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Supplement to “Precise Asymptotics of Bagging Regularized
M-estimators”

Takuya Koriyama, Pratik Patil, Jin-Hong Du, Kai Tan, and Pierre C. Bellec.

This document serves as a supplement to the paper titled “Precise Asymptotics of Bagging
Regularized M-estimators”. Below, we provide an outline of the supplement along with a
summary of the notation used in the main paper and the supplement.

TABLE 4
Outline of the supplement.

Section Content

Appendix A Sign of solutions (ηH , ηG) to System 1b

Appendix B Proofs of Theorems 1, 2 and 5 from Section 3

Appendix C Proof of Proposition 7, 8 and other miscellaneous details from Section 4

Appendix D Details of arguments in Remark 7 from Section 5

Appendix E Proof of Theorem 9 and Conjecture 10 from Section 6

Appendix F Additional numerical illustrations and experimental details

TABLE 5
Summary of some of the specific notation used in the paper.

Notation Description

(xi, yi), i ∈ [n] Observation vector with the feature vector in Rp and the response variable in R
X,y Feature matrix in Rn×p and the response vector in Rn

θ Signal vector in the linear model in Rp with entries drawn i.i.d. from the distribution Fθ
z Noise vector in the linear model in Rn with entries drawn i.i.d. from the distribution Fz

k, M Size of each subsample and the total number of subsamples (bags) used in the ensemble
Im, m ∈ [M ] Index set (subset of [n]) of the m-th subsample, with |Im|= k

(XIm ,yIm ),
m ∈ [M ]

Feature matrix in Rk×p and response vector in Rk of the subsampled dataset indexed by Im

(XIm∩Iℓ
,yIm∩Iℓ

),
m ̸= ℓ ∈ [M ]

Feature matrix in R|Im∩Iℓ|×p and response vector in R|Im∩Iℓ| of the overlapped dataset
corresponding to the overlap between the subsampled datasets indexed by Im and Iℓ

loss, reg, λ Loss function, regularization function, and regularization level used for the regularized M-estimator
θ̂m, θ̃M Component regularized M-estimator fitted on the m-th subsample and the ensemble estimator
RM , RM Squared prediction risk of the ensemble estimator and its asymptotic limit
R1, R∞ Asymptotic risk of the non-ensemble estimator (M = 1) and the full-ensemble estimator (M =∞)

δ, c Inverse data aspect ratio n/p and subsample ratio k/n

(α,β,κ, ν) Parameters characterizing the ensemble risk asymptotics with M = 1 (System 1a)
G, H Standard normal random variables in the ensemble risk asymptotics with M = 1 (System 1a)
Θ, Z Random variables drawn according to distributions Fθ and Fz , respectively (System 1a)

(ηG , ηH ) Correlation parameters in the ensemble risk asymptotics with M =∞ (System 1b)
G, G̃, H,H̃ Random variables appearing in the ensemble risk asymptotics with M =∞ (System 1b)

(a, τ) Parameters in alternate formulation of the ensemble risk asymptotics with M = 1 (System 2)
ξ Parameter in alternate formulation of the ensemble risk asymptotics with M =∞ (System 2)
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APPENDIX A: CORRELATION SIGNS

PROPOSITION 11. The signs of the solution (η⋆
G
, η⋆

H
) to System 1b are characterized as

sign(η⋆
G
) = sign(Freg ◦ Floss(0)), sign(η⋆

H
) = sign(Floss ◦ Freg(0))

where sign(x) := 1{x>0}−1{x<0}.

PROOF. The claim immediately follows from the fact that η⋆
G

and η⋆
H

satisfies the fixed-point
equations η

G
− Freg ◦ Floss(ηG

) = 0 and η
H
− Floss ◦ Freg(ηH

) = 0, respectively, and the
maps η

G
7→ η

G
− Freg ◦ Floss(ηG

) and η
H
7→ η

H
− Floss ◦ Freg(ηH

) are nondecreasing since
Freg ◦ Floss and Floss ◦ Freg are (c∧ c̃)-Lipschitz with c∧ c̃≤ 1 (Theorem 1).

Recall the property of Floss and Freg in Theorem 1. Since Floss and Freg in System 1b are non-
decreasing, combined with Proposition 11, we get the following simple sufficient condition
which determines the sign of (η⋆

H
, η⋆

G
):

Floss(0) and Freg(0) are non-negative ⇒ η⋆
H

and η⋆
G

are non-negative.

Here Floss(0) and Freg(0) can be written as follows:

Floss(0) =
cc̃δ

ββ̃
·E
[
E
[
env′loss(Z + αG;κ) | Z

]
·E
[
env′

l̃oss
(Z + α̃G; κ̃) | Z

]]
,

Freg(0) =
1

νν̃αα̃
·E
[
E
[
env′reg

(
Θ+ β

νH; 1ν
)
|Θ
]
·E
[
env′r̃eg

(
Θ+ β̃

ν̃H; 1ν̃
)
|Θ
]]
.

In particular, if the same loss and regularizer are used, i.e., loss = l̃oss and reg = r̃eg, and
the subsample sizes are the same, i.e., k = k̃, then the solutions satisfying System 1b are
same, i.e., (α,β,κ, ν) = (α̃, β̃, κ̃, ν̃), so that it is easy to see from the above formula that
Floss(0)≥ 0 and Freg(0)≥ 0. This means that the solutions (η⋆

G
, η⋆

H
) are non-negative when

the same loss, regularizer, and subsample size are used.

Another case such that the solutions (η⋆
G
, η⋆

H
) are positive is when loss and l̃oss are least

squares and reg and r̃eg are ridge (but possibly different regularization parameters). This is
because env′f ; (x; τ) is linear in x for any squared loss (and regularizer) of the form f(·) =
λ(·)2 so that Floss(0) =C1E[Z2]≥ 0 and Freg(0) =C2E[Θ2]≥ 0 for some positive constants
C1,C2.

REMARK 8 (Negative estimator error correlation). Let us take reg, r̃eg as the indicator func-
tions

reg(x) = Π(−∞,−t](x) :=

{
+∞ x >−t
0 x≤−t

and r̃eg(x) = Π[t̃,+∞)(x) :=

{
+∞ x < t̃

0 x≥ t̃

where t, t̃≥ 0 are non-negative constants. Note that the two sets, (−∞,−t] and [t̃,+∞), are
disjoint. Noting proxreg(x) =min{x,−t} and proxr̃eg(x) =max{x, t̃}, we have

Freg(ηH
) =

1

νν̃αα̃
E
[(

min
{
Θ+ β

νH,−t
}
−Θ

)
·
(
max

{
Θ+ β̃

ν̃ H̃, t̃
}
−Θ

)]
.

Thus, if Θ is included in the closed set [−t, t̃] with probability 1, then we have Freg(ηH
)≤ 0

for all η
H

so that η⋆
G
= Freg(η

⋆
H
) is non-positive. This is intuitive as we will see in Theorem 2

that η
G

characterizes the limiting behavior of the correlations between two estimators trained
on reg and r̃eg.
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APPENDIX B: PROOFS FOR RESULTS IN SECTION 3

B.1. Proof of Theorem 1.

Part 1 . We redefine Floss and Freg for convenience:

Floss(ηG
) = cc̃δ

ββ̃
·E[env′loss(αG+Z;κ) · env′

l̃oss
(α̃G̃+Z; κ̃)],

Freg(ηH
) = 1

αα̃ ·E
[(

1
ν · env

′
reg

(
β
νH +Θ; 1ν

)
− β

νH
)
·
(
1
ν̃ · env

′
r̃eg

(
β̃
ν̃ H̃ +Θ; 1ν̃

)
− β̃

ν̃ H̃
)]
.

By the Cauchy–Schwarz inequality, using (4b) in System 1a, we have

|Floss(ηG
)| ≤ cc̃δ

ββ̃
·E[env′loss(αG+Z;κ)2]1/2 ·E[env′

l̃oss
(α̃G̃+Z; κ̃)2]1/2

= cc̃δ

ββ̃
·
√

β2

cδ ·
√

β̃2

c̃δ

=
√
cc̃.

for all η
G
∈ [−1,1]. By the same argument, the Cauchy–Schwarz inequality and (4a) in Sys-

tem 1a yield |Floss(ηH
)| ≤ 1 for all η

H
∈ [−1,1].

Part 2 . Let us prove the differentiability and contraction of compositions. We will use the
following lemma to argue the differentiability of Floss and Freg.

LEMMA 12. Let G and Z be independent N (0,1) random variables. Then, for any Lips-
chitz functions (f, f̃) with bounded second moment E[f(G)2],E[f̃(G)2]<+∞, the map

φ : [−1,1]→R, η 7→ E[f(G)f̃(ηG+
√

1− η2Z)]

has the derivative

φ′(η) = E[f ′(G)f̃ ′(ηG+
√

1− η2Z)].

PROOF. Since f̃ is Lipschitz and N (0,1) has no point mass, f̃ is differentiable at G ∼
N (0,1) with probability 1. By the dominated convergence theorem, we have

φ′(η) = E
[
f(G)f̃ ′

(
ηG+

√
1− η2Z

)(
G− η√

1− η2
Z
)]
.

Let us defineA= ηG+
√

1− η2Z andB =
√

1− η2G−ηZ so that (A,B) are independent
Gaussian N (0,1) and φ′(η) = (1 − η2)−1/2E[f(ηA +

√
1− η2B)f̃ ′(A)B]. Using Stein’s

formula for B conditionally on A, we are left with

φ′(η) = E[f̃ ′(A)f ′(ηA+
√

1− η2B)] = E[f̃ ′(ηG+
√

1− η2Z)f ′(G)],

where we have used (A,ηA+
√

1− η2B)
d
= (ηG+

√
1− η2Z,G). (Here and throughout d

=
refers to equality in distribution.)

Notice that env′loss(αG + Z;κ) and 1
ν · env′reg

(
β
νH + Θ; 1ν

)
− β

νH have finite second mo-
ments, thanks to the existence of the solution to System 1a. Thus, applying Lemma 12
with (f(x), f̃(x)) = (env′loss(αx + Z;κ), env′loss(α̃x + Z; κ̃)) and (f(x), f̃(x)) = (βν x −
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1
ν envreg(

β
ν x + Θ; 1ν ),

β̃
ν̃ x − 1

ν̃ envreg(
β̃
ν̃ x + Θ; 1ν̃ )), we find that Floss and Freg are differen-

tiable and the derivatives are given by:

F ′
loss(ηG

) =
cc̃δ

ββ̃
·E[αenv′′loss(αG+Z;κ) · α̃env′′

l̃oss
(α̃G̃+Z; κ̃)]

F ′
reg(ηH

) =
1

αα̃
E
[β
ν

(
1− 1

ν
· env′′reg

(β
ν
H +Θ;

1

ν

))
· β̃
ν̃

(
1− 1

ν̃
· env′′r̃eg

( β̃
ν̃
H̃ +Θ;

1

ν̃

))]
for all η

G
, η

H
∈ [−1,1]. Note that the non-expansiveness of the proximal operator implies

that the map x 7→ env′f (x; τ) = τ−1(x − proxf (x; τ)) is τ−1-Lipschitz and non-decreasing
for any convex function f . Thus, F ′

loss(ηG
) and F ′

reg(ηH
) are non-negative and uniformly

bounded from above as follows:

0≤ F ′
loss(ηG

)≤ cc̃δ

ββ̃

α

κ
·E[α̃env′′

l̃oss
(α̃G̃+Z; κ̃)] (0≤ env′′loss(αG+Z;κ)≤ κ−1)

=
cc̃δ

ββ̃

α

κ
·E[G̃ · env′

l̃oss
(α̃G̃+Z; κ̃)] (by Stein’s lemma)

=
cc̃δ

ββ̃

α

κ
· ν̃α̃
c̃δ

= c · αα̃ν̃
ββ̃κ

(using (4d) in System 1a);

0≤ F ′
reg(ηH

)≤ 1

αα̃
E
[β
ν

(
1− 1

ν
· env′′reg

(β
ν
H +Θ;

1

ν

))]
· β̃
ν̃

(0≤ env′′reg(
β̃

ν̃
H +Θ;

1

ν̃
)≤ ν̃)

=
1

αα̃

β̃

ν̃
E
[
H
(β
ν
H − 1

ν
· env′reg

(β
ν
H +Θ;

1

ν

))]
(by Stein’s lemma)

=
1

αα̃

β̃

ν̃
· βκ= ββ̃κ

αα̃ν̃
(using (4c) in System 1a).

Thus, by the chain rule, noting that (ββ̃κ)/(αα̃ν̃) is cancelled out, we have

0≤ (Floss ◦ Freg)
′(η

H
)≤ c, 0≤ (Freg ◦ Floss)

′(η
G
)≤ c.

By switching the role of (α,β,κ, ν, c) and (α̃, β̃, κ̃, ν̃, c̃), it also holds that

0≤ (Floss ◦ Freg)
′(η

H
)≤ c̃, 0≤ (Freg ◦ Floss)

′(η
G
)≤ c̃.

Thus, by taking the minimum of (c, c̃), we find that the compositions

η
H
7→ Floss ◦ Freg(ηH

), η
G
7→ Freg ◦ Floss(ηG

)

are (c∧ c̃)-Lipschitz.

Part 3. Let us show the uniqueness and existence of the solution to the nonlinear system:

η
H
= Floss(ηG

), η
G
= Freg(ηH

).

We have shown in the previous paragraph that the map Freg ◦ Floss(ηH
) : [−1,1]→ [−1,1]

are non-decreasing, differentiable, and 1-Lipschitz. Thus, by Brouwer’s fixed-point theorem,
there exists some η⋆

G
∈ [−1,1] such that

η⋆
G
= Freg ◦ Floss(η

⋆
G
)

Letting η⋆
H
= Floss(η

⋆
H
) ∈ [−

√
cc̃,

√
cc̃], we find that the pair (η⋆

G
, η⋆

H
) satisfies the nonlinear

system. Next, we show the uniqueness. Suppose (η
G
, η

H
) and (η̃

G
, η̃

H
) satisfy the system.

Then, η
G

and η̃
G

are the solution to the fixed-point equation η = Freg ◦ Floss(η):

η
G
= Freg(ηH

) = Freg ◦ Floss(ηG
), η̃

G
= Freg(η̃H

) = Freg ◦ Floss(η̃G
).
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Suppose η
G
̸= η̃

G
. This implies that the map η 7→ η − Freg ◦ Floss(η) is constant over a

nonempty closed interval of [−1,1], and hence we can find some η⋆
G
∈ (−1,1) such that

1− (Freg ◦ Floss)
′(η⋆

G
) = 0. Recalling the argument in the previous paragraph, we must have

F ′
loss(η

⋆
G
) = cαα̃ν̃

ββ̃κ
, and this equality case gives

E
[
env′′

l̃oss

(
α̃η⋆

G
G+

√
1− (η⋆

G
)2G0 +Z; κ̃

)(
κ−1 − env′′loss(αG+Z;κ)

)]
= 0.

for independent standard normals (G,G0). Since env′′f (·;κ) ∈ [0, κ−1] for any convex func-
tion f , the integrand is non-negative with probability 1. Thus, we must have∫∫ ∞

−∞
env′′

l̃oss

(
α̃η⋆

G
x+ α̃

√
1− (η⋆

G
)2y+Z; κ̃

)(
κ−1−env′′loss(αx+Z;κ)

)
ϕ(x)ϕ(y)dxdy = 0

with probability 1 with respect to Z , where ϕ is the pdf of N (0,1). By the change of variable
(x, y) 7→ (u, v) = (ax+Z, α̃η⋆

G
x+ α̃

√
1− (η⋆

G
)2y+Z), since (u, v) also spans R×R thanks

to |η⋆
G
|< 1, the previous display reads to∫∫ ∞

−∞
env′′

l̃oss
(v; κ̃)

(
κ−1 − env′′loss(u;κ)

)
ϕ
(u−Z

α

)
ϕ
(v−Z − η⋆

G
(u−Z)

α
√

1− |η⋆
G
|2

)
dudv = 0.

Let us decouple the integration
∫∫

(·)dudv with a lower bound of the form
∫
(·)du ·

∫
(·)dv.

Using the inequality exp(−(x+ y)2)≥ exp(−2x2 − 2y2) for the density ϕ of N (0,1), we
find that there exists some positive (deterministic) constants (c,C) that depend on (α,η⋆

G
)

only such that

ϕ
(u−Z

α

)
ϕ
(v−Z − η⋆

G
(u−Z)

α
√

1− |η⋆
G
|2

)
≥C · ϕ(c ·Z)ϕ(c · u)ϕ(c · v)

for all u, v ∈ R and any realization of Z . Combining this lower estimate with the previous
display, we obtain

ϕ(cZ) ·
∫ ∞

−∞
env′′

l̃oss
(v; κ̃)ϕ(cv)dv ·

∫ ∞

−∞

(
κ−1 − env′′loss(u;κ)

)
ϕ(cu)du= 0.

with probability 1 with respect to Z . Since ϕ(cZ) is always strictly positive, we must have∫ ∞

−∞
env′′

l̃oss
(v; κ̃)ϕ(cv)dv = 0 or

∫ ∞

−∞

(
κ−1 − env′′loss(u;κ)

)
ϕ(cu)du= 0.

Suppose
∫∞
−∞ env′′

l̃oss
(v; κ̃)ϕ(cv)dv = 0 holds. This implies

∫
K env′′

l̃oss
(v; κ̃)dv = 0 for any

compact set K ⊂ R due to minv∈K ϕ(cv) > 0 and the non-negativity of env′′. Since x 7→
env′

l̃oss
(x;κ) is Lipschitz, it is absolutely continuous, and hence it has the integral form

env′
l̃oss

(x; κ̃) = env′
l̃oss

(0; κ̃) +
∫ x
0 env′′

l̃oss
(v; κ̃)dv. Since we know

∫ x
0 env′′

l̃oss
(v; κ̃)dv = 0,

we find that x 7→ env′
l̃oss

(x; κ̃) is constant. However, this cannot happen since (4d) in Sys-

tem 1a then gives ν̃α̃ = 0: a contradiction with the positiveness of (α̃, β̃, κ̃, ν̃). Therefore,
the other case

∫∞
−∞
(
κ−1 − env′′loss(u;κ)

)
ϕ(cu)du = 0 must hold. However, by the same

argument integrating the constant derivative over [0, x], this in turn gives env′loss(x;κ) =
env′loss(0;κ) + κ−1x. Noting env′loss(x;κ) = (x− proxloss(x;κ))/κ, this means that the map
x 7→ proxloss(x;κ) is constant. Denoting by p0 the constant, we have that for all real u,

κ−1(u− p0) = κ−1(u− proxloss(u;κ)) ∈ ∂loss(p0),

which means ∂loss(p0) =R. For any p ∈R \ {p0}, the definition of the subdifferential gives
loss(p) ≥ loss(p0) + supu∈∂loss(p0) u(p − p0) = +∞. This contradicts the assumption that
loss(p)<+∞ at two distinct p ∈R.
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B.2. Proof of Theorem 2. In this section, for a vector w, the norm ∥w∥ indicates the ℓ2
norm unless specified otherwise. By the assumption 0 ∈ argminx loss(x) ∩ argminx reg(x),
taking lossnew(x) = loss(x)− loss(0) and regnew(x) = reg(x)− reg(0) if necessary, we as-
sume without loss of generality that loss and reg are non-negative and have 0 as a minimizer.

By the change of variable b 7→ h = (b − θ)/√p, denoting G =
√
pX so that G has i.i.d.

