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Supplement to “Precise Asymptotics of Bagging Regularized

M-estimators™

Takuya Koriyama, Pratik Patil, Jin-Hong Du, Kai Tan, and Pierre C. Bellec.

This document serves as a supplement to the paper titled “Precise Asymptotics of Bagging
Regularized M-estimators”. Below, we provide an outline of the supplement along with a
summary of the notation used in the main paper and the supplement.

TABLE 4
Outline of the supplement.

Section Content
Appendix A Sign of solutions (17,7 ) to System 1b
Appendix B Proofs of Theorems 1, 2 and 5 from Section 3
Appendix C Proof of Proposition 7, 8 and other miscellaneous details from Section 4
Appendix D Details of arguments in Remark 7 from Section 5
Appendix E Proof of Theorem 9 and Conjecture 10 from Section 6
Appendix F Additional numerical illustrations and experimental details
TABLE 5
Summary of some of the specific notation used in the paper.
Notation Description
(xi,y;), 1 € [n] Observation vector with the feature vector in RP and the response variable in R
X,y Feature matrix in R™ %P and the response vector in R"
0 Signal vector in the linear model in RP with entries drawn i.i.d. from the distribution Fy
z Noise vector in the linear model in R"™ with entries drawn i.i.d. from the distribution F,
k, M Size of each subsample and the total number of subsamples (bags) used in the ensemble
Im, m € [M] Index set (subset of [n]) of the m-th subsample, with | I, | = k
X ) o . .
7(n GI T]\’/[?]JI m) Feature matrix in R¥X? and response vector in RF of the subsampled dataset indexed by Iy,
(ijmle yYINnI, ), Feature matrix in RImNLelXP ang response vector in RHmN el of the overlapped dataset
m#L € [M] corresponding to the overlap between the subsampled datasets indexed by I, and I
loss, reg, A Loss function, regularization function, and regularization level used for the regularized M-estimator
§m, O Component regularized M-estimator fitted on the m-th subsample and the ensemble estimator
Ryr, Ryr Squared prediction risk of the ensemble estimator and its asymptotic limit
R1,Roo Asymptotic risk of the non-ensemble estimator (A = 1) and the full-ensemble estimator (M = co)
é,c Inverse data aspect ratio n/p and subsample ratio k/n
(e, B, Ky V) Parameters characterizing the ensemble risk asymptotics with M = 1 (System 1a)
G, H Standard normal random variables in the ensemble risk asymptotics with M = 1 (System 1a)
6,7 Random variables drawn according to distributions Fy and F’, respectively (System la)
Mgyny) Correlation parameters in the ensemble risk asymptotics with M = co (System 1b)
G,G,H,H Random variables appearing in the ensemble risk asymptotics with M = oo (System 1b)
(a,7) Parameters in alternate formulation of the ensemble risk asymptotics with M =1 (System 2)

Parameter in alternate formulation of the ensemble risk asymptotics with M = co (System 2)
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APPENDIX A: CORRELATION SIGNS
PROPOSITION 11.  The signs of the solution (0,7, ) to System 1b are characterized as
sign(ny) = sign(Freg 0 Fioss(0)), sign(n” ) = sign(Fioss © Freg(0))

where sign(z) := 1,50y — Liz<o}-

PROOF. The claim immediately follows from the fact that 1’ and 77 satisfies the fixed-point
equations 7, — Freg © Fioss(,) = 0 and 7,, — Fioss © Freg(n,,) = 0, respectively, and the
maps 1), — 1, — Freg © Fioss(1,) and 1, — 1,, — Fioss © Freg(7),,) are nondecreasing since
Freg 0 Floss and Fioss 0 Freg are (c A ¢)-Lipschitz with ¢ A ¢ < 1 (Theorem 1). O

Recall the property of Fioss and Fieg in Theorem 1. Since Fioss and Fieg in System 1b are non-
decreasing, combined with Proposition 11, we get the following simple sufficient condition
which determines the sign of (7% ,7%):

Floss(0) and Fieg(0) are non-negative = 7 and 7 are non-negative.
Here Fioss(0) and Fieg(0) can be written as follows:
cco oy~
Fm&DZBEiﬂEkW&JZ+aQEHZYEkwﬁiZ+a&ﬂHZﬂa

-E{E[env’ (@+€H;l) |©] - Elenvi, (@—F%H;%) ]@H

reg v reg

1

F O - ==
res (0) vvoao
In particular, if the same loss and regularizer are used, i.e., loss = loss and reg = reg, and
the subsample sizes are the same, i.e., k = k, then the solutions satisfying System 1b are

same, i.e., (a,3,k,v) = (&,B,E, v), so that it is easy to see from the above formula that
Floss(0) > 0 and Fieg(0) > 0. This means that the solutions (1%, 77 ) are non-negative when
the same loss, regularizer, and subsample size are used.

Another case such that the solutions (1% ,7%) are positive is when loss and loss are least
squares and reg and reg are ridge (but possibly different regularization parameters). This is
because env’;; (z;7) is linear in « for any squared loss (and regularizer) of the form f(-) =

A(+)? s0 that Fioss(0) = C1E[Z?] > 0 and Freg(0) = C2E[©2] > 0 for some positive constants
1. Co.

