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Abstract

Self-distillation (SD) is the process of retraining a student on a mixture of ground-truth labels
and the teacher’s own predictions using the same architecture and training data. Although SD
has been empirically shown to often improve generalization, its formal guarantees remain limited.
We study SD for ridge regression in unconstrained setting in which the mixing weight £ may
be outside the unit interval. Conditioned on the training data and without any distributional
assumptions, we prove that for any squared prediction risk (including out-of-distribution), the
optimally mixed student strictly improves upon the ridge teacher for every regularization level
A > 0 at which the teacher ridge risk R(\) is nonstationary (i.e., R'(A) # 0). We obtain a closed-
form expression for the optimal mixing weight £*() for any value of A and show that it obeys
the sign rule: sign(&*(\)) = —sign(R'(N)). In particular, £*(A) can be negative, which is the
case in over-regularized regimes. To quantify the risk improvement due to SD, we derive exact
deterministic equivalents for the optimal SD risk in the proportional asymptotics regime (where
the sample and feature sizes n and p both diverge but their the aspect ratio p/n converges)
under general anisotropic covariance and deterministic signals. Our asymptotic analysis extends
standard second-order ridge deterministic equivalents to their fourth-order analogs using block
linearization, which may be of independent interest. From a practical standpoint, we propose
a consistent one-shot tuning method to estimate £* without grid search, sample splitting, or
refitting. Experiments on real-world datasets and pretrained neural network features support
our theory and the one-shot tuning method.

1 Introduction

Knowledge distillation (KD), introduced by Bucilua et al. (2006); Ba and Caruana (2014); Hinton
et al. (2015), is conventionally used for model compression, transferring knowledge from a large
teacher to a smaller student. Recently, this paradigm has been adapted to the setting where teacher
and student share the same architecture and training data, a process known as self-distillation (SD)
(Furlanello et al., 2018; Zhang et al., 2021). While it may seem counterintuitive that a model would
improve by learning from its own predictions, extensive empirical evidence shows that SD can in
fact boost generalization (Chen et al., 2017, 2022; Li et al., 2017; Ahn et al., 2019; Li et al., 2021;
Gou et al., 2021). Despite these successes, it remains unclear whether and when such improvements
can be guaranteed.

Formally, let f be a teacher trained on {(z;, y;)}!" ; using a loss function . Self-distillation trains a
student fsg on the same data by minimizing a mixed objective that is an affine interpolation of the
losses incurred with respect to the ground-truth labels y;’s and the teacher’s predictions f(x;)’s. In
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Figure 1: Visual illustration of the self-distillation process.

detail, the SD procedure seeks to find the student model fsq minimizing
1 n
- > {(1 — &) - L(yi, falwi)) + & - £(f(), fsd(ﬂfi))], (1)

=1

where ¢ is the mixing parameter (Lopez-Paz et al., 2015); see Figure 1. When £ = 1, the student
learns solely from the teacher’s predictions; we call this pure-distillation (PD) and denote the
resulting predictor by fuq.

The mixing parameter £ balances the influence of ground-truth labels against teacher predictions.
Standard distillation methods restrict £ to lie in [0, 1], interpreting the target loss as a convex
combination. Recent work by Das and Sanghavi (2023) shows that this constraint can be suboptimal
under high label noise, where the optimal mixing weight £* may in fact be found to be greater than 1.
Motivated by this, we adopt a fully unconstrained perspective and allow £ € R, including negative
values. Note that setting & = 0 recovers the teacher predictor, hence optimizing over £ cannot
perform worse than the teacher. With this in mind, we pose the key questions about SD:

(Q1) When does the optimally mixed student fo4 trained using an optimal £* € R strictly outper-
form the teacher f, and how large can the gain be?

(Q2) Can optimal SD from a suboptimal teacher achieve performance comparable to an optimally
tuned teacher?

(Q3) How can we efficiently tune the optimal £* € R without computationally expensive grid
search?

We provide complete answers to all these questions for ridge regression, a model in which SD admits
an explicit affine path (in the response) and the risk of both the teacher and the students can be
characterized sharply, capturing the interplay between regularization and distillation.

1.1 Summary of Paper Contributions and Outline
Below we describe in detail the main contributions of the paper; see Figure 2 for a visual summary.

Structural nonasymptotic guarantees (Section 2). Addressing (Q1), we derive deterministic
identities for self-distilled ridge that hold conditionally on the observed training data, without any
distributional assumptions, and for any squared prediction risk (including the out-of-distribution
risk). In particular, we show that for every A > 0 such that the teacher ridge-path risk A — R(\)
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Figure 2: Strict improvement of SD risk with unconstrained mixing. Test squared prediction
risk of ridge regression (R, in blue), pure-distilled ridge (Rpq, in ) and optimal self-distilled
ridge (RZ,, in green) as functions of the ridge penalty A. Results are shown on raw features from real-
world datasets: BlogFeedback and Communities and Crime datasets, and on pretrained ResNet-18
features. The optimal mixing parameter £*(A) is in red and the one-shot risk estimate E:d()\)
computed from the training data is shown in green dashed line. Note that £*(A) lies in [0, 1] only
for a narrow range of A and can be strongly negative for large A. We also observe that: (i) RZ;()) is
strictly smaller than R()\) at every A that is not the stationary point of R(A), (ii) the sign of £*(\)
is opposite to the sign of R'()), and (iii) the sign change of £* happens at the stationary point of
R(\). (Experiments with ¢ restricted to [0, 1] appear in Figure 16.)

is nonstationary (i.e., R'(A) # 0), optimal mixing yields a strict improvement over the teacher
(Theorem 2.2). Addressing (Q2), we provide a curvature-based sufficient condition under which the
global minimum over A of the SD risk R},(\), obtained using the optimal mixing £*(\), is strictly
smaller than the smallest ridge risk of the teacher (Proposition 2.3).

Precise proportional asymptotics (Section 3). Returning to (Q1l) in the proportional regime
— in which the sample and feature sizes n,p — oo but their aspect ratio p/n — v € (0,00) — we
derive exact deterministic equivalents for the optimal SD risk and mixing weight under general
anisotropic covariance and deterministic signals (Theorem 3.1). These formulas quantify the SD
gains in terms of -, the signal-to-noise ratio, and the signal-covariance alignment. In particular,
they characterize precisely when the optimal mixing weight £* becomes negative (Corollary 3.2).
Regarding (Q2), under an isotropic random signal we show that even for extremely under- or
over-regularized teachers, optimal SD can closely approach the risk of the optimally tuned ridge
predictor (Proposition 3.3).

One-shot tuning (Section 4). Addressing (Q3), we propose a consistent one-shot estimator of
&* based on generalized cross-validation (Theorem 4.1). The method avoids sample splitting and
grid search over £ (and hence does not require any refitting across candidate mixing weights), while
remaining consistent in proportional asymptotics. We validate our theory and tuning methodol-
ogy through extensive experiments on synthetic data, UCI regression benchmarks, and pretrained
ResNet feature representations.

Extensions and variants (Section 5). We analyze several natural variants of the SD ridge
framework, including multi-round distillation with a risk monotonicity property (Section D.1), self-
distillation using teacher predictions on fresh features, which we show to be dominated by the



same-X setup in an isotropic setting (Section D.2), and extensions to generalized ridge and kernel
ridge regression (Section D.3).

1.2 Related Works and Comparisons

Fixed-design analyses. Early theoretical work on distillation focused on when and how well
a student can mimic a teacher (Phuong and Lampert, 2019; Ji and Zhu, 2020); for regression
problems, this has typically been addressed using fixed-design. In kernel ridge regression, Mobahi
et al. (2020) show that repeated SD shrinks the effective function class, resembling an increase
in regularization; their emphasis is on the implicit regularization induced by SD rather than on
guaranteeing performance improvements. In ridge regression, Das and Sanghavi (2023) analyze the
bias—variance trade-off induced by the mixing weight ¢ and give conditions under which the globally
optimal SD risk (obtained by optimizing over A) can go below the optimally tuned teacher ridge
risk. Pareek et al. (2024) extend this line of work to multiple SD rounds, quantifying gains under
an alignment condition when A and £ are tuned in each round. A key gap in these analyses is the
question of pointwise improvement: whether SD can strictly improve a mis-regularized teacher at
a fixed, suboptimal A, which we show in Section 2. Such pointwise gains are important because
finding global optimal X is often challenging; for example, Stephenson et al. (2021) show that the
leave-one-out cross-validation loss is generally neither convex nor even quasi-convex in A.

A further distinction is the data model. Both the linear regression analysis in Das and Sanghavi
(2023); Pareck et al. (2024) operate under fixed design and a well-specified linear response model.
While analytically convenient, fixed-design analyses do not capture the contribution of test-feature
randomness to prediction error, which is central in high-dimensional generalization (Hastie et al.,
2022). In contrast, our structural results hold conditionally on the observed training data under
random design and for any squared prediction risk, including out-of-distribution risk. We also work
in proportional random-design asymptotics (n,p — oo with p/n — =) in Section 3 and provide
exact characterizations of generalization effects driven by the feature and signal structures.

Random-design analyses. Closer to our setting, Emrullah Tldiz et al. (2025) analyze KD under
random design with anisotropic covariance, focusing on scaling laws and “weak-to-strong” gener-
alization, a phenomenon where a strong student model is supervised by a weaker teacher (Burns
et al., 2023). They provide nonasymptotic characterizations of pure-distilled ridge (£ = 1 in our
notation) and its scaling behavior. They primarily focus on the ridgeless case (minimum ¢o-norm
interpolator where A — 07). While interesting, such analysis obscures the interaction between ex-
plicit ridge penalty (A > 0) and distillation weight &, which is central to our results. In particular,
we identify over-regularized regimes where optimal SD requires a negative optimal mixing £* to ac-
count for excessive shrinkage and thus strictly improve the teacher. In contrast, in pure-distillation
ridge with A > 0, the student can only improve upon the teacher for a range of small A, and can fail
to improve under over-regularization (or even being worse than the teacher) (Moniri and Hassani,
2025); see Figure 2.

A large body of recent work has focussed ridge regression risk and its variants under proportional
asymptotics using tools from random matrix theory and statistical physics (e.g., Dobriban and Wa-
ger, 2018; Hastie et al., 2022; Patil et al., 2024 and references therein), shedding light on phenomena
such as benign overfitting (Bartlett et al., 2020) and double descent (Belkin et al., 2019). We extend
this literature by deriving exact deterministic equivalents for optimal SD risk under anisotropic fea-
ture covariance and deterministic signals. Because the teacher and student are trained on the same
data, SD risks involve dependent resolvent-type quantities; unlike settings with independent refits



Table 1: Settings overview in the self-distillation ridge/ridgeless literature. Unless stated
otherwise, risks in the proportional asymptotics setting are in-distribution squared prediction risks.

Paper Focus Nonasymptotic setting Proportional asymptotics Weights xsrll‘;;;
Type Family Design Response Risk Features Signal Model Range Tuning
DS23 SD Ridge Fixed Linear Estimation R
5, L . . Fixed-X Split CV )
PDO24 SD Ridge Fixed Linear prediction R (three refits) Yes
In-distribution
IGT+25 PD Ridgeless Random Linear prediction {1}
. Ridge . . .
95 § S .
MH25 PD (generalized) Isotropic Isotropic Linear {1}
Ridge Infinite
GBS25  SD (infinite Anisotropic Deterministic Linear [0, 1] rounds
rounds) only
Ours SD Ridge Random Any el Anisotropic Deterministic Any R coy Yes

prediction (one-shot)

where one can directly combine known deterministic equivalents, our analysis requires higher-order
deterministic equivalents obtained via block linearization (see Sections B.3 and B.6).

Unconstrained mixing and “anti-learning”. Standard KD typically restricts £ € [0, 1]. In the
presence of label noise, Das and Sanghavi (2023) show that optimal mixing can satisfy & > 1,
corresponding to a negative weight on the noisy ground truth (“anti-learning”). In binary classi-
fication, Javanmard et al. (2025) derive a nonlinear Bayes-optimal aggregation effect (using ap-
proximate message passing tools) that also effectively subtracts noisy labels during retraining. In
our ridge setting, closed-form risks allow a clean three-regime picture: interpolation (0 < ¢ < 1),
extrapolation/anti-learning (¢ > 1), and over-regularization correction (§ < 0), which we term
“pro-learning”.

Synthetic-label retraining and model collapse. Beyond one-round SD, recent work has raised
concerns about recursively training on model-generated labels leading to performance degradation,
referred to as model collapse (Shumailov et al., 2024; Alemohammad et al., 2023; Dohmatob et al.,
2024; Gerstgrasser et al., 2024). In contrast to the notion of “strong model collapse” in Dohmatob
et al. (2025) (in which a model trained in the presence of synthetic data has worse asymptotic
risk than a model trained solely on ground-truth data), optimal SD in our ridge setting exhibits
no such degradation. Provided the nondegeneracy condition in Theorem 2.2 holds, the optimally
mixed student strictly improves upon the teacher whenever R'()\) # 0, with the two risks coinciding
only at stationary points.

Closer to our setting, He et al. (2025); Garg et al. (2025) analyze infinite-round schemes that mix
ground-truth and synthetic labels with a fixed weight w (analogous to our &) to prevent degradation
under repeated synthetic training; the optimal mixing weight w* in their settings lies in [0, 1]. In
contrast, we characterize the risk-minimizing mixing for one-round SD and show that £* can lie
outside [0,1], including £* < 0 in over-regularized regimes. To highlight the distinction, we run
a synthetic experiment (Section E.2) comparing optimal one-round SD risk to 20-round SD with
optimal fixed constrained weight in [0, 1] for every round. As shown in Figure 15, unconstrained
mixing can be crucial for improving the teacher’s performance, particularly in over-regularized
regimes where negative weights becomes necessary. Finally, we also study a recursive multi-round
variant with per-round unconstrained optimal mixing that yields a monotone (weakly) decreasing
risk sequence (Section 5).



Tuning and risk estimation. A notable gap in existing theoretical results about SD is the choice
of the optimal mixing hyperparameter £ in practice. Most analyses assume oracle access to popu-
lation risks or detailed spectral knowledge. In practice, cross-validation over £ is computationally
costly due to grid search and repeated refitting, and it can be statistically inefficient in high di-
mensions due to sample splitting (see, e.g., Rad and Maleki (2020)). Building on consistent risk
estimation for high-dimensional ridge/ridgeless regression (see, e.g., Patil et al., 2021, 2022b; Wei
et al., 2022; Han and Xu, 2023; Bellec et al., 2025; Koriyama et al., 2024 and references therein),
we propose a one-shot generalized cross-validation estimator for SD ridge and prove its consistency
in proportional asymptotics (Theorem 4.1). This enables data-efficient selection of unconstrained £
without grid search over candidate mixing weights or hold-out sets.

Overall, relative to prior SD ridge analyses, we provide the following novel results: (i) pointwise
strict improvement guarantees at any nonstationary A > 0 together with a sign characterization
of £* (Theorem 2.2); (ii) exact proportional-asymptotic risk characterizations under anisotropic
feature covariance and deterministic signals (Theorem 3.1); and (iii) a consistent one-shot GCV-
based tuning method (Theorem 4.1). At the same time, our settings are more general than those
considered in the literature so far: (a) a nonasymptotic setting with no distributional assumptions
and any squared prediction risk; and (b) proportional asymptotics with general feature covariance
and deterministic signals, without imposing a well-specified response model. A compact comparison
of settings and assumptions across several related works is provided in Table 1.

2 Structural Nonasymptotic Results

This section described deterministic “structural” identities for self-distillation in ridge regression
under any squared prediction risk (including the out-of-distribution risk). All the statements hold
with virtually no distributional assumptions (other than the existence of second moments) and
conditionally on the training data D = (X,y), where X € R"*P is the design matrix containing
p-dimensional observations x; € RP as rows and y € R™ is the response vector containing scalar
ground-truth labels y; for i =1,...,n.

2.1 Self-Distillation with Ridge Regression

Given a regularization parameter A > 0, define the teacher ridge predictor x € RP — fy(z) € R
trained on D as

" argmin {|ly — XB[3/n + MB35} (2)
BERP

Let 7\ = A(X) = (fa(x1),..., fa(zn))T € R™ denote the teacher’s training predictions. The
pure-distilled predictor fpq ) is ridge regression trained on the pseudo-labeled or “distilled” dataset
(X, 7)) with the same penalty A. For a mixing parameter £ € R, the self-distilled predictor x €
RP — fsq2(x) € R is the ridge fit obtained using the mixed-label loss:

z’ azgerﬂg}gn {1 =) lly = XBl3/n + €95 — XBI3/n + MBI} (3)

A key simplification in ridge regression is that the ridge map is linear in the response vector. As a
result, the SD predictor lies on a linear path between the teacher and the PD fit (see Section A):

fsape(@) = (1 =8) fa(z) + € foan (). (4)



For a test point (zg,yo) (possibly out-of-distribution) of finite (data) conditional Ly norm', we
measure the performance of any (possibly data-dependent) predictor f by the conditional squared
prediction risk

R(f) :=E[(yo — f(x0))* | D]. (5)
For convenience, write R(\) := R(f)), Rpd(A) := R(fpd,n), and Reg(A, &) := R(fesdre). We note
that these different types of risk are random, as they depend on training data.

2.2 Optimal SD Risk Decomposition

We first provide a useful decomposition of the optimal SD risk in terms of three key quantities,
defined conditionally on D?. First, we let

C(A) :==E[(yo — fr(x0))(wo — fpan(z0)) | D], (6)

be the conditional correlation between the residual errors of the teacher and PD predictors and

D(X) = E[(fa(x0) — fpan(0))* | D] > 0. (7)

be the conditional expected squared difference between the predictions of the teacher and PD
student predictors (which is also the expected squared difference between their residuals).

The difference D(\) also admits an equivalent form D(X) = R(\) + Rpq(A) —2C(X) (see Section A).
Let £*(A\) € argmingeg Rea(A, §), and define Ri(A) := Rsa(), €*), referred to as the optimal SD
risk.

Proposition 2.1 (Optimal SD risk decomposition). Fix A > 0 and assume D(A) > 0. Then,

— — 2
e TR L 1

In particular, R%;(A\) < R(A) for all A, and £*(\) may be negative.

The magnitude of the risk improvement R(A\) — R (A\) depends on (i) the numerator R(\) —
C(A), which also determines the sign of £*()\), and (ii) the denominator D(A). From (7), note that
D(X) = 0 if and only if fy and f,q \ coincide almost surely on the test distribution, in which case
Reg(N\, &) = R(A) for all &, so that each & is trivially optimal. Thus the nondegeneracy assumption
D()\) > 0 in Proposition 2.1 is innocuous.