N (0,1) entries, the regularized M-estimator θ̂ of interest and the residual vector y −Xθ̂
can be written as

θ̂ =
√
pĥ+ θ, y−Xθ̂ = z −Gĥ

where

ĥ ∈ argmin
h∈Rp

obj(h) with obj(h) :=
∑
i∈I

loss(zi − g⊤i h) +
∑
j∈[p]

reg(
√
phj + θj).(32)

Throughout this section, we denoteψ =
∑

i∈I eiloss
′(zi−g⊤i h) ∈Rn where ei are canonical

basis of Rn. Let ψ̃, θ̃, h̃ be the corresponding notation for another. Then, our goal is to show

ĥ⊤h̃
p−→ αα̃η

G
and ψ⊤ψ̃/p

p−→ ββ̃η
H
.

B.2.1. Smoothing by adding diminishing ridge penalty. For some positive and diminishing
scalar µ= µn → 0 to be specified later, we define the smoothed regularized M-estimator ĥµ
as

ĥµ ∈ argmin
h∈Rp

obj(h) +
pµ

2
∥h∥2(33)

where obj(h) is the objective function for the original regularized M-estimator ĥ in (32). We
denote byψµ =

∑
i∈I eiloss

′(zi−g⊤i hµ) the smoothed version ofψ. This strategy of adding
and additive ridge penalty for the mathematical analysis as a first step, and then arguing by
approximation (µ→ 0) to study the original ĥ0 = ĥ is ubiquitous; see, for instance, [64, 23],
[73, Appendix B.3], [16]. Here, we use the following lemma to show that (33) approximates
well the original estimator for any sequence µ= µn indexed by n and converging to 0.

LEMMA 13 (Ridge smoothing). Let hµ be the smoothed M-estimator and ĥ be the original
M-estimator.

1. (Monotonicity) We have ∥ĥ− ĥµ∥22 ≤ ∥ĥ∥22 − ∥ĥµ∥22 for any µ > 0.

2. (Convergence in ∥ · ∥2) As n,p→ +∞ with n/p→ δ, |I|/n→ c, and µ = µn for any
µn → 0, we have

∥ĥµ∥22
p−→ α2,

∥ψµ∥22
p

p−→ β2, ∥ĥµ − ĥ∥22 = oP(1),
∥ψµ −ψ∥22

p
= oP(1),

where α and β are solutions to System 1a.

PROOF. By the strong convexity of the ridge term pµ2/2∥h∥2, the smoothed one ĥµ also
minimizes the convex function: h 7→ obj(h)+ pµ

2 ∥h∥2− pµ
2 ∥h− ĥµ∥2. By the optimality of

ĥµ and ĥ, we have

obj(ĥµ)+
pµ

2
∥ĥµ∥2 ≤ obj(ĥ)+

pµ

2
∥ĥ∥2− pµ

2
∥ĥ−ĥµ∥2 ≤ obj(ĥµ)+

pµ

2
∥ĥ∥2− pµ

2
∥ĥ−ĥµ∥2
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so that subtracting obj(ĥµ) from the both sides and dividing by pµ/2> 0, we obtain the first
claim.

Recall ∥h∥2 p−→ α2 and ∥ψ∥2/p p−→ β2. Then, by Lemma 13-(1) and the Lipschitz condition of
loss′, it suffices to show the convergence ∥ĥµ∥2

p−→ α2 for the smoothed estimator ĥµ. Note
that ĥµ minimizes the function below

h 7→
∑
i∈I

loss(zi − g⊤i h) +
∑
j∈[p]

regµn

j (
√
phj) where regµj (x) := reg(x+ θj) + µ

x2

2
.

Now we suppose that for any standard normal g = (gj)
p
j=1 ∼N (0p,Ip), the convergence of

the Moreau envelope

1

p

∑
j∈[p]

envregµn
j
(cgj ; τ)− regµn

j (0)
p−→ E[envreg(cH +Θ; τ)− reg(Θ)]

holds for all c ∈ R and τ > 0. Then, by [95, Theorem 3.1], we have ∥ĥµ∥2
p−→ α2 and com-

plete the proof. By the weak law of large numbers, the above display holds with µ= 0 (see
[95, Lemma 4.1] for details):

1

p

∑
j∈[p]

envregµ=0
j

(cgj ; τ)− regµ=0
j (0)

p−→ E[envreg(cH +Θ; τ)− reg(Θ)].

Then, noting regµ=0
j (0) = reg(θj) = regµj (0) for any µ≥ 0, it suffices to show

1

p

∑
j∈[p]

envregµn
j
(cgj ; τ)−

1

p

∑
j∈[p]

envregµ=0
j

(cgj ; τ) = oP(1).

For each j, the monotonicity envregµ=0
j

(cgj ; τ) ≤ envregµn
j
(cgj ; τ) holds since the objective

function is monotone in the sense of regµ=0
j (x)≤ regµj (x) for all x ∈R and all µ≥ 0. On the

other hand, by the optimality of proxregµ=0
j

(cgj ; τ) and proxregµn
j
(cgj ; τ), we find

envregµn
j
(cgj ; τ)≤

1

2τ
(cgj − proxregµ=0

j
(cgj ; τ))

2 + regµn

j (proxregµ=0
j

(cgj ; τ))

= envregµ=0
j

(cgj ; τ) +
µn
2
(proxregµ=0

j
(cgj ; τ))

2

for each j ∈ [p]. Thus, it holds that

0≤ 1

p

∑
j∈[p]

envregµn
j
(cgj ; τ)−

1

p

∑
j∈[p]

envregµ=0
j

(cgj ; τ)≤
µn
2

· 1
p

∑
j∈[p]

(proxregµ=0
j

(cgj ; τ))
2,

where proxregµ=0
j

(cgj ; τ) = proxreg(cgj + θj ; τ) − θj by the definition of regµj . Here, under
Assumption D-(1), the expectation E[(proxreg(cgj + θj ; τ) − θj)

2] under gj ∼ N (0,1) and
θj ∼Θ is finite for all c ∈R and τ > 9 (cf. [95, equation (123)]). Therefore, by the weak law
of large numbers, we have 1

p

∑
j∈[p](proxregµ=0

j
(cgj ; τ))

2 p−→ E[(proxreg(cH +Θ; τ)−Θ)2]<

+∞. This means that for any µ= µn → 0, the RHS of the previous display is oP(1).
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B.2.2. Bounding norm of regularized M-estimators. For some positive scalar K to be spec-
ified later, we add another regularization term; we define ĥµ,K as

ĥµ,K ∈ argmin
h∈Rp

obj(h) +
pµ

2
∥h∥2 + λ̂

2
F
(∥h∥2 −K

2

)
︸ ︷︷ ︸

additional term

with λ̂ := obj(0)

where F : R→ R is convex, non-negative, and non-decreasing with limx→+∞ F(x) = +∞,
as well as differentiable with F′(u) = 0 if u≤ 0 and F′(u) = 1 if u≥ 1. For instance, we may
take F as an integral of the smoothed step function as follows:

F(x) :=

∫ x

−∞
f(u)du with f(u) :=


1 u≥ 1

3u2 − 2u u ∈ (0,1)

0 u≤ 0

Note in passing that the regularization parameter λ̂= obj(0) =
∑

i∈I loss(zi)+
∑

j∈[p] reg(θj)
is independent of the design matrix G and non-negative since loss and reg are non-negative.

Now we claim that for sufficiently large K > 0 this modified estimator ĥµ,K coincides with

the smoothed estimator ĥµ. Furthermore, thanks to the additional regularizer λ̂
2F
(
∥h∥2−K

2

)
,

the norm of hµ,K and ψµ,K are suitably bounded as follows:

LEMMA 14. The following convergences hold.

1. If we set K = 2α2 where α> 0 is the solution to System 1a, we have

P(ĥµ,K = ĥµ)
p−→ 1.

2. For any K ≥ 0, there exists a positive constant CK that only depends on K such that

∥ĥµ,K∥2 ≤CK , ∥ψµ,K∥2 ≤CK(1 + ∥loss′∥2Lip)(∥loss′(z)∥2 + ∥G∥2op).

Thus, the constant C∗ = 1.1CK(1 + ∥loss′∥2Lip)(E[loss
′(Z)2] + (1 + δ−1/2))2 satisfies

P
(
∥ĥµ,K∥2∨(n−1∥ψµ,K∥2)∨ sup

m≥1
E
[
∥ĥµ,K∥2m∨(n−1∥ψµ,K∥2)m | z,θ

]1/m
≤C∗

)
→ 1.

PROOF. Let us consider the event Ω := {∥h∥2 ≤ K} with K = 2α2, which holds with
high probability, since ∥h∥2 p−→ α2 > 0. Combined with the monotonicity ∥hµ∥2 ≤ ∥h∥2 by
Lemma 13-(1), we have ∥ĥµ∥2 ≤K under the event Ω. Since F′(u) = 0 for all u≤ 0, com-
bined with the Karush-Kuhn-Tucker (KKT) condition −pµĥµ ∈ ∂obj(ĥµ) for the smoothed
estimator ĥµ, we observe that ĥµ satisfies the KKT conditions for ĥµ,K under the event Ω:

−pµĥµ − λ̂F′
(∥ĥµ∥2 −K

2

)
ĥµ =−pµĥµ − 0 · ĥµ ∈ ∂obj(ĥµ).

This implies P(ĥµ = ĥµ,K)≥ P(Ω)→ 1.

By the non-negativity of (obj(·), pµ∥ · ∥2, λ̂2F(·)) and the optimality of ĥµ,K , it holds that

0≤ λ̂

2
F
(∥ĥµ,K∥2 −K

2

)
≤ obj(ĥµ,K) +

pµ

2
∥hµ,K∥2 + λ̂

2
F
(∥hµ,K∥2 −K

2

)
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≤ obj(0) +
pµ

2
∥0∥2 + λ̂

2
F
(∥0∥2 −K

2

)
= λ̂+ 0+ 0.

When λ̂ = 0 then all inequalities above holds with equality, which means that 0 mini-
mizes the objective function obj(h) + pµ

2 ∥h∥2 + λ̂
2F
(
∥h∥2−K

2

)
for ĥµ,K . Since this ob-

jective function is strongly convex due to the ridge term, the minimizer is unique. This
means ĥµ,K = 0 when λ̂ = 0. On the other hand, if λ̂ > 0 then dividing the above dis-

play by λ̂ > 0 we are left with F
(
∥ĥµ,K∥2−K

2

)
≤ 2. Since F is non-decreasing and coercive

on the positive side, i.e., limx→+∞ F(x)→+∞, this gives ∥ĥµ,K∥2 ≤ C(K) for a constant
C(K)> 0 depending on K only. Combined with the Lipschitz condition of loss′, the norm
of ψµ,K =

∑
i∈I eiloss

′(zi − g⊤i hµ,K) is bounded as

∥ψµ,K∥ ≤ ∥loss′(z)∥+∥loss′(z−Gĥµ,K)− loss′(z)∥ ≤ ∥loss′(z)∥+∥loss′∥Lip∥G∥op∥ĥµ,K∥.

Since loss′(zi)
2 has a finite second moment by Assumption D-(1), the weak law of large

numbers gives n−1∥loss′(z)∥2 p−→ E[loss′(Z)2]<+∞. SinceG ∈Rn×p is a Gaussian matrix
with i.i.d. N (0,1) entries, we also have ∥G∥2op/n

p−→ (1 + δ−1/2)2 by standard results of the
maximal singular value of a Gaussian matrix, e.g., [34, Theorem II.13]. This completes the
proof.

B.2.3. Derivative formulae for strongly convex regularizer.

LEMMA 15 ([17]). Let ĥ ∈Rp be the regularized M-estimator of the form

ĥ ∈ argmin
h∈Rp

∑
i∈I

loss(zi − g⊤i h) + R(h),

where I ⊂ [n] is a subset independent of (gi)i∈[n], loss :R→R is a convex and differentiable
function with Lipschitz derivative, R : Rp → R ∪ {+∞} is a τ -strongly convex regularizer
for some τ > 0, and R is independent of (gi). Then, there exists a matrixA ∈Rp×p satisfying
∥A∥op ≤ τ−1 and tr[A] ≥ 0 such that ĥ ∈ Rp and ψ =

∑
i∈I eiloss

′(zi − g⊤i ĥ) ∈ Rn are
both differentiable as functions of the design (G) = (gij) with the derivative given by
(34)

∀i ∈ [n],∀j ∈ [p],
∂ĥ

∂gij
=A

(
eje

⊤
i ψ−G⊤Deie

⊤
j ĥ
)
,

∂ψ

∂gij
=−DGAeje⊤i ψ−V eie⊤j ĥ.

where D and V are n× n matrices defined by D =
∑

i∈I eie
⊤
i loss

′′(zi − g⊤i ĥ) and V =

D−DGAG⊤D. Furthermore, the matrix V defined above is positive semidefinite with its
operator norm bounded as ∥V ∥op ≤ ∥loss′∥Lip.

Recall that the modified estimator ĥµ,K in Appendix B.2.2 minimizes the objective function∑
i∈I loss(zi − g⊤i h) + R(h) where R is the regularizer of the form

R(h) :=
∑
j∈[p]

reg(
√
phj + θj) +

pµ

2
∥h∥2 + λ̂

2
F
(∥h∥2 −K

2

)
,
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which is (pµ)-strongly convex. Thus, we can apply Lemma 15; there exists a matrixAµ,K ∈
Rp×p such that

(35) ∥Aµ,K∥op ≤ (pµ)−1, tr[Aµ,K ]≥ 0,

and ĥµ,K and ψµ,K =
∑

i∈I eiloss
′(zi − g⊤i ĥµ,K) are differentiable with respect to the de-

sign matrix G= (gij) as in (34) with

Dµ,K =
∑
i∈I
eie

⊤
i loss

′′(zi − g⊤i ĥµ,K) Vµ,K =Dµ,K −Dµ,KGAµ,KG
⊤Dµ,K .

Now we claim that the trace of Vµ,K and Aµ,K are empirical quantities that converge to the
remaining solution ν and κ:

LEMMA 16. For any µ→ 0 such that µ−1 =O(n1/8), we have

tr[Vµ,K ]/p
p−→ ν and tr[Aµ,K ]

p−→ κ.

PROOF. See Appendix B.5.

B.2.4. Proof of Theorem 2. Below we will take the diminishing constant µn → 0 as in
Lemma 16. Dropping the dependence on (µ,K) for simplicity, we denote h = ĥµ,K , ψ =

ψµ,K , and V = Vµ,K ,A=Aµ,K . In the same way, we use the notation (h̃, ψ̃, Ṽ , Ã) for the
other estimator. Then, by the convergence in ∥ · ∥2 from Lemma 13 and Lemma 14, it suffices
to show the convergence of correlation for the modified ones:

h⊤h̃/(αα̃)
p−→ η

G
and ψ⊤ψ̃/(pββ̃)

p−→ η
H
.

First, we will argue by the Gaussian Poincaré inequality that h⊤h̃/(αα̃) and ψ⊤ψ̃/(pββ̃)
concentrate on random quantities that are independent of the scaled design matrixG=

√
pX .

Throughout this section, we denote by E[·] = E[·|z,θ, I, Ĩ] the conditional expectation with
respect to the design matrix G given signal θ, noise z and subsample index I, Ĩ . Since G is
independent of (θ,z, I, Ĩ), the conditional distribution of G given (θ,z, I, Ĩ) is still that of
a matrix with i.i.d. N (0,1) entries.

LEMMA 17. For any µn > 0 such that µ−1
n = o(n1/2), we have

E
[
(h⊤h̃−E[h⊤h̃])2

]
=OP(n

−1µ−2) = oP(1).

E
[
(ψ⊤ψ̃−E[ψ⊤ψ̃])2

]
=OP(nµ

−2) = oP(n
2).

PROOF. By the Gaussian Poincaré inequality, noting ∂ij(h⊤h̃) = h̃⊤∂ijh + h⊤∂ijh̃ with
∂ij =

∂
∂gij

, the conditional variance of h⊤h̃ is bounded from above as

E
[
(h⊤h̃−E[h⊤h̃])2

]
≤
∑
ij

E
[
(∂ij(h

⊤h̃))2
]
≤ 2

∑
ij

E
[
(h̃⊤∂ijh)

2
]
+ 2

∑
ij

E
[
(h⊤∂ijh̃)

2
]
,

where we denote by
∑

ij =
∑n

i=1

∑p
j=1 for brevity. By the derivative formula (34), the first

term on the RHS is bounded as∑
ij

(
h̃⊤∂ijh

)2
=
∑
i,j

(
h̃⊤A(ejψi −G⊤Deihj)

)2
≤ 2∥A∥2op∥h̃∥2∥ψ∥2 + 2∥A∥2op∥G∥2op∥D∥2op∥h̃∥2∥h∥2.
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Using the upper bound ∥A∥op ≤ (pµn)
−1 from (35) and the moment bound in Lemma 14-

(2), the conditional expectation (with respect to E) of the RHS is OP(n
−1µ−2

n ). By symmetry,
we also get E[

∑
ij E[(h⊤∂ijh̃)

2]] =OP(n
−1µ−2

n ).

We use a similar argument for the variance ofψ⊤ψ̃. The Gaussian Poincaré gives E[(ψ⊤ψ̃−
E[ψ⊤ψ̃])2]≤ 2

∑
ij E[(ψ̃⊤∂ijψ)

2 + (ψ⊤∂ijψ̃)
2], where∑

ij

(
ψ̃⊤∂ijψ

)2
=
∑
ij

(
ψ̃⊤(−DGAejψi −V eiwj)

)2
≲ ∥A⊤G⊤D⊤∥2op∥ψ̃∥2∥ψ∥2 + ∥V ∥2op∥ψ̃∥2∥h∥2.

by the derivative formula. Using ∥A∥op ≤ (pµn)
−1 and the moment bound in Lemma 14-(2),

the conditional expectation E[·] of the RHS is OP(nµ
−2
n + n) =OP(nµ

−2
n ).

Let us define η̂
G

and η̂
H

as the “truncated” values of the conditional expectation of h⊤h̃ and
ψ⊤ψ̃, respectively:

η̂
G
:= Π[−1,1]

(
E[h⊤h̃]/(αα̃)

)
, η̂

H
:= Π[−1,1]

(
E[ψ⊤ψ̃]/(pββ̃)

)
where Π[−1,1](x) := max(min(x,1),−1) is the projection map onto [−1,1]. Here, we em-
phasize that (η̂

H
, η̂

G
) is independent of the design matrix G since G is integrated out. Fur-

thermore, the absolute values of η̂
G

and η̂
H

are less than 1 due to the truncation, and hence
the two matrices (

1 η̂
H

η̂
H

1

)
and

(
1 η̂

G

η̂
G

1

)
are both positive semidefinite. By the concentration from Lemma 17 and the convergence
∥h∥2 p−→ α2 > 0,∥ψ∥2/p p−→ β2 > 0, noting the truncation x 7→ Π[−1,1](x) is continuous, we
find that the random variables (η̂

H
, η̂

G
) defined above still capture the correlations, that is,

η̂
H
=Π[−1,1](

ψ⊤ψ̃

∥ψ∥∥ψ̃∥
) + oP(1) =

ψ⊤ψ̃

∥ψ∥∥ψ̃∥
+ oP(1).

η̂
G
=Π[−1,1](

h⊤h̃

∥h∥∥h̃∥
) + oP(1) =

h⊤h̃

∥h∥∥h̃∥
+ oP(1).

where the second equation follows from the fact that the correlations are less than 1 in abso-
lute values by the Cauchy–Schwarz inequality.

Now, we use the multivariate normal approximation below to motivate System 1b.

