R™*" are drawn independently from the uniform distribution
on [0.3,0.7]. The second block is constructed analogously. Both constructions yield a positive
semidefinite kernel matrix.

We train kernel logistic regression in the dual parameterization. For pseudo-labels ¢ = (q1, ..., q2n) €
[0,1]?" and dual variables o € R?", let f = Ka and apply the sigmoid componentwise to obtain
p = o(f). We minimize the regularized binary cross-entropy objective

2n
1 N - A
Ly(a) = % > [Qi log pi + (1 — ¢;) log(1 — pi)] t3 a'Ka. (103)
i=1

For the first PD student, ¢; = ¥; is the teacher’s hard pseudo-label; for the second PD student,
¢ = Ypd(x;) is the first student’s soft prediction. This is the dual form of the training objectives in
Equations (22) and (24). We minimize it using L-BFGS-B (Byrd et al., 1995) with analytic gradients
and initialize at o = 0.
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