2.3 Strict Pointwise Improvement and Sign of Optimal Mixing Weight

Building on Proposition 2.1, we next characterize when optimal SD is strictly better than the
teacher, and determine the sign of the optimal mixing weight in terms of the derivative of the
teacher risk. (It is worth mentioning that under finite conditional second moment conditions, the
teacher risk R(\) is a smooth function of A and hence the derivative is well-defined; see Lemma A .4.)

We do not need (zo, o) to be independent of D for results in this section. Thus they also apply when (o, y0) is
drawn from the empirical measure on D, in which case R(f) is simply the training error of f.

2Throughout this section, any identity, inequality, or stated property involving such quantities is implicitly assumed
to hold with probability one with respect to the distribution of the training data.
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SD ridge on Air Quality dataset (see Section F for more details). SD yields strict improvements
across A and achieves a substantially smaller global minimum.
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Theorem 2.2 (Strict improvement and sign rule). Fix A > 0 and assume D(A) > 0. Then

g =2 TN pe )= RY

A2 (R'())?
2 DA 4

4 DO )

—

In particular, if R'(X) # 0, then R}, (\) < R(X) and sign(£*(\)) = —sign(R'(N)).

| J

Plainly, optimal self-distillation strictly improves the teacher at every monstationary point of the
teacher ridge risk (i.e., whenever R'(\) # 0). Moreover, £*(\) is positive in under-regularized
regimes (where R'(\) < 0) and negative in over-regularized regimes (where R'()\) > 0), a behavior
we refer to as “pro-learning” to contrast it with “anti-learning” (Das and Sanghavi, 2023). While
prior work has noted improvements of optimal SD, to our knowledge, Theorem 2.2 is the first result
establishing pointwise strict improvements for optimal self-distilled ridge, along with the sign rule for
optimal mixing, at any nonstationary A, for any squared prediction risk and without distributional
assumptions. The strict improvement and sign rule are consistently observed in Figures 2 and 3.

2.4 Can Self-Distillation Beat Optimally Tuned Ridge?

Theorem 2.2 guarantees improvement at any suboptimal A, but it also implies that at a ridge-
optimal penalty \*, we must have R} ;(A\*) = R(A\*). It is therefore natural to ask whether the global
minimum of the SD risk curve can be strictly smaller than the teacher’s global minimum. We give
a sufficient condition based on the local curvature of R(\).

Proposition 2.3 (Curvature test at the ridge-optimal \). Let A* € argminy~o R(A). If the follow-



Table 2: Curvature test at the ridge-optimal \*.

Dataset Mlustration (10) holds? Global gain?
BlogFeedback Figure 2a v v
Communities and Crime  Figure 2b X X
CIFARI10 Figure 2c X X
Air Quality Figure 3 v v

ing curvature test at A* holds, i.e. if
)\*2
D(\*) < - R"(\), (10)
then R?; has negative curvature at \*, and, consequently,

in R%y(A) < min R()). 11
min Rey (A) < min R(X) (11)

Proposition 2.3 formalizes a phenomenon visible in our experiments: the curves R(\) and RZ;(\)
necessarily touch at ridge-optimal value A* of the regularization parameter, but R}, may bend
downward elsewhere and achieve a strictly smaller global minimum. The curvature test (10) can
be viewed as a generalization of related curvature-based sufficient conditions by Das and Sanghavi
(2023, Theorem 3.8), as it applies to arbitrary squared prediction risk and does not require that
the response follows a well-specified linear model.

As mentioned above, the results in this section are concerned with the to out-of-distribution pre-
diction risk, where (z¢,0) may be drawn from a distribution different from that of the training
samples. In Figure 3, we showcase a real-data example on the Air Quality dataset with a distri-
bution shift between the training and test sets due to time-dependent effects. We also numerically
verify the curvature test in Table 2 for all of our real-data experiments and observe exact agreement
in all cases.

While the results above guarantee a strict improvement at every nonstationary A and require no
distributional assumptions, they do not quantify the magnitude of the gain, i.e., how much smaller
R%,(\) can be than R(A). In the next section, we consider standard distributional assumptions
in the proportional-asymptotics literature and derive deterministic equivalents for these risks and
their improvements as explicit functions of the problem parameters.

3 Proportional Asymptotic Results

We now refine the structural identities from Section 2 by deriving deterministic limits for the optimal
SD risk R%,(\) and the optimal mixing weight £*(\) in the proportional asymptotics regime in which
n,p — oo with p/n — v € (0,00). Our goals are to (i) obtain computable asymptotic expressions
for Rz (X\) and its gain over the teacher risk R()), and (ii) quantify how these quantities depend
on the aspect ratio v, the signal-to-noise ratio SNR, and signal-covariance alignment (to be defined
below).
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B is a deterministic signal aligned with the top 10% eigenvectors of ¥ (alignment factor 0.9). (See
Section F for more details.)

3.1 Data Assumptions
We assume {(x;,y;)}~; are drawn i.i.d. from a distribution P, , satisfying the following:

Assumption A (Data distribution). The covariate vector = ~ P, admits the representation z =
$1/22 where ¥ € RP*? is deterministic and positive definite with eigenvalues uniformly bounded
away from 0 and oo, and z € RP has i.i.d. entries with mean 0, variance 1, and uniformly bounded
(4 + p)-th moment for some p > 0. The response y ~ P, has mean 0 and uniformly bounded
(4 + v)-th moment, for some v > 0.

The feature structure imposed in Assumption A is standard in random matrix analyses of high-
dimensional regression; see, e.g., Bai and Silverstein (2010); Bartlett et al. (2021); Misiakiewicz
and Montanari (2024). We do not assume a well-specified linear model for the response y. Instead,
we parameterize Py, by (X, 3,02), where 8 := S~ E[zy] denotes the parameter of the population
linear Lo projection of y onto = and o2 := Var(y—x ' 3) denotes the corresponding residual variance.
Finally, We denote the signal energy by r? := || 3|3 and sNR := 2 /o2,

Throughout this section, we focus on the in-distribution squared prediction risk in which the test
point (zp,yp) in (5) is an independent copy drawn from the same distribution as the training
samples. Extensions to out-of-distribution risks is possible building on results of Tripuraneni et al.
(2021); Patil et al. (2024) but is technically involved and left for future work.
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3.2 Asymptotics of Optimal Self-Distillation Risk and Mixing Weight

Recall from Section 2.2 that, for each fixed A > 0, the optimal SD risk (8) can be expressed in
terms of three random quantities: the teacher risk R(A), the PD risk Rpq()), and the residual
correlation term C'(\). Under proportional asymptotics, these quantities concentrate and converge
to deterministic limits, which we denote by R(A), Rpd(A), and C(A), respectively, that only depend
on (%, 3,02), 7, and X. To characterize these limits, we introduce some scalar parameters.

Write tr(A) := tr(A)/p for the normalized trace. For a fixed A\ > 0, let kK = k(\) > 0 be the unique
solution to the fixed-point equation

K=tk tr(S(E + kL,) ). (12)

Let G := (X + xl,)~! be the resolvent at x and for any k € {2,3,4} let the trace and signal—
covariance alignment functionals be

ty = (22GY), @, = BTGB, (13)
respectively. Next, setting b := (1 — t3)~!, define the variance-trace combinations as
Uy i=tob, w3 :=t3b>, wy = tybt 4 2630°. (14)
Finally, define the coefficients
ag = bE? + b 2Nty + WORZA213,  ag = 20°KAE, a4 := B3N (15)

where £ := x — b\ + b?skAt3. (The dependence on A of here and throughout is uppressed for
readability.) We are now ready to state the main result of this section.

Theorem 3.1 (Risk asymptotics). Under Assumption A, as n,p — oo with p/n — v € (0, ),
for each fixed A > 0, we have

RA) =€)
ROV + Rpa(N) — 2C(0)’

(R(Y) —C(\)*

48 5 RO) = R+ Rpal) — 2000

&) 2

(16)

where the individual component limits are as follows:

R(\) := k2bqo + 0% ug + 02,
C(\) = 262b gy — (kbE g2 + K202\ q3) + o2 (ug — Aus) + o2,
Rpd(A) == 4K%b go — 2(2kbE o + 26262 X q3) + (a2q2 + azgs + asqa) + o2 (us — 2 ug + Auy) + o2

To our knowledge, this is the first precise characterization of the optimal SD risk in the proportional
asymptotics regime that holds under the general setting of anisotropic covariance and deterministic
signal. The spectrum of X enters through resolvent traces such as to, t3, t4, while the signal enters
through the alignment functionals ¢, g3, 4. As illustrated in Figure 4, the theoretical predictions
closely match empirical risks even for moderate n and p.

In the isotropic-signal specialization when 3 ~ N(0, (r2/p)I,), the quadratic forms g simplify to
trace functionals; see Section B.7. In this setting, the strict-improvement and sign behavior becomes
particularly transparent, as illustrated in our next result.
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Figure 5: Asymptotic gain over the teacher. Deterministic limits of the risks and the gain
R(A) — RE (). Same setting as Figure 4 with r? = 02 = 1.

Corollary 3.2. Under Assumption A with 8 ~ N(0, (r?/p)I,), we have

(a) R4(A) < R(N) for all X # M\ :=~%.
(b) &*(N\) <0 iff A > X5, and () > 0 iff A < A%, i.e., sign(§*(N\)) = sign(A\* — A) for all X # \*.

Thus, in the isotropic-signal setting, optimal SD strictly improves upong ridge at every suboptimal
value of A\, and it matches the (statistically optimal, for the isotropic design) ridge risk only at the
ridge-optimal value A\*. Moreover, the sign of the optimal mixing weight is determined solely by
whether the ridge model is under-regularized (A < A*) or over-regularized (A > A*). Simulation
studies show in Figure 5 are in close agreement with these findings: (i) R (A) lies below R(X)
for all nonstationary A, (ii) £*(\) flips sign at A*, and (iii) the gain is largest in strongly under-
or over-regularized regimes. Additional illustrations for other covariance and signal geometries are
provided in Section E.4.

3.3 Self-Distillation Risks with Extreme Regularization

Next, we study how close optimal SD can get to the best possible predictor when the teacher is
extremely under- or over-regularized. We focus on the isotropic design and isotropic signal setting
(X = I, and B ~ N(0,(r?/p)I,)), where the ridge-optimal predictor is Bayes-optimal and its
asymptotic risk R* is known in closed form (Dobriban and Wager, 2018; Hastie et al., 2022). We
compare the limiting SD risk R%,(A) to R* as A — 0 and A — oc.

Proposition 3.3 (Comparison with the optimal ridge). Assume X = I, and 3 ~ N(0, (r?/p)1,)
and let S*(SNR,7) := %(SNR(')/ — 1) — v+ \/4SNRY2 + (SNR(y — 1) — 7)2). Then

SNR(1 — )% + v

lim Ra(N) —R* _ (SN%(l — PR+ (S*+1) L v € (0,1),
A—0 R* SNR2(7y — 1)% + SNRy(27 + 1) (y — 1)% + 4 » 1
(SNRy(y — 1)3 +192(72 — 1))(S* + 1) ;7 € (L,00),
lim RsN = R* SNR*y + SNR(2y +1) +7 1.
A—00 R* (SNR(’}/+ 1) +’Y)(S* n 1)

12
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Figure 6: Approximating the best predictor. Percentage difference between R;(SNR,7) and
the Bayes-optimal ridge risk R*(SNR, ) in the isotropic design and signal setting.

Proposition 3.3 expresses the relative suboptimality of optimal SD under extreme regularization
scenarios explicitly in terms of (v, SNR) under the isotropic design and signal setting. The resulting
percentage gaps are illustrated in Figure 6. Across a wide range of (v, SNR), optimal SD can be
remarkably close to Bayes-optimal performance even when the teacher is extremely under- or over-
regularized (e.g., within 0.01% for (SNR,7v) = (2,0.2) as A — 0). The heatmaps also suggest a
qualitative dichotomy: for low SNR, over-regularization is broadly preferable across ~, while for
high SNR, under-regularization is preferable except near the square design regime when v = 1. For
comparison, we also report the analogous extreme-\ gaps between the original ridge risk R(\) and
the ridge-optimal risk R* in Section E.5, along with experiments with other covariance structures.

4 One-Shot Tuning and Risk Estimation

The results in Section 3 quantify the benefits of optimal self-distillation. However, the deterministic
equivalents in Theorem 3.1 depend on population quantities (e.g., the covariance spectrum and
signal-covariance alignment), which are unknown in practice. For the practical question for tuning
the mixing parameter £, a standard method involves grid search combined with split cross-validation
(CV), but this is computationally expensive (requiring repeated retrainings over candidate &) and
statistically inefficient in high dimensions due to sample splitting (see, e.g., Rad and Maleki (2020)).
In this section, we propose a computationally efficient one-shot procedure that estimates £*(\) from
the training data without grid search or hold-out sets.

4.1 Risk Estimators via Generalized Cross-Validation

Our starting point is the closed-form identity for optimal SD given in Proposition 2.1, which
expresses £*(\) and RZ;(\) in terms of the teacher risk R(\), the PD risk Rpq(A), and the residual
correlation term C(\). We construct estimators for these three terms using training data by means
of generalized cross-validation (GCV) and its variants, along with plug-in estimation of £*(\).
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Let ) := fa(X) and yYpdn := fpdA(X) be the fitted values of the ridge teacher and the pure-
distilled predictors, respectively. Our estimators involve the notion of effective degrees of freedom
from the theory of statistical optimism (Efron, 1983, 1986). The degrees of freedom df(f) of a
(possibly nonlinear) predictor f is measured by the trace of the operator y — (9/0y)f(y) (Hastie
and Tibshirani, 1990; Stein, 1981). In particular, for linear smoothers, this corresponds to the trace
of the smoothing matrix (the so-called “hat” matrix).

Set df := df(f\) and dfpqg ) := df(fpa,x) and define the GCV-corrected residuals

Y= . Y — Ypd,\

= — Y Yedr 1
DT T dfn P T T dfpaa/n (17)

We estimate the teacher and PD prediction risks, as well as their residual correlation term, by

5 173 5 [Tanll3 A (Pxs Tpd.2)
R()) = Rog(\) i= ———= C(\) = 2L 18
( ) n ) pd( ) n ’ ( ) n ) ( )

respectively. Here ]/%()\) coincides with the standard ridge GCV estimator, while ﬁpd()\) and C (N)
extend the same df correction principle to the PD and cross-term quantities appearing in Proposi-
tion 2.1.

4.2 One-Shot Estimators for Optimal Mixing Weight and Optimal SD Risk
Plugging the estimators (18) into the exact identities in (8) yields the one-shot estimators

o R(\) —C(A . ~ R(\) — C(N)?
e = NZEN ) = Ay - AT (19)
R(A) + Rpa(X) —2C(N) R(A) + Rpa(X) —2C(N)
Note that the estimated denominator equals
~ ~ N . 1
D(\) = R(A) + Rpa(A) = 2C() = —[[Fx = Tpanllz > 0, (20)

mirroring the nonnegativity of its population counterpart in (7). When ﬁ()\) is extremely small
in finite samples, one may stabilize (19) by adding a small ridge term to the denominator; in our
experiments this was not necessary. Our next result shows that the one-shot estimates are consistent
in the proportional regime.

Theorem 4.1 (Consistency of one-shot SD tuning). Under Assumption A, as n, p — oo with
p/n — v € (0,00), for each fixed A > 0, we have

&) — (N B0, RH() - RGO Do, (21)

Compared with grid-search CV over &, the one-shot procedure has two key advantages: (i) CV
requires retraining a student model for each candidate ¢, whereas (19) selects £5(\) in closed form
from a single set of fitted quantities at the given A. (ii) Split CV reduces the effective training
sample size (e.g., to 4/5) and suffers from nonzero bias in high-dimensional settings where p is
comparable to n; in contrast, the one-shot estimators use all n samples without hold-out sets.
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4.3 Real Data Experiments

To illustrate the utility of the one-shot tuning method, we apply (19) across a range of A values on
several real datasets. For regression, we consider UCI BlogFeedback and Communities and Crime.
For classification, we apply ridge regression on pretrained neural network features (ResNet-18/34)
for CIFAR10 and CIFARI100 (details in Section F).

Across these tasks, Figures 2 and 13 show that ﬁ;‘d(/\) closely tracks the test risk of the optimally
distilled student, particularly in settings with small train and test discrepancy (e.g., CIFAR dataset
benchmarks). Moreover, when the teacher is over-regularized, the one-shot estimate correctly selects
negative E*(/\), so that the SD predictor corrects excessive shrinkage. This regime would be missed
by restricting £ to [0,1] (see Figure 16 for constrained SD risks as a comparison). Additional
experiments and sample-size variations are provided in Section E.3, and for CIFAR10/CIFAR100
we also report the corresponding test accuracies in Figure 14.

5 Extensions and Variants

Our results so far focus on optimal one-round SD for ordinary ridge regression, where the student
is refit on the same design matrix X as the teacher. In this section, we briefly outline several
extensions that are naturally captured by the same “structural” viewpoint from Section 2.

5.1 Multiple Rounds of Self-Distillation

Fix A > 0 and set y(© := y. A natural recursive multi-round scheme iteratively self-distills using
the previous round’s ridge predictions. For each k > 0, let fﬁk) denote the teacher ridge regression

(2) trained on (X,3®) with penalty A. and write ’y\g\k) = /(\k) (X) € R” for its fitted values. Let

f %) denote the corresponding PD refit of round k, i.e., ridge trained on (X, ﬂg\k)) with the same

pd, A\
penalty A. Given a mixing weight ;11 € R, define the round-(k + 1) SD predictor fs(: J)tlé)kﬂ as the
ridge fit obtained from the same mixed-loss construction as in (3), but with base labels y*) and

teacher pseudo-labels g//\g\k). A simplification (see Section D.1.1) shows this is equivalent to fitting

ridge regression on the mixed labels (see Figure 7 for an illustration):

k (k
y&gﬂ = (1= &kt1) y(’“) + &kt yf\ ). (22)
Because ridge is linear in the response, the round-(k + 1) predictor fs(f ;15)“1 lies on the affine path:
fs(d’;f)kﬂ = (1 - ’Sk:-i-l) f§ ) + et f;gd?X (23)

As in Section 2, we evaluate any predictor f by the conditional squared prediction risk R(f) :=
E[(yo — f(70))? | D] for a (possibly out-of-distribution) test pair (zo, o) with finite conditional

second moments. Define the round-k risk: R(\) := R( fik)), round-k correlation: Ci(A) := E[(yo —

£ (@0)) (o — £ (0)) | D], and round-k discrepancy: Dy(A) = E[(f{” (z0) — f%), (20))? | D] > 0.