LEMMA 18 (Proposition 5.1 in [15]). Let z ∼ N (0q,Iq) and let F : Rq → Rq×M be a
locally Lipschitz function with M ≤ q. Then there exists a standard normal vector w ∼
N (0M ,IM ) such that

E
[∥∥F (z)⊤z −

∑
l∈[q]

∂F (z)⊤el
∂zl

−
{
F (z)⊤F (z)

}1/2
w
∥∥2]≤C3

∑
l∈[q]

E
[∥∥∂F (z)

∂zl

∥∥2
F

]
,

where {·}1/2 is the square root of the positive semidefinite matrix.
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For each j ∈ [p], applying Lemma 18 with F =
[
ψ√
pβ

ψ̃
√
pβ̃

]
∈ Rn×2 and z = Gej ∈ Rn,

using the derivative formula (34), we find that there exists a random vector wj ∈ R2 such
that

wj | (θ,ϵ,G−j , I, Ĩ)
d
=N (02,I2)

and

E
[∥∥∥ 1

√
p

(
(ψ⊤Ge⊤j + tr[V ]hj +ψ

⊤DGAej)/β

(ψ̃⊤Ge⊤j + tr[Ṽ ]h̃j + ψ̃
⊤D̃GÃej)/β̃

)
−

(
∥ψ∥2/(pβ2) ψ⊤ψ̃/(pββ̃)

ψ⊤ψ̃/(pββ̃) ∥ψ̃∥2/(pβ̃2)

)1/2

wj

∥∥∥2]
≤C4

∑
i∈[n]

E
[ 1

pβ2
∥ ∂ψ
∂gij

∥2 + 1

pβ̃2
∥ ∂ψ̃
∂gij

∥2
]
.

Using ∥A∥op ≤ (pµn)
−1 from (35) and Lemma 14, we have

E
[
∥ψ⊤DGA∥2

]
=OP(µ

−2),∑
ij

E
[
∥ ∂ψ
∂gij

∥2
]
≤ E

[
2∥DGA∥2F∥ψ∥

2 + 2∥V ∥2F∥h∥
2
]
=OP(nµ

−2).

Thus, summing over j ∈ [p] in the previous display, noting µ−2 = o(n), we are left with

∑
j∈[p]

∥∥∥ 1
√
p

(
(ψ⊤Ge⊤j + tr[V ]hj)/β

(ψ̃⊤Ge⊤j + tr[Ṽ ]hj)/β̃

)
−

(
∥ψ∥2/(pβ2) ψ⊤ψ̃/(pββ̃)

ψ⊤ψ̃/(pββ̃) ∥ψ̃∥2/(pβ̃2)

)1/2

wj

∥∥∥2 = oP(n).

By the (1/2)-Hölder continuity for the matrix square root: ∥M1/2 −N1/2∥op ≤ ∥M −
N∥1/2op for positive semidefinite matricesM ,N , combined with the convergence ∥ψ∥2/p→
β2, ∥ψ̃∥2/p→ β̃2 and the concentration η̂

H
=ψ⊤ψ̃/(pββ̃) + oP(1), we have∥∥∥(|∥ψ∥2/(pβ2)ψ⊤ψ̃/(pββ̃)

ψ⊤ψ̃/(pββ̃) ∥ψ̃∥2/(pβ̃2)

)1/2

−
(

1 η̂
H

η̂
H

1

)1/2∥∥∥
op

= oP(1).

Combined with the previous display, we get∑
j∈[p]

∥∥∥ 1
√
p

(
(ψ⊤Ge⊤j + tr[V ]hj)/β

(ψ̃⊤Ge⊤j + tr[Ṽ ]h̃j)/β̃

)
−
(

1 η̂
H

η̂
H

1

)1/2

wj

∥∥∥2 = oP(n) + oP(1)
∑
j∈[p]

∥wj∥2 = oP(n),

where the last equation follows from
∑

j∈[p]E[∥wj∥2] = 2p, which follows from the fact that

the marginal distribution of wj given (z,θ, I, Ĩ) is N (0,1) (note, however, that we do not
establish or take for granted that (wj)j∈[p] are i.i.d.). Using tr[V ]/p

p−→ ν (Lemma 16) and
∥h∥2 =OP(1) from Lemma 14, we can also replace tr[V ]hj by pκhj . As a consequence, we
get

∑
j∈[p]

∥∥∥( 1√
pβ (ψ

⊤Ge⊤j + pνhj)
1√
pβ̃
(ψ̃⊤Ge⊤j + pν̃h̃j)

)
−
(
ŵj
w̃j

)∥∥∥2 = oP(n) where
(
ŵj
w̃j

)
:=

(
1 η̂

H

η̂
H

1

)1/2

wj .

(36)

Here, we emphasize that the conditional distribution of (ŵj , w̃j) is given by(
ŵj
w̃j

)
| (z,θ,G−j , I, Ĩ)

d
=N

(
02,

(
1 η̂

H

η̂
H

1

))
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since the conditional distribution of wj given (z,θ,G−j , I, Ĩ) is standard normal N (02, I2)

and η̂
H

is σ(z,θ, I, Ĩ)-measurable. For each j ∈ [p], let us define Ξj and Ξ̃j as

Ξj =
ψ⊤Ge⊤j + pνhj

√
pβ

− ŵj , Ξ̃j =
ψ̃⊤Ge⊤j + pν̃h̃j

√
pβ̃

− w̃j

so that the bound (36) reads
∑

j∈[p][Ξ
2
j + Ξ̃2

j ] = oP(n). By the KKT conditions G⊤ψ ∈
√
p∂reg(

√
ph + θ) and G⊤ψ̃ ∈ √

p∂ r̃eg(
√
ph̃ + θ) for h and h̃, respectively,

√
phj and

√
ph̃j can be written as(√

phj√
ph̃j

)
=

(
proxreg(θj +

β
ν (ŵj +Ξj);ν

−1)− θj

proxr̃eg(θj +
β̃
ν̃ (w̃j + Ξ̃j); ν̃

−1)− θj

)
.

Now we claim that the bound
∑

j∈[p]Ξ
2
j = oP(n) also holds in the conditional expectation

E, i.e., E[
∑

j∈[p]Ξ
2
j ] = oP(n). To this end, it suffices to show E[(p−1

∑
j∈[p]Ξ

2
j )

2]≤ C with
high probability for a constant C . Using the upper estimate

0≤ 1

p

∑
j∈[p]

Ξ2
j ≤ 3

(∥G⊤ψ∥2

β2p2
+
ν2

β2
∥h∥2 + 1

p

∑
j∈[p]

(ŵj)
2
)

and the moment bound form Lemma 14, we get

E
[(1
p

∑
j∈[p]

Ξ2
j

)2]
≤C5

(
1 +E

[(1
p

∑
j∈[p]

(ŵj)
2
)2])

with high probability. For the second term, expanding the square of the summation,

E
[(
p−1

∑
j∈[p]

(ŵj)
2
)2]

=
1

p2

∑
i,j

E[(ŵi)2(ŵj)2]≤
1

p2

∑
i,j

√
E[(ŵi)4]

√
E[(ŵj)4] = 6.

where we have used E[(ŵj)4] = 6 for all j, which follows from the fact that the marginal
law of ŵj is N (0,1). This gives E[(1p

∑
j∈[p]Ξ

2
j )

2] ≤ C with high probability for a con-
stant C , and hence we get the estimate E[1p

∑
j∈[p]Ξ

2
j ] = oP(1). The same argument yields

E[1p
∑

j∈[p] Ξ̃
2
j ] = oP(1).

Combined with the proximal representation of (
√
phj ,

√
ph̃j) using (Ξj , Ξ̃j), since proxf (·)

is 1-Lipschitz for any convex function f , the upper bounds of E[1p
∑

j∈[p]Ξ
2
j ] and E[1p

∑
j∈[p] Ξ̃

2
j ]

yield the following simple proximal approximation of (
√
phj ,

√
ph̃j):

1

p

∑
j∈[p]

E
[∥∥∥(√phj√

ph̃j

)
−
(
proxreg(θj + (β/ν)ŵj ;ν

−1)− θj
proxr̃eg(θj + (β̃/ν̃)w̃j ; ν̃

−1)− θj

)∥∥∥2]= oP(1).

Noting E[∥h∥2] =OP(1), this lets us approximate E[h⊤h̃]/αα̃ by the inner product of prox-
imal operators:

E[h⊤h̃]

αα̃
+ oP(1) =

1

p

∑
j∈[p]

1

αα̃
E
[(

proxreg(θj + (β/ν)ŵj ;ν
−1)− θj

)(
proxr̃eg(θj + (β̃/ν̃)w̃j ; ν̃

−1)− θj

)]
=

1

p

∑
j∈[p]

Freg(η̂H
;θj),
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where for the second inequality, we used the fact that the marginal law of (ŵj , w̃j) given
(θ,z, I, Ĩ) is jointly Gaussian, with zero mean, unit variance, and correlation η̂

H
, and where

Freg(·;θj) : [−1,1]→R is the function defined by

Freg(η;θj) =

∫∫ (
proxreg(θj +

β
ν x;

1
ν )− θj

)(
proxr̃eg(θj +

β̃
ν̃ (ηx+

√
1− η2y); 1ν̃ )− θj

)
αα̃

φ(x)φ(y)dxdy

with φ being the standard normal probability function and
∫∫

=
∫∞
−∞
∫∞
−∞. Notice that

for each η ∈ [−1,1], the sequence (Freg(η;θj))
p
j=1 are i.i.d. random variables with mean

E[Freg(η;θj)] = Freg(η). Furthermore, by the Jensen’s inequality and the Cauchy–Schwarz
inequality, the expectation of the absolute value is finite:

E
[
|Freg(η;θj)|

]
≤ 1

αα̃
E
[
|
(
proxreg(Θ+ β

νH; 1ν )−Θ
)
·
(
proxr̃eg(Θ+ β̃

ν̃ H̃; 1ν̃ )−Θ
)
|
]

≤ 1

αα̃
E
[(
proxreg(Θ+ β

νH; 1ν )−Θ
)2]1/2 ·E[(proxr̃eg(Θ+ β̃

ν̃ H̃; 1ν̃ )−Θ
)2]1/2

= 1 (by (4a) in System 1a).

Thus, the weak law of large numbers gives p−1
∑

j∈[p]Freg(η;θj)
p−→ Freg(η) for each η ∈

[−1,1]. Next, we claim that this convergence holds uniformly over η ∈ [−1,1].

LEMMA 19. Let I be a bounded and closed interval of R and let (fn)n≥1 : I → R be a
sequence of non-decreasing functions such that fn(x)

p−→ f(x) pointwise for some function f :
I→R. If f is non-decreasing and continuous, then the uniform convergence supx∈I |fn(x)−
f(x)| p−→ 0 holds.

Note that Lemma 19 is a probabilistic analogue of a similar statement for deterministic func-
tions: if a sequence of real-valued monotone functions (on R) converges pointwise to a con-
tinuous function on a compact set I ⊂ R, then the convergence is uniform on the set I . The
probabilistic version is known but in a more general setting, so to keep the treatment self-
contained we give a basic proof below which is similar to proof of the Glivenko-Cantelli
theorem (cf. [98, Theorem 19.1]).

PROOF. Let us write I = [a, b]. Since f is continuous and I is compact, f is uniformly
continuous on I . For any ϵ > 0, there exists some δϵ > 0 such that |f(x)− f(y)| < ϵ/2 for
all x, y ∈ I such that |x − y| ≤ δϵ. Now for sufficiently large integer k = kϵ ∈ N such that
(b− a)/k < δϵ, let us take equally spaced grids (xi)

k
i=0 over [a, b] such that a= x0 < x1 <

· · · < xk = b and (xi − xi−1) = (b − a)/k for all i ∈ {0, . . . k}. Let Ωϵ = ∩ki=0{|fn(xi) −
f(xi)| ≤ ϵ/2} be the event under which fn and f are sufficiently close at the finite grids. Note
that this event holds with probability converging to 1, thanks to the pointwise convergence
fn(xi)

p−→ f(xi) at finitely many xi. Then, since fn is non-decreasing while f does not move
more than ϵ/2 in [xi−1, xi], for all i ∈ {0,1, . . . , k} and for all x ∈ [xi−1, xi] we have

fn(xi−1)≤ fn(x)≤ fn(xi),

−ϵ/2− f(xi−1)≤−f(x)≤−f(xi) + ϵ/2.

In the event Ωϵ, summing the two lines it holds that −ϵ ≤ fn(x) − f(x) ≤ ϵ for all i ∈
{0,1, . . . , k} and for all x ∈ [xi−1, xi].



50

Recall that we have shown in the proof of Theorem 1 that Freg is differentiable with a non-
negative derivative. By the same argument, the map η 7→ Freg(η;θj) is differentiable with
a non-negative derivative. Thus, applying Lemma 19 with fn(·) = p−1

∑
j∈[p]Freg(·;θj),

f(·) = Freg(·) and I = [−1,1], we get the uniform convergence:

sup
η∈[−1,1]

∣∣∣1
p

∑
j∈[p]

Freg(η;θj)− Freg(η)
∣∣∣ p−→ 0.

Combined with E[h⊤h̃]
αα̃ = 1

p

∑
j∈[p] F̂reg(η̂H

;θj) + oP(1) and η̂
H
∈ [−1,1], we are left with

E[h⊤h̃]

αα̃
=

1

p

∑
j∈[p]

Freg(η̂H
;θj) + oP(1) = Freg(η̂H

) + oP(1).

Recall the definition η̂
G
= Π[−1,1](

E[h⊤h̃]
αα̃ ) where Π[−1,1] is the projection onto [−1,1]. By

the continuity of the projection map and the bound supη∈[−1,1] |Freg(η)| ≤ 1 (see Theorem 1),
the above display yields

η̂
G
=Π[−1,1](Freg(η̂H

)) + oP(1) = Freg(η̂H
) + oP(1).

Next, let us show η̂
H
= Floss(η̂G

) + oP(1) using the same argument. Using Lemma 18 with
F = [h/α | h̃/α̃] ∈Rp×2 and z = gi, there exists a random vector ui ∈R2 with conditional
distribution

ui | z,θ,G−i, I, Ĩ
d
=N (02,I2)

and

(37) E
[∥∥∥((g⊤i h− tr[A]ψi +h

⊤AG⊤Dei)/α

(g⊤i h̃− tr[Ã]ψ̃i + h̃
⊤ÃG⊤D̃ei)/α̃

)
−

(
∥h∥2/α2 h⊤h̃/αα̃

h̃⊤h/αα̃ ∥h̃∥2/α̃2

)1/2

ui

∥∥∥2]

≤C6

p∑
j=1

E
1

α2

∥∥∥ ∂h
∂gij

∥∥∥2 + 1

α̃2

∥∥∥ ∂h̃
∂gij

∥∥∥2.
Using ∥A∥op ≤ (pµ)−1 in (35) Lemma 14, noting µ−2 = o(n), it follows that

E
[
∥hAG⊤D∥2

]
=OP(n

−1µ−2) = oP(1)∑
i∈[n]

∑
j∈[p]

E
[
∥ ∂h
∂gij

∥2
]
≤ 2E

[
∥A∥2F∥ψ∥

2 + ∥AG⊤D∥2F ∥h∥2
]
=OP(µ

−2) = oP(n)

so that summing over i ∈ [n] the inequality (37), we get

∑
i∈[n]

∥∥∥((g⊤i h− tr[A]ψi)/α

(g⊤i h̃− tr[Ã]ψ̃i)/α̃

)
−

(
∥h∥2/α2 h⊤h̃/αα̃

h̃⊤h/αα̃ ∥h̃∥2/α̃2

)1/2

ui

∥∥∥2 = oP(n).

Appealing to the (1/2)-Hölder continuity for the matrix square root again, now using the two
convergences ∥h∥2 → α2,∥h̃∥2 p−→ α̃2 and the concentration η̂

G
= h⊤h̃/(αα̃) + oP(1), we

get ∥∥∥(∥h∥2/α2 h⊤h̃/αα̃

h̃⊤h/αα̃ ∥h̃∥2/α̃2

)1/2

−
(

1 η̂
G

η̂
G

1

)1/2∥∥∥
op

= oP(1).
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Combined with the convergence tr[A]
p−→ κ, tr[Ã]

p−→ κ̃, noting that
∑

i∈[n] ∥ui∥2 and ∥ψ∥2+
∥ψ̃∥2 are both OP(n), we are left with

1

n

∑
i∈[n]

∥∥∥(g⊤i h− κψi
g⊤i h̃− κ̃ψ̃i

)
−
(
αûi
α̃ũi

)∥∥∥2 = oP(1) where
(
ûi
ũi

)
=

(
1 η̂

G

η̂
G

1

)1/2

ui.

By the same argument that we used to bound Ξj and Ξ̃j , using Lemma 14 and the fact that
the marginal law of ûi (and ũi) is N (0,1), we can show that the conditional expectation E
of the square of LHS is bounded from above by a constant C with high probability. Thus, the
above approximation also holds in the conditional expectation E:

1

n

∑
i∈[n]

E
[∥∥∥(g⊤i h− κψi

g⊤i h̃− κ̃ψ̃i

)
−
(
αûi
α̃ũi

)∥∥∥2]= oP(1).

Let us define Ξi := g⊤i h− κψi − αûi and Ξ̃i := g⊤i h̃− κ̃ψ̃i − α̃ũi so that the above display
reads

∑
i∈[n]E[(Ξi)2 + (Ξ̃i)2] = o(n). Since ψi = loss′(zi− g⊤i h) and ψ̃i = l̃oss

′
(z̃i− g⊤i h̃)

for all i ∈ I ∩ Ĩ , the residuals can be written as

zi − g⊤i h= proxloss(zi − αûi −Ξi;κ), zi − g⊤i h̃= prox
l̃oss

(zi − α̃ũi − Ξ̃i; κ̃)

for all i ∈ I ∩ Ĩ . Since the map x 7→ env′f (x; τ) = f ′ ◦ proxf (x; τ) is a composition of Lips-
chitz functions if f is convex and differentiable with Lipschitz derivative, the moment bound∑

i∈[n]E[(Ξi)2 + (Ξ̃i)2] = o(n) lets us approximate ψi and ψ̃i by env′loss and env′
l̃oss

as fol-
lows:

1

n

∑
i∈I∩Ĩ

E
∥∥∥(ψi − env′loss(zi − αûi;κ)

ψ̃i − env′
l̃oss

(zi − α̃ũi; κ̃)

)∥∥∥2 = oP(1) with
(
ûi
ũi

)
|z,θ,G−i, I, Ĩ

d
=N (02,

(
1 η̂

G

η̂
G

1

)
)

Noting E[∥ψ∥2] = OP(n) by Lemma 14, this lets us approximate E[ψ⊤ψ̃]/(pββ̃) by the
inner product of (env′loss, env

′
l̃oss

):

E[ψ⊤ψ̃]

pββ̃
=

|I ∩ Ĩ|
pββ̃

1

|I ∩ Ĩ|
E[ψ⊤ψ̃]

=
cc̃δ

ββ̃

1

|I ∩ Ĩ|

∑
i∈I∩Ĩ

E[env′loss(zi − αûi;κ) · env′l̃oss(zi − α̃ũi; κ̃)] + oP(1).

Since the marginal distribution of (ui, ũi) given (θ,z, I, Ĩ) is centered normal with unit vari-
ance and correlation η̂

G
, the above display reads

E[ψ⊤ψ̃]

pββ̃
=

1

|I ∩ Ĩ|

∑
i∈I∩Ĩ

Floss(η̂G
;zi) + oP(1)

where Floss(η;zi) : [−1,1]→R is the function defined as:

Floss(η;zi) =
cc̃δ

ββ̃

∫ ∞

−∞

∫ ∞

−∞
φ(x)φ(y)env′loss(zi+αx;κ)env

′
l̃oss

(zi+α̃(ηx+
√

1− η2y); κ̃)dxdy.

By the same argument for Freg(η;θj), the sequence (Floss(η;zi))i∈[n] are i.i.d. random
variables with mean E[Floss(η;zi)] = Floss(η) and the expectation of the absolute value
|Floss(η;zi)| is finite. Thus, by the weak law of large numbers, we have 1

m

∑
i∈[m]Floss(η;zi)

p−→
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E[Floss(η;z1)] = Floss(η) for any deterministic integer m=mn →+∞. Then, we have that
for any ϵ > 0, denoting by

∑
K the sum over all possible value K taken by I ∩ Ĩ ,

P
(
| 1

|I ∩ Ĩ|

∑
i∈I∩Ĩ

Floss(η;zi)− Floss(η)|> ϵ
)

=
∑
K

P
(
| 1

|K|
∑
i∈K

Floss(η;zi)− Floss(η)|> ϵ, I ∩ Ĩ =K
)

(by additivity of disjoint events)

=
∑
K

P
(
| 1

|K|
∑
i∈K

Floss(η;zi)− Floss(η)|> ϵ
)
P(I ∩ Ĩ =K) (by independence)

=
∑
m≥0

P
(
| 1
m

∑
i∈[M ]

Floss(η;zi)− Floss(η)|> ϵ
)
P(|I ∩ Ĩ|=m) (since (zi)i∈K

d
= (zi)i∈[m] for m= |K|).

We now split the sum over m≥ 0 into two as follows:

P
(
| 1

|I ∩ Ĩ|

∑
i∈I∩Ĩ

Floss(η;zi)− Floss(η)|> ϵ
)

=
( ∑
m≤ncc̃/2

+
∑

m>ncc̃/2

)
P
(
| 1
m

∑
i∈[M ]

Floss(η;zi)− Floss(η)|> ϵ
)
P
(
|I ∩ Ĩ|=m

)
≤ P(|I ∩ Ĩ| ≤ ncc̃/2) + sup

m>ncc̃/2
P
(
| 1
m

∑
i∈[M ]

Floss(η;zi)− Floss(η)|> ϵ
)
P(|I ∩ Ĩ|> ncc̃/2)

where P(|I ∩ Ĩ|> ncc̃/2)≤ 1 in the rightmost term. The second term converges to 0 by the
weak law of large numbers, and the first by Chebyshev’s inequality applied to the hypergeo-
metric distribution.

This gives 1
|I∩Ĩ|

∑
i∈I∩Ĩ Floss(η;zi)

p−→ Floss(η) pointwise for any η ∈ [−1,1]. By the same

argument we used for Freg and Freg(·;θj), Floss and Floss(·;zi) are non-decreasing and con-
tinuous. Thus, we can apply Lemma 19 with fn(·) = 1

|I∩Ĩ|

∑
i∈I∩Ĩ Floss(·;zi), f(·) = Floss(·)

and obtain the uniform convergence:

sup
η∈[−1,1]

∣∣∣ 1

|I ∩ Ĩ|

∑
i∈I∩Ĩ

Floss(η;zi)− Floss(η)
∣∣∣= oP(1).

Combined with E[ψ⊤ψ̃]

pββ̃
= 1

|I∩Ĩ|

∑
i∈I∩Ĩ Floss(η̂G

;zi) and η̂
G
∈ [−1,1], we are left with

E[ψ⊤ψ̃]/(pββ̃) = Floss(η̂G
) + oP(1).

Recalling η̂
H
=Π[−1,1](E[ψ⊤ψ̃]/(pββ̃)) where Π[−1,1] is the projection onto [−1,1], by the

continuity of the projection map and |Floss(η)| ≤
√
cc̃≤ 1 for all η ∈ [−1,1] (see Theorem 1),

we finally obtain

η̂
H
=Π[−1,1](Floss(η̂G

)) + oP(1) = Floss(η̂G
) + oP(1).

In summary, we have shown that η̂
G
= Freg(η̂H

)+ oP(1) and η̂
H
= Floss(η̂G

)+ oP(1). By the
continuity of Freg and Floss, it holds that

η̂
G
= Freg ◦ Floss(η̂G

) + oP(1) and η̂
H
= Floss ◦ Freg(η̂H

) + oP(1).
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Let T : [−1,1] → R be the map T : η 7→ η − Freg ◦ Floss(η) so that the above result (for
η̂

G
) reads to T (η̂

G
) = oP(1). Since T is continuous in [−1,1] and has a unique root η

G
by

Theorem 1, for any ϵ > 0 let C(ϵ) = minu∈[−1,1]\[η⋆
G
−ϵ,η⋆

G
+ϵ] T (u) and note C(ϵ) > 0 by

compactness. Hence

P(|η̂
G
− η⋆

G
| ≥ ϵ)≤ P(T (η̂

G
)≥C(ϵ))→ 0

due to T (η̂
G
) = oP(1). By the same argument, combining η̂

H
= Floss ◦Freg(η̂H

) + oP(1) and
the fact that the map η 7→ η − Floss ◦ Freg(η) is continuous and has a unique root η

H
by

Theorem 1, we obtain η̂
H

p−→ η
H

.

Recalling η̂
G
= h⊤h̃/(αα̃)+oP(1) and η̂

H
=ψ⊤ψ̃/(pββ̃)+oP(1), this gives h⊤h̃/(αα̃)

p−→
η

G
and ψ⊤ψ̃/(pββ̃)

p−→ η
H

, thereby completing the proof.

Finally, let us show the proximal approximation of estimators (
√
phj ,

√
ph̃j) and residuals

(zi−g⊤i h, zi−g⊤i h̃). Now that we have establishedψ⊤ψ̃/(pββ̃)
p−→ η

H
and h⊤h̃/(α, α̃)→p

η
G

, using the above argument again with η̂
H

replaced by η
H

and η̂
G

by η
G

, we obtain the
following result.

COROLLARY 20. Denote by E[·|z,θ, I, Ĩ] be the conditional expectation. Then, we have
the following (conditional) proximal representation of the error vectors and residuals:

1

p

∑
j∈[p]

E
[∥∥∥(√phj + θj√

ph̃j + θj

)
−
(
proxreg(θj + (β/ν)Hj ;ν

−1)

proxr̃eg(θj + (β̃/ν̃)H̃j ; ν̃
−1)

)∥∥∥2]= oP(1),

1

|I ∩ Ĩ|

∑
i∈I∩Ĩ

E
[∥∥∥(zi − g⊤i h

zi − g⊤i h̃

)
−
(
proxloss(zi + αGi;κ)

prox
l̃oss

(zi + αG̃i; κ̃)

)∥∥∥2]= oP(1),

where (Hj , H̃j)j∈[p] and (Gi, G̃i)i∈I∩Ĩ are jointly normals such that:

∀j ∈ [p]

(
Hj

H̃j

)
|z,θ, I, Ĩ d

=N
([

0
0

]
,

[
1 η

H

η
H

1

])
,

∀i ∈ I ∩ Ĩ ,
(
Gi
G̃i

)
|z,θ, I, Ĩ d

=N
([

0
0

]
,

[
1 η

G

η
G

1

])
.

Since |Xn| = oP(1) is equivalent to E[1 ∧ |Xn|] = o(1) for any random variable Xn, the
conditional proximal representation of the error vectors (h, h̃) in Corollary 20 reads

E
[
1∧ 1

p

∑
j∈[p]

E[Aj ]
]
= o(1) where Aj :=

∥∥∥(√phj + θj√
ph̃j + θj

)
−
(
proxreg(θj + (β/ν)Hj ;ν

−1)

proxr̃eg(θj + (β̃/ν̃)H̃j ; ν̃
−1)

)∥∥∥2
Here the expectation E is with respect to (z,θ, I, Ĩ) (recall the definition E[·] = E[·|z,θ, I, Ĩ]).
Note that the integrand is bounded from below as

1∧ 1

p

∑
j∈[p]

E[Aj ]≥
1

p

∑
j∈[p]

(
1∧E[Aj ]

)
≥ 1

p

∑
j∈[p]

E[1∧Aj ],

where the second inequality follows from the Jensen’s inequality E[f(X)] ≤ f(E[X]) ap-
plied with the concave function f(x) = 1 ∧ x and X = Aj . Taking the expectation of the
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above display and using the tower property, we are left with
1

p

∑
j∈[p]

E[1∧Aj ] = o(1).

Since the marginal distribution of the integrand (1 ∧ Aj) is the same for all j ∈ [p] by sym-
metry, the LHS equals to E[1 ∧ Aj′ ] for any j′ ∈ [p]. This gives maxj∈[p]E[1 ∧ Aj ] = o(1)

and completes the proof of the desired joint approximation of estimators (
√
phj ,

√
ph̃j). The

joint approximation of residual follows from the same argument, so we omit the proof.

B.3. Proof of Theorem 3. The proof strategy is the same as Appendix B.2.4. We first claim
the average p−1

∑
j∈[p]Φ(· · · ) concentrates on its conditional expectation:

1

p

∑
j∈[p]

Φ

√
phj + θj√
ph̃j + θj
θj

=
1

p

∑
j∈[p]

EΦ

√
phj + θj√
ph̃j + θj
θj

+ oP(1),(38)

where recall E[·] = E[·|θ,z, I, Ĩ]. Note that the marginal distribution of θ = (θj)j∈[p] is
bounded in the second moment by the additional assumption we imposed for this the-
orem. Furthermore, Lemma 14-(2) implies that there exists a deterministic constant C
which depends on (δ,∥loss′∥Lip,∥l̃oss

′
∥Lip, α, α̃,E[loss′(Z)2],E[l̃oss

′
(Z)2]) only such that

∥h∥2 ∨ ∥h̃∥2 ≤ C with probability 1. Then, combined with Corollary 20, using the pseudo-
Lipschitz property of the test function Φ, we have

1

p

∑
j∈[p]

EΦ

√
phj + θj√
ph̃j + θj
θj

=
1

p

∑
j∈[p]

EΦ

proxreg(θj + (β/ν)Hj ;ν
−1)

proxr̃eg(θj + (β̃/ν̃)H̃j ; ν̃
−1)

θj

+ oP(1),

By the law of large numbers,

1

p

∑
j∈[p]

EΦ

proxreg(θj + (β/ν)Hj ;ν
−1)

proxr̃eg(θj + (β̃/ν̃)H̃j ; ν̃
−1)

θj

 p−→ EΦ

proxreg(Θ+ (β/ν)H;ν−1)

proxr̃eg(Θ+ (β̃/ν̃)H̃; ν̃−1)
Θ

 ,

where the integrand on the RHS is bounded in L1 by Assumption D-(1), the pseudo-Lipschitz
continuity of order 2 of Φ, and the additional assumption that E[Θ2]<+∞ where Θ∼ Fθ .

Thus, it remains to show the claim (38). Recall that we have proved this result for the specific
test function Φ(a, b, c) = (a− c)(b− c) in Lemma 17 by the Gaussian Poincaré inequality.
Here, we use the same proof strategy. One minor thing we need to be careful of is that we do
not assume the differentiability of the test function Φ, so instead of calculating the derivative
of p−1

∑
j∈[p]Φ(· · · ), we prove its locally Lipschitz property. Specifically, we claim that for

all G,G′ ∈Rn×p, letting h= h(G) be the estimator fitted on the design matrix G,∣∣∣∣∣∣1p
∑
j∈[p]

Φ

√
phj(G) + θj√
ph̃j(G) + θj

θj

− 1

p

∑
j∈[p]

Φ

√
phj(G

′) + θj√
ph̃j(G

′) + θj
θj

∣∣∣∣∣∣
2

≤C∗(nµ
2
n)

−1
(
1 +

∥θ∥2

p
+

∥loss′(z)∥2

n
+

∥l̃oss
′
(z)∥2

n
+

∥G∥2op
n

)
∥G−G′∥2op,(39)

where C∗ is a deterministic constant. If this inequality holds, then the squared Frobenius
norm of the weak derivative ∥∇G 1

p

∑
j∈[p]Φ(· · · )∥2F is bounded from above by

C∗(nµ
2
n)

−1
(
1 +

∥θ∥2

p
+

∥loss′(z)∥2

n
+

∥l̃oss
′
(z)∥2

n
+

∥G∥2op
n

)
,



ASYMPTOTICS OF BAGGING M-ESTIMATORS 55

so that combined with the Gaussian Poincaré inequality, we have

E

1

p

∑
j∈[p]

Φ

√
phj + θj√
ph̃j + θj
θj

− 1

p

∑
j∈[p]

EΦ

√
phj + θj√
ph̃j + θj
θj

2

≤C∗(nµ
2
n)

−1
(
1 +

∥θ∥2

p
+

∥loss′(z)∥2

n
+

∥l̃oss
′
(z)∥2

n
+

E[∥G∥2op]
n

)
=OP(nµ

2
n)

−1.

For the last equality, we have used ∥θ∥22/p=OP(1) and ∥f ′(z)∥22/n=OP(1) by the law of
large number with the assumptions E[Θ2]<+∞ and E[f ′(Z)2]<+∞ for f ∈ {loss, l̃oss}.
Finally, using µ−1

n = o(n1/2), we complete the proof of (38). Thus, it suffices to show the
locally Lipschitz property (39).

By the pseudo-Lipschitz continuity of order 2 of the test function Φ, there exists a constant
C (which depends on Φ only) such that∣∣∣∣∣∣1p

∑
j∈[p]

Φ

√
phj(G) + θj√
ph̃j(G) + θj

θj

− 1

p

∑
j∈[p]

Φ

√
phj(G

′) + θj√
ph̃j(G

′) + θj
θj

∣∣∣∣∣∣
≤ C

p

∑
j∈[p]

(
1 + |θj |+

√
p
(
|hj(G)|+ |hj(G′)|+ |h̃j(G)|+ |h̃j(G′)|

))
×√

p
(
|hj(G)− hj(G

′)|+ |h̃j(G)− h̃j(G
′)|
)

=C
∑
j∈[p]

vj(G,G
′)
(
|hj(G)− hj(G

′)|+ |h̃j(G)− h̃j(G
′)|
)

≤C∥v(G,G′)∥
(
∥h(G)−h(G′)∥+ ∥h̃(G)− h̃(G′)∥

)
(40)

where v(G,G′) = (vj(G,G
′))j∈[p] ∈Rp is defined as

vj(G,G
′) := p−1/2(1 + |θj |) + |hj(G)|+ |hj(G′)|+ |h̃j(G)|+ |h̃j(G′)|.

Let us bound ∥v(G,G′)∥. Now, from Lemma 14-(2), we can take a deterministic constant
C∗, which depends on (δ,∥loss′∥Lip,∥l̃oss

′
∥Lip, α, α̃,E[loss′(Z)2],E[l̃oss

′
(Z)2]) only, such

that

∥h(G)∥2 ∨ ∥h̃(G)∥2 ≤C∗ and

{
∥ψ(G)∥2 ≤C∗(∥loss′(z)∥2 + ∥G∥2op)
∥ψ̃(G)∥2 ≤C∗(∥l̃oss

′
(z)∥2 + ∥G∥2op)

(41)

uniformly for all G ∈Rn×p. Thus, the upper bound ∥h(G)∥2 ∨ ∥h̃(G)∥2 ≤C∗ yields

∥v(G,G′)∥2 ≤C(1 + ∥θ∥2/p).

for a constant C depending on C∗ only.

Next, let us control ∥h(G)−h(G′)∥. By [11, Proposition 4.4], we know that G 7→ h(G) is
locally Lipschitz as follows:

∥h(G)−h(G′)∥2 ≤ (nµ2n)
−1∥G−G′∥2op(

∥ψ(G)∥22
n

+ ∥h(G)∥22).
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Combined with (41), we obtain

∥h(G)−h(G′)∥2 ≤C∗(nµ
2
n)

−1(1 +
∥loss′(z)∥2

n
+

∥G∥2op
n

)∥G−G′∥2op.

Similarly, applying [11, Proposition 4.4] for G 7→ h̃(G) and using (41), we get the same
upper bound for ∥h̃(G)− h̃(G′)∥2 with loss′ on the RHS replaced by l̃oss

′
.

Finally, substituting these upper bounds of ∥v(G,G′)∥2, ∥h(G)− h(G′)∥2, and ∥h̃(G)−
h̃(G′)∥2 into (40), we get the desired locally Lipschitz property (39).

The convergence of |I ∩ Ĩ|−1
∑

i∈I∩Ĩ Φ(yi − x
⊤
i θ̂I , yi − x⊤

i θ̂Ĩ , zi) follows from the same
argument, so we omit the proof.

B.4. Proof of Theorem 5. We assume that reg and r̃eg are µ-strongly convex for a fixed
µ > 0. Then [17, Theorem 5.1] implies that

tr[A] tr[V ]− df =OP(
√
n).

On the other hand, by the same argument in the proof of Lemma 16 with the diminishing ridge
penalty µn replaced by the strongly convexity parameter µ > 0, we have tr[V ]/p

p−→ ν > 0

and tr[A]
p−→ κ. Therefore, we get

tr[A]− df/ tr[V ] =OP(n
−1/2) and df/ tr[V ] =OP(1).

Note in passing that the same things hold for d̃f and tr[Ṽ ]. By the Cauchy–Schwarz inequal-
ity, the error term due to the replacement of (df/ tr[V ], d̃f/ tr[Ṽ ]) by (tr[A], tr[Ã]) is∣∣∣∑
i∈[n]

(
ri +

df

tr[V ]
1{i∈I}ψi

)⊤(
r̃i +

d̃f

tr[Ṽ ]
1{i∈Ĩ} ψ̃i

)
−
∑
i∈[n]

(
ri + tr[A]1{i∈I}ψi

)⊤(
r̃i + tr[Ã]1{i∈Ĩ} ψ̃i

)∣∣∣
≤

√√√√∑
i∈[n]

(
ri +

df

tr[V ]
1{i∈I}ψi

)2 · ∣∣∣ d̃f

tr[Ṽ ]
− tr[Ã]

∣∣∣∥ψ̃∥+√∑
i∈[n]

(r̃i + tr[Ã]1{i∈Ĩ} ψ̃i)
2 ·
∣∣∣ df

tr[V ]
− tr[A]

∣∣∣∥ψ∥
= (∥z∥+OP(

√
n)) · OP(1)

where the last equality follows from the following fact: ∥r∥2 ≤ 2(∥z∥2+∥Gh∥2), ∥Gh∥2 =
OP(n), ∥ψ∥2 =OP(n), and df/ tr[V ] =OP(1). Therefore, it suffices to show

nh⊤h̃+∥z∥2−
∑
i∈[n]

(zi−g⊤i h+tr[A]1{i∈I}ψi)(zi−g⊤i h̃+tr[Ã]1{i∈Ĩ} ψ̃i) =OP(1)∥z∥+OP(
√
n).

By simple algebra, the LHS can be decomposed into three terms ξ1 + ξ̃1 + ξ2 with:

ξ1 =
∑
i∈[n]

zi(g
⊤
i h− tr[A]1{i∈I}ψi), ξ̃1 =

∑
i∈[n]

zi(g
⊤
i h̃− tr[Ã]1{i∈Ĩ} ψ̃i)

ξ2 = nh⊤h̃−
∑
i∈[n]

(
g⊤i h− tr[A]1{i∈I}ψi

)(
g⊤i h̃− tr[Ã]1{i∈Ĩ} ψ̃i

)
For (ξ1, ξ̃1), the derivative formula (44) and the argument in the proof of [17, Proposition 18]
yield

E
[ |ξ1|
{∥h∥2 + p−1∥ψ∥2}1/2 · ∥z∥

]
+E

[ |ξ̃1|
{∥h̃∥2 + p−1∥ψ̃∥2}1/2 · ∥z∥

]
≤C(µ, δ).
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Since the denominators are OP(1)∥z∥, we have ξ1 + ξ̃1 =OP(1)∥z∥.

Below we bound ξ2 using the following moment inequality, which is a variant of [11, Theo-
rem 7.2].

LEMMA 21. Let ρ, ρ̃ :RK×Q →RQ be locally Lipschitz functions and ζ, ζ̃ :RK×Q →RL
be locally Lipschitz functions. If (zk)k∈[K] are i.i.d. N (0Q,IQ), we have

E
∣∣∣Kρ⊤ρ̃−∑k∈[K](z

⊤
k ρ−

∑
q∈Q

∂ρq
zkq

)(z⊤k ρ̃−
∑

q∈Q
∂ρ̃q
zkq

)

{∥ρ∥2 + ∥ζ∥2}1/2{∥ρ̃∥2 + ∥ζ̃∥2}1/2

∣∣∣≤C7(
√
K(1 +

√
E[Ξ + Ξ̃]) +E[Ξ + Ξ̃])

where Ξ := 1
∥ρ∥2+∥ζ∥2

∑
k∈[K]

∑
q∈[Q]

(∥∥ ∂ρ
∂gkq

∥∥2 + ∥∥ ∂ζ
∂gkq

∥∥2).