For each round k£ > 0, let §;+1()\) € argming, , cRr R(fs(j"irlg)k+1

mixing weight. Write y*+1) = yf\]fgz_ii)ﬂ f>(\k+1) = s(cli;lﬁ)gﬂ’ and Ryy1(A) == R(f)(\kﬂ)).

) denote the optimal (unconstrained)

All the one-round structural identities from Section 2 apply at each round k by viewing y¥) as the
“base” labels and ( ﬁk), fés))\) as the round-£ (teacher, PD) pair. In particular, whenever Dy () > 0,
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Figure 7: Visual illustration of the recursive multi-round self-distillation process for ridge regression.

the round-wise optimizer and improvement satisfy the same formulas as Proposition 2.1:

R(A) — Cr(N)

2
o) = By (Re(A) — Cr(N)) '

This leads to the following risk monotonicity result for optimal multi-round SD:

Proposition 5.1 (Monotonicity of optimal recursive multi-round self-distillation). Fix A > 0. The
optimal SD risks are monotone (weakly) decreasing in the number of rounds k:

Ri11(A) < Ri(N) for all £ > 0.
Assuming Dg(A) > 0, the optimal SD mixing weights and risks admit the closed forms:

2 (R (V)
4 Dp(N)

Err1(N) = —% gzg\\}

R (\) = Ry(\) — (24)
where R) ()) is the derivative along the ridge path for the round-k teacher with y*) held fixed.
Thus, if Ry (\) # 0, then Riy1(A) < Rp(A), and sign(&;,,(A)) = —sign(Ry,(A)).

As with all results in Section 2, Proposition 5.1 is purely structural: it holds conditionally on
D = (X, y) with probability one and for any squared prediction risk (including out-of-distribution).

Several repeated-distillation formulations instead remain anchored to the original (ground-truth)
labels (Garg et al., 2025; Alemohammad et al., 2023). Specifically, given &1 € R, define the
anchored round-(k + 1) SD predictor as the ridge fit obtained by mixing the loss (as in (3)) against
the original labels y(©) and the current pseudo-labels yj()\k). As before, a simplification shows that
this is equivalent to ordinary ridge regression trained on the anchored mixed labels:

g (1 ) 5@ + 6 3. (25)

By linearity of ridge in the response, this anchored family is the affine path:
k+1),anch
fs(d,,\ g)kjlc (1 = &kt1) fA + kt1 fpd A0

which in general need not contain the previous-round predictor f/gk). Consequently, the nesting
argument, behind Proposition 5.1 breaks down and monotonicity can fail; see Figure 8.
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Figure 8: Recursive versus anchored multi-round self-distillation. Test risks of the teacher
ridge (R, in blue, trained using y(?)), one-round (k = 1) optimal self-distilled ridge (RZ,, in green,
trained using y(®) and §(?), two-round (k = 2) recursive (R’ e i , tramed usmg y(l)
and (") and anchored (R} choreqs i1 brown, trained using y© and 7M) self-distillation. Recursive
mixing is monotone when & is optimized each round (Proposition 5.1); the two-round risk curve
R} isive(A) uniformly dominates the optimal one-round R, (). Anchored mixing can be nonmono-
tone because the round-k family need not contain the round-(k — 1) predictor; the two-round risk

curve R* . +(X) may be larger than optimal one-round R, (\).

5.2 Self-Distillation with Fresh Unlabeled Features

Our structural results in Section 2 rely on the student refit using the same design matrix X
as the teacher. In particular, the same-X mixed-loss SD predictor (3) reduces to an affine path
(Equation (4)) in &, so the risk Rg(\, ) is a quadratic function of { and admits closed-form
characterizations (Proposition 2.1 and Theorem 2.2).

A common pseudo-labeling variant instead refits using additional fresh unlabeled covariates; see
Figure 9. Let X € R™*P be independent of D = (X, y), and define the teacher pseudo-labels on X
by yx := fu(X ~) € R™, where f) is the ridge teacher trained on D as in (2). In direct analogy with
(3), one may define the fresh-X mized-loss SD predictor ffg“;\l’g( x) as

z! azgerﬁl}jn{(l —&)ly — XBI3/n +Eon — XBI3/m + N|B]13}- (26)

Unlike the same-X case, (26) does not reduce to ridge regression on a single mixed-label vector:

because the two quadratic losses involve different Gram matrices, the map & — sfg“)l\l’g is generally not

an affine path, and the risk RI™X(), €) := R( sfgn/{"g) is no longer quadratic in ¢ (see Lemma D.1).?
Consequently, the two-predictor identities for £*(\) and RZ;()) in Proposition 2.1 and the derivative
identities in Theorem 2.2 do not apply directly in this fresh- X mixed-loss setting.

To retain an af‘ﬁne structure, one may instead define a fresh-X PD refit and then mix predictors
explicitly. Let pd y denote ridge regression trained on the pseudo-labeled dataset (X yx) with the

5When ¢ ¢ [0,1], the objective in (26) need not be convex because it mixes two different quadratic forms.
Throughout, we interpret (26) only for values of & such that the Hessian in j is positive definite, i.e., (1—&) X T X/n+
EXTX/m+ M, > 0, so the displayed argmin is well-defined.
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Figure 9: Visual illustration of self-distillation with fresh unlabeled features.
same penalty A. Define the fresh-X affine SD family
ffraff ( ) o (1 ) fr 27
saae(®) = (1 =&) fax) + & foan (@) (27)

Because (27) is an explicit two-predictor affine path, the corresponding risk Rﬁgaﬁ(/\, €)= R(f fgi{{ 5)

S
is quadratic in . Thus, the identities in Proposition 2.1 apply directly (with fpg . replaced by

;ij ) to characterize the optimal mixing §:O’|fraﬁ()\) € argmingcp R () ¢) and the optimal risk

R:&fraﬂ()\) := mingeg RIT(N, €). However, the same-X coupling behind the derivative-based char-

acterization Theorem 2.2 is absent here, so pointwise strict improvements are no longer structurally
guaranteed.

Empirically, when the refit sample size matches the teacher sample size (i.e., m = n), the same-X
SD predictor tends to dominate both the fresh-X mixed-loss student (26) as well as the fresh-X
affine student (27) across \; see Figure 10. Motivated by this behavior, we provide a prototype
theoretical comparison in an isotropic in-distribution setting. Specializing the asymptotic analysis
of Section 3 for same-X (Lemma D.2) and deriving a corresponding asymptotic analysis for affine
fresh-X (Lemma D.3) under isotropic covariance and isotropic signal, we show that when p/n — ~
and p/m — ~, the same-X optimal SD risk uniformly dominates the fresh-affine optimal SD risk. A
full analysis under general covariance and signal structure, and for the mixed-loss fresh-X student
(26), is left for future work.

Theorem 5.2 (Same-X dominates fresh-X). Under Assumption A with ¥ = I, and § ~
N(0, (r?/p)I,), as m,n,p — oo with p/m,p/n — v € (0,00), for every fixed A > 0, we have

*,same * fraff
de ()\) é de ()\)7

where R.7*"()) and R:éfraﬁ()\) denote the limiting (deterministic) optimal SD risks for the
same-X SD predictor (4) and the affine fresh-X SD predictor (27), respectively

This result is somewhat counterintuitive as one might expect that additional unlabeled data would
help self-distillation. It highlights that the gains characterized in the main paper are intimately tied
to self-distillation on the same data. Understanding how the comparison changes when the amount
of unlabeled data grows (e.g., m > n) is an interesting direction for future work.

5.3 Self-Distillation with Other Ridge Variants

The structural results of Section 2 extend beyond ordinary ridge regression to a class of (ridge)
resolvent-based smoothers. At a high level, two properties drive the extension: (i) the teacher is a
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Figure 10: Same-X versus fresh-X self-distillation risks. Empirical test risks and optimal
mixing weights (averaged over 30 simulations) in an isotropic setting with n = 200, p = 100,
r2 =1, and 0% = 1. For each ), we choose the fresh-X mixing weight & by grid search over 3,000
values in [—100, 100], restricting to values for which the mixed-loss objective (26) is strictly convex,
and picking the one with the lowest empirical test risk.

linear smoother in the labels, and (ii) the student refit applies the same resolvent-based smoothing
family (at the same regularization level A). Under (i), the SD family is again an affine path in the
mixing weight £, so the two-predictor identities (e.g., Proposition 2.1) apply under any squared
prediction risk. Under (ii), the teacher-PD gap admits a (surprising) derivative representation,
resulting in strict improvement and sign rule properties analogous to Theorem 2.2. We state the
generic result first, then highlight two representative examples.

Fix training inputs X = (z{,...,7,))" and labels y € R™. Let {f\}a>0 be a teacher predictor
family such that for each A there exists a vector-valued map s)(-) € R™ (depending on X, A but not
on y) satisfying f(x) = sx(z) "y and 7y := fr(X) = Syy for some (smoothing) matrix Sy € R"*"
depending on X, A but not on y. Define the (same-\) PD student refit by reapplying the same
smoother to the teacher fitted values: foq(x) := sx(z) 7). Define the SD predictor by the same
mixed-label construction as in (3) (now with teacher pseudo-labels 7)), which is equivalent to
applying the smoother to the mixed labels y(&) := (1 — )y + £y. Hence, the SD predictor can be
expressed as (see Section D.3.1):

Faane (@) = sa(2) Ty() = (1= &) fa(x) + £ fpan(@). (28)

For any squared prediction risk R(-) as in (5), write R(\) := R(f)), Rpd(A) := R(fpd,»), and define:

C(\) =E[(yo — fr(20)) (o — feap(®0)) | D], D(A) :=E[(fa(w0) — foa(%0))* | D].

(As in Section 2, it is easy to check that D(\) = R(X) + Rpd(A) —2C()).) Assume in addition that
the ridge-smoother family satisfies the derivative (tangent) identity

IZ) = fodn(®) = =X\ fa(z)  for all z, (29)

and that A\ — R(\) is differentiable. Then the derivative-based characterization from Theorem 2.2
extends as follows.
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Figure 11: Kernel ridge and kernel SD ridge regression. Test risks of Gaussian kernel ridge
and kernel SD ridge on two datasets.

( N\
Theorem 5.3 (Ridge-smoother strict improvement and sign rule). Fix A > 0 and assume
D(X) > 0. Under (29), the optimal SD mixing weight and risk along the regularization path
satisfy

/ 2 (PIN))2
EW=-3 50 Ra0 =R - T T
In particular, if R'(X) # 0, then R}, (\) < R(A) and sign(£*(\)) = —sign(R'(N)).

The derivative identity (29) surprisingly holds for many resolvent-based ridge estimators, including
generalized or Tikhonov ridge (Lemma D.4) and kernel ridge regression (Lemma D.5):

e Generalized ridge. For a fixed penalty operator © > 0 (independent of y), generalized ridge
is a linear smoother with

U z) =X (XX +n2Q) 71z,  SP=XX'X4+n2 Q) 1XT.
This includes feature-wise shrinkage (diagonal €2), graph or Laplacian regularization, spline-
type penalties, and other quadratic Tikhonov penalties.

e Kernel ridge. For a PSD kernel with kernel matrix K € R™" and k, := (k(x,21),. .., k(z,2,))7,
kernel ridge is a linear smoother with

ST (2) = (K +nAp) ke, SX = K (K +n,)

This covers standard kernel ridge estimators (e.g., Gaussian and polynomial kernels) and their
variants obtained by changing k. See Figure 11 for empirical illustrations with a Gaussian
kernel.

Both examples can be shown to satisfy (29) (see Section D.3.3), hence inherit Theorem 5.3 under
any squared prediction risk (including out-of-distribution).

20



6 Conclusion

In this paper, we asked whether self-distillation can provably deliver strict gains ((Q1)), when it can
rival an optimally tuned teacher ((Q2)), and how to tune it efficiently ((Q3)). For ridge regression,
and more broadly, for a class of resolvent-based ridge smoothers, we provide affirmative and sharp
answers.

On the theory side, we give nonasymptotic structural identities that hold conditionally on the
observed training data and for any squared prediction risk, including out-of-distribution risks.
Under a mild nondegeneracy condition, we show that the optimally mixed student strictly improves
the teacher at every nonstationary A along the ridge path, and the optimal mixing weight obeys
a simple sign rule: it has the opposite sign of the ridge-risk derivative, so it can be negative in
over-regularized regimes. We then refine these identities in the proportional regime p/n — ~ €
(0, 00) by deriving deterministic equivalents for the optimal SD risk under anisotropic covariance
and deterministic signals, which quantify how SD gains depend on (7, SNR) and signal-covariance
alignment. On the algorithmic side, we propose a consistent one-shot GCV-based tuning method
that avoids grid search, repeated retraining, and data splitting, while matching predicted risk curves
quite well in several real-data experiments.

Taken together, our results suggest a simple conceptual message: at least in ridge-type problems,
optimal self-distillation acts as a cheap and tractable correction for a mis-regularized teacher using
the teacher’s own fitted values to move along the regularization path in a direction determined
by the risk slope. An important direction is to understand how much of this regularization path
geometry persists beyond ridge regression, including classification and more general learners, and to
develop equally sharp guarantees for fresh-X and other practically motivated distillation variants.
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Supplement

This supplement serves as a companion to the paper titled “Optimal Unconstrained Self-Distillation in Ridge
Regression: Strict Improvements, Precise Asymptotics, and One-Shot Tuning”. We provide an outline of the
supplement in Table 3 and a summary of general notation used throughout the paper in Table 4.

Organization
Table 3: Outline of the supplement.
Section Subsection Purpose
Proofs in Section 2
Section A.1  Preliminaries
Section A.2  Proof of Equation (4)
Section A Section A.3  Proof of Proposition 2.1
Section A.4  Proof of Theorem 2.2

Section A.5

Proof of Proposition 2.3

Proofs in Section 3

Section B

Section B.1
Section B.2
Section B.3
Section B.4
Section B.5
Section B.6
Section B.7
Section B.8

Preliminaries

Helper results (concentration components) for the proof of Theorem 3.1

Helper results (deterministic equivalents) for the proof of Theorem 3.1

Proof of Theorem 3.1

Proofs of helper results (concentration components) for the proof of Theorem 3.1
Proofs of helper results (deterministic equivalents) for the proof of Theorem 3.1
Proof of Corollary 3.2

Proof of Proposition 3.3

Proofs in Section 4

Section C

Section C.1
Section C.2
Section C.3
Section C.4

Preliminaries

Helper results (risk and correlation components consistency) for the proof of Theorem 4.1
Proof of Theorem 4.1

Technical lemmas

Proofs in Section 5

Section D

Section D.1
Section D.2
Section D.3

Proof of Proposition 5.1 and other details in Section 5.1
Proof of Theorem 5.2 and other details in Section 5.2
Proof of Theorem 5.3 and other details in Section 5.3

Additional experiments

Section E

Section E.1
Section E.2
Section E.3
Section E.4
Section E.5

Additional experiments on CIFAR datasets
Illustrations for related works comparison in Section 1.2
Additional illustrations in Section 2

Additional illustrations in Section 3.2

Additional illustrations in Section 3.3

Experimental details

Section F

Section F.1
Section F.2
Section F.3

Real-world regression tasks
Pretrained ResNet features on CIFAR datasets
Synthetic asymptotic experiments
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Notation

Table 4: Summary of general notation used throughout the paper.

Notation

Description

Typography
Lowercase (e.g., )

Uppercase (e.g., X)
Calligraphic (e.g., D, R)

Blackboard bold (e.g., R, N)

Scalars or vectors

Matrices or linear operators

Sets, o-fields, events or certain limiting functions
Standard number systems

Analysis
Z, N, R, R>, R
(a,b,¢), {a,b,c}
[n]
TNy, VY
T4
sign(z)
COO

Integers, positive integers, reals, nonnegative reals, extended reals
Ordered tuple and (unordered) set

Set {1,...,n} for a positive integer n

min{z,y} and max{x,y} for real numbers z,y

Indicator random variable associated with event or set A

Sign of a real number z

Function class of infinitely differentiable functions

Linear algebra

tr(A), tr(A), det(A)
B—l

ct

diag(dy,...,dp)
U1/2

Jw)

I,1,0

Trace, normalized trace (tr(A4)/p), and determinant of a square matrix A € RP*P

Inverse of an invertible square matrix B

Moore-Penrose inverse of a general rectangular matrix C
Diagonal matrix with diagonal entries dy,...,d,

Principal square root of a positive semidefinite matrix U > 0

Functional calculus for positive semidefinite matrix W (apply f to eigenvalues of W)

The identity matrix, the all-ones vector, the all-zeros vector

Inner products and norms

(u,v)
[l 2] (or simply |z[])

Euclidean inner product (or another inner product when specified)
Euclidean norm of a vector x

l|zl4 ¢, norm of a vector (¢ > 1)

|z]|a = VaT Az A-seminorm for A = 0

| Allop Operator/spectral norm of a matrix A

| Al 7 Frobenius norm of a matrix A

| Al Trace/nuclear norm (sum of singular values)

£z, L, norm of a function f under the relevant measure (¢ > 1)
Probability

P(.), E[] Probability and expectation

E[- | G] Conditional expectation given o-field G (or given data, depending on context)

Var(+), Cov(-, ) Variance and covariance

X ~N(p,%) Gaussian random vector with mean p and covariance X

d

Equality in distribution

Orders and asymptotics

X = Oa(Y)’ X Sa Y
o(-), O()
op(-), Op(")

p. a d
—>, >, —>, —>

~

c,Ced

Deterministic upper bounds with constant possibly depending on parameter «
Deterministic little-o and big-O

Probabilistic little-o and big-O

Convergence, in probability, almost surely, in distribution

Asymptotic equivalence (see Definition 1 for more details)

Generic positive constants (may change from line to line)
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A Proofs in Section 2

A.1 Preliminaries

Define the empirical covariance matrix and empirical resolvent as
~ 1 ~
Y= -X"X eRP*P and Q) := (X4 A,) "' € RP*P, (30)
n

respectively. For any label vector u € R”, define the ridge coefficient map and predictor as

T
B = @ and fuu(a) =T a(u) (1)

respectively. In particular, the teacher predictor is f\ := fy, with fitted values 7\ := f\(X) =
XBr(y) € R™. Note that f), is linear in w.

The PD predictor foq is the ridge predictor trained on (X,y)) with the same penalty A, i.e.,
fodx = fag,- Its coefficient vector admits the closed form

XT(XBA(y))

Bod, ) == Ba(Ur) = Qa = QI Bi(Y). (32)

Since 3 and @) commute (both are polynomials in i), we have fQ A = Ip — AQ), and therefore

Br(Y) = Boap = (Ip — QaZ) Br(y) = AQ» Ba(y)- (33)

A.2 Proof of Equation (4)

Lemma A.1 (SD ridge representation). Fix A > 0 and £ € R. Let gy = f\(X) and define the
mixed label vector

y (€)= (1 -y +&hr € R™ (34)
Then the SD predictor (3) coincides with ridge regression trained on (X, y((¢)) with penalty A,
Le., fsape = [,y )

Proof. Expanding the SD objective (and dropping terms independent of (), we obtain that
1 1
(1 =8 lly - X85+ -l — X85+ AI5l13
1 2 ~
= X8I — ~B8TXT((1 = )y +&ua) + AlBII3 + const,

where const is a term that does not depend on S. This is exactly the ridge objective with response
yM (&) as defined in (34). O

Proof of Equation (4). By Lemma A.1, foax¢ = fa (1—¢)y+e5, - Using linearity of fy , in u (cf. (31)),

Jsane = (1= fay + &gy = 1= +Efpdns
which is (4). O
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A.3 Proof of Proposition 2.1
Throughout, A > 0 is fixed and we abbreviate f := f) and g := foq . Write
R:=R(f),  Rpa:=R(g), C:=E[yo— f(z0))(yo—g(z0)) | D],
and define the nonnegative quantity y
D= R+ Rya — 2C = E[(f(w0) — g(w0))* | D] = 0.

Proof of Proposition 2.1. By (4), the SD predictor with mixing weight £ is fsq(§) = (1 — &) f + &g.
Let the residuals be r¢ := 3o — f(x0) and 74 := yo — g(x0). Then

Yo — fsd(f)(gjo) = (1 - f)Tf + grg,
and thus
Rea(X,€) = E[((1 = &)ry + &rg)? | D
= (1= &)’E[r} | D] + &*E[r} | D] + 26(1 — §)E[rsry | D)
= (1= &)’R+ & Rpag +2£(1 - €)C
=R—-2(R—-C)+&D.

If D > 0, this is a strictly convex quadratic in £ with a unique minimizer given by

R-C
0=0cRg(A &) = —2R-C)+ %D — & =—7—.
Substituting back yields
. (R—C)?
ad=R——F.
If D =0, then f(zg) = g(xo) a.s. under the test distribution, hence Rg4(A,&) = R for all £ and
every { is optimal with RY, = R. O

A.4 Proof of Theorem 2.2

We first establish a derivative identity relating the PD predictor to the derivative of the teacher
along the ridge path.

Lemma A.2 (Resolvent derivative rule). For a fixed A > 0 and symmetric A > 0, let @, =
(A+ M)~L. Then,
HhQx = —Q3.

Proof. Differentiate (A + AI)Qy = I and left-multiply by Q). O

Lemma A.3 (Derivative identity for ridge versus pure-distillation). For any A > 0 and = € RP,

(@) = foan(@) = —AOrfa (). (35)
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Proof. From the definitions, Bx(y) = Q\X "y/n and Bya = QS Bay); see (31) and (32). By
Lemma A.2,

T T
MBA(Y) = (3AQ,\)Xny = —Q?\Xny = —QxBr(y)

Thus —A0xBx(y) = AQxBx(y). Using (33), AQABA(Y) = Br(y) — Bpd,x- Multiplying by x 7 yields

(35). 0

Next we relate R(A) —C()) to R'()). Before we proceed, we justify that R'()) is indeed well-defined
under our setup.

Lemma A.4 (Smoothness of ridge predictions and risk). Fix the training data D = (X,y) and
assume E[y? | D] < oo and E[||zo||3 | D] < co. Then for every A > 0, the map A — fi(z¢) is C*
and the risk R(\) = E[(yo — fr(z0))? | D] is C* on (0, 00). Moreover,

R'(\) = —2E[(yo — fr(z0)) Orfr(wo) | D], (36)
where 9 fr(z) = —2 T QxBx(y) with Qy = (£ + AI)~L.

Proof. Fix \g > 0 and consider A € [A\g/2,3)0/2]. Then [|Qxllop < 2/A0, and with b := X Ty/n we
have ) = Q\b and 0,0\ = —Qx[x. Hence there exist constants (depending on D and )\g) such
that uniformly over this interval,

|fx(wo)| < c1lzoll2, |Oxfx(z0)| < callwoll2-
Therefore,

05 (o — fa(20))?| = 2lyo — fr(zo)] [Oxfa(z0)| < es(|yolllzoll2 + [1zoll3),

whose conditional expectation is finite by Cauchy—Schwarz and the assumed second-moment bounds.
Dominated convergence justifies differentiating under E[- | D], yielding (36). Higher derivatives fol-
low similarly since fy(xo) is a rational (hence analytic) function of A for A > 0. O

Lemma A.5 (Derivative identity for R(A) — C(X)). For any A > 0,

RO — € =~ ROV, (37)

where R(A) = R(fx) and C(X) = E[(yo — fa(0))(yo — fpd,a(20)) | D).
Proof. Write 7 := yo — fx(z0). First note that
R(A) = C(A) = E[r% — rA(yo — foar(20)) | D] = Elra (fpa(w0) — fa(wo)) | D).
Using Lemma A3, fog(20) — fa(20) = Adxf(20), hence
R(A) = C(A) = AE[ry 05 f(z0) | D). (38)
On the other hand, from Lemma A.4, we have
R'(\) = —2E[r) Orfr(z0) | D].

Combining with (38) yields (37). O
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Proof of Theorem 2.2. Let D(X) := R(\) 4+ Rpd(A) —2C(X). When D()) > 0, Proposition 2.1 gives

e = TS Ry = Ry - R

Apply Lemma A.5 to substitute R(A\) — C(\) = —(\/2)R'()), obtaining

/ 2 (pt 2
e =3 m ry =Ry - L T

If R'(X\) # 0, then the subtracted term is strictly positive (since D(X) > 0), hence RZ () < R(\).
Finally, sign(£*(\)) = —sign(R'()\)) because A > 0 and D()\) > 0. O

A.5 Proof of Proposition 2.3
Proof of Proposition 2.3. Define
g(A) == R(A\) —C(N), and D(A):= R(\)+ Rpda(A) —2C(N).

For D(X) > 0, Proposition 2.1 gives

N _g(V)?
By Lemma A.5, g(A) = —(\/2)R'()), hence at \*,
* !\ * )‘* /1y *
o) =0, ) = 5RO, (40)
Differentiate (39) twice and evaluate at A*. All terms involving g(A\*) vanish, yielding
A NK\ IR 2(9/0‘*))2
400 = RO - 25 (41)

Substituting (40) into (41) gives

22 (RH()\*))Q

x// )\* — /! )\* A .

sd( ) R ( ) D()\*)

Therefore, if D(A\*) < %ZR” (A*), then RZ/(A*) < 0, so \* cannot be a local minimizer of RZ,.

Since g(\*) = 0, (39) gives R (A*) = R(A\*) = miny>o R()). Hence there exists A > 0 such that
5(A) < R (A*) = miny>g R(A), which implies minysg R (M) < minysg R(N). O

B Proofs in Section 3

B.1 Preliminaries

Recall the random-design model in Assumption A. The design matrix X € R"*P has rows =] =

i
2 B2 where z; € R has i.i.d. entries with mean 0, variance 1, and uniformly bounded (4 + )-th
moment for some p > 0, and > € RP*P is deterministic positive definite with spectrum uniformly

bounded away from 0 and co. The response y has mean 0 and uniformly bounded (4+v)-th moment.
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Define the population Lo-projection coefficient, residual, and residual variance by
B :=Elzz '] 'E[zy] = 7 E[zy], e=y—zx'p, o? :=E[¢?].

Then E[ze] = 0 (equivalently E[z¢] = 0) and E[e] = 0. Throughout, we consider the in-distribution
prediction setting, i.e., the test pair (xo, yo) is an independent copy of (z,y), so yo = x4 3+ ¢ with
E[zoeg] = 0 and E[ed] = o2.

Write the sample covariance and ridge resolvent as

1

Si=—X'X, Qni=C+A)"Y,  A>0,
n

and set tr(A) := tr(A4)/p.

Define the ridge estimator and its pure-distilled transform by

XTy

)
n

By = Qx My:=S(E+AL) ' =5Qx =1, - AQx,  Bpan = MpBh.

We use the Y-inner product and norm

(u,v)s := u' S, HuH% = (u,u)s.

For any estimator B = B (X,y), the in-distribution prediction MSE decomposes as
El(yo — 2 B)* | X,y = B = B3 + 02,
and similarly, for two estimators B ) E,
El(yo — 20 B)(yo — 20 B) | X,y) = (B~ 8,5~ B)= + 0

Thus, adding ¢ to the teacher/PD risks and correlation term does not affect the optimal mixing
weight (constants cancel), and it only adds o2 to the optimal mixed prediction MSE.

Accordingly, for a fixed training dataset (X, y), we define the excess scalars
R(A) = [1Bx = Bl% Rpa(A) = [1Bpapr — BI%,  C(A) == (Bx — B, Boar — B)s,

and note that the full in-distribution quantities in the main paper are R(\) + 02, Rpq()) 4+ 02, and
C(\) + o2

Recall from Section 2 that the self-distilled estimator is
Bsaa (&) = (1 = £)Br + EBpd rs
and its excess risk is
1Bsar(€) = BI% = (1 = €)*R(N) + € Rpa(N) + 26(1 = §)C(N).
Therefore the optimal mixing weight and optimal excess SD risk are given by

R(\) —C(N) x B\ — (R(N) —C(V)?
R(\) + Rpa(\) —2C(N\)’

&N ==

“ _ (42)
R(\) + Rpa(A) — 2C(\)

whenever the denominator is positive. Thus, to prove Theorem 3.1, it suffices to show that R(X), C()), Rpd())
converge in probability to deterministic limits R(\) — 02, C(A) — 02, Rpd(\) — 02 (i.e., the excess

parts of the main-paper limits), and then apply the continuous mapping theorem to (42) (and

finally add o2 back to match the full risks stated in Theorem 3.1).
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B.2 Helpers Results (Concentration Components) for the Proof of Theorem 3.1

Define the residual vector £ := (e1,...,6,) with & := y; — 2] 8, so that y = XS + ¢ holds
identically.

Lemma B.1 (Exact decomposition of coefficient errors). For any A > 0,

Br—B=-AQ\B + QX "e/n,
Bpdx — B = (—2XQx + NQ3)p + Iy — )\Q,\)Q)\XTE/'I”L.

Proof. Using y = XB + ¢ and S = XTX/n,
Br= QA8+ X Te/n) = (I, — A\Qx)B + QrX "e/n,

50 By — B = —AQxB + QX Te/n. Then Bpdx = (Ip — AQx)Bx and expanding yields the second
identity. O

Define

Qa(N) == X2QX2Qy, Q3(N) =N (QZQ3 + Q32Qy),  Qu()\) = MQ3XR3, (43)

and 1
Up(\) := Etr(ziQf), ke {2,3,4}. (44)

Lemma B.2 (Expansion of R(\), C()), Rpd(A)). Let A > 0 be fixed. We have
R\ =BTQ2(MN)B + %JXQAEQAX% - % BTQAZQA\X Te, (45)
) = 87 (205() — 5Qs(N)) B+ -5 XQa9(T, ~ A@Q)@:X e + Line (A, (16)
Roa(0) = BT (4Q2(0) — 205(0) + QW) + e T XQu(Ty ~ AQ)S(, ~ AQ)QX e

+ Linpg(A), (47)

where Ling () and Lingg(A) are terms linear in . Moreover, the quadratic e-terms in (46)—(47) can
be rewritten as

1 1 1
—e X2, — AQ)QX e = e XQAEQX e — A —e ' XQ\IQ3X Te, (48)
n n n
1 1 1
EETXQA(IP —AQV)E(I, — AQN)QX Te = EETXQ)\EQ,\XTE —2\- ﬁsTXQ,\EQiXTE
1
+A% e TXQ3EQ3X e (49)
n
Proof. Plug the decompositions from Lemma B.1 into the definitions of R = ||e||%, C' = (e, )y,
Rpd = ||€]|3 and expand. The bias-only terms give the stated Q2,Qs3,Qs combinations (using
symmetry to replace scalars of the form ﬁTQ)\EQiﬁ by %/BT(QAZQE\ + QiEQA)ﬁ). The terms
quadratic in ¢ are the displayed quadratic forms. The linear terms Linc, Lingg collect the bias—e

cross-terms. Finally, (48)—(49) follow by expanding (I, — AQ\) and using symmetry of @) and
3. O
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In the misspecified setting, we cannot condition on X and drop the bias—noise cross-terms. Instead
we use leave-one-out concentration for ridge-type linear and quadratic forms.

Lemma B.3 (Response-noise concentration for ridge-type bilinear/quadratic forms). Assume As-
sumption A. Fix A > 0 and let ¢; := y; — ] 3, so that E[z;¢;] = 0 and E[¢?] = 02. Then, as n,p — o
with p/n —
1. All terms linear in e appearing in (45)—(47) satisfy Line(\) = op(1).
2. The quadratic e-forms satisfy
1
n2
1
n?

e' XQASQAX Te = a?Uz()) + op(1),
' XQ\XQ3X Te = a%Us(\) + op(1),

1

EJXQimisz = 2Uy(N) + op(1),

with Ug(A) defined in (44).

Proof outline. This follows from leave-one-out expansions in Lemmas D.2 (linear forms) and D.3
(off-diagonal quadratic forms) of Patil and Du (2023). At a high level: (i) each linear term is a
normalized sum % Z?:l «; €; where «; is a leave-one-out coefficient built from @0y and z;; Lemma D.2
gives op(1) under E[z;¢;] = 0 and bounded moments; (ii) each quadratic form is % > €i€j Ky for
a ridge-type kernel K. Lemma D.3 controls the off-diagonal sum }_, .. (giving op(1)), while the

diagonal sum reduces to 02% tr(-) up to op(1l) by the same leave-one-out decoupling. A detailed
proof is given in Section B.5. O

Combining Lemmas B.2 and B.3 yields
R(X) = 8T Q2(N)B + 0 Us(N) + 0p(1), (50)
C(N) = 87 (2Q2(0) = $@3(0) 8+ 0 (Ua(3) = AU (M) + 05(1), (51)
Fa(N) = 7 (4Qa2(3) — 2Q5(0) + Qa(V)) 8 + % (Ta(N) — 2AT3(N) + X2Ts(V)) +op(1).  (52)
B.3 Helper Results (Deterministic Equivalents) for the Proof of Theorem 3.1
Fix A > 0 and define kK = k() > 0 as the unique solution of
K=+ tr(S(E + kL) ). (53)
Let G := (¥ + rl,) ! and define

ty == tr(X2G"), ke {2,3,4}, b=

and the signal-covariance quadratic forms
a = BTGFE B, ke {2,3,4}.

Finally define
E =k — b\ + b?k)\ts,
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ap := bE? + bR2N2t, + b5/€2)\2t§, as := 20’k \E, as = b3r2\2,
and

U9 = tob, ug = t3b3’ Uy 1= t4b4 + 2t§b5

We use standard anisotropic deterministic-equivalent (local-law) results for sample-covariance re-
solvents under bounded-spectrum and bounded-moment assumptions; see, e.g., Knowles and Yin
(2017); Dobriban and Wager (2018); Dobriban and Sheng (2020); Patil et al. (2022a, 2023). In
particular, Q) = (f] + )\Ip)*l admits deterministic equivalents uniformly over A in compact subsets
of (0,00), and these equivalents can be differentiated with respect to scalar parameters (see Sec-
tion B.6.1 for more details; see also Appendix E of Patil and Du (2023) for a general background
on asymptotic equivalents and a summary of various calculus rules for asymptotic equivalents).

Lemma B.4 (Deterministic equivalents for 2, @3, Q4). For each fixed A > 0, we have
Q2(\) = K*bG*%,
Q3(\) < 2kbE G?Y + 2r%0° N G®%,
Qi(\) = a2 G*Y + a3 G3Y + ay G'X.
Lemma B.5 (Deterministic limits for Us, Us, Uy). For each fixed A > 0, we have
Us(N) 2 ug,  Us(\) 2 us,  Up(\) 2 g

Proof outlines for Lemmas B./ and B.5. These follow from: (i) the anisotropic resolvent determin-
istic equivalent for @) together with the fixed point (53); (ii) differentiation of the two-point de-
terministic equivalent for Ry, ¥Ry, to generate RER?, R?2Y R, and R2XR?; and (iii) the identities
Us = —%Ué and Uy = %Ué’ together with deterministic-equivalent calculus. Detailed proofs are
provided below in Section B.6. O

B.4 Proof of Theorem 3.1
Proof of Theorem 3.1. Fix A > 0. By (50)—(52),

R(\) = BTQa(N)B + 02Usa(N) + op(1),
cn =47 (2@2()\) _ %Qg(x)) B+ 02 (Uz(N) — AU3(A)) + os(1),
Roa(N) =87 <4Q2()\) —2Q3(\) + Q4()\)>ﬁ + 02 (Us(N) — 2AU3(A) 4+ A2Us(N)) + op(1).

We now apply Lemma B.4 in bilinear forms with the deterministic vector f (assumed to have
IB]l2 = O(1) so these bilinear forms are O(1)):

BTQ2(N)B — Kb,
BT (2Q2(0) = $Qs (V) 8 = 262 g2 — (kDE g2 + K26\ ga),

g <4Q2(/\) —2Q3(A) + Q4(/\)>,8 — 4k%bqy — 2(2KbE g2 + 2K20%\ g3) + (a2qe + asqs + asqa).

Also by Lemma B.5,
UQ()\) — U9, Ug()\) — us, U4()\) — U4.
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Substituting yields the excess-risk limits:
R(\) — k*b gy + o%ug,
C(\) — 26%bqa — (KbE qo + K2b* X q3) + 02 (ug — Auz),

Rpa(A) — 4K%b gy — 2(2rDE qo + 26%0° X q3) + (a2q2 + azqz + asqq) + 02 (ug — 22 uz + Nuy).

Finally, recall from the discussion in Section B.1 that the full in-distribution quantities in the main
paper are obtained by adding o2 to each of R(\),C()\), Rpda()). Therefore the full limits match
exactly the statement of Theorem 3.1. ]

B.5 Proof of Lemma B.3

Proof of Lemma B.3. Fix A > 0. Let &; := y; — 2, 8 and € := (g;),. By construction, E[g;] = 0
and E[z;g;] = 0, and E[|;]*] < occ.