(The proof of Lemma 21 is given in Appendix B.4.1.) By Lemma 21 with (ρ, ρ̃) = (h, h̃),
(ζ, ζ̃) = (ψ/

√
p, ψ̃/

√
p), and K = [n], we get

E
∣∣∣nh⊤h̃−

∑
i∈n(g

⊤
i h−

∑
j∈[p]

∂hj

∂gij
)(g⊤i h̃−

∑
j∈[p]

∂h̃j

∂gij
)

{∥h∥2 + p−1∥ψ∥2}1/2{∥h̃∥2 + p−1∥ψ̃∥2}1/2

∣∣∣≤C8(
√
n(1 +

√
E[Ξ + Ξ̃]) +E[Ξ + Ξ̃]).

where

Ξ=
1

∥h∥2 + p−1∥ψ∥2
∑
i∈[n]

∑
j∈[p]

(∥∥ ∂h
∂gij

∥∥2 + 1

p

∥∥ ∂ψ
∂gij

∥∥2)(42)

Let us bound Ξ. By the derivative formula (34), we have∑
ij

∥∂ijh∥2 ≤ 2∥A∥2F∥ψ∥
2 + 2∥AG⊤D∥2F ∥h∥2,

∑
ij

∥∂ijψ∥2 ≤ 2∥DGA∥2F∥ψ∥
2 + 2∥V ∥2F∥h∥

2

where V =D −DGAG⊤D and D = diag{loss′′(zi − g⊤i h)}. By ∥A∥op ≤ (pµ)−1 and
∥D∥op ≤ ∥loss′∥Lip, Ξ is bounded from above by

Ξ≤ 2p∥A∥2F + 2∥AG⊤D∥2F + 2∥DGA∥2F + 2p−1∥V ∥2F ≤C(δ,∥loss′∥Lip) · ∥A∥2op∥G∥4op
(43)

By ∥A∥op ≤ (pµ)−1 in (35) and Lemma 14, we obtain E[Ξ]≤C9. This gives

E
∣∣∣nh⊤h̃−

∑
i∈n(g

⊤
i h−

∑
j∈[p]

∂hj

∂gij
)(g⊤i h̃−

∑
j∈[p]

∂h̃j

∂gij
)

{∥h∥2 + p−1∥ψ∥2}1/2{∥h̃∥2 + p−1∥ψ̃∥2}1/2

∣∣∣≤C10

√
n

Since the denominator is OP(1), we have

nh⊤h̃−
∑
i∈[n]

(
g⊤i h−

∑
j∈[p]

∂hj
∂gij

)(
g⊤i h̃−

∑
j∈[p]

∂h̃j
∂gij

)
=OP(

√
n).

By the derivative formula (34), noting that ∂hj

∂gij
= 0 for all i /∈ I and j ∈ [p], it holds that

∑
j∈[p]

∂hj
∂gij

=

{
0 i /∈ I

tr[A]ψi −h⊤AGDei i ∈ I
(44)
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Combined with ∥h⊤AGD∥2 =OP(n
−1), the Cauchy–Schwarz inequality leads to∑

i∈[n]

(
g⊤i h−

∑
j∈[p]

∂hj
∂gij

)(
g⊤i h̃−

∑
j∈[p]

∂h̃j
∂gij

)
=
∑
i∈[n]

(
g⊤i h−tr[A]1{i∈I}ψi

)(
g⊤i h̃−tr[Ã]1{i∈Ĩ} ψ̃i

)
+OP(1).

This gives ξ2 =OP(
√
n) +OP(1) =OP(

√
n) and completes the proof.

B.4.1. Proof of Lemma 21. Let us denote f = (ρ⊤,ζ⊤)⊤ ∈RQ+L and f̃ = (ρ̃⊤, ζ̃⊤)⊤RQ×L.
Let us write the product as

ρ⊤ρ̃

∥f∥∥f̃∥
=
∥∥∥1
2

( ρ

∥f∥
+

ρ̃

∥f̃∥

)∥∥∥2 − ∥∥∥1
2

( ρ

∥f∥
− ρ̃

∥f̃∥

)∥∥∥2
Note that ρ

∥f∥ and ρ̃

∥f̃∥
are bounded by 1 in the standard Euclid norm ∥ · ∥. Applying the

χ-square type moment inequality [11, Theorem 7.2] to these terms respectively, we observe
that the following two terms are bounded from above by

√
K{1+E[Ξ + Ξ̃]}1/2 +E[Ξ + Ξ̃]

up to some universal constant:

E
∣∣∣K∥∥∥( ρ

∥f∥
+

ρ̃

∥f̃∥

)∥∥∥2 − ∑
k∈[K]

(
z⊤k

( ρ

∥f∥
+

ρ̃

∥f̃∥

)
−
∑
q∈[Q]

∂

∂zkq

( ρq
∥f∥

+
ρ̃q

∥f̃∥

))2∣∣∣
E
∣∣∣K∥∥∥( ρ

∥f∥
− ρ̃

∥f̃∥

)∥∥∥2 − ∑
k∈[K]

(
z⊤k

( ρ

∥f∥
− ρ̃

∥f̃∥

)
−
∑
q∈[Q]

∂

∂zkq

( ρq
∥f∥

− ρ̃q

∥f̃∥

))2∣∣∣
Thus, by the triangle inequality, we are left with the bound of cross terms:

(45) E
∣∣∣K ρ⊤ρ̃

∥f∥∥f̃∥
−
∑
k∈[K]

bk b̃k

∣∣∣≲√
K{1 +E[Ξ + Ξ̃]}1/2 +E[Ξ + Ξ̃]

where bk = z⊤k ρ/∥f∥ −
∑

q∈[Q](∂/∂zkq)(ρq/∥f∥). Expanding the derivative of the second
term, bk can be written as

bk =
z⊤k ρ−

∑
q∈[Q]

∂ρq
∂zkq

∥f∥︸ ︷︷ ︸
=:ak

−
∑
q∈[Q]

ρq
∂

∂zkq

1

∥f∥
= ak +

∑
q∈[Q]

ρq
f⊤

∥f∥3
∂f

∂zkq

Thus, by multiple applications of Cauchy–Schwarz inequality, using ∥ρ∥2 ≤ ∥f∥2, we find
that the error ∥b− a∥2 =

∑
k∈[K](bk − ak)

2 is bounded from above by 2Ξ:

∥a−b∥2 =
∑
k∈K

(
∑
q∈[Q]

ρq
f⊤

∥f∥3
∂f

∂zkq
)2 ≤

∑
k

∥ρ∥2
∑
q

( f⊤

∥f∥3
∂f

∂zkq

)2
≤ 1

∥f∥2
∑
k,q

∥∥∥ ∂f
∂zkq

∥∥∥2 ≤ 2Ξ.

The same argument gives ∥ã− b̃∥2 ≤ 2Ξ̃.

Now we claim the following deterministic inequality for all u, ũ,a, ã,b, b̃ ∈RK with ∥u∥∨
∥ũ∥ ≤ 1:∣∣|Ku⊤ũ− a⊤ã| − |Ku⊤ũ− b⊤b̃|

∣∣≤ (∥a− b∥2 + ∥ã− b̃∥2) +
√
K(∥a− b∥+ ∥ã− b̃∥)

+ 2−1(|K∥u∥2 − ∥b∥2|+ |K∥ũ∥2 − ∥b̃∥2|)(46)
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We prove this inequality later. Applying this inequality with u= ρ/∥f∥ and (a,b) defined
above, using ∥a− b∥2 ≤ 2Ξ, we get

|Ku⊤ũ− a⊤ã| ≤ 2(Ξ+ Ξ̃) +
√
2K(Ξ1/2 + Ξ̃1/2)

+ 2−1(|K∥u∥2 − ∥b∥2|+ |K∥ũ∥2 − ∥b̃∥2|)

+ |Ku⊤ũ− b⊤b̃|

Taking the expectation, using the moment bound (45), we are left with

E|Ku⊤ũ− a⊤ã|≲ E[Ξ + Ξ̃] +
√
KE[(Ξ1/2 + Ξ̃1/2)]

+ {1 +E[Ξ]}1/2 +E[Ξ] + {1 +E[Ξ̃]}1/2 +E[Ξ̃]

+ {1 +E[Ξ + Ξ̃]}1/2 +E[Ξ + Ξ̃]

Using Jensen’s inequality E[X1/2] ≤
√

E[X] for any non-negative random variable X and√
a+

√
b≤

√
2
√
a+ b for any non-negative scalars a, b, the RHS is bounded from above by√

K{1 +E[Ξ + Ξ̃]}1/2 +E[Ξ + Ξ̃] up to some universal constant. This finishes the proof.

Below we prove the deterministic inequality (46). By multiple applications of the triangle
inequality and Cauchy–Schwarz inequality,∣∣|Ku⊤ũ− a⊤ã| − |Ku⊤ũ− b⊤b̃|

∣∣≤ |a⊤ã− b⊤b̃|

≤ |(a− b)⊤(ã− b̃) + (a− b)⊤b̃+ b⊤(ã− b̃)|

≤ ∥a− b∥∥ã− b̃∥+ ∥a− b∥∥b̃∥+ ∥ã− b̃∥∥b∥

≤ ∥a− b∥2 + ∥ã− b̃∥2

2
+ ∥a− b∥∥b̃∥+ ∥ã− b̃∥∥b∥

Using ∥b∥ ≤
√

|∥b∥2 −K∥u∥2|+
√
K∥u∥2 and ∥u∥ ≤ 1, ∥a−b∥∥b̃∥ can be bounded from

above as

∥a−b∥∥b̃∥ ≤ ∥a−b∥
√

|∥b̃∥2 −K∥ũ∥2|+
√
K∥a−b∥ ≤ ∥a− b∥2

2
+
|∥b̃∥2 −K∥ũ∥2|

2
+
√
K∥a−b∥.

The same argument gives ∥ã− b̃∥b∥ ≤ ∥ã−b̃∥2

2 + ∥b∥2−K∥u∥2|
2 +

√
K∥ã− b̃∥. Putting them

all together, we obtained the desired upper bound of
∣∣|Ku⊤ũ− a⊤ã| − |Ku⊤ũ− b⊤b̃|

∣∣.
B.5. Proof of trace convergence. We assume without loss of generality that I = [n].
Throughout this section, we denote h= ĥµ,K and ψ =ψµ,K for simplicity.

LEMMA 22. For any µ ∈ (0,1] with µ−1 = o(n1/4),

tr[V ] = ∥h∥−2
(
∥ψ∥2 tr[A]−ψ⊤Gh

)
+OP(n

1/2µ−1)

tr[A]2 =
(ψ⊤Gh)2 + ∥h∥2(p∥ψ∥2 − ∥G⊤ψ∥2)

∥ψ∥4
+OP(n

−1/2µ−2)

and P(tr[A]2 ≤C)→ 1 for a constant C > 0 that only depend on (α,β, δ).

PROOF. First we show the stochastic representation of tr[V ] by (h,ψ, tr[A]).
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LEMMA 23 ([17]). Let ρ : RK×Q → RQ and ζ : RK×Q → RK be two locally Lipschitz
functions with differentiable components. If Z ∈RK×Q has i.i.d. N (0,1) entries, we have

E
[(ζ⊤Zρ−∑kq

∂(ζkρq)
∂gkq

∥ζ∥2 + ∥ρ∥2
)2]

≤C11(1 +E[Ξ])

where Ξ := 1
∥ρ∥2+∥ζ∥2

∑
k∈[K]

∑
q∈[Q]

(∥∥ ∂ρ
∂gkq

∥∥2 + ∥∥ ∂ζ
∂gkq

∥∥2).

By Lemma 23 with (ζ,ρ) = (p−1/2ψ,h) and Z =G, we have

E
[( 1√

pψ
⊤Gh− 1√

p

∑
ij
∂(ψihj)
∂gij

∥h∥2 + p−1∥ψ∥2
)2]

≤C12(1 +E[Ξ])

where Ξ is the same estimate as in (42). Using the upper estimate Ξ≤ C13∥A∥2op∥G∥4op in
(43), ∥A∥op ≤ (pµ)−1 and E[∥G∥4]≤C(δ)n2, we find that the RHS in the above display is
bounded from away by C(δ)(1 + µ−2). Since the denominator ∥h∥2 + p−1∥ψ∥2 is OP(1),
we get

ψ⊤Gh−
∑
ij

∂ψihj
∂gij

=
√
p · OP(1) · OP(µ

−1) =OP(
√
nµ−1).

For the sum of derivative
∑

ij
∂(ψihj)
∂gij

, using ∥A∥op ≤ (pµ)−1 and ∥G∥op = OP(
√
n), we

have ∑
ij

∂(ψihj)

∂gij
= ∥ψ∥2 tr[A]−h⊤G⊤Dψ−ψ⊤DGAh− ∥h∥2 tr[V ]

= ∥ψ∥2 tr[A] +OP(n
1/2) +OP(µ

−1)− ∥h∥2 tr[V ]

so that we are left with

ψ⊤Gh− ∥ψ∥2 tr[A] + ∥h∥2 tr[V ] =OP(
√
nµ−1).

Dividing by ∥h∥2, noting ∥h∥−1 =OP(1) from ∥h∥2 p−→ α2 > 0, we obtain the representation
of tr[V ].

Next, we show the stochastic representation of tr[A2] by (G,h,ψ). By the stochastic repre-
sentation of tr[V ],∣∣∥ψ∥4 tr[A]2 − (ψ⊤Gh+ tr[V ]∥h∥2)2

∣∣≤OP(
√
nµ−1)

∣∣∥ψ∥2 tr[A] +ψ⊤Gh+ tr[V ]∥h∥2
∣∣

≤OP(
√
nµ−1)OP(nµ

−1 + n+ n)

=OP(n
3/2µ−2).

By Lemma 21 with ρ= ρ̃=ψ/
√
p and ζ = ζ̃ = h, we have

E
[∣∣p∥ ψ√p∥2 −∑j∈[p](

ψ⊤
√
pGej −

1√
p

∑
i∈[n]

∂ψ
∂gij

)2
∣∣

∥h∥2 + p−1∥ψ∥2
]
≤C14(

√
n(1 +E[Ξ]1/2) +E[Ξ]).

where Ξ is the same estimate as in (42). Using E[Ξ]≤C15µ
−2 again, we get

∥ψ∥2 − 1

p

∑
j∈[p]

(ψ⊤Gej −
∑
i∈[n]

∂ψi
∂gij

)2 =OP(1) · OP(
√
n(1 + µ−1) + µ−2) = (n1/2µ−1)
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Using
∑

i∈[n]
∂ψi

∂gij
=−ψ⊤DGAej − tr[V ]hj by the derivative formula (34), it holds that∥∥∥∑

j∈[p]

(ψ⊤Gej −
∑
i∈[n]

∂ψi
∂gij

)2 − ∥G⊤ψ+ tr[V ]h∥2
∥∥∥

=
∣∣∣∥G⊤ψ+A⊤G⊤Dψ+ tr[V ]h∥2 − ∥G⊤ψ+ tr[V ]h∥2

∣∣∣
≤ ∥A⊤G⊤Dψ∥

(
∥A⊤G⊤Dψ∥+ 2∥G⊤ψ+ tr[V ]h∥

)
=OP(µ

−1)(OP(µ
−1) +OP(n)) =OP(µ

−1n).

Combining the above displays, we are left with

∥ψ∥2 − p−1∥G⊤ψ+ tr[V ]h∥2 =OP(n
1/2µ−1) +OP(µ

−1n−1) =OP(n
1/2µ−1).

Therefore,

∥ψ∥4 tr[A]2 = (ψ⊤Gh+ tr[V ]∥h∥2)2 +OP(n
3/2µ−2)

= (ψ⊤Gh)2 + ∥h∥2(2 tr[V ]ψ⊤Gh+ tr[V ]2∥h∥2) +OP(n
3/2µ−2))

= (ψ⊤Gh)2 + ∥h∥2(∥G⊤ψ+ tr[V ]h∥2 − ∥G⊤ψ∥2) +OP(n
3/2µ−2))

= (ψ⊤Gh)2 + ∥h∥2(p∥ψ∥2 − ∥G⊤ψ∥2) +OP(n
3/2µ−1) +OP(n

3/2µ−2).

Multiplying by ∥ψ∥−4, which is OP(n
2) since ∥ψ∥2/p p−→ β2 > 0, we obtain this representa-

tion of tr[A]2. The upper bound P(tr[A]2 ≤C16) follows from the stochastic representation
and the convergences: ∥ψ∥2/p p−→ β2 > 0, ∥h∥2 p−→ α2 > 0, ∥G∥op/

√
n

p−→ 1 +
√
δ > 0.

LEMMA 24. Letting E[·] = E[·|z,θ] be the conditional expectation with respect to the de-
sign matrix G, for any µ ∈ (0,1] with µ−2 = o(n), we have

(ψ⊤Gh)2 + ∥h∥2(p∥ψ∥2 − ∥G⊤ψ∥2)
∥ψ∥4

=
(E[ψ⊤Gh])2 +E[∥h∥]2(pE[∥ψ∥2 − ∥G⊤ψ∥2])

E[∥ψ∥2]2
+OP(n

−1/2µ−1).

PROOF. By the Gaussian Poincaré inequality, we claim the following:

E[(∥ψ∥2 −E[∥ψ∥2])2]≤C17nµ
−2,

E[(∥h∥2 −E[∥h∥2])2]≤C18n
−1µ−2,

E[(ψ⊤Gh−E[ψ⊤Gh])2]≤C19nµ
−2,

E[(∥G⊤ψ∥2 −E[∥G⊤ψ∥2])2]≤C20n
3µ−2.

First and second moment inequalities immediately follow from Lemma 17 with Ĩ = I = [n].
For the third moment inequality, the Gaussian Poincaré inequality gives the upper bound

E[(ψ⊤Gh−E[ψ⊤Gh])2]≤
∑

ij E
(
∂ψ⊤Gh
∂gij

)2
, where

RHSij :=
∂ψ⊤Gh

∂gij
=
(
−DGAejψi −V eihj

)⊤
Gh+ψihj +ψ

⊤GA
(
ejψi −G⊤Deihj

)
= e⊤j A

⊤
(
−G⊤DGh+G⊤ψ

)
ψi − e⊤i

(
V ⊤Gh+DGA⊤G⊤ψ

)
hj +ψihj
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By V = D − DGAG⊤D and ∥A∥op ≤ (pµ)−1 in (35), we have
∑

i,j E[RHS2
ij ] ≤

C21nµ
−2. Next,

E
[(

∥G⊤ψ∥2 −E[∥G⊤ψ∥2]
)2]

≤
∑
i,j

E
(∂∥G⊤ψ∥2

∂gij

)2
= 4

∑
i,j

E(ψ⊤G
∂G⊤ψ

∂gij
)2

where

ψ⊤G
∂G⊤ψ

∂gij
=ψ⊤Gejψi +ψ

⊤GG⊤(−DGAejψi −V eihj)

=ψ⊤G(Ip −G⊤DGA)ejψi −ψ⊤GG⊤V eihj

so
∑

ij E[RHS2
ij ]≤C22n

3µ−2. Thus, we get

∥ψ∥2 = E[∥ψ∥2] +OP(n
1/2µ−1)

∥h∥2 = E[∥h∥2] +OP(n
−1/2µ−1)

ψ⊤Gh= E[ψ⊤Gh] +OP(n
1/2µ−1)

∥G⊤ψ∥2 = E[∥G⊤ψ∥2] +OP(n
3/2µ−1)

Since µ−2 = o(n), the concentration of ∥ψ∥2 on the conditional expectation E[∥ψ∥2] and
the convergence ∥ψ∥2/p p−→ β2 yield E[∥ψ∥2]/p p−→ β2 > 0. This implies that 1/∥ψ∥2 and
1/E[∥ψ∥2] are OP(n

−1). Then, the error from replacing the denominator ∥ψ∥4 by E[∥ψ∥2]2
is estimated as

(∥ψ∥−4 −E[∥ψ∥2]2)
(
(ψ⊤Gh)2 + ∥h∥2(p∥ψ∥2 − ∥G⊤ψ∥2)

)
=

(∥ψ∥2 −E[∥ψ∥2])(∥ψ∥2 +E[∥ψ∥2])
∥ψ∥4E[∥ψ∥2]2

· OP(n
2)

=OP(n
1/2µ−1)OP(n · n−4)OP(n

2) =OP(n
−1/2µ−1).

For the error from replacing the numerator with the conditional one, the error of replacing
each term with the conditional one is given by

(ψ⊤Gh)2 = (ψ⊤Gh)2 +OP(n
3/2µ−1)

∥h∥2∥ψ∥2 = E[∥h∥2]E[∥ψ∥2] +OP(n
1/2µ−1)

∥h∥2∥G⊤ψ∥2 = E[∥h∥2]E[∥G⊤ψ∥2] +OP(n
3/2µ−1)

Thus, noting that E[∥ψ∥2]−1 =OP(n
−1), we get

(ψ⊤Gh)2 + ∥h∥2(p∥ψ∥2 − ∥G⊤ψ∥2)− (E[ψ⊤Gh])2 −E[∥h∥2](pE[∥ψ∥2]−E[∥G⊤ψ∥2])
E[∥ψ∥2]2

=OP(n
−1/2µ−1).

This finishes the proof.

LEMMA 25. Suppose µ ∈ (0,1] and µ−1 =O(n1/8). Then, there exist a non-negative ran-
dom variables κ̂≥ 0, which is independent of G, such that

P
(
| tr[A]− κ̂| ≤ 2n−1/16 and |κ̂| ≤C

)
→ 1

where C is a constant depending on (α,β, δ) only.
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PROOF. By Lemma 22 and Lemma 24, there exists a random variable An, which is indepen-
dent of G, such that

tr[A]2 =An+OP(n
−1/2µ−2)+OP(n

−1/2µ−1) =An+OP(n
−1/4), and P(|An| ≤C)→ 1

Noting tr[A]2 ≥ 0 and OP(n
−1/4) = oP(n

−1/8), this implies that the event

Ω := {| tr[A]2 −An| ≤ n−1/8} ∩ {−n−1/8 ≤An ≤C}

holds with high probability. Let us take κ̂ :=
√

(An + 2n−1/8)+. Note in passing that under
the event Ω, we have κ̂=

√
An + 2n−1/8 and κ̂≤

√
C + 1. By the non-negativeness tr[A]≥

0 and the (1/2)-Hölder continuity of the square root R≥0 ∋ x 7→
√
x, under the event Ω, it

holds that

| tr[A]− κ̂|= |
√

tr[A]2 −
√
An + 2n−1/8| ≤ | tr[A]2 −An − 2n−1/8|1/2

and the RHS is less than |n−1/8 + 2n−1/8|1/2 ≤ 2n−1/16 by the triangle inequality.

B.5.1. Proof of Lemma 16. Applying Lemma 18 with M = 1 and (z,F (z)) = (gi,h) for
each i ∈ [n], using

∑
ij E[∥∂ijh∥2] =OP(µ

−2) = oP(n) we get∑
i∈[n]

(g⊤i h− tr[A]ψi − ∥h∥ûi)2 = oP(n), ûi|θ,z,G−i
d
=N (0,1)

By Lemma 25, there exists a non-negative random variable κ̂ independent of G such that

tr[A] = κ̂+ oP(1), P(κ̂≤C)→ 1

for a positive constant C . Then, combined with ∥h∥= α+ oP(1), we get

1

2n

∑
i∈[n]

(g⊤i h− κ̂ψi−αûi)2 = oP(1)+(κ̂− tr[A])2
∥ψ∥2

n
+(∥h∥−α)2

∑
i∈[n] û

2
i

n
= oP(1).

Furthermore, using the independence of (κ̂,G) and the upper bound κ̂ ≤ C , by the same
argument in the proof of Theorem 2, we can easily show that the conditional expectation
E[·] = E[·|z,θ] of the square of LHS is bounded by C with high probability for some constant
C . This implies that the conditional expectation E of LHS is also o(1), i.e.,

1

n

∑
i∈[n]

E[(g⊤i h− κ̂ψi − αûi)
2] = oP(1).

Let us define Ξi := g
⊤
i h− κ̂ψi−αûi so that the above display reads n−1

∑
iE[Ξ2

i ] = oP(1).
Noting ψi = loss′(zi − g⊤i h) for all i ∈ [n], the residual can be written as

zi − g⊤i h= proxloss(zi − αûi −Ξi; κ̂)

for all i ∈ [n]. Since proxf (·) is 1-Lipschitz for any convex function, we have

1

n

∑
i∈[n]

E
[(
zi − g⊤i h− proxloss(zi − αûi; κ̂)

)2]
≤ 1

n

∑
i∈[n]

E[Ξ2
i ] = oP(1).

Since loss′ is Lipschitz, the above display lets us approximate ψi = loss′(zi − g⊤i h) by
env′loss(zi − αûi; κ̂):

1

n

∑
i∈[n]

E
[(
ψi − env′loss(zi − αûi; κ̂)

)2]
= oP(1).
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Applying this approximation to the concentration β2 = ∥ψ∥2/p + oP(1) = E[∥ψ∥2]/p +
oP(1) by Lemma 17 with I = Ĩ = [n], we get

β2 =
n

p

1

n

∑
i∈[n]

E
[
ψ2
i

]
+ oP(1) = δ

1

n

∑
i∈[n]

E
[
env′loss(zi − αûi; κ̂)

2
]
+ oP(1)

= δ
1

n

∑
i∈[n]

∫ ∞

−∞
φ(x)env′loss(zi + αx; κ̂)2 dx+ oP(1).(47)

where φ(x) is the pdf of N (0,1). Let us define the functions F, F̂ : [0,∞)→R by

F (τ) := β2−δE[env′loss(Z+αG; τ)2], F̂ (τ) := β2−δ 1
n

∑
i∈[n]

∫ ∞

−∞
φ(x)env′loss(zi+αx; τ)

2 dx

so that F (κ) = 0 by (4b) in System 1a (with c= 1), while (47) reads F̂ (κ̂) = oP(1). Note in
passing that the weak law of large numbers implies F̂ (τ)

p−→ F (τ) pointwise, and F and F̂
are strictly increasing functions in τ since −2−1env′loss(x; τ)

2 is the derivative of the convex
function τ 7→ envloss(x; τ), which is strictly convex under Assumption D-(4) (see [95, Lemma
4.4]). Then, for any ϵ > 0, we have

F (κ+ ϵ)> 0 = F (κ)>F (κ− ϵ).

By the pointwise convergence F̂ (τ)
p−→ F (τ), it holds that

F̂ (κ+ ϵ)> 2−1F (κ+ ϵ)> 0> 2−1F (κ− ϵ)> F̂ (κ− ϵ).

with high probability. Then, combined with F̂ (κ̂) = oP(1), we have

F̂ (κ+ ϵ)> 2−1F (κ+ ϵ)> F̂ (κ̂)> 2−1F (κ− ϵ)> F̂ (κ− ϵ).

with high probability. Since F̂ is non-decreasing with probability 1, this gives P(|κ̂− κ| ≤
ϵ)→ 1. Since we took ϵ > 0 arbitrarily, we obtain κ̂

p−→ κ.

Going back to the place where we replaced tr[A] by κ̂, now replacing tr[A] by κ instead, we
obtain

1

n

∑
i∈[n]

(g⊤i h− κψi − αûi)
2 = oP(1),

and this approximation also holds in E. Thus, we get the approximation of residual and ψi
1

n

∑
i∈[n]

E
[(
zi−g⊤i h−proxloss(zi−αûi;κ)

)2]
= oP(1),

1

n

∑
i∈[n]

E
[(
ψi−env′loss(zi−αûi;κ)

)2]
= oP(1)

Let us show tr[V ]/p
p−→ ν. Using the concentration ψ⊤Gh − tr[A]∥ψ∥2 + tr[V ]∥h∥2 =

oP(n) from Lemma 22 and ∥h∥2 p−→ α2 > 0, ∥ψ∥2/p p−→ β2, tr[A]
p−→ κ, we have

p−1 tr[V ] = α−2κβ2 − α−2ψ⊤Gh/p+ oP(1).

Recall that we have shown the concentration ψ⊤Gh = E[ψ⊤Gh] + oP(n) in the proof of
Lemma 24. Applying the proximal approximation of the residual zi − g⊤i h and ψi to this,
noting E[∥ψ∥2] =OP(n) and E[∥Gh∥2] =OP(n), we are left with

1

n
ψ⊤Gh=

1

n

∑
i∈[n]

E[ψi · g⊤i h] + oP(1)
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=
1

n

∑
i∈[n]

E
[
env′loss(zi − αûi;κ)(zi − proxloss(zi − αûi;κ))

]
+ oP(1)

=
1

n

∑
i∈[n]

∫ ∞

−∞
φ(x)env′loss(zi + αx;κ)(zi − proxloss(zi + αx;κ))dx+ oP(1)

so that the weak law of large numbers yields
1

n
ψ⊤Gh= E[envloss′(Z + αG;κ)(Z − proxloss(Z + αG;κ))] + oP(1)

= E[envloss′(Z + αG;κ)(αG+Z − proxloss(Z + αG;κ)− αG)] + oP(1)

= κE[env′loss(αG+Z;κ)2]− αE[G · env′loss(αG+Z;κ)]

= κ · β2/δ− α · να/δ.

where we have used (4b) and (4d) in System 1a (with c= 1) for the last equation. Combined
with p−1 tr[V ] = α−2κβ2 − α−2ψ⊤Gh/p + oP(1), this gives p−1 tr[V ] = ν + oP(1) and
finishes the proof.

B.6. Convergence of error vector norm squared under Assumption D. In this section
we verify that Assumption C and Assumption D-(1)-(3) are sufficient for [95, Theorem 4.1]
to hold. Comparing our assumptions and the condition assumed in the theorem, it suffices to
show that the conditions (10) and (12) in [95] can be omitted.

Indeed, the authors used the condition (10) to show that any û ∈ ∂loss(z −GĥB)/√p be-
longs to a compact set with high probability, where ĥB is a “bounded” estimator. More
precisely, ĥB is a solution to the constrained optimization problem min∥h∥≤Kα

obj(h) for a
positive constant Kα > 0 where obj(h) =

∑
i∈[n] loss(zi−g⊤i h)+

∑
j∈[p] reg(

√
phj+ θj) is

the objective function for the original unconstrained M-estimator. Since loss is differentiable
with Lipschitz derivative loss′ by Assumption C, using the same argument in Lemma 14, the
norm of û is bounded as ∥û∥ ≤ (∥loss′(z)∥+ ∥loss′∥Lip∥G∥opKα)/

√
p. Since G has i.i.d.

N (0,1) entries while loss′(zi) has a finite second moment by Assumption D-(1), this gives
∥û∥2 ≤C with probability approaching to 1 for a positive constant C .

Next, we claim that the condition (12) in [95] is not necessary. Noting that the condition (12)
is used for [95, Assumption 2-(b)], it suffices to show that the assumption 2-(b) is satisfied
given our assumptions. Here we restate the assumption 2-(b) for convenience:

∀τ > 0, lim
c→+∞

c2/(2τ)−E
[
envreg(cH +Θ)− reg(Θ)

]
=+∞.

By the condition P(Θ ̸= 0)> 0 in Assumption D-(3), either P(Θ> 0)> 0 or P(Θ< 0)> 0
holds. Let us consider the case P(Θ > 0) > 0. Define a measurable function u(H,Θ) of
(H,Θ) as follows:

u(H,Θ) :=−min(Θ,1)I{Θ> 0 and H < 0}.

Note that u(H,Θ) is always bounded as |u(H,Θ)| ≤ 1. By the definition of Moreau envelope,
i.e., envreg(cH +Θ) := argminp∈R(cH +Θ− p)2/(2τ) + reg(p), taking the point p=Θ+
u(H,Θ), we get the lower estimate as follows:

c2

2τ
−E

[
envreg(cH +Θ)− reg(Θ)

]
≥ c2

2τ
−E

[(cH − u(H,Θ))2

2τ
+ reg(Θ+ u(H,Θ))− reg(Θ)

]
=

E[uH]

τ
· c− E[u2]

2τ
−E

[
reg(Θ+ u)− reg(Θ)

]
.
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Thus it suffices to show that E[uH]> 0 and E[reg(Θ+ u)− reg(Θ)] is finite for the RHS to
diverge as c→+∞. By the definition of u= u(Θ,H), the expectation E[uH] can be written
as

E[uH] = E[−Hmin(Θ,1)I{Θ> 0,H < 0}] = E[|H|min(Θ,1)I{Θ> 0,H < 0}].
Here |H|min(Θ,1) is always strictly positive under the event {Θ > 0,H > 0}, and this
event has positive probability P(Θ> 0,H > 0) = P(Θ> 0)P(H > 0) = P(Θ> 0) · 2−1 by
the assumption P(Θ> 0)> 0 and the independence of Θ and H ∼N (0,1). This means that
E[uH] is strictly positive. Regarding E[reg(Θ+ u)− reg(Θ)], we have

E[reg(Θ+ u)− reg(Θ)] = E
[{

reg(Θ−min(Θ,1))− reg(Θ)
}
I{Θ> 0,H < 0}

]
.

Note that 0 < Θ − min(Θ,1) < Θ for all Θ > 0. Then, by the convexity of reg and the
condition reg(0) =minx reg(x) in Assumption C, under the event I{Θ> 0,H < 0} it holds
that

0> reg(Θ−min(Θ,1))− reg(Θ)>−dΘmin(Θ,1)>−dΘ for all dΘ ∈ ∂reg(Θ)

By Assumption D-(1), dΘ has a finite second moment for any choice of sub-derivative dΘ.
Therefore, we have 0> E[reg(Θ + u)− reg(Θ)]>−E[dΘI{Θ> 0,H < 0}]>−∞ so that
E[reg(Θ+ u)− reg(Θ)] is finite.

In the other case P(Θ < 0) > 0, we may take u(H,Θ) := min(−Θ,1)I{Θ < 0,H > 0}.
Then the same argument leads to E[uH]> 0 and |E[reg(Θ+ u)− reg(Θ)]|<+∞.

B.7. Convergence of loss gradient norm squared under Assumption D. Let ψ =
loss′(z −Gh) and loss∗ be the conjugate of loss. By the same argument in [95], restrict-
ing the range of ψ to a compact set so that the strong duality holds, we observe that ψ is a
solution to the following min-max problem with probability approaching to 1:

max
ψ∈Rn

min
h∈Rp

ψ⊤(z −Gh)− loss∗(ψ) + reg(
√
ph+ θ) =max

ψ
ψ⊤z − loss∗(ψ) +ψ⊤Gθ/

√
p− reg∗(G⊤ψ/

√
p)

If we write û=ψ/
√
p ∈Rn then û is the M-estimator of the form:

û ∈ argmin
u∈Rn

F(−G⊤u) + L(
√
nu), where

F :Rp 7→R, v 7→ reg∗(−v) + θ⊤v

L :Rn 7→R, u 7→ loss∗(

√
p

n
w)−

√
p

n
z⊤w

For any h∼N (0p,Ip), g ∼N (0n,In), for all c ∈R and τ > 0 it holds that

1

p

(
envF(ch; τ)−F(0)

) p−→ c2

2τ
−E[envreg(

c

τ
H +Θ0;

1

τ
)− reg(0)]

1

n

(
envL(cg; τ)−L(0)

) p−→ c2

2τ
−E[envloss(

√
δ
c

τ
G+Z;

δ

τ
)− loss(0)]

Thus, letting F (c, τ) := E[envreg(cH + Θ; τ)] and L(c, τ) := E[envloss(cG + Θ; τ)], [95]
implies that ∥û∥2 p−→ α̃2 where α̃ is the minimizer of the min-max optimization problem:

inf
α̃,τ̃g

sup
β̃,τ̃h

β̃τ̃g
2

+ δ−1
( α̃2β̃

2τ̃g
− F (

α̃β̃

τ̃g
,
β̃

τ̃g
)
)
− α̃τ̃h

2
− α̃β̃2

2τ̃h
+
( α̃β̃2
2τ̃h

−L(
√
δβ̃, δ

τ̃h
α̃
)
)

Thus, by the change of variables (α̃, β̃, τ̃g, τ̃h) 7→ (β,α/
√
δ, τh/

√
δ, τg/δ) and multiplying

the potential by −δ, we are left with ∥û∥2 p−→ β2∗ where β∗ is the minimizer of

sup
βτh

inf
α,τg

−ατh
2

− β2α

2τg
+ F (

βα

τh
,
α

τh
) +

βτg
2

+ δL(α,
τg
β
),

which is the same potential in [95].
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B.8. Explicit expressions for degrees of freedom. See Table 6.

TABLE 6
Explicit formulae for the degrees of freedom and residual degrees of freedom of the estimator θ̂I defined using

(2). Here the loss functions loss(r) are: 1) squared loss: r2/2, 2) Huber loss: r2/2 for |r| ≤ 1 and |r| − 1/2 for
|r|> 1; and the regularization functions reg(b) are: 1) ridge penalty: λ12 b2, 2) lasso penalty: λ2|b|, and 3)

elastic net penalty: λ12 b2 + λ2|b|. And other quantities are: 1) ŜI = {j ∈ [p] : θ̂I (j) ̸= 0} is the set of active
variables of θ̂I and X

ŜI
is the submatrix of XI made of columns indexed in ŜI , 2)

T̂I = {i ∈ I : loss′′(yi −x⊤i θ̂I )> 0} is the set of detected inliers (active observations), and 3) the matrix
DI = diag(loss′′(yI −XI θ̂I )).

Loss Regularizer Degrees of freedom Residual degrees of freedom
(loss) (reg) (dfI ) (tr[VI ])

Square Ridge tr
[(
X⊤
I XI + λ1I

)−1
X⊤
I XI

]
|I| − dfI

Square Lasso |ŜI | |I| − dfI

Square Elastic net tr
[(
X⊤
ŜI
X
ŜI

+ λ1I
)−1

X⊤
ŜI
X
ŜI

]
|I| − dfI

Huber Ridge tr
[(
X⊤
I DIXI + λ1I

)−1
X⊤
I DIXI

]
|T̂I | − dfI

Huber Lasso |ŜI | |T̂I | − dfI

Huber Elastic net tr
[(
X⊤
ŜI
DIXŜI

+ λ1I
)−1

X⊤
ŜI
DIXŜI

]
|T̂I | − dfI

Convex Convex tr[(∂/∂yI)XI θ̂I ] tr[(∂/∂yI)loss
′(yI −XI θ̂I)]

APPENDIX C: PROOFS FOR RESULTS IN SECTION 4

C.1. Proof of Proposition 7. Since the risk limit RM is given by RM =M−1α2 + (1−
M−1)α2η

G
and η

G
is non-negative in the homogeneous case (see the discussion in Ap-

pendix A), it suffices to show η
G
< 1. We proceed by contradiction. Let η

H
be the associated

scalar such that η
G
= Freg(ηH

) and η
H
= Floss(ηG

). Note that |η
H
|= |Floss(ηG

)| ≤ c < 1 by
c < 1. If |η

G
| = 1 then the equality case Freg(ηH

) = 1 for the Cauchy–Schwarz inequality
implies that with probability 1,

1

ν
· env′reg

(β
ν
H +Θ;

1

ν

)
− β

ν
H =

1

ν
· env′reg

(β
ν
H̃ +Θ;

1

ν

)
− β

ν
H̃

with H̃ := η
H
H +

√
1− η2

H
H0 for any independent standard normals (H,H0). Multiplying

the above display by H0 and taking the expectation, the LHS becomes 0 by the independence
of (H,H0) and E[H0] = 0. As for the RHS, using (4c) in System 1a and Stein’s lemma, we
have

E
[(1
ν
· env′reg

(β
ν
H̃ +Θ;

1

ν

)
− β

ν
H̃
)
H0

]
=
√

1− η2
H
(−κβ).