Write X = Z21/2, £ = X7 X/n, and
Qx = (S+ M)
Define the dual (Gram) resolvent
_ 1 -1 1 -1
Oy = (4()(T + )\In) - (fzzzT + AIn> .
n n

A standard push-through identity gives, for every integer m > 1,

xT  xT_ X' »z7 _
QTT = — QY and hence 21/2627)77 = o QY. (54)
Define also 1 1
By:i=—XYXT=222%27T.
n n

All linear terms in Lemma B.2 can be reduced (using (54)) to forms

1 _
—a'2Z'Qve, me{l1,2}, (55)
n

where a € RP is deterministic (or independent of Z) with [la|l2 = O(1). Likewise, the quadratic
noise terms reduce to

LT B (m 0 {10,222} (56)

Linear forms. For m = 1, (55) is exactly Lemma D.2 of Patil and Du (2023) (apply it with
D =¥ and ¢(z;) = &), yielding convergence in probability to 0. For m = 2, use the exact identity
(Lemma D.4 of Patil and Du (2023))

Q3 = %(@/\ — @A+t) +tQA\Qr+1Q), t>0.

Plugging into (55), the difference-quotient term reduces to a difference of two m = 1 linear forms
at A and A+¢, which vanish in probability by Lemma D.2. The remainder is controlled by operator
norms: [|Qxllop < A1 1@xtellop < (A + )71, IZZ 7 [lop = Op(v/n), and [le]l2 = Op(y/n). Choosing
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a deterministic t = t,, — 0 (e.g. t,, = n~%/*) makes the remainder op(1). Hence all linear terms are
O]p(l).
Quadratic forms. Fix (m,{) and set M,, ; := @Z\"Bgéf\. Write
e My e = Z(Mm,e)m? + Z(Mm,é)ijgigj-
i i#]
The off-diagonal sum divided by n converges to 0 in probability by Lemma D.3 of Patil and Du
(2023) (after representing M,,, via resolvent identities as a finite linear combination of ridge-

type resolvent kernels). The diagonal sum equals o2 tr(M,, ) + op(n) by the same leave-one-out
decoupling (applied to &2 — 02). Therefore,

1 o?

gETMm,gE = tr(My,,e) + op(1).

Finally, use cyclicity of trace and commutativity of @), with S to identify these traces with
Us, Us, Uy (as in the proof outline following Lemma B.3). Substituting back into Lemma B.2 proves
Lemma B.3. O

B.6 Proofs of Lemmas B.4 and B.5
B.6.1 Background

We use an anisotropic (bilinear-form) notion of deterministic equivalent.

Definition 1 (Deterministic equivalent). Let A = A, be a (possibly random) p x p matrix and
A = A, a deterministic p x p matrix. We write A < A if for every pair of deterministic vectors
w=1,,v = vy with [ulls, ollz = O(1),

u'(A—Apw Bo.

If A(9), A(0) depend on a parameter @ in an open set ©, we write A(#) =< A(6) uniformly on compact
subsets of © if the convergence above holds uniformly over # in any compact K C O.

This notion implies trace convergence whenever operator norms are uniformly bounded. In partic-

ular, if A= A and || Allop, | Allop = Op(1), then tr(A) — tr(4) 2 0.
We will also use that uniform deterministic equivalents can be differentiated.

Lemma B.6 (Differentiate a deterministic equivalent). Let A(#) be random and A(#) deterministic,
both entrywise differentiable in 6 in a neighborhood of #y. Assume A(f) < A(6) uniformly in € in
that neighborhood. Then A’(6y) =< A’(6p).

Recall & = X' X /nand Q) = (f] + AI,)~1. A standard anisotropic local law for sample-covariance
resolvents gives the following asymptotic equivalence; see, e.g., Rubio and Mestre (2011); Knowles

and Yin (2017); Patil and Du (2023):

Lemma B.7 (Scaled resolvent deterministic equivalent). Under Assumption A, for each fixed
A>0,

AQx = (V) (E+ kW) = kG, (57)

where £ = k(\) > 0 is the unique solution to

k= A+yrtr(S(E+ kL), (58)
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and G = (X + kI,) 1. The equivalence holds uniformly for A in compact subsets of (0, cc).

Define, as in the main paper,

te ==y r(22GF), ke {2,3,4}, b:=

Lemma B.8 (Derivative of the fixed-point solution). The map A — () is differentiable for A > 0

and
1

K'(\) = b(\) = a0

B.6.2 A Two-Point Deterministic Equivalent via Block Linearization

For A1, Ag > 0, define R; = (S + NIp) 7Y ki = k(N), Gi = (2 + kil,) 7, and
t12 =7 ﬁ(EQGlGQ) =7 ﬁ(EGlng). (59)

Lemma B.9 (Two-point bias-resolvent deterministic equivalent). For each fixed A1, Ay > 0,

R1KR2 1
PN = — G12Gs.
Ri1XRy w1 i G1XGo (60)

Proof. We use a block-resolvent generating function. For a scalar coupling J € R, define

S+ ML JT o
H(J) := P G(J) :=H(J) .
() ( e Emlp), (J) == H(J)

Differentiate H(J)G(J) = I:

G'(J) = —G(J) H'(J) G(J), H’(O):@ %)

At J =0, G(0) = diag(Ry, R2), hence the (1,2) block satisfies the exact identity

(G/(O))lg = —RiXR,. (61)

By anisotropic local laws for such deterministic 2 x 2 linearizations (uniformly for J in a neigh-
borhood of 0) and Lemma B.6, (G'(0))12 admits a deterministic equivalent obtained by differen-
tiating the deterministic equivalent of G(J) at J = 0. On the diagonal blocks, Lemma B.7 gives
R; < (ki/Ai)G;. The linearized equation for the off-diagonal block reduces (by commutativity of
G1, Gy with X)) to the scalar equivalence

K1K2

(G'(0))12 = Ty p12 G12GYo,

together with the scalar self-consistency relation pi1o = 1+t12p12, where t19 is given by (59). Solving
yields p12 = 1/(1 — t12), and combining with (61) gives (60). O

39



B.6.3 Proof of Lemma B.4
Recall Q2,Q3, Q4 from (43) and define By := G*Y for k € {2,3,4}.

Proof of Lemma B.4. Fix A > 0 and let k = x()\), G = (X + kl,) L.

Equivalent for )s. Apply Lemma B.9 with Ay = Ay = A. Then G1 = G2 = G, k1 = k9 = K, and
t12 = t2, SO
2 2
K 1 K*b
Q) = — - GLG = —-G*%.
Qr\XQ) 14, 2

Multiplying by A? gives
Q2(\) = N?QZQx = Kb By,

Equivalent for Q3. Let F'(A\1, \2) := Ry, XR),. The exact identities

MF(A,X0) = —Ry\ IR, O, F(A\i,\2) = —R3 ZR),

imply
Q3(N) = X} (QAZQ3 + Q32Qn) = —A3(0y, + O, F(A1, X2) e
1=A2=
By Lemma B.9, F < F := aH where
K1R2 1
A, Ag) = . H(A\, A2) = G1XGo.
a1, A2) oy Tt (A1, A2) = G1EGo

By Lemma B.6, 9),F < 9y, F. A direct product-rule computation on the diagonal \; = Ay = A,
using k’(A) = b (Lemma B.8) and the trace derivative 6>\2t12|diag = —bt3, yields

“A3(0y, +O0)F| = 2KbE By + 2x%b*\ Bs,

diag

where F := k — b\ + b®k\ t3. Therefore

Q3()\) = 2kDE By + 2k*b%\ Bs.

Equivalent for (4. The exact mixed-derivative identity
O On F(A1, X2) = R} SR3,

implies

Qi(\) = MQ32Q3 = M0y, 05, F (M1, Mo) )
A1=A2=A

Again by Lemma B.6, we may replace FF by ' = oH and differentiate. On the diagonal, the
derivatives satisfy

H=DBy, O0\H=0,H=-bBs,  0)0\H=0bBy,

and the overlap factor bja = (1 — t12) 7! satisfies

Ox, b12|
d

14,

= 3)\21712 = —b3t3, 6>\10)\2612 = b4t4 + 25525%,
g di diag

iag
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with t4 = v tr(22G*). Carrying out the product-rule expansion of dy,dy,F and collecting terms in

82, [)’3, 84 yields
A46)\16)\2F‘ . = a2 BQ + as 83 + aq 647
diag

where

as = br2X\2, as = 20°K\E, ag = bE? + b 2Nty + bP RN,

Therefore Q4(\) < ag By + as Bs + a4 B4, completing the proof.

B.6.4 Proof of Lemma B.5
Proof of Lemma B.5. Fix A > 0. Recall Ui (\) = %tr(EiQ’/{) and p/n — 7.
Limit for U,. Use EA]Q,\ = I, — AQ) to get the exact identity

EQR = (I, — 2Q)Qx = Qx — AQ3,

hence

Ua(N) = (5@~ AQ}) = 7 F(EQ) — A i(903).

Define s(\) := 7 tr(XQ,). Since Q) = —Q3,
s'(N) =7 f(2Q)) = — &(2Q3),
o (62) becomes
Ua(A) = s(A) + As'(N).
By Lemma B.7 and trace convergence,

s(\) = 7 7(ZQy) — 7 ﬁ«(z : ga) - % T(2G).

Using the fixed-point equation (58), vk tr(XG) = k — A, hence

K—XA K
A =——-1
s(A) = —— =5
By uniformity in A locally and Lemma B.6,
K kK
S/(>\) — X — ﬁ

Substitute into (63):

Us(\) — (“—1)+A(“/ i):/{’(k)—lzb—lzlht = tob =: us.

A A A2 —to

Limits for Us and Uy. Since @, = —Qi, we have the exact identities
d d

and therefore
Us(A) = —2U3()), Us(A) = =3U4(N),
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equivalently
Us(\) = —3Us(N),  Us(N) = gUF (V). (64)

From the Uz step, Ua(A) — u2(\) = t2b. By uniformity and Lemma B.6, we may differentiate to
obtain U} — ufy and UY — uf. Thus by (64),

Us(A) = —gus(N),  Us(A) = guz(A).

Finally, compute these derivatives. Since t,(k) = —2t3 and ' = b, we have t4(\) = —2¢3b and hence
to I tIQ(/\) 2 3
A)=—""— = A) = ———5 = (—2t3b) b* = —2t3b
uz(A) s uy(A) TS (—2t3b) 3%,
so —3ub = t3b> =: ug. Similarly, using t4(x) = —3t4 and ¥'(\) = —2t3b%, we obtain

d
uy(\) = dA( 2t3b%) = —2(t5(A\)b* + t3 - 3b%0') = 6tab® + 12¢30°,

hence 1 u = t4b* + 2t2b5 : ug. This proves Us — ug and Uy — ug4. ]

B.7 Proof of Corollary 3.2

Proof of Corollary 3.2. Fix A > 0. Recall from Theorem 3.1 that the optimal mixing weight and
optimal SD risk satisfy

R(A) —CN) (R(A) —C(V)?
RON) + Rpa(N) — 2C(2)’ RON) + Rpa(N) — 2C(0)°

In particular, writing D(A) := R(A) + Rpd(A) — 2C(X) > 0, we have RZ;(A) < R(A) whenever
R(A) —C(N) # 0 and D(N) > 0, and moreover sign(£*(A)) = sign(R(N\) — C(A)) whenever D(A) > 0.
Thus it remains to characterize the sign of R(\) — C(\) under the isotropic signal prior.

As before, let & := XTX/n and Q) := (fl + AI,) L. Under the isotropic prior 8 ~ N(0, (r?/p)I,),
for any random matrix M (measurable with respect to X), E["MB | X] = tr(ME[BBT]) =
r2tr(M)/p. Likewise, for a noise vector ¢ independent of X with E[¢] = 0 and E[ee] = 021,
for any random matrix M, E[e" Me | X] = o?tr(M). Applying these X-conditional limits on the
conditional risk and correlation expansions (50)—(52) yields (with op(1) remainders absorbed since
they are mean-zero after conditioning on X):

OV () B RGN =R —

2 2
Rx(\) =E[R(\\)| X] = o tr(SA%Q3) + — — tr(ZQA( — AQx)), (65)
Rpax (V) = E[Rpa(M) | X] = 5 tr(E A2Q2 (21, — )\QA)Q) + % (SQA(I, — AQ)?),  (66)
Cx(\) :=E[C(\) | X] = % tr (2 A2Q2 (21, — )\QA)> + ‘i (SQ(L, — AQN)?). (67)

Here R, de,éidenote the corresponding excess components as above, i.e., R(\) = o2 + R()),
Rod(N) = 02 + Rpa(N), and C(A) = 02 + C(N).
Define the nonasymptotic critical value A}, , := = ;’—2 so that A} ) — A" := V‘;—;. A direct simplifica-
tion of (65) and (67) gives

2 2

Rx(3) = Cx(0) =A% = ) (r(2@3) — A (50}))
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2
= AN, — N % tr(2Q3 (I, — AQ»))

2
r ~
=AMy =N tr(ZQIZQx),

where in the last step we used I, — AQy) = f]QA, which follows from (fl + A,)Qx = I,. The trace
factor is strictly positive for A > 0 with probability one because ¥ >= 0 and @y > 0 for A > 0 and
hence the trace vanishes if and only if =0 (which under under Assumption A is a measure zero
event). Therefore, for each fixed A > 0, sign(Rx (A) — C'x (X)) = sign(X;, , — ) with probability one.
Now, by the same concentration arguments of Lemma B.3 used to prove Theorem 3.1, the random
quantities R(\) — C()) concentrate around their conditional means, and R(\) — C(A) — (Rx(\) —
Cx(\) 2, 0. Moreover, Anp — A and Rx (A)—Cx()) converges to R(A)—C(A) (since o2 cancels in
the difference). Hence, R(A) —C(X) = 0 if and only if A = A*, and sign(R(X) —C(})) = sign(A* = X).
Finally, for A > 0, note that the limiting discrepancy D(A) = R(A) + Rpd(A) — 2C(N) is strictly
positive with probability one in this case, as it is the limit of E[(f\(x0) — fod.x(z0))? | D], which is
nondegenerate in this case (see also the proof of Theorem 5.2 for a more direct argument). O

B.8 Proof of Proposition 3.3

We provide two proofs. The first evaluates the needed trace functionals by diagonalizing S and
invoking the Marchenko—Pastur law (including negative moments) in the limits A — 0 and A\ — co.
The second is a specialization of the general deterministic equivalent in Theorem 3.1 to X = I,,.

B.8.1 First proof

For the first approach, we characterize separately the extreme-\ limits of the ridge risk R(\), the
ridge-optimal risk R*, and the optimal SD risk R},(\), and then take ratios as in Proposition 3.3.

We first recall some known results from the literature; see, e.g., Dobriban and Wager (2018).

Lemma B.10. Assume X = I, and 3 ~ N(0, (r?/p)I,), and consider proportional asymptotics
p,n — oo with p/n — ~. Then the asymptotic ridge prediction risk R(\) satisfies:

. 21402, ¥ €(0,1),
llm R()\) — 1,2( _1) v 2 2 (68)
A0 It Aot ve(l,0),
Y Y
Jim R(N) = 2+ 02, VYye(0,00). (69)
—00

Lemma B.11. Assume X = I,,. Then the (proportional) asymptotic ridge-optimal risk is:

1
R* =02+ % (—702 +72(y — 1) + /4921202 + (yo2 — r2(y — 1))2) .

Next we characterize the extreme-\ limits of Rz (\).

Lemma B.12. Assume ¥ = [, and 8 ~ N(0, (r?/p)I,), and consider proportional asymptotics
p,n — oo with p/n — . Then the asymptotic optimal SD prediction risk R}, (\) satisfies
2 2 2, 4.3
27“ o 7(13— 7)2 + oty i o2, e (0.1),
lim R(A) = 4 T4(1_272 +07<1_7)2 4.2
A0 iy =D+ ity (y+2)( =17 + 0ty
r2y(y =1+ 0% (v* - 1) I

(70)

;v € (1,00),
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riy 4+ 1202y 9

2+ o2y 0 7S (0, 00). (7D

A—00
Proof of Lemma B.12. As before, let Qy := (X + A,)~! with S := X X/n. Recall from (42) the
closed-form expression of the optimal SD risk, in terms of X-conditional quantities:

< Rx(M)Rpa x(A) = Cx(V)? )
Rx()\) + deg((/\) — QC'X()\) ’

S =0*+ lim

n,p—00

Recall the expressions for these terms from equations (65)—(67). Based on the assumption ¥ = I,

we have

Rx (N Rpg x(A) — Ox(N)?

]% [tr(/\Q Q%) tr()\zQA(ﬂ AQ») ) — tr (A2Q2(21 — )\QA))z}
+ ;27;2 {tr(v Q3) tr(AQAT — AQx)%) +tr(AQx (I — AQ))) tr(AzQi(ﬂ - )\QA)Z)
—2tr (A?Q3(21 — Q) tr(AQA(I — )\QA)Z)}
2; [tr()\Q,\ (I =2Q)) tr(AQA(I — AQ)%) — tr(AQx(I — )\QA)2)2] ,
- ;Al n Zl"j Ag + n‘;; As,

2 2
Bx(\) + Rpax(\) — 20x(N) = %tr (A2Q2(1 — AQ))?) + 7% tr (ABQ3(I — AQy)).