Thus, we get 0 =
√

1− η2
H
(−κβ), which is a contradiction since κβ > 0 and |η

H
|< 1.

C.2. Proof of Proposition 8. Let us fix ψ = (cδ)−1 and take the derivative of RM =
M−1α2 + (1 −M−1)α2η

G
with respect to ϕ = δ−1. Note c = ψ/ϕ < 1. With this param-

eterization, (α,β,κ, ν) are all fixed since they depend on ψ only. Below, we derive the partial
derivative of η

G
with respect to ϕ. Using ψ and ϕ, we observe that η

G
is the unique solution

to the fixed point equation

η
G
= Freg ◦ Floss(ηG

;ϕ).
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Here, Freg does not depend on ϕ but Floss depends on ϕ as:

Floss(ηG
;ϕ) =

ϕ

ψ2β2
·E[env′loss(αG+Z;κ) · env′

l̃oss
(αG̃+Z;κ)],

Since the map η
G
7→ Freg ◦ Floss(ηG

;ϕ) is differentiable and c-Lipschitz with c = ψ/ϕ < 1
(see Theorem 1), the implicit function theorem implies that η

G
is differentiable with respect

to ϕ and the derivative satisfies:

∂η
G

∂ϕ
= (Freg ◦ Floss)

′(η
G
)
∂η

G

∂ϕ
+ F ′

reg(ηH
)
Floss(ηG

)

ϕ
.

Rearranging the above display, we get

∂η
G

∂ϕ
=
F ′
reg(ηH

)

ϕ

Floss(ηG
)

1− (Freg ◦ Floss)′(ηG
)
=
F ′
reg(ηH

)

ϕ

η
H

1− (Freg ◦ Floss)′(ηG
)
≥ 0.

where the last inequality follows from the fact that Freg is non-decreasing (Theorem 1) and
η

H
is non-negative (see the discussion on homogeneous cases in Appendix A). Combined

with ∂ϕRM = (1−M−1)α2 ∂ηG
∂ϕ , we observe that RM is non-decreasing in ϕ. Therefore, for

any two ϕ1 ≤ ϕ2, we have that

RM (ϕ2,ψ)≥RM (ϕ1,ψ)≥ inf
ψ>ϕ2

RM (ϕ1,ψ)≥ inf
ψ>ϕ1

RM (ϕ1,ψ) for all ψ ≥ ϕ2.

This gives infψ>ϕ2
RM (ϕ2,ψ)≥ infψ>ϕ1

RM (ϕ1,ψ) for any ϕ1 ≤ ϕ2, which means the map
ϕ 7→ infψ>ϕRM (ϕ,ψ) is non-decreasing. Reverting to the original parametrization (ϕ,ψ) 7→
(δ, c) = (ϕ−1,ψ/ϕ), we conclude that δ 7→ infc∈(0,1)RM (δ, c) is non-increasing.

C.3. Derivation of System 2. We will first reformulate Systems 1a and 1b in a slightly
different set of parameters. Since the purpose of this reparameterization is to match with
existing work, we will also consider regularizer reg with an explicit regularization level λ.
The mapping with respect to the parameters in Systems 1a and 1b is as follows: a = λ

β ,

τ =
√
cδ βν . Under this parameterization, note that βν = τ√

cδ
and λ

ν = aτ√
cδ

.

REMARK 9 (Scaling differences in design). It is worth remarking that in the literature on
risk characterization of regularized M-estimator under proportional asymptotics, the scaling
of λ can be slightly different, up to a factor of

√
cδ. One of the reasons for the differences

is how the design matrix X is scaled. We assume that the entries of X ∈ Rn×p each have
variance 1/p and thus each row has a unit average norm squared. It is also common to assume
that the entries of X each have variance 1/n and thus each column has a unit average norm
squared. This brings in a factor of

√
δ. For the subsampled design XI ∈ Rk×p, we get an

additional factor of
√
c. Consequently, some expressions may appear different up to this

scaling.

DERIVATION OF SYSTEM 2. The derivation is straightforward. We will use some sim-
ple relationships between proximal operators and Moreau envelopes. Recall from (1)
that env′f (x; τ) =

1
τ (x − proxf (x; τ)) so that the derivative identity env′′f (x; τ) =

1
τ (1 −

prox′f (x; τ)) holds for almost every x by the non-expansiveness of the proximal operator.
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(1) Case ofm= ℓ . The original system of equations is given by System 1a. For regularizers
of the form λreg, from (4a), we have

α2 = E
[(
λ
ν · env

′
reg

(β
νH +Θ; λν

)
− β

νH
)2]

= E
[(
proxreg

(β
νH +Θ; λν

)
−Θ

)2]
= E

[(
proxreg

(
τ√
cδ
H +Θ; aτ√

cδ

)
−Θ

)2](48)

where the variables τ and a are defined as:

τ =
√
cδ βν

(4b),(4d)
======

α
√

E[env′loss(αG+Z;κ)2]

E[env′loss(αG+Z;κ) ·G]
,(49)

a= λ
β

(4b)
====

λ√
cδ
√

E[env′loss(αG+Z;κ)2]
.(50)

For squared loss loss(x) = x2/2, since env′loss(x; τ) = x/(1 + τ) from Table 7, squaring the
final expression in (49) yields

τ2 = α2 + σ2.(51)

Thus, τ2 and α2 are the limiting total and excess risks, respectively. Combining (48) and (51)
gives the first desired equation (16a).

Similarly, (4c) after diving by τ yields
κβ
τ = β

ντ −
λ
ντE

[
env′reg

(
τ√
cδ
H +Θ; aτ√

cδ

)
·H
]
.

Multiplying both sides by
√
cδaτ and noting that aβ = λ, βν = τ√

cδ
, λν = aτ√

cδ
then gives

√
cδκλ= aτ − (aτ)2

τ E
[
env′reg

(
τ√
cδ
H +Θ; aτ√

cδ

)
·H
]
.(52)

From Stein’s lemma, we have

E[env′reg(τH +Θ;κ) ·H] = τE[env′′reg(τH +Θ;κ)],(53)

and so (52) reduces to
√
cδκλ

(53)
==== aτ − (aτ)2√

cδ
E
[
env′′reg

(
τ√
cδ
H +Θ; aτ√

cδ

)]
= aτ − aτE

[
1− prox′reg

(
τ√
cδ
H +Θ; aτ√

cδ

)]
= aτE

[
prox′reg

(
τ√
cδ
H +Θ; aτ√

cδ

)]
.(54)

Using similar manipulations as above, (49) reduces to

τ =
κ
√
E[env′loss(αG+Z;κ)2]

E[1− prox′loss(αG+Z;κ)]
.(55)

Combining (54) and (55), we get

0 = κλ
(
1− aτ√

cδκλ
E
[
prox′reg

(
τ√
cδ
H +Θ; aτ√

cδ

)])
.(56)

From (50), under squared loss, we also have

1 + κ=
√
cδaτ
λ .(57)

Combining (56) with (57) then leads to the second desired equation (16b).
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(2) Case of m ̸= ℓ . Step 2. (η
G
, η

H
) is the solution to the following 2-scalar fix-point equa-

tions:

η
G
=

E
[(
λ
ν · env

′
reg

(β
νH +Θ; λν

)
− β

νH
)
·
(
λ
ν · env

′
reg

(β
ν H̃ +Θ; λν

)
− β

ν H̃
)]

E
[(
λ
ν · env′reg

(β
νH +Θ; λν

)
− β

νH
)2]

η
H
= c ·

E[env′loss(αG+Z;κ) · env′loss(αG̃+Z;κ)]

E[env′loss(αG+Z;κ)2]
,

where
(
G

G̃

)
∼ N

((0
0

)
,

(
1 ηG
ηG 1

))
and

(
H

H̃

)
∼ N

((0
0

)
,

(
1 ηH
ηH 1

))
. Similarly, by variable

substitution, we can rewrite the equations as:

η
G
α2 = E

[(
proxreg

(
τ√
cδ
H +Θ; aτ√

cδ

)
−Θ

)(
proxreg

(
τ√
cδ
H̃ +Θ; aτ√

cδ

)
−Θ

)]
(58a)

η
H
= c ·

E[env′loss(αG+Z;κ) · env′loss(αG̃+Z;κ)]

E[env′loss(αG+Z;κ)2]
.(58b)

Since env′loss(x; τ) = x/(1 + τ) for squared loss, we obtain the third desired equation (17a).

C.4. Proximal operators and Moreau envelopes. See Table 7.

TABLE 7
Proximal operators, Moreau envelopes, and their derivatives for ridge (first row) and lasso (second row)

regularizers and Huber (third row) loss considered in Sections 4.2.1 and 4.2.2.

f(x) proxf (x; τ) prox′f (x; τ) envf (x; τ) env′f (x; τ)

1
2x

2 x
1+τ

1
1+τ

1
2

x2

1+τ
x

1+τ

|x| (|x| − τ)+ sign(x) 1{|x| ≥ τ}
{

1
2τ x

2 |x|< τ

|x| − 1
2 τ |x| ≥ τ

min
{ |x|

τ ,1
}
sign(x)

{
x2

2 |x| ≤ 1

|x| − 1
2 |x|> 1

{
x

1+τ |x| ≤ 1 + τ

x− τ sign(x) |x|> 1 + τ

{
1

1+τ |x| ≤ 1 + τ

1 |x|> 1 + τ

{
1
2

x2

1+τ |x| ≤ 1 + τ

|x| − τ − 1
2 |x|> 1 + τ

( |x|
1+τ − 1

)
+
sign(x)

APPENDIX D: PROOFS FOR RESULTS IN SECTION 5

D.1. Proof of (24). Applying Stein’s lemma to (21b) and Cauchy–Schwarz inequality, we
have

1 =
1

cδ
E
[
prox′reg

(
Θ+ τ√

cδ
H; aτ√

cδ

)]
=

1√
cδ

1

τ
E
[
H ·
(
proxreg

(
Θ+ τ√

cδ
H; aτ√

cδ

)
−Θ

)]
≤ 1√

cδτ
E
[(

proxreg
(
Θ+ τ√

cδ
H; aτ√

cδ

)
−Θ

)2]1/2
=

1√
cδτ

√
τ2 − σ2 (by (21a)).

Taking the square of both sides and rearranging the resulting τ2 term, we get the lower
estimate τ2 ≥ σ2/(1− cδ) as desired.
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Fig 12: Fixed-point quantities for lassoless at different data aspect ratios p/n. The data model is given
by (61) with signal strength ρ= 0.5 and sparsity levels s= 0.2 at different noise levels σ. Left: High
SNR σ = 0.5. Middle: Moderate SNR σ = 1. Right: Low SNR σ = 1.2.

D.2. Derivation of System 4 as a limit of System 2 as λ→ 0+. Fix reg(x) = |x|q for
q ∈ {1,2}. Let (aλ, τλ, ξλ) be the solution to System 2 for any λ > 0 and let (a∗, τ∗, ξ∗) be
the solution to System 4. Note that previous papers showed that (aλ, τλ) converges to the
solution (a∗, τ∗) as λ→ (0)+; q = 1 case is given by the proof of Lemma A.1 in [70] while
the q = 2 case immediately follows from the explicit formulae of (aλ, τλ) and (a∗, τ∗). Below
we claim the continuity of ξ, i.e., ξλ → ξ∗. Denoting ηλ = cξ2λ/τ

2
λ and η∗ = cξ2∗/τ

2
∗ , what we

want to show is ηλ → η∗.

Observe that the systems for ξλ and ξ∗ read to ηλ = F (ηλ; τλ, aλ) and η∗ = F (η∗; τ∗, a∗)
where

F (η; τ, a) :=
c

τ2

{
E
[(

proxreg
(
Θ+ τ√

cδ
H; aτ√

cδ

)
−Θ

)
·
(
proxreg

(
Θ+ τ√

cδ
H̃; aτ√

cδ

)
−Θ

)]
+ σ2

}
with (H,H̃) being the mean zero jointly normals such that E[H2] = E[H̃2] = 1 and
E[HH̃] = η. Note that the map η 7→ F (η; τλ, aλ) is c-Lipschitz over [−1,1] by the same
argument in Appendix B.1, while the map (τ, a) 7→ F (η; τ, a) is continuous over (0,∞)2 for
any η ∈ [−1,1] by the moment assumption in Assumption D-1 and the dominated conver-
gence theorem. Then, |ηλ − η∗| is bounded from above as

|ηλ − η∗|= |F (ηλ; τλ, aλ)− F (η∗, τ∗, a∗)|
≤ |F (ηλ; τλ, aλ)− F (η∗, τλ, aλ)|+ |F (η∗, τλ, aλ)− F (η∗, τ∗, a∗)|
≤ c|ηλ − η∗|+ |F (η∗, τλ, aλ)− F (η∗, τ∗, a∗)|

so that |ηλ−η∗| ≤ (1−c)−1|F (η∗, τλ, aλ)−F (η∗, τ∗, a∗)| holds. This upper bound converges
to 0 as λ → 0 by the continuity of F (η∗, τ, a) in (τ, a) and the convergence (τλ, aλ) →
(τ∗, a∗).

D.3. Additional details for Remark 7. Expanding the product term in the fixed point
equation (22a) by

prox
(
Θ+ τ√

cδ
H; aτ√

cδ

)
−Θ= τ√

cδ
H − aτ√

cδ
env′reg

(
Θ+ τ√

cδ
H; aτ√

cδ

)
,

we have

ξ2 − σ2 =
τ2

cδ
E[HH̃]− 2

aτ2

cδ
E
[
H̃env′reg

(
Θ+ τ√

cδ
H; aτ√

cδ

)]
+

(aτ)2

cδ
E
[
env′reg

(
Θ+ τ√

cδ
H; aτ√

cδ

)
· env′reg

(
Θ+ τ√

cδ
H̃; aτ√

cδ

)]
,
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where τ2

cδE[HH̃] = τ2

cδ ηH
= ξ2

δ by the definition η
H
= cξ2/τ2. For the second term, realizing

H̃ = η
H
H +

√
1− η2

H
H for a standard normal H ∼ N (0,1) independent of (H,H̃,Θ),

noting that env′reg(Θ+ τ√
cδ
H) is bounded in second moment by Assumption D-(1), we have

E
[
H̃ · env′reg

(
Θ+ τ√

cδ
H; aτ√

cδ

)]
= η

H
E
[
H · env′reg

(
Θ+ τ√

cδ
H; aτ√

cδ

)]
= η

H

τ√
cδ
E
[
env′′reg

(
Θ+ τ√

cδ
H; aτ√

cδ

)]
(by Stein’s lemma)

= η
H

τ√
cδ

√
cδ

aτ
E
[
1− prox′reg

(
Θ+ τ√

cδ
H; aτ√

cδ

)]
=
η

H

a
(1− cδ) (by (21b)).

Combined with η
H
= cξ2/τ2, we have

aτ2

cδ
E
[
H̃env′reg

(
Θ+ τ√

cδ
H
)]

=
ξ2

δ
(1− cδ).

Therefore, we get

ξ2
(
1− 1

δ
+2

(1− cδ)

δ

)
= σ2+

(aτ)2

cδ
E
[
env′reg

(
Θ+ τ√

cδ
H; aτ√

cδ

)
·env′reg

(
Θ+ τ√

cδ
H̃; aτ√

cδ

)]
.

This means that ξ2 → δ
δ−1σ

2 holds if and only if the rightmost term converges to 0 as c→
(δ−1)−. This is true if reg is Lipschitz and limc→(δ−1)− aτ = 0, as |env′reg(x; τ)| ≤ ∥reg∥Lip
for all x ∈ R and τ > 0. However, we are not able to provably establish that aτ → 0 as
c→ δ−1. For the lasso regularizer, we observe in Figure 12 that aτ → 0 appears to hold as
c→ δ−1.

APPENDIX E: PROOF FOR RESULTS IN SECTION 6

E.1. Proof of Theorem 9. Here the proof is similar to Appendix B.1. Our goal is to show

1. |Floss(ηG
)| ≤

√
cc̃ and |FReg(ηH

)| ≤ 1 for all η
G
∈ [−1,1] and η

H
∈ [−1,1].

2. Floss and FReg are non-decreasing, differentiable, and the compositions Floss ◦ FReg and
FReg ◦ Floss are min{c, c̃}-Lipschitz.

3. System 5b admits a unique solution (η⋆
G
, η⋆

H
) ∈ [−1,1]× [−

√
cc̃,

√
cc̃].

The first claim immediately follows from the definition of (Floss, FReg), the Cauchy–Schwarz
inequality, and (27a)-(27b). The third claim follows from the second claim by the argument
in Appendix B.1 using Brouwer’s fixed-point theorem. Thus, it suffices to show the second
claim.

For Floss, we have already shown in Appendix B.1 that Floss is differentiable with

0≤ F ′
loss(ηG

)≤ αα̃

ββ̃

(cν̃
κ

∧ c̃ν

κ̃

)
.

For the derivative of FReg, we will use the following lemma that generalizes Lemma 12.

LEMMA 26. Given two Lipschitz functions f , f̃ :Rp →Rp, define ϕ : [−1,1]→R as

ϕ(t) = E[f(h)⊤f̃(th+
√

1− t2h′)]



ASYMPTOTICS OF BAGGING M-ESTIMATORS 73

where the expectation is taken with respect to independent standard normal vectors h, h′ ∼
N (0p,Ip). Then the map ϕ is differentiable with its derivative given by

ϕ′(t) = E
[
tr
(∂f
∂x

(h)⊤
∂f̃

∂x
(th+

√
1− t2h′)

)]
where ∂f/(∂x) and ∂f̃/(∂x) are the weak derivatives of f and f̃ .

We omit the proof of this lemma, as it follows directly from the proof of Lemma 12. Now we
apply this lemma with Lemma 27 below. Here we recall the generalized Moreau envelope:

∀v ∈Rp, ∀Λ≻ 0p×p envReg(v;Λ) := min
x∈Rp

1

2
(v−x)⊤Λ−1(v−x) + Reg(x)

and denote the unique minimizer by proxReg(v;Λ). Recall ∇envReg(v;Λ) = Λ−1(v −
proxReg(v;Λ)), where ∇ is the gradient with respect to v.

LEMMA 27. Fix Λ≻ 0p×p. Then, for any x,y ∈Rp, we have

∥Λ1/2(∇envReg(x;Λ)−∇envReg(y;Λ))∥2 ≤ ∥Λ−1/2(x− y)∥2.(59)

Therefore, x 7→ ∇envReg(x;Λ) is λmin(Λ)−1-Lipschitz. Furthermore, there exists a weak
derivative ∂

∂x∇envReg(x;Λ), denoted by ∇2envReg(x;Λ), which is positive semi-definite
and satisfies

0p×p ⪯Λ1/2∇2envReg(x;Λ)Λ1/2 ⪯ Ip.

PROOF. Note that (59) follows easily from the firm nonexpansiveness of the proximal oper-
ator proxReg(·;Λ) with respect to the inner product ⟨v,u⟩Λ−1/2 := v⊤Λ−1u. For complete-
ness, however, we prove (59) directly.

By the KKT conditions, proxReg(x;Λ) is also a minimizer of the following convex function
fx :Rp 7→R:

fx(p) :=
1

2
(x−p)⊤Λ−1(x−p)− 1

2
(proxReg(x;Λ)−p)⊤Λ−1(proxReg(x;Λ)−p)+Reg(p),

so that fx(proxReg(x;Λ))≤ fx(proxReg(y;Λ)). By symmetry, we also have fy(proxReg(y;Λ))≤
fy(proxReg(x;Λ)). Putting them together, we get

fx(proxReg(x;Λ)) + fy(proxReg(y;Λ))≤ fx(proxReg(y;Λ)) + fy(proxReg(x;Λ)).

Substituting the definitions of fx and fy into the above display and rearranging it with
∇envReg(v;Λ) =Λ−1(v− proxReg(v;Λ)), we obtain

∥Λ1/2(∇envReg(x;Λ)−∇envReg(y;Λ))∥22 ≤ (∇envReg(x;Λ)−∇envReg(y;Λ))⊤(x− y).

Applying the Cauchy–Schwarz inequality to the RHS, we obtain (59).

By Rademacher’s theorem, x 7→ ∇envReg(x;Λ) is differentiable almost everywhere, and
for any differentiable points x, the Jacobian is ∂∇envReg(x;Λ) =∇2envReg(x;Λ), which
is positive semi-definite since the mapping x 7→ envReg(x;Λ) is convex. Let us fix x at
which ∇env is differentiable. For any u ∈Rp and any t > 0, using the established Lipschitz
continuity (59), we have

∥Λ1/2(∇envReg(x+ tΛ1/2u;Λ)−∇envReg(x;Λ))∥2 ≤ ∥Λ−1/2 · tΛ1/2u∥2 = t∥u∥2.
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Dividing both sides by t, taking the limit t→ 0, and using the chain rule, we have

∥Λ1/2∇2envReg(x;Λ)Λ1/2u∥2 ≤ ∥u∥2

for all u ∈Rp. This means Λ1/2∇2envReg(x;Λ)Λ1/2 ⪯ Ip, completing the proof.

Let us apply Lemma 26 and Lemma 27 to FReg. Note that FReg can be written as

FReg(ηH
) =

1

αα̃

1

p
E[f(h)⊤f̃(h̃)], h̃= η

H
h+

√
1− η2

H
h′,

where f , f̃ :Rp →Rp are defined as

f(x) := β
νx− ν−1Σ−1/2∇envReg(θ+

β
νΣ

−1/2x; (νΣ)−1)

f̃(x) := β̃
ν̃x− ν̃−1Σ−1/2∇env

R̃eg
(θ+ β̃

ν̃Σ
−1/2x; (ν̃Σ)−1).

By Lemma 27, f and f̃ are Lipschitz and their weak derivatives satisfy

∂f

∂x
=
β

ν

(
Ip − (νΣ)−1/2∇2envReg(θ+

β
νΣ

−1/2x; (νΣ)−1)(νΣ)−1/2
)
, 0p×p ⪯

∂f

∂x
⪯ β

ν
Ip

∂f̃

∂x
=
β̃

ν̃

(
Ip − (ν̃Σ)−1/2∇2env

R̃eg
(θ+ β̃

ν̃Σ
−1/2x; (ν̃Σ)−1)(ν̃Σ)−1/2

)
, 0p×p ⪯

∂f̃

∂x
⪯ β̃

ν̃
Ip.

Therefore, using Lemma 26, noting that ∂f∂x and ∂f̃
∂x are now symmetric, we know that FReg

is differentiable with its derivative given by

F ′
Reg(ηH

) =
1

αα̃p
E
[
tr
{∂f
∂x

(h)
∂f̃

∂x
(h̃)
}]
.

Now we use the following fact: 0 ≤ tr[AB] ≤ tr[A] for any positive semi-definite ma-
trix A,B with 0p×p ⪯ A,B ⪯ Ip. This inequality immediately follows from the identity
tr[AB] = tr[AB1/2B1/2] = tr[B1/2AB1/2] and 0p×p ⪯B1/2AB1/2 ⪯A. Combine this

with 0p×p ⪯ ∂f̃
∂x ⪯ β̃

ν̃ Ip, 0p×p ⪯ ∂f
∂x ⪯ β

ν Ip, we have

0≤ F ′
Reg(ηH

)≤ 1

pαα̃

(
β̃

ν̃
E
[
tr
{∂f
∂x

(h)
}]

∧ β

ν
E
[
tr
{∂f̃
∂x

(h̃)
}])

.

Using Stein’s lemma and the fact that (α,β, ν,κ) satisfies (27c), recalling the definition of
f(x), we have

E
[
tr
{∂f
∂x

(h)
}]

= E[h⊤f(h)] = E
[
h⊤
{β
ν
h− Σ−1/2

ν
∇envReg

(
θ+

β

ν
Σ−1/2h;

Σ−1

ν

)}]
= pκβ.

By the same argument, we have E
[
tr
{∂f̃
∂x(h̃)

}]
= pκ̃β̃. Substituting these equations to the

previous display, we get F ′
Reg(ηH

)≤ ββ̃
αα̃(

κ
ν̃ ∧

κ̃
ν ).

Putting the above display together,

0≤ F ′
loss(ηG

)≤ αα̃

ββ̃

(cν̃
κ

∧ c̃ν

κ̃

)
, 0≤ F ′

Reg(ηH
)≤ ββ̃

αα̃

(κ
ν̃
∧ κ̃

ν

)
.

Therefore, by the chain rule, we know that η
H
7→ Floss ◦FReg(ηH

) and η
G
7→ FReg ◦Floss(ηG

)
are both (c∧ c̃)-Lipschitz. This completes the proof.
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E.2. Heuristic proof of Conjecture 10. We outline a heuristic proof strategy for Conjec-
ture 10, leaving a complete rigorous proof to future work.

Consider the change of variables b 7→ h= p−1/2Σ1/2(b−θ), and defineG=
√
pXΣ−1/2 ∈

Rn×p, whose entries are i.i.d. N (0,1) (note that this h is different from the Gaussian vectors
h, h̃ appearing in System 5b). Then the regularized M-estimator θ̂ and its residual vector can
be expressed as

θ̂ =
√
pΣ−1/2ĥ+ θ, y−Xθ̂ = z −Gĥ,

where ĥ solves the M-estimation problem with a non-separable regularizer R(·):

ĥ ∈ argmin
h∈Rp

∑
i∈I

loss(zi − g⊤i h) + R(h), R(h) := Reg(
√
pΣ−1/2h+ θ).

Assume for simplicity that Reg is τ -strongly convex (otherwise apply the smoothing argu-
ment in Appendix B.2.1), so that R(·) is (τp)/∥Σ∥op-strongly convex. By Lemma 15, the
mappingsG 7→ ĥ andG 7→ψ :=

∑
i∈I loss

′(zi−g⊤i ĥ)ei are differentiable, with derivatives

∀i ∈ [n], j ∈ [p],
∂ĥ

∂gij
=A

(
eje

⊤
i ψ−G⊤Deie

⊤
j ĥ
)
,

∂ψ

∂gij
=−DGAeje⊤i ψ−V eie⊤j ĥ.

Following the argument of Appendix B.2.4, the Gaussian Poincaré inequality yields

ĥ⊤h̃

∥ĥ∥∥h̃∥
= η̂

G
+ oP(1),

ψ̂⊤ψ̃

∥ψ∥∥ψ̃∥
= η̂

H
+ oP(1),

for random variables η̂
G
, η̂

H
∈ [−1,1] independent of G.

Using the contraction property in Theorem 9, it remains to show

η̂
H
= Floss(η̂G

) + oP(1), η̂
G
= FReg(η̂H

) + oP(1).

The first relation η̂
H
= Floss(η̂G

) + oP(1) follows from the same reasoning as in Ap-
pendix B.2.4, as Floss is not altered from the original isotropic and random signal setting.

The main challenge lies in establishing the second one, η̂
G
= FReg(η̂H

)+ oP(1). By carefully

tracing the argument in Appendix B.2.4, applying Lemma 18 with F =
[
ψ√
pβ

ψ̃
√
pβ̃

]
∈ Rn×2

and z = Gej ∈ Rn, combined with the concentration results in (28), one can construct a
random vector wj ∈R2 for each j ∈ [p] such that

wj | (θ,z,G−j , I, Ĩ)
d
=N (02,I2), hereG−j isG with jth column removed(60)

and obtain

η̂
G
=FReg(η̂H

) + oP(1),

where the map FReg : [−1,1]→R is given by

FReg(η) :=
1

pαα̃
E

[(
Σ−1/2

ν ∇envReg
(
θ+ β

νΣ
−1/2wη ;

Σ−1

ν

)
− β
νwη

)⊤(
Σ−1/2

ν̃ ∇env
R̃eg

(
θ+ β̃

ν̃Σ
−1/2w̃η ;

Σ−1

ν̃

)
− β̃
ν̃ w̃η

)]
,

with wη = (wη,j)j∈[p] and w̃η = (w̃η,j)j∈[p] defined by

∀j ∈ [p],

(
wη,j
w̃η,j

)
=

(
1 η
η 1

)1/2

wj .
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Therefore, it suffices to prove FReg = FReg, but at this point, this cannot be concluded di-

rectly. Indeed, by (60), we have (wη,j , w̃η,j) ∼N
(
02,

(
1 η
η 1

))
marginally, but the vectors

(wη,j , w̃η,j)j∈[p] are not necessarily independent across j since (60) is not strong enough to
claim the independence of (wj)j∈[p]. Now recalling the definition of FReg in System 5b,
the bivariate Gaussian vectors (h, h̃) = (hj , h̃j)j∈[p] in FReg are explicitly assumed to have

the i.i.d. marginals N
(
02,

(
1 η
η 1

))
. This distinction prevents us from directly concluding

FReg = FReg.

Nonetheless, we can conclude that FReg = FReg when Σ is diagonal (not necessarily
the identity) and (Reg, R̃eg) are separable such that Reg(x) =

∑
j∈[p] regj(xj), R̃eg(x) =∑

j∈[p] r̃egj(xj). Indeed, since the Moreau envelope can be expressed as a separable form in
this case, we can write FReg and FReg as

FReg(η) =
1

pαα̃

p∑
j=1

E
[(Σ−1/2

jj
ν env′regj (θj +

β
νΣ

−1/2
jj wη,j ;

Σ−1
jj
ν )− β

νwη,j
)(Σ−1/2

jj

ν̃ env′r̃egj (θj +
β̃
ν̃Σ

−1/2
jj w̃η,j ;

Σ−1
jj

ν̃ )− β̃
ν̃ w̃η,j

)]

FReg(η) =
1

pαα̃

p∑
j=1

E
[(Σ−1/2

jj
ν env′regj (θj +

β
νΣ

−1/2
jj hj ;

Σ−1
jj
ν )− β

ν hj
)(Σ−1/2

jj

ν̃ env′r̃egj (θj +
β̃
ν̃Σ

−1/2
jj h̃j ;

Σ−1
jj

ν̃ )− β̃
ν̃ h̃j

)]
,

for all η ∈ [−1,1], which implies FReg = FReg thanks to (wη,j , w̃η,j) =
d (hj , h̃j) marginally

for j ∈ [p]. In this case, the independence of (wη,j , w̃η,j) across j is not required since the
expectation E is taken inside

∑
j .

In summary, the key technical obstacle is to establish independence of (wj)j∈[p] in (60),
which lies beyond the reach of Lemma 18. Overcoming this requires new tools, and we leave
this gap for future research.
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APPENDIX F: ADDITIONAL NUMERICAL SIMULATIONS

F.1. Minimum ℓ1-norm interpolator. See Figures 13 and 14.

10 1 100 101

Subsample aspect ratio p/k
1

2

5

8

Va
lu

e

Underparameterized regime (p < n)

1.1 2 5 10
Subsample aspect ratio p/k

Overparameterized regime (p > n)

Theoretical risk
Empirical risk

M = 1
M = 1

M = 2
M = 2

M = 5
M = 5

M = 50
M = 50

M =

Fig 13: The prediction risk for lasso ensemble at different subsample aspect ratios p/k with regulariza-
tion parameter λ= 0.001 and varying ensemble size M . The solid lines represent the theoretical risks,
the dashed lines represent the empirical risks averaged over 50 simulations, and the shaded regions
represent the empirical standard errors. The data model is given by (61) with signal strength ρ = 2,
noise level σ = 1, and support proportion s= 0.1. Left: underparameterized regime when p/n= 0.1
and n= 2000. Right: overparameterized regime when p/n= 1.1 and n= 500.
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Fig 14: Optimal subsample risk of the lassoless ensemble is monotonic in the data aspect ratio.
Excess risk of the lasso and optimal lasso ensemble, at different data aspect ratios p/n ranging from 0.1
to 10. The data model is given by (61) with signal strength ρ= 2, noise level σ = 1, data aspect ratio
p/n = 0.1, feature size p = 500, and varying support proportion s. Left: dense regime with s = 0.9.
Right: sparse regime with s= 0.01.
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F.2. Lasso under varying covariate distributions. See Figure 15.
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Fig 15: The prediction risk for lasso ensemble at different subsample aspect ratios p/k with regular-
ization parameter λ = 0.1 and varying ensemble size M . The covariates Xij ’s are i.i.d. and follow
(a) t20 (b) Rademacher distribution, and (c) uniform distribution in [−1/1], with a proper normal-
ization such that the mean is zero and variance is one. The solid lines represent the theoretical risks,
the dashed lines represent the empirical risks under Gaussian covariate averaged over 50 simulations,
and the shaded regions represent the empirical standard errors. The data model is given by (61) with
covariate distribution replaced by the corresponding distribution, and with signal strength ρ= 2, noise
level σ = 1, and support proportion s = 0.1. Left: underparameterized regime when p/n = 0.1 and
n= 2000. Right: overparameterized regime when p/n= 1.1 and n= 500.
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F.3. Optimal subagging versus optimal regularization.

F.3.1. Squared loss, lasso regularizer. See Figure 16.
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Fig 16: Heatmaps of theoretical prediction risk in λ and subsample aspect ratio p/k = (p/n) · c−1 of
full lasso ensemble in the overparameterized regime (p/n= 1.1) and sparse regime (s= 0.2). The data
model is given by (61) with support proportion s= 0.2 and noise level σ = 1 at different signal levels
ρ. Blue dots (•): the optimal lasso. Green dots (•): the optimally subsampled lassoless regression. Red
stars (⋆): the optimal lasso ensemble. Left: high SNR ρ = 2. The optimal lasso (•) is better than the
optimally subsampled lassoless (•). Middle: moderate SNR ρ = 1. The optimal lasso ensemble (⋆)
is better than both the optimal lasso (•) and the optimally subsampled lassoless(•). Right: low SNR
ρ= 0.67. The optimally subsampled lassoless (•) is better than the optimal lasso (•).

F.3.2. Huber loss, unregularized. See Figure 17.
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Fig 17: Heatmaps of theoretical prediction risk in Huber threshold parameter and subsample aspect
ratio p/k ∈ [p/n,1) of full Huber ensemble in the underparameterized regime (p/n= 0.2). Blue dots
(•): the optimal Huber regression. Green dots (•): the optimally subsampled LAD regression (Huber
regression with threshold parameter → 0+). Red stars (⋆): the optimal Huber ensemble. Left: noise
follows Student’s t distribution t20. The optimally subsampled LAD (•) is better than the optimal
Huber (•). Middle: noise follows Student’s t distribution t10 The optimal subsample Huber (⋆) is better
than the both optimal subsample LAD (•) and the optimal Huber (•). Right: noise follows Student’s t
distribution t2. The optimal Huber (•) is better than the optimally subsampled LAD (•).
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F.3.3. ℓ1-regularized Huber regression: varying threshold parameter. See Figure 18.
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Fig 18: Heatmaps of theoretical prediction risk in Huber threshold parameter and subsample aspect
ratio p/k = (p/n) · c−1 of full ℓ1-regularized Huber ensemble with lasso regularization level 0.5 in
the underparameterized regime (p/n = 0.1). Blue dots (•): the optimal ℓ1-regularized Huber regres-
sion. Green dots (•): the optimally subsampled ℓ1-regularized LAD regression (ℓ1-regularized Huber
regression with huber threshold parameter → 0+). Red stars (⋆): the optimal ℓ1-regularized Huber en-
semble. Left: noise follows Student’s t distribution t20. The optimal ℓ1-regularized Huber (•) is better
than the optimally subsampled ℓ1-regularized LAD (•). Middle: noise follows Student’s t distribution
t10. The optimal ℓ1-regularized Huber ensemble (⋆) attains nearly the same risk as both the optimal
ℓ1-regularized Huber (•) and the optimally subsampled ℓ1-regularized LAD (•). Right: noise follows
Student’s t distribution t2. The optimally subsampled ℓ1-regularized LAD (•) is better than the opti-
mal ℓ1-regularized Huber (•).

F.3.4. ℓ1-regularized Huber regression: varying regularization level. See Figure 19.
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Fig 19: Heatmaps of theoretical prediction risk in lasso regularization level and subsample aspect ra-
tio p/k = (p/n) · c−1 of full ℓ1-regularized Huber ensemble with Huber threshold parameter 10 in
the underparameterized regime (p/n = 0.1). Blue dots (•): the optimal ℓ1-regularized Huber regres-
sion. Green dots (•): the optimally subsampled lassoless Huber regression (ℓ1-norm interpolator when
p/k ≥ 1 and unregularized Huber regression when p/k < 1). Red stars (⋆): the optimal ℓ1-regularized
Huber ensemble. Left: noise follows Student’s t distribution t20. The optimally subsampled lassoless
Huber (•) is better than the optimal ℓ1-regularized Huber (•). Middle: noise follows Student’s t dis-
tribution t10. The optimally subsampled lassoless Huber (•) is better than the optimal ℓ1-regularized
Huber (•). Right: noise follows Student’s t distribution t2 The optimal ℓ1-regularized Huber ensemble
(⋆) is better than both the optimally subsampled lassoless Huber (•) and the optimal ℓ1-regularized
Huber (•)



ASYMPTOTICS OF BAGGING M-ESTIMATORS 81

F.4. Details of numerical experiments.

F.4.1. Data model for lasso experiments. We consider a linear model whose signal variables
are generated from two-point distribution:

y = x⊤θ+ z, x∼N (0, p−1Ip), z ∼N (0, σ2), θ =
i.i.d.∼ sPρ/√s + (1− s)P0,

(61)

where Pc denotes the Dirac measure at point c ∈ R, and ρ > 0 is some given quantity that
determines the signal magnitude. Here, s ∈ (0,1) is the support proportion. The signal-to-
noise-ratio (SNR) under the above model obeys

SNR =
E[(x⊤θ)2]

σ2
=
s · (ρ2/s)

σ2
=
ρ2

σ2
.

F.4.2. Data model for ℓ1-regularized Huber experiments. We consider the ℓ1-regularized
Huber regression

θ̂I ∈ argmin
θ∈Rp

∑
i∈I

Huber(yi −x⊤
i θ;ρ) + λ∥θ∥1

where λ ≥ 0 is a regularization parameter and Huber(·;µ) is the Huber loss with threshold
parameter µ > 0, which is defined as follows [62]:

(62) For all x ∈R, Huber(x;µ) := env|·|(x;µ) =

{
1
2µx

2 if |x| ≤ µ

|x| − 1
2µ if |x|> µ.

Observe that Huber(·;µ) behaves like the squared loss for large µ and like the absolute loss
for small µ. More precisely, for all x ∈R it holds that

lim
µ→0+

Huber(x;µ) = |x| and lim
µ→+∞

µ ·Huber(x;µ) = x2/2.

We consider the linear model y = x⊤θ + z where the marginal distribution of the signal is
set to the mixture ϵN (0,1) + (1− ϵ)P0 (recall that P0 denotes the Dirac measure at 0) with
support proportion ϵ = 0.1, while the noise z follows Student’s t-distribution td for some
degree of freedom d≥ 2, which will be specified for each numerical simulation.
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