Denote the eigenvalues of the sample covariance matrix S as {si}¥_;. Then we can rewritten the

traces in the above as:

Ay = tr(A2Q3) tr(AQQi(ﬂ — )\QA)2> —tr (A2Q3(21 — AQ)))?
2
B z”: Zp: A V) L Zp: Ny A
A\ & N\ & s+ )2 si+ A £ (s; + M) si+ A
@li AP (D S WD SN S AP 2
_2”: Si+As;+A sj+ A sj+As;i+ A s;+ A
szl A2 A AN
2(s5i+AN)2%(s;+A)2 \si+ A s+ A
1 517.9])2
2]23 (si +N)4(s; + AP
p 2 p 3 p
A A 5 A
Az = (Z (si+)\)2> (; s,-+>\(s,-+)\)3> * (g sz+/\s,+>\> <z:1

P A2 A P
_2<; (si +A)2 (2_5i+>\>> (Zsﬁr)\ 32"‘)\ )
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2

A ST N X s
sl—|—>\ si+A(sj+ N2 si+ A Si + A si+Asi+ A

A2 A s S g, A 2
(Sz—i-)\) Sj—i-)\sj‘—‘r/\ Sj—i-)\ si+ A

M= QME

17]

A3s; e S S 2
(Sz—i-)\) (Sj—l—)\)z s;j+A s+ A ’

I
ﬁM%

Z,]:
p P 3 P 2 2
S; A s; A S;
Ao = ? ) 7
’ (g +Asz+>\) (Zs A (s +/\)> (Zsi—i-)\ si+)\2>
) 1 Zp: \/7 3/2 \/7 3/2
2 S\ VsiF s+ A\ s+ A sj+)\3/2 sj+/\s]+)\ si+ A sl+>\3/2
_1 i Nsis; ( >2
_2”: (si4+ A)2(sj + A)? si+ A sj—i—)\
_lzpz )‘431%( _Sj)2
B 2 4 (si + N)4(s5 + )Y
and
2 P 2 P 2
_ _ _ r A2 s 0 AS;
Rx(\)+R A) —2C — —_— 72
X( )+ pd,X( ) X p ; $z+)\ n — (Si+A)47 ( )
where (1) and (2) are from the following equalities:
P 2 12 2
(Z >(Zyz>_<zmiyi> 252 <96‘z‘yj—$jyi> )
i=1 = i=1 ij=1
P P P 2
EAE - (ENE) AE ) oot)
i=1 i=1 i=1 i=1 = i=1 ij=1

Case 1: A = 0o and ~ € (0,00). For this case, we have

r (si — s5) & (si — s5)

)\2 SA i~ 8j _r i 55
Lo Z (si +N4(sj + N4 2p? ijzzl (si/A+1)4(sj/A+1)4

)\—>oo 4
o A U

i,7=1

where we used the fact that >0, (s; — s;)2 /Pt =282 /p—2(3:si/p)? = 2(L+7) —2 =2y

based on the Marchenko—Pastur law. Similarly,

r2g? r202 P )\4sj ( - A _1>2

A —
pnA L= (si4+A)2(sj+A)2 \sj + A + S + A

)\2
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s —1 1 2
(si/ X+ 1)2Zsj/A +1)2 <sj//\ it si/A+1 1)

no
SIS
no
<
gM%

A—00 7»20-2 P 7«20-2 p n,p—00

" Zsj:— s]—w“zafy,
b j=1
2)\2 2n? = (si+ )\) (s] + )\)4
— 2 2 \s? o? As
A2(Rx (A A) —20x(\) = — i i
(Fx() + Fpax (3) = 20x(0) = 23 30 + 00 00
A—00 2P 2P n,p—00 52
T s?+—23i4>r(1+7)+afy
i=1 =1
From the above limits, we have
)\2 R A R A 2 4 2 2
lim RZ(\) = o? + lim ( ,( x() Ed’X() Cx(\)°) > 2 2TV+TU’Y2 )
A—00 A—oonp=o0 \ N2(Rx (N) + Rpa.x(A) — 2Cx(N)) r2(1+ ) 4+ o2y

Case 2: A — 0 and vy < 1. First, we state the following results for negative moments of Marchenko—
Pastur law. Assume X ~ MP(v) with v < 1, then from Lemma B.13, we have

_ 1 1 _ 147
E[X 1]:f, E[X Q]ZT_ 5 EX 7= 1)
ot (1-7) (1—=)
Back to this case, we have
ety ot zpz X(si — 55)? 0 0o
2T 9 2 (s T, ) ’
2 92 2 2 P A _ 2
/\727“0142:7’02 ;] 2( A N A _1>
pnA pr L= (siH A (sj+ A2 \sj+ A si+ A
A=0 22 Ep: - r2o? Ep: 1 zp: 1
= sisi e \Z 87 )\ s
B ’I"20'2p lzp:i lzp:l n,p—>00 7‘20'2’)’
n S 512 Pz si (1 -t
)\72 0-4 A3 = 0-74 - 5 SJ(S'L — Sj)2 Z (S'L — 8.7
AT 2n? L (s 4+ A sy + V) T G s
2
ol LS| L LA
e\ Zn )\ Xa) (X
i=1 i=1 " =1t
n,p—r00 42( 1+~ 1 ) 4.2
— 0 =o'y ,
T8 T @ (1—)
2 52 02 & s
A 2(RBx(\) + Rpg x(\) —2Cx(\)) = — i — :
(Rx(A) + Rpax (V) x(V) Z(si+)\)4+nz(si+)\)



As0 2 P01 g2 1 np—oo 2 o2y(1 +7)
- - + - -
D D TN (=
From the above limits, we have
_ 2 252~ (1 — ~)2 4.3
hm’R«:d(A):Oj—Fhm lim ( ( ()E () ()) ) 0_2 2TU’)/(3 ’)/)24‘0"72’
A0 350mpoe W2 (Rx (V) + Fpax (V) — 2Cx (V) PP + 071 7)

Case 3: A — 0 and v > 1. For this case, the sample covariance is at most rank n < p, so we have

s; = 0 for ¢ > n. Thus

. 2
s A

\- o7 A & )\4(si—sj)2
Pt 2p? A= (si+ A\ (s + M)
r L& M (si — s5)? & (s — 54)?
= — i 2 ? J
277 22 EESVINESVIARD D Dl e S e VL
=1 j=1 =1 j=n+1
[ = — N(si — s)? - As?
- 2p — AT
2p? ;;(si+)\)4(sj+)\)4+ (v n);(si—i—/\)‘b\‘l
A—0 r4 "9 p—n (1 noq
e O + 2 _— = ’[”4 —_ _
2 ( - ); 5?) P (p s
n,p—00 4(1 1> 1 744
—_— 7T —- — = ,
v) (v=1)  A(y-1)?
)\_27,202A 2 i 5 Y ) \ » 2
)0 pn ] (si+A)2(s;+A)2 s+ s+ A
n n Y A 2 p n
25> P r Y
(e 2
=S (s;i + A)2 3]4-/\) s5;+A 0 s+ A i:n+1j:1)\(
A=0 p2452 n.on 1 n 1
R D) o D o
i=1 j=1"1"J j=1"7J
r202p[1"1 11 p—nlnl}
D p;sz2 p;sz- p \p&st
n,p—r00

ot 2 4 N ) ( — A)2
A2 A= Z sisj(si—sj)* o si8i(si — 8;
n2\2 2n2 (si 4+ A)4(sj + A)4 2n2i: (si+ AN)4(sj + A)?
2n2 Z 3 3
t,5=1 %1%
2
otp? 12":1 I 1 I 1
n? P S L 853 P 812

Lwl—m * (1 - i) e M - (‘fy(j i

85+ )\)2 (Sj + /\)2



n,p—>o0 'Y"‘ 1 1 0-47
roly? < 6 6> = 6
yy=15 (v—-1) (v—1)

where we used the following facts about the MP law’s negative moments when v > 1:

Similarly, we have

2 P 2 2 P
— — — T S g S;
A2 (Rx(N) + Rpax(\) —20x(\) = — Y — b — > ————
(R0 + Roax () = 20x0) = 3 (o 2 (i
I I S
P = (si+N*  n — (si +A)*
U B e |
B D TE D
pizsi oS
meme v Lo+
(y-1?2  (y=1P

Thus, for v > 1, we have

(v = D)+ r20%y(y + 2) (7 — 1)? + 0?42
r2y(y = 1)3 +o2y%(72 - 1) '

Ii * — 42
)\ILIBRSd<)\) o° +

Finally, the ratios in Proposition 3.3 are obtained by plugging in the asymptotic limits of the
corresponding risks using Lemmas B.10-B.12. O

Lemma B.13. Assume the random variable X ~ MP(v) with v < 1. Then we have
1 Ay
=) (=)

Proof. Denote b = (1 + ,/7)% and a = (1 — /7). Let R := /(b —z)(z — a), from Equation 2.265

of Gradshteyn and Ryzhik (2007), for m > 2 we have

EX']=-—, E[X7%= E[X~°] =

/b R (2m—5)(b+a) b \/ﬁd . m—4 ’ \/Edgj (73)

zm " 2(m—1Dba J, xm1 v (m—1)ba J, 22"

Recall the density of the MP law f(z) = 2\7{31 for x € (a,b). For k > 1, using the above identity,
we have

b b
]E(X_k):/ if(ac)al;zc L \/de

oF - 2y J, aktl
2k — 3)(1 k-3
— ( )( +7)]E(X—k+1) o E(X_k+2)
k(1 —7)? k(1= 7)?
Plug-in k£ = 1,2,3 and noting that E(X) = 1, we obtain the desired results. O
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B.8.2 Second proof

For the second approach, we will specialize the general deterministic equivalent in Theorem 3.1 to
the isotropic case.

Proof of Proposition 3.5. We specialize Theorem 3.1 to ¥ = I,,. In this case, we have G = (I, +
kl,)~t = (1 + k)11, and thus

0
(14 k)"

With 8 ~ N(0,(r?/p)I,), |83 — r? in probability, so g, — r?/(1 + x)* in probability. The
fixed-point equation becomes

VK
=\ 74
" T + K’ (74)

whose unique nonnegative solution is

1
s =5 (A +7 =D+ VO F7 =12 +40). (75)
In particular,
K(A) —— o0, K(A) — (v —1)4+.
A—00 A—=0

Let R (A) := R (A) — 0% denote the excess prediction risk. Substituting the isotropic specializa-

tions into the general formula and simplifying yields the explicit rational form (as a function of
k=kK(N)):

7(7"4/{4 +7r202(1 + k) 4+ 7202 (r? 4 02) — 2yr202 (2K + 1))

. (76)
(1 7) =) (P2((1+ 7)1+ K)2 = (14 K) +9(1+ 7)) + 2y ((1+K)2 +7) )

R&(A) =

Case 1: A\ — co. Using k(\) — oo, the leading terms in (76) give

20,2 | 2
.= yre(re 4+ o)
1 iy =
el Rea(M) r2(y+1) + 0?2’

and adding back 02 and writing in terms of SNR yields the stated A — oo limit.

Case 2: A — 0. If v € (0,1) then x(A) — 0; substituting x = 0 in (76) yields the stated v < 1
limit. If v € (1, 00) then k(\) — v — 1; substituting x = v — 1 yields the stated v > 1 limit. Adding
back 02 and expressing in terms of SNR completes the proof. O

C Proofs in Section 4

C.1 Preliminaries

Fix A > 0. Let X € R"? and y € R", and define the sample covariance S i=XTX /n and ridge
resolvent Q) := (X + AI,) 1. Define the ridge hat (smoother) matrix

Hy = XQ\X"/n € R™™™,
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The ridge teacher coefficient and fitted values are

Bri=QX"y/n,  Or:i=XB\= Hyy.

Define the pure-distilled ridge coefficient (ridge refit on pseudo-labels 7y )

Bodx = QaX "9 /n, Upd,\ := X Bpd,a-

Since 7y = Hyy and Hy = XQ,X ' /n, a direct calculation yields the identity used repeatedly
below:

Uodr = Hiy. (77)

Thus both the teacher and PD predictors are linear smoothers in y, with smoothing matrices H)
and H;, respectively. Consequently, their degrees of freedom equal the traces of these matrices:

dfy = tr(H)), dfpd)\ = tl“(H/%).

Recall the GCV residuals and risk/correlation estimators defined in Equations (17) and (18):

S el S Y Upd
AT 1 —dfy/n’ PAA T ] dfpan/n’
. 713 [7pa 13 (T, Tpd,)
B Xll2 S Tpd,\[2 -~ Xy T'pd,\
R(\) = . Rog(n) = MedAl2 - Ay o o TpdA)
)= T2 Rpga) = 1222 Gy = 0T

Let (zg,yo) be an independent test pair distributed as in Assumption A and independent of the
training data. Define the out-of-sample errors

ex = 1Yo — T Bx, Epd,x = Y0 — T Bpd,ns
and the corresponding conditional (oracle) quantities
R(\) ==Elex | X,yl,  Rpa(N) =Eleggr | X.yl,  C(A) :=Elexepan | X,y

Finally define

D(A) := R(A) + Rpa(A) —2C(\) = E[(ex — epar)? | X,y] > 0. (78)

We will use the following ridge functional estimation result (Theorem 4 of Patil et al. (2022b)):

Lemma C.1 (Ridge functional estimation via GCV/LOOCV). Assume the conditions of Assump-
tion A and p/n — ~. Fix A > 0. Let t : R — R be continuous and satisfy a quadratic growth
condition. Define T) := E[t(ey) | X,y]. Let T5*" and T}°° be the plug-in estimators based on the
usual ridge GCV and LOOCYV residuals. Then

T8 -1y %0, T -Ty%o.
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C.2 Helper Results (Risk and Correlation Components Consistency) for the
Proof of Theorem 4.1

Lemma C.2 (Consistency of the ridge-risk estimator). Under Assumption A and p/n — ~, for
each fixed A > 0, R
R(\) — RN Bo.

Proof. This simply follows from Lemma C.1 with ¢(z) = 22. Then T\ = E[e3 | X,y] = R()), and
the ridge GCV plug-in estimator is precisely R(\) = ||7)[|3/n. O

Lemma C.3 (Consistency of the pure-distilled risk and correlation estimators). Under Assump-
tion A and p/n — -, for each fixed A > 0,

~

Rpa(A) — Rpa(N\) 20,  C(N) —C(\) 0.

Proof. We follow the same three-part argument used by Patil et al. (2022b, Proof of Theorem 3): (i)
relate the target risks/correlation to leave-one-out (LOO) errors, (ii) show a stability approxima-
tion that replaces true LOO errors by diagonal-corrected residuals computed from the full-sample
smoother, and (iii) replace the diagonal correction by the GCV trace correction using diagonal-trace
equivalence.

Part (i): LOO concentration around Rpgq(\) and C(X). Let B/(\_i) and ngi\) be the teacher and PD
coefficients trained without sample i, and define the corresponding LOO prediction errors

loo .__ T loo T o(—1)
Ex T Y — I 6)\ ) ezpd)\_yl_xiﬁpd,)\'

Since (x,y;) is independent of o{(x;,y;) : j # ¢} and identically distributed to (xo,yo), we have
E[(elog )2 | XD,y = REP(N), Elelgelos | XD, y00) = ¢ (),

where R'()gi) (\) and C(=9()\) denote the analogues of Rpq(\) and C()) for the (n—1)-sample-trained
predictors.

Using the same martingale-difference decomposition and Burkholder inequality arguments as in
Patil et al. (2022b, Supplement S.1.2), together with the moment bounds in Assumption A, one
obtains

n

%Z (eitpan)? = Zde

i=1

=0,

1 n

loo loo —1i

E €A zpd,\—;E c!
=1

Moreover, by LOO stability of ridge and the PD stability in Lemma C.5 (see Part (ii) below),

1 Z (RGP0 = Rpa(V) 20 if: (CD(n) — o) B o,
=1

because (conditionally on the training data) the test risks are Lipschitz in the coefficient vector:
for instance,

IR (V) = Roa(N)| = [El(2g (8557 — Boao))? | X9l < 1Sllop 18553 — Boanl3.
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Combining yields

1 (e]0) 00 100
n z:(e%,pd,,\)2 o de(/\)7 - Z 1>\ i pd A 7 C(N). (79)

Part (ii): Equivalence of diagonal-corrected residuals and LOO errors. Define the diagonal-corrected
residuals based on the full-sample smoothing matrices:

— (H)y)i o yi— (Hy)

Tai ' = T Tpdi = T
' 1 — (Hy)i pet 1— (H3?)i

For ridge, the shortcut formula is exact: elo/{’ = 7 for all 7. For the PD two-stage procedure, leaving
out one sample changes both the teacher and student fits; however, by the stability statement
in Lemma C.5 (together with ridge stability), these perturbations are negligible on average. In
particular, one obtains

n
% > (elsun - Podi) 2 0. (80)
i=1
Combining (79) and (80) yields
1 n , b 1 n o b
- Z}TW — Rpa(N), - Z} TxiTpd,i — C(N), (81)
1= 1=

lo

where for the cross term we use 7y ; = =€ Y exactly and Cauchy-Schwarz.

Part (i11): Equivalence of trace-corrected residuals to diagonal-corrected residuals. By Lemma C.6,

1 1
1—tr(HY)/n  1— (HY);

2o,

max
1<i<n

and the analogous ridge diagonal-trace equivalence (see Patil et al. (2022b, Supplement S.1.3))
gives the same statement with H) in place of H3. Since Tpax; = (y;i — (H3y):)/(1 — tr(H3?)/n) and
i = (i — (Hxy)i)/(1 —tr(Hy)/n), it follows that

1o 1o
=~ (i —Tpai)? 0, =% (Fai—7Tai)” 0.
=1 1=1

Combining with (81) and using Cauchy—Schwarz yields
I . p
Z P = Rpa(N), - ;"”Aﬂpd,x,i = C(N),

which is exactly Rpa(A) 2 Rpa()) and C(\) & C(N). O

C.3 Proof of Theorem 4.1
Proof of Theorem /j.1. By Lemmas C.2 and C.3,

(ﬁ()‘)v RSpd()‘)v 6’()‘)) B> (R(A)’ de(A)7 C(/\)) :

In particular,

D(\) := R(\) + Rpa(A) —2C(\) & D(X) := R(\) + Rpa(A) — 2C(N).



Under the proportional regime, Theorem 3.1 implies that D(A) converges in probability to a de-
terministic limit D(A) (given by R(A) + Rpda(A) — 2C(A)). In all nondegenerate settings, D(A) > 0
(equivalently, the teacher and PD predictions do not coincide asymptotically), hence D(A) and
IA)()\) are bounded away from 0 in probability. Therefore, the plug-in maps

a—c (a—c)?

boo) s — ¢ b _ a9
(a ’C)}_>a+b—267 (a,5,¢) = a a+b—2c

are continuous with high probability in a neighborhood of (R(A), Rpq(A), C())), and the continuous
mapping theorem yields

EN - B0, Ry - Ry o

(If D(X\) = 0, then the oracle SD objective is asymptotically flat in &; in this case R} (A) = R(\)
and the risk-consistency conclusion remains valid, while £*()) is not identifiable.) O

C.4 Technical Lemmas

We establish two technical ingredients for the pure-distilled smoother Hf: (i) leave-one-out stability
and (ii) diagonal-trace equivalence.

C.4.1 Leave-One-Out Stability

For i € {1,...,n}, let (X(_i),y(_i)) denote the dataset with observation i removed and $(—9) :=
(XENTXED /(n—1). Let QE\_” = (2D +AI,)~! and 5/(\_1) = Qg\_z)(X(_i))Ty(_i)/(n— 1). Define
the PD coefficient trained without ¢ by

Bl = QT XN =), g = x5,

Lemma C.4 (Operator-Lipschitz property of M (+)). For A > 0, define M)(A) := A(A+\)~! =
I — X(A+ XI)~!. Then for any symmetric 4, B = 0,

1
1M (A) = MA(B)llop < 1 |4 = Bllop-
Proof. Using M(A) =1 — A(A+ A)~! and the resolvent identity,
My(A) = MA\(B) = =A[(A+ X)) ' = (B+ X)) = =MA+ M) '(B-A)(B+ AL

Taking operator norms and using |[(A + M) op < 1/A and ||(B + AI)7Y|op < 1/ yields the
claim. 0

Lemma C.5 (Average stability of the pure-distilled coefficient). Under Assumption A and p/n —
~, for each fixed A > 0,

1 . —i) (12
n Z HBPd»/\ - ﬁ;()d,;HQ = 0.
i=1
P?"OOf. Write de7/\ = MA(E)/BA and B’();'L)? — M}\(i(fz))ﬁg—l) Then
Boan = Byan = Ma(E)(8r = 877) + (Ma(E) - Mr(E)) 877
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Using (a + b)? < 2a% + 2b? and || Aul|2 < || Al|op||ull2, We obtain

1 & s 2 — ~ — 2 — ~ S (i
=3 1Bpan — BadlB < = S IMAE)IZ 18— 873+ = D2 IMAE) - MaET)ET
i=1 i=1 i=1
(82)

Since || My (-)[Jop < 1, the first term in (82) is bounded by 2 3, HB,\—,Bg\_i) |2, which converges to 0 in
probability by the ridge stability result of Patil et al. (2022b) (used there to control LOOCV/GCV).

For the second term, use the exact identity My(A) = I — A(A + AI)~! to write
My(E) = Mr(E) = -A(@x - Q)7").
By the resolvent identity, 4 '
Q=@ = ET =90,
( (=) — $ZxZT) Define v; := QE\%)B&*Z’). Then

~

Moreover, ¥ = %ﬁ(_i) + %x,x:, so () — % =

Nl

S|

~

@ (xzaz;r — E(_i))vi.

(MA(E) = My(EC))8) =

S>>

Since |Qxlop < 1/2, it suffices to control n =t 3", ||(zz] — D)2 /n2. Condition on o{(zj,v5) :
j # i}, under which v; is deterministic and independent of z;. Using ||x;x; v;||3 = ||z:]|3(z, v;)? and
bounded-spectrum ¥ from Assumption A,

E |zl will3| X949 = Bl o) | X5 < plul}
while Hfl(_i)viﬂg < ||vil|3 since ||f](_i)Hop = Op(1) for proportional random design. Therefore,
E[l@ia] - SC0uil| X0,y] < plluil,

and hence R o ' »
E[I(MA(E) = MaENBNE] S L Ellwill3):

~

Finally, [[vills = \\Qg\_i)ﬁf\_i)\|2 < |’Q>\_i)HopH5§\_i)H2 < )Flﬂﬁ;i)lb, and for fixed A > 0 we have
||f8§\ﬂ) |2 = Op(1) uniformly in i under Assumption A. Since p/n — 7, we have p/n? = O(1/n), and
averaging over ¢ yields

=S IMAE) - M (S8 E B o,
i=1
Together with the first term in (82), this proves the claim. O

C.4.2 Diagonal-Trace Equivalence
Let S:= XX T /n € R™" and G, := (S + Al,,)~!. Recall the standard identity
Hy = S(S+\,)™" = I, — \G\,

SO
H = (I, = AG))® = I — 20G + N°GA. (83)
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Lemma C.6 (Diagonal-trace equivalence for H}). Fix A > 0. Under Assumption A and p/n — 7,

1
2y _ = 2 2
1%1%)% (HY)ii - tr(Hy)| = 0,
and hence
1 L2y
max - :
1<i<n|1—tr(H)/n  1—(H})u

Proof. By (83), for each 1,
1 1 1
2y, 1 2y _ _ L1 22y, L 2
(H3)is — — tr(H) 2)\((GA)M - tr(GA)) A ((GA)“ ~ tr(G)\)>.
Thus it suffices to prove
max (@i — ()] 0, max| (@R~ r(G3)] 0.

1. Control for Gy: Since 1 — (Hy)i = A(Gy)ii and 1 — tr(Hy)/n = X tr(Gy)/n, the diagonal—
trace equivalence for ridge (see Patil et al. (2022b, Supplement S.1.3)) implies max; |(G )i —
tr(Gy)/n| 2 0.

2. Control for G3: Fix any t > 0 and define G4y := (S + (A +t)I,) L. Since G\ and G, are
both functions of .S, they commute, and we have the exact identity

Gy — Gyt
t

G3 = +t Gayt G3. (84)

Taking diagonal-trace differences and maxima gives

1 1
max (Gi)ii—%tr(G?\)‘ < 7 max ‘(G)\)ii_%tr(G/\)‘-i‘; mlfch‘(GAth)ii—%tf(GMt) +2t | G214 G3 llop-

Since ||Gillop < 1/ and ||Gayillop < 1/(A + 1), the last term is bounded by 2¢/A3. Letting
n — oo and using Step 1 at A and at A + ¢ yields

lim sup max ’(G?\)” m—_ tr(G%\)‘ < — in probability.
n—00 i " A3
Since t > 0 was arbitrary, sending ¢ — 0 gives the desired diagonal-trace control for G?\.

This proves the first claim. For the second claim, note that 0 =< Hi < I, s01~— (Hf)“ > 0 and
1 —tr(H3})/n > 0. Moreover, for fixed A > 0 these denominators are bounded away from 0 with
high probability. Hence

1 1 _ @R — te(HR) /0
L—tr(H3)/m 1= (HY)i| (1= te(H3)/n) (1~ (H)i)

and the second claim follows from the first. O
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D Proofs in Section 5

D.1 Proofs and Details in Section 5.1
D.1.1 Proof of Equation (23)

Proof of Equation (23). Fix k > 0 and £ € R. Recall that the round-(k + 1) SD predictor fs,(jilgkﬂ
is defined as:

k . ~(k
fusd (@) =T argmin {(1L= Oy — XBI3/n+ €15 — XBI3/m+ NS} (85)

Expand the objective in (85) (dropping constants independent of 3):

(1—&)y™® — XBH%/n + &7 = XB13/n + MBI3
= (11— &)y™ + €5 — XB13/n+ MBIZ = llyis” — XBII3/n + 813,

where yg\kgr b - = (1 - &y + fy)\ is exactly the mixed-label vector in (22). Thus f. (dj\r 2 coincides
(k+

with ridge regression trained on (X, ¢ )) with penalty \. Since ridge is linear in its response
vector, we have

k k k
S =0-98" +erl,
~(k)

because f)(\k) is ridge on response y¥) and fpd , is ridge on response 7y’ = /(\k) (X). Thisis (23). O

D.1.2 Proof of Proposition 5.1
Proof of Proposition 5.1. Fix k > 0. By Equation (23), the family {ffilf ¢ € R} is the affine
path between f/gk) and fé’j))\.

Monotonicity. Since £ = 0 is feasible and ffirlo = )(\k), we have

R () = min R(f37) < R(fa30) = RURY) =

Closed forms. When Dg(X\) > 0, applying Proposition 2.1 to the affine path between f)\k)

f ( d)A yields the displayed round-wise closed forms (with (R, C, D) replaced by (Ry,Ck, Dy)). Like-
Wlse (24) follows by applying Theorem 2.2 at round k, again with (fy, fod.x, R, C, D) replaced by

(f)\ ’fpd v+ R, Ci, D), and interpreting R} (\) as the derivative with respect to the ridge penalty
while holding the base labels y*) fixed. O

D.2 Proofs and Details in Section 5.2
D.2.1 Fresh-X Mixed-Loss Student Representation
Recall the fresh-X mixed-loss SD predictor f%n&“’g from (26). Writing ffgn/‘\‘)g( x) = xTﬁgﬂiX(f), we

derive an explicit closed form for ﬁsfgfrj\lx(f) and show that, unlike the same-X setting, the map

& fffj“)l\l’g is generally not an affine path.
Let 3 = XTX/n, Y= )N(T)?/m, v := X "y/n, and define the ridge resolvents:
Qr:=(E+ M) Qai= (ML)
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The ridge teacher coefficient is 8y = Q0. The fresh-X PD refit trained on ()Af ,Ux) with gy = X B
has coefficient

- 1 e - e I
Bran = (S +AL) T —X T = (4 ML) TIN5 = Qx5 ).
(Here Q¥ = S Q, since both are functions of 3.)

Lemma D.1 (Fresh-X mixed-loss student representation). Fix A > 0 and let £ € R be such that
the mixed-loss objective (26) is strictly convex in 3, equivalently A¢ := (1 — )X 4+ &X + A, > 0.
(In particular, this holds for all £ € [0,1].) Then the coefficient of the fresh-X mixed-loss student
satisfies

B @) = A7 (A - OT+ESB) = (1- O +6051) T (L—OT+ESB).  (86)

Moreover, for £ ¢ {0,1}, writing S := Q2 @;1 (so S71 = @)\Qxl), we have the matrix-weighted
decomposition

S = (1 eS) o (14 2557) o 0

with the boundary cases £ € {0,1} obtained by continuity.

Proof. Expanding (26) and setting the gradient with respect to  to zero yields the normal equations
(=S +EE+AL)B = (1-ET+ET B,

which gives the first identity in (86); the second follows from Q;l =3+ A, and @;1 =Y+ A,
For (87), substitute v = Q;lﬁA and X 8, = Q;lﬁffd’A into (86), then split the two terms and factor
Q;l (respectively Qv;l) from the left. O

The upshot of Lemma D.1 is that, unless S = I, (equivalently Q) = @,\), the map & — nglf}\ix(ﬁ)
is not a scalar affine combination (1 — &)8) + & B;f)rd, - In particular, £ — ffgf‘j\{’é is generally not an

S
affine path, unlike the same-X case in (4).
D.2.2 Same-X SD under Isotropic Setting

Here we specialize the general deterministic equivalents from Theorem 3.1 to the isotropic setting
¥ = I, with isotropic signal 8 ~ N(0, (r?/p)I,).

Define the companion Stieltjes transform v = v(\) > 0 as the unique solution of

1
_ :)\+ v ,
v 1+wv

A >0, (88)

and set k(A) := 1/v()A). In the isotropic case, these admit the explicit closed forms

A+y=1)++/A+7y—1)2+4)
2 )

() = \/()\—1—7—1)2;;\1)\—()\—1—7—1).

k() =
Since X = I,, we have G = (X + xl,)~! = (1 + k) ~11,. Hence for k € {2, 3,4},

i 2 () () ®
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g, = E[BTG*D 8] = rz(lin)k - rz(liv)k.

(Equivalently, g5 = limj, o BTG*Y B in probability, by isotropy of f3.)

Define
bi=(1—ty) 7}, E =k — b\ + b*k)t3,

the variance-trace limits
ug = tob, Ug 1= t3b3, Ug 1= t4b4 + 2t§b5,

and
as = bE? + b2\t + b5/£2)\2t§, as := 2b2/<;)\E, ay = b3 KA\

Lemma D.2 (Isotropic limits for same-X SD). Fix A > 0. Under Assumption A with ¥ = I, and
B~ N(0,(r?/p)I,), as n,p — co with p/n — v € (0,00), the same-X optimal SD risk satisfies

(R(A) — Cs2me(x))*
R(A) + Reame(x) — 2Csame ()|

RN B RF™(N) == R(N) —

Here R(A), Rig™*(A), and C**™°()) are the deterministic limits of the (one-round) teacher risk R(}),
same-X PD risk R7G"°()), and residual correlation C**"¢()), respectively (in the same-X setting
of Section 2, these coincide with R(X), Rpd(X), and C'(N)), given by:
R(A) = o2 + K2b g + o2us,
CMe(N) = 0 + 26%bgo — (KOE g2 + K*b°A g3) + 07 (u2 — Aug),
pd (A) = 0® + 4k%b g — 2(2KbE g + 2K76° A q3) + (a2g2 + asqs + aaqs) + 0% (ug — 2 ug + Auy).

Proof. This follows by specializing Theorem 3.1 to ¥ = I, and isotropic 3. O

For an illustration of the empirical versus theoretical risks in Lemma D.2, see the second panel of
Figure 12.

D.2.3 Fresh-X (affine) SD under Isotropic Setting

Throughout, we work in the balanced proportional regime m, n,p — oo with p/m — v and p/n — =,
and under the isotropic assumptions ¥ = I, and 8 ~ N(0, (r?/p)I,) from Section D.2. Recall the
companion Stieltjes transform v(A) and xK(A) = 1/v(\) from Section D.2.2, as well as b(A) = /() =
(1 —t2(N)7

Let 3 := X " X /m and define the (fresh) shrinkage matrix M) = 3(3 + A,)7L. Let

s(A):= lim ltr(M,\), s2(A) = lim 1tr(Mf)

m,p—00 P m,p—00 P

Writing S := XX /m and Gy := (S + A,,) "L, we have S(S + M) ! = I, — AG,, and therefore

tr(S(S + A\n) 7Y = 1 (1 AL tr(éﬂ).

1 1
Ste(My) = 2=
p p m 0 m

o8



Since p/m — v, we have -1 tr(Gy) — v()\), where v()\) solves (88). Hence

=N 1= A/K(N)
s(A) = S = S . (90)

Similarly, using My = I, — AT+ Al,)~! and the identity - tr(éi) = —v'()), we obtain

_ 1= 220(0) =A%) 1= 220(0) + AB)u(N)? 1 2)/k(A) + A%b(A)/5(A)?

sa(A
0y . . S

(91)

Lemma D.3 (Isotropic limits for fresh-X (affine) SD). Fix A > 0. Under Assumption A with
Y =1, and 8 ~ N(0, (r?/p)I,), as m,n,p — oo with p/m,p/n — v € (0,0), the optimal fresh-X
SD risk satisfies

(RN —C*(V)”
R(N) + Rffd()\) —2Cfr(N)

R O) B RET(N) == R() —

Here R(A) is the same teacher risk limit from Lemma D.2, and Rf)rd()\) and C(\) are the deter-

ministic limits of the fresh-X PD risk le;d()\) and the corresponding residual correlation Cf()),
given by:
CT(N) = 02 + (V) (R(A) — 0?) +r2(1 — s(V)?,

Rgd()\) =0 + 55(A) (R(A) — 0?) +7%(1 — 25(A)* + (25(X) — 1)s2(N)).

Proof. Let 8% . := M,fB\ be the coefficient of the fresh-X PD refit (trained on )~(,§,\ with
pd,A

Ur = )A(;B)\), and write Ay := 8, — 8, and A§d7/\ = éﬁu — . In the isotropic in-distribution setting,
the teacher and PD risks and their residual correlation satisfy the identities:

RN =+ A3, RE () =0+ AL L3, CF(\) =0+ (Ax, Al ).

Since Ang\ = My\By— 8= MA\+ (MA — Ip)ﬂ, we have

(A, A{,rd,g = AL MyAy + A (My, — )5, (92)

and
1ASg A5 = AL MFAL + BT (My — 1,)*8 + 2 A5 MA(My — 1) 3. (93)

Thus, we need asymptotics for linear and quadratic forms involving Ay, which we obtain below.
Linear and quadratic forms of Ay. Write the ridge teacher error as

S ~1 S 1 XTe bias
Ay=-NE+A,) B+ (24 Ap) ¥ = A 4+ AT,

where 3 = XTX/n and ¢ := y — Xf. As in the proof of Theorem 3.1, the cross term (Alj\ias, AY)
is 0p(1), and [|Ax[|Z = [|AYES13 + ||AY||Z + 0,(1). Moreover, by Lemma D.2, ||A, |3 2RO — o2

Because X is independent of (X, B,¢), the matrix M) is independent of (Ay, 8) and is orthogonally
invariant, with ||[M,[lop < 1. By standard concentration for quadratic forms of an independent
orthogonally invariant matrix, similar to Lemma B.3 in the proof of Theorem 3.1, we have

1
ATMA = (1 r(M)) 18513 + (1), (94)
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1
ATMZAN = (0 a(MD)) AN B + 0p(1) (95)

AT M8 = (5 r(302)) (B, B) + 0y(1), (96)
ATM3B = (5 (D)) (A0, ) + 0,(1), (97)
and similarly, .
BT = 1,128 = () tr (M = 1,)) 1815 + 0,1 (98)
Now, note that
§

(A, B) = <ABT(E+AL) B4 B8T(5 + A, 125,

The second term is mean-zero conditional on (X, ) and is o,(1) by Lemma B.3. For the first term,
isotropy of 8 and standard quadratic-form concentration give

AN 2 AN
BUE+ A 1= ”Bp”? tr(S + A,) 7t 4 0p(1).
Using [|8]12 & 72 and S+ M) t=1, - AE + AI,)~1, we obtain
A =tr(B+ ML) T =1— =t (S(E+ M) ).
p p

In the isotropic proportional regime with p/n — ~, the term %tr(i(i + AI,)~1) converges to the

same deterministic limit as I%tr(M ) (since 5 and 3 are independent Wishart matrices with the
same aspect ratio), namely s(A) from (90). Therefore,

(A, B) B —r2(1—s(N)). (99)

We are now ready to obtain the asymptotics for the fresh-X PD risk and residual correlation.

Residual correlation asymptotics. Combining (92) with (94) and (96) gives
1 1
fr _ (= 2 Z —
(Ay, AR ) = (p tr(My) ) 1453 + (p tr(My) = 1) (A, B) + 0,(1).

Using %tr(MA) — 5(\), [[Ax]I2 2 R(N\) — 02, and (99), we obtain

Ay, Al ) B s(O) (RO — 0?) + 72 (1 — s()

Therefore,

O () = 0+ (Ay, Al ) B 62 4 50 (R(A) — 02) +72(1 - 5(N))* = CT (V).

PD risk asymptotics. Similarly, combining (93) with (95), (98), and (97) yields:

185 = (5 o)) 1B + (e~ 1)) 1815 +2(5 (M) = (33) ) (A, 8) + (D).
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Using L tr(M3) — sa(\), Ltr((My — 1)) = 1= 2s(A) + s2()), |BI3 = r2, [Ax[3 = R(N) — o2,
and (99), we get

AR I3 2 s2(A) (R(A) — 0%) +72(1 = 25(A\)? + (25(A) — 1)s2(N)).
Hence

Rgd(A) =02+ HAffd)\H% 2o+ s2(A) (R(A) — 02) + 7‘2(1 —25(\)2 + (25(\) — 1)s2(N)) = R,ffd()\).

Finally, because fafl e = Q=M+ Ff,fj ) is a two-predictor affine path, combining the oracle

formula in Proposition 2.1 with the component convergences proved above finishes the proof. [

For an illustration of the empirical versus theoretical risks in Lemma D.3, see the second panel of
Figure 12.

D.2.4 Proof of Theorem 5.2

Proof of Theorem 5.2. As before, let v = v(A) > 0 denote the (unique) solution of (88), and define
the signal-to-noise ratio SNR := 7?/0% > 0. Set Dy := (1 + v)? — yv* = (1 4+ v)?*(1 — ¢t2), where
to=~(v/(1+ v))2 as in (89). Note that Dy > 0. This is because differentiating (88) shows that

B v(N)? o uW)?
1T—~y(oN)/(1+o(\))°  1—t2(N)

v'(\) = <0,

so 1 —t2(A) > 0 and hence Dy > 0 for all A > 0.

Using the explicit isotropic expressions from Lemmas D.2 and D.3 and simplifying, one obtains the

factorization
v A(v)? E(v)

R*,fraff A) — R*,same A\) = 2 100
sd ( ) sd ( ) g (1 —|—’U)3 DO Hl(’U) HQ('U)’ ( )
where

A(v) := ySNRv + 0% + yv — SNR ¥ — SNR, (101)
I1; (v) :== —ySNRwv + 7 SNR + yv + 7 + SNR v + SNR, (102)

Iy (v) := 42 SNRv? + 7?02 — 2y SNRv? — 2y SNRw + 7 SNR
+ yv? + 290 + v + SNRv? + 2SNR v + SNR, (103)

Dy —1)?
=(v) == 720 + SNR(M + Dov+vt 2). (104)
v

All factors on the right-hand side of (100) are nonnegative: 02 > 0, v > 0, v > 0, and A(v)? > 0.
Moreover, Dy > 0 as shown above, and Z(v) > 0 since it is a sum of strictly positive terms.

It remains to note that IT; (v) and Ilz(v) are strictly positive. Indeed, in both the same-X and fresh-
X settings, the two-predictor oracle formula Proposition 2.1 involves the discrepancy denominator

D*(A) := R(A) + Rpa(A) —2C*(N) o ¢ {same, fr},
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Theoretical asymptotic risks

6 5 Asymptotic and empirical risks
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Figure 12: Same-X versus fresh-X self-distillation risks. Theoretical asymptotic (Theo-

rem 5.2) and empirical risks (averaged over 20 simulations) and optimal mixing weights for an

isotropic setting with n = 400, p = 200, 72> = 5, and o2 = 1.

which is strictly positive for every A > 0 (the teacher and the corresponding PD refit do not coincide
in this isotropic model). A direct identification shows that II;(v) and II3(v) are proportional to
D ()\) and D%*™¢()\), respectively, with positive proportionality constants; hence II; (v), IIz(v) > 0.

Therefore the right-hand side of (100) is nonnegative for all A > 0, showing the desired domination.
O

For a visual illustration of the risk asymptotics of the same-X versus (affine) fresh-X optimal SD
risks, see the first panel of Figure 12. Consistent with Theorem 5.2, the same-X optimal SD risk
uniformly dominates the fresh-X optimal SD risk across A.

D.3 Proofs and Details in Section 5.3

D.3.1 Proof of Equation (28)

Proof of Equation (28). Recall that fy(x) = sx(z)"y and 7\ = S\y, and that the SD refit applies
the same smoother to the mixed labels y&) := (1 — )y + £5y. Then, for every z,

Feane(@) = sx(@)Ty© = (1 = Osa(@) Ty + &sa (@) Tha = (1 = O Fr(@) + Efpan (@),
where fpq x(z) := sx(x) "7 by definition. O

D.3.2 Proof of Theorem 5.3

Proof of Theorem 5.3. Fix X > 0. By (28), the SD family is the affine path fsq )¢ = (1—=8&) fa+&fpda-
Let ey :=yo — fa(xo) and epq := yo — fpd, A (20). Expanding the square gives, for every & € R,

de(/\> E) - E|:(<1 - 5)6)\ =+ fepd)2 ‘ ,D}
= (1-&)?R(\) + ERpa(N) +26(1 — )C(N)
= R()) — 26(R(A) — C(N)) + £2D(N),
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where D(X) = R(A) + Rpa(A) —2C(N). Under D(A) > 0, this is a strictly convex quadratic in &,

hence the unique minimizer is

R - C) .
D(\) sd

(R(Y) = C(N)?

£ = () = BO) ~ =25

Next, assume (29) holds. Since A — R(\) is differentiable, we may differentiate inside the conditional
expectation to get

R'(\) = O\E[e3 | D] = E[2e) Orex | D] = —2E[ex Oxfa(z0) | D].
On the other hand,
R(\) — C(\) = Elea(ex — epd) | D] = Elex (fodn(20) — fa(20)) | D]
= —Elex (fa(z0) = foa(20)) | D] = —Elex (—Adxfa(20)) | D]
= ABfexdyfala) | D] = 2 R(N).

Substituting R(A) — C(\) = —(\/2)R/(\) into the closed forms above yields

/ 2 (/(\))2
EW =3 hon R =R - L5
Finally, if R'(\) # 0 then R}(A\) < R()) and sign(£*(X\)) = —sign(R'(X)). O

D.3.3 Verifying Derivative Property (29) for Common Ridge Variants
Lemma D.4 (Generalized ridge satisfies (29)). Fix © > 0 and A > 0, and let
)=z (XTX +nA Q) 1X Ty.

Let f bd,\ denote the PD refit obtained by training generalized ridge at the same (X, A) o
pseudo-labels 7% Uy = f)\ (X). Then, for all z,

A@) = fiia(@) = =Aoafy(a).

Proof. Let Ay :== XTX +nAQ. Then f}(z) = 2T A;'X Ty and od, 2 (2) =2 TAVTXTXAT X Ty
Hence
5 x) — fgé \(z) = ITA_l(AA - XTX)A_lXTy =nA a:TAglﬁAngTy.

Moreover, Oy Ay - —Ay (8>\A>\)A ! = —nAy 1QA
Mfil(x) =z (hATHX Ty = —na:TA)_\IQA;\lXTy,

and multiplying by —A\ gives the claim. O

Lemma D.5 (Kernel ridge satisfies (29)). Fix A > 0 and a PSD kernel with kernel matrix K € R™"*"
and ky := (k(z,21),...,k(z,z,))". Let

£ () =k (K +nA) "y,

and let fkern denote the PD refit trained at the same A on pseudo-labels ¥ Akem = f;\‘em(X ). Then,
for all x,

P a) = faaR(x) = —AO\fX ().
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Proof. Let By := K + nAI,. Then ff™(z) = k] B 'y and fé‘gff(x) = k;B/\_lKBgly. Thus
£ (@) — f353 (@) = k, By (Bx — K)B 'y = nA\k, By %y.
Since O\B) ! = —B, ' (0\B,))B; ' = —nB; %, we have
X () = kg (O\By My = —nky By %y,

and multiplying by —\ yields the claim.
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E Additional Numerical Illustrations

The source code for reproducing the results of this paper can be found at the following location: https:
//github.com/hhd357/optimal_self_distillation_ridge

E.1 Additional Experiments on CIFAR Datasets
E.1.1 CIFAR100 with Pretrained ResNet-34 Features

Pre-trained ResNet-34 on CIFAR100

antijearning £ >11 pro-learning £* <0

=
o

Squared prediction risk
=) o
Optimal mixing parameter

|
(4]

0.001 0.01 0.1 1 5 50
Ridge penalty A

R Rpd Rsq = Ry — &

Figure 13: Squared prediction risks and optimal mixing parameter for ridge, pure-distilled and self-distilled
ridge on pretrained ResNet-34 features on CIFAR100 dataset.

E.1.2 CIFARI10 and CIFAR100 Classification Accuracies

Test classification accuracy - CIFAR10 Test classification accuracy - CIFAR100
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Figure 14: Test classification accuracy of the ridge and self-distilled ridges on CIFAR10 and CIFAR100
experiments. Although the optimal mixing is chosen to minimize the squared prediction risk, the strict
improvement property still somewhat holds for test accuracy as well.
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E.2 [Illustration for Related Works Comparison in Section 1.2

Unconstrained one-round and constrained multi-round

1.751

Squared prediction risk

0.001 0.01 0.1 1 5 S0 200 1000
Ridge penalty A

— R — Ry Rgg:’strained -=- R’
Figure 15: One-round unconstrained versus multi-round constrained mixing weight. Squared
prediction risk empirical curves averaged over 20 simulations, n = 400, p = 200 with isotropic design and
isotropic signal. We choose the optimal £ over a grid of 200 values in [0, 1] and pick the one with the
lowest risk at the 20-th round.
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E.3 Additional Illustrations Real-World Regression Tasks
E.3.1 Comparison with Constrained Self-Distillation

BlogFeedback (constrained £ €[0, 1]) Communities and Crime (constrained £ €[0, 1])
Lo 14 Lo
_ _
% T 12 2
T 1.0 0.8 g = 0.8 g
g 5 510 5
— — = —_
© 068 O o 068
ke o TO. o
g £ 2 £
[o% X Q. x
04.= 0.4.2
el el
9 E Qos £
© g © g
=} 0.2 =} 0.2
h F=In-3 =
0.8 o o
o — o
0.0 0.4 —Sik = 0.0
0.001 0.01 0.1 1 5 50 0.001 0.01 0.1 1 5 50
Ridge penalty A Ridge penalty A
— R Rpd === Ry — ¢ — R Rpd -=- Ry — &
S Air Quality (constrained £ €0, 1])
) 1.0
+r
_
% 2.0 8
F=iy 0.8 ¢
c €
o O
s 0683
1.5
o o
= £
0.4.%
el
9 €
L —
© ©
=)
210 0.2_§
n -3
——— o
0.8 ==k 0.0
le-4 0.001 0.01 0.1 1 5 50
Ridge penalty A
R Rpd - R;d - 5*

Figure 16: Test-set squared prediction risk and optimal mixing parameter, being constrained in [0, 1]. We
choose the optimal £ over a grid of 100 values in [0, 1] and pick the one with the lowest SD risk. The
linestyle for the SD risk is changed only for this figure since it mostly overlaps with either the original
ridge or the pure-distilled ridge curves. When £ = 1, the SD risk exactly matches the PD risk and when
& =0, it exactly matches the teacher ridge risk.
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E.3.2 Varying Train-to-Test Split Ratios and Gains
BlogFeedback dataset:

BlogFeedback, 20-80 split BlogFeedback, 20-80 split
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Figure 17: Squared prediction risks and gain curve on BlogFeedback dataset with different split ratios.
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Communities and Crime dataset:

Communities and Crime, 40-60 split
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Figure 18: Squared prediction risks and gain
split ratios.
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Air Quality dataset:

Air Quality, 70-30 split
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Figure 19: Squared prediction risks and gain curve on Air Quality dataset with different split ratios.
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E.4 Additional Illustrations on Proportional Asymptotic Risks
E.4.1 Varying Signal-to-Noise Ratios
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Figure 20: Asymptotic SD risk and optimal mixing parameter over various SNR ratios. Empirical curves
are averaged over 30 numerical simulations, and the shaded band represents one standard deviation
around the mean. The estimated are obtained using proposed tuning method (Section 4, averaged over
30 runs) and theoretical curves are from Theorem 3.1. n = 400, p = 200, 0> = 1 and r? = o2SNR.
Top row: Data covariance ¥ is AR1, deterministic ground-truth signal is aligned with the bottom 10%
eigenvalues of 3, with alignment factor 0.9. Bottom row: Data covariance X is a spiked covariance matrix,
deterministic ground-truth signal is aligned with the top 10% eigenvalues of ¥, with alignment factor 0.9.
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E.4.2 Varying Aspect Ratios

Squared prediction risk

Squared prediction risk

Figure 21: Asymptotic SD risk and optimal mixing parameter over different aspect ratios v = p/n. Em-
pirical curves are averaged over 30 numerical simulations, and the shaded band represents one standard
deviation around the mean. The estimated are obtained using proposed tuning method (Section 4, aver-
aged over 30 runs) and theoretical curves are from Theorem 3.1. n = 300, p = nvy, 02 = 1 and r% = 5.
Top row: Data covariance ¥ is AR1, deterministic ground-truth signal is aligned with the top 10% eigen-
values of X, with alignment factor 0.9. Bottom row: Data covariance X is spiked covariance matrix with
¥ =1+ 5vv" with v is a random isotropic Gaussian vector, deterministic ground-truth signal is aligned
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E.4.3 Additional Risk and Gain Curves
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Figure 22: Asymptotic risk curves, asymptotic optimal mixing parameter and gain curves over the penalty
. Top row: Data covariance X is isotropic, isotropic signal, n = 400, p = 200,72 = o2 = 1. Bottom row:
Data covariance ¥ is AR-1(0.25), deterministic ground-truth signal is aligned with the bottom 10%
eigenvalues of ¥, with alignment factor 0.9, n = 400, p = 200,72 = 02 = 1.
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E.5 Additional Illustrations on Extreme Regularized Risks

E.5.1 Isotropic Covariance, Isotropic Signal
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Figure 23: Percentage difference between R(SNR,~) and R},(SNR, ) to the optimal ridge R*(SNR, )
(also the best predictor in this setting), and with isotropic design ¥ = I,,, random signal follow an isotropic
Gaussian distribution. The values plotted are calculated from Proposition 3.3.
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E.5.2 ARI1 Covariance, Isotropic Signal
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Figure 24: Percentage difference between R(SNR,~) and R},(SNR,~) to the optimal ridge R*(SNR, )
(also the best predictor in this setting), with AR1 covariance design and random signal follows an isotropic
Gaussian distribution. The ratios plotted are calculated using risk formulations at Theorem 3.1 at A =
1073 and A = 106.
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E.5.3 Spiked Covariance, Isotropic Signal
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Figure 25: Percentage difference between R(SNR,~) and R},(SNR,~) to the optimal ridge R*(SNR, )
(also the best predictor in this setting), with spiked covariance design and random signal follow an
isotropic Gaussian distribution. The ratios plotted are calculated using risk formulations at Theorem 3.1

at A= 1073 and A\ = 10°.
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F Experiment Details

F.1 Real-World Regression Tasks: Datasets Description, Splitting and Pre-
processing

For the experiments on real-world regression task, including UCI Blog Feedback (Buza, 2014), UCI
Communities and Crime (Redmond, 2002), UCI Air Quality (Vito, 2008) datasets, we split the data
into the training and test set (detailed below). Then, we process the data by removing records with
missing values and we centered and standardized all the variables using the training set’s mean and
standard deviation. All the variables in the test set are also centered and standardized using the
information from training set only.

All the risk curves shown at Figures 2 and 3 are the squared risk measured on the test set. The
optimal mixing parameter is computed using the formula from Equation (8) where R, Rpq and C
are calculated using the test data.

UCI Blogfeedback. The UCI Blogfeedback dataset (Buza, 2014) originates from blog posts, where
the raw HTML-documents of the blog posts were crawled and processed. We use only the training
set of this dataset, which contains 52,397 samples and perform a random 5-95 split (5% for training
and 95% for test set). The dataset consists of 280 features that capture many aspects of blog content
and metadata, such as post length, number of links, number of comments in the first 24 hours after
the publication of the blog post. The target variable is the number of comments in the next 24
hours (relative to base time). Thus, the training set in our experiment contains p = 280 covariates
and n = 2,619 samples. The additional results of different split ratios are shown at Figure 17.

UCI Communities and Crime. The UCI Communities and Crime dataset (Redmond, 2002) are
authentic data that combines socio-economic data from the 1990 US Census, law enforcement data
from the 1990 US LEMAS survey, and crime data from the 1995 FBI UCR. The dataset consists of
1994 samples with 127 covariates. The goal is to predict the value of “ViolentCrimesPerPop”, which
is the rate of violent crimes per 100,000 population. For this dataset, we removed 5 nonpredictive
identifiers and 23 covariates from the LEMAS survey that contain 1,675 missing values out of 1,994
instances. The remaining 100 covariates have no missing values and used in our experiments. We
perform a random 20-80 split (20% for training and 80% for test set). Thus, the training set in
our experiment contains p = 99 covariates and n = 398 samples. The additional results of different
split ratios are shown at Figure 18.

UCI Air Quality. The UCI Air Quality dataset (Vito, 2008) contains records of hourly averaged
responses from an array of 5 metal oxide chemical sensors. Data were recorded at an Italy city from
March 2004 to February 2005. Similar as Pareek et al. (2024), we use p = 8 covariates for this task,
which include 5 metal oxide chemical readings PT08.S1(C0), PT08.S2(NMHC), PT08.S3(NOx),
PT08.54(N02), PT08.85(03) and 3 other covariates including Temperature T, Relative Humidity
RH, and Absolute Humidity AH. The goal is to predict the Nitrogen Dioxide NO2 (GT). After removing
missing records for these variables, we are left with n = 7,393 samples. We perform a sequential 70-
30 split since the data is heavily time-dependent. Thus, the training set in our experiment contains
p = 8 covariates and n = 5,175 samples. The additional results of different split ratios are shown
at Figure 19.

For the multi-round distillation experiment shown in Figure 8, they are performed on a sequential
70-30 split of Air Quality dataset and a random 20-80 split of Communities and Crime dataset.

For the kernel ridge regression experiment shown in Figure 11, we use a Gaussian kernel with
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bandwidth estimated as the median of the ¢ distances between covariates in the training set.

F.2 CIFARI10 and CIFAR100 Experiments

For the experiment on CIFAR10 and CIFAR100 datasets, we extract the pretrained ResNet-18 and
ResNet-34 features (He et al., 2016), that trained on ImageNet dataset (available in Pytorch). For
CIFAR10, we randomly sample 2,000 samples for training and 2,000 samples for the test set. For
CIFAR100, we randomly sample 20,000 samples for training and 10,000 samples for the test set.
Let K is the number of classes. We then perform ridge regression on the last-layer features of the
pretrained models. The predictor is now defined as the vector-valued function f : R52 — R To
aggregate the risk, for an one-hot label vector y € R¥ where , we simply sum the mean squared
error over the K input dimensions,

K

R(f) = Euy) [Z@k - f<x>k>2] , (105)

k=1

where f, : R%12 — R is a ridge predictor that predict the probability that the input belong to class
k. The optimal mixing parameter is calculated from Equation (8).

F.3 Synthetic Asymptotic Experiments

We give more details here about the data covariance ¥ and signal § (defined in Assumption A)
used in the proportional asymptotic experiments in Sections 3, E.4 and E.5.

e Isotropic covariance: X = I,

e AR1 covariance: p-autoregressive covariance with p = 0.25, ¥;; = pli=il for all 4, .

e Spiked covariance: X = I, + 5vv| where v € RP is a random isotropic Gaussian vector.

e Isotropic signal: 8 ~ N(0, (r?/p)I,).

e Top-aligned signal with alignment ratio m% and alignment factor of a: let k = {55 - p, then
B~ N(0,X5) where X5 = pV diag(%, &,..., ¢, ;:—Z, cee ;):—Z)VT where V' = [v1,...,vp] contain
the eigenvectors of X with v; corresponds to k-th largest eigenvalue.

e Bottom-aligned signal with alignment ratio m% and alignment factor of a: let k = {55 - p, then

B~ N(0,X3) where X3 = pV diag(zl)%z, - ;1)%27 e, %)VT where V' = [v1,...,vp] contain the

eigenvectors of ¥ with vy corresponds to k-th largest eigenvalue.
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