REMARK 8 (Negative estimator error correlation).  Let us take reg, reg as the indicator func-
tions

mamznkwwmrz{

+o0 r<t
0 :UZ%V

+oo0 x> —t

0 vt and reg(z) =Ilg, \(z):= {
where ¢, > 0 are non-negative constants. Note that the two sets, (—oo, —t] and [, +-00), are

disjoint. Noting prox,e, () = min{z, —t} and proxg; (z) = max{z,t}, we have

reg reg

Freg(n,) = ﬁlﬁl[(min{@—i- gH, ~t} —©) - (max{© + gﬁj} - 0)].

Thus, if © is included in the closed set [—¢,¢] with probability 1, then we have Fieg(n,,) <0
for all n,, so that i, = Fyeg(n7 ) is non-positive. This is intuitive as we will see in Theorem 2
that 77, characterizes the limiting behavior of the correlations between two estimators trained
on reg and reg.
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APPENDIX B: PROOFS FOR RESULTS IN SECTION 3
B.1. Proof of Theorem 1.

Part 1. We redefine Fioss and Freg for convenience:

EOSS(nc) = % ' E[envfoss<aG + Z; ’%) ’ env;()f‘sg(&é + Z7E)]7

Fusn) = B[ (3 emlg (114 0:3) = 011) - (3 emig (A 4 0:1) - 2|
By the Cauchy—Schwarz inequality, using (4b) in System 1a, we have
| Floss (1) < % -Elenvjye (oG + 2;5)2]1/2 .E[envl%;s(aé n Z;%)Q]l/g

_c BB
83 Va V&

= VCcC.

for all . € [—1,1]. By the same argument, the Cauchy—Schwarz inequality and (4a) in Sys-
tem la yield | Fioss(1,,)] < 1 forall n,, € [—1,1].

Part 2. Let us prove the differentiability and contraction of compositions. We will use the
following lemma to argue the differentiability of Fioss and Fieg.

LEMMA 12. Let G and Z be independent N (0,1) random variables. Then, for any Lips-

chitz functions (f, ) with bounded second moment E[f(G)?],E[f(G)?] < +oo, the map

¢:[-1L,1] =R, n=E[f(G)f(nG+1-n2Z)]

has the derivative

¢ (n) =E[f'(G)f' (nG+ V1 -n2Z)].

PROOF. Since ]7 is Lipschitz and N(0,1) has no point mass, ]7 is differentiable at G ~
N (0,1) with probability 1. By the dominated convergence theorem, we have

') =E[f(G)F (nG + V1—22) (G — ——2)].
Let us define A=nG++/1 —n?Z and B=+/1—1n?G —nZ so that (A, B) are independent
Gaussian NV(0,1) and ¢'(n) = (1 — n?)"2E[f(nA + /1 —12B) f'(A)B]. Using Stein’s
formula for B conditionally on A, we are left with

¢'(n) =E[f'(A)f' A+ 1 —12B) =E[f' G + V1 -12Z) f(G)],

where we have used (A,nA++/1—1n?B) < (nG++/1—n%Z,@G). (Here and throughout £
refers to equality in distribution.) O

Notice that env. (aG + Z; k) and 1 - eNVyeg (gH + 6; %) - gH have finite second mo-

ments, thanks to the existence of the solution to System la. Thus, applying Lemma 12
with (f(z), f(z)) = (envj(ax + Z;k),env (ax + Z;K)) and (f(z), f(z)) = (ga; —
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%envreg( r+0;L ) T — ienvreg( T+ O; %)), we find that Fioes and Freg are differen-
tiable and the denvatlves are given by:

F]i)ss(nc) = ;cg ’ IE[C“envlﬂoss(OCC: + Z; "<'3> ) &envﬁ)"s/s(&é + 27%)]

Fratin) = g2 (1= et (S +0:3)) £ (1 5 -eniy (G013

reg '] v v v v
for all n,,n, € [—1,1]. Note that the non-expansiveness of the proximal operator implies
that the map x — enV'y(z;7) = 7 !(z — prox;(x; 7)) is 7~ '-Lipschitz and non-decreasing
for any convex function f. Thus, F () and Fy,(n,) are non-negative and uniformly
bounded from above as follows:
ccd o

0< Fj(n,) < 55 E[&’envﬁg(&é + Z;k)] (0<env| (aG+ Z;r) <r™Y)
= Cﬂcg i ‘E[G - envl’g;s(&'é + Z;R)] (by Stein’s lemma)
= ;ng . Z? ;ZZ (using (4d) in System la);

o2 iyt < (1= oot (G0 )] -2 0zentGrsodyh
= %glﬁj{ <§H - envreg(ﬁ + O; %))} (by Stein’s lemma)
= alag Bk = igg (using (4¢) in System 1a).

Thus, by the chain rule, noting that (83k)/(a@?) is cancelled out, we have

0 < (Floss © Freg)/(ny) <c¢, 0Z(R reg © Floss) (ne) <c
By switching the role of (a, 8, k,v,c) and (a, 5,7{ v,c), it also holds that

0 < (Floss © Freg)'(n,) <€, 0 < (Freg © Floss)'(n,) < €.
Thus, by taking the minimum of (¢, ¢), we find that the compositions

N+ Floss © Freg(,,), 1 > Freg © Floss(1)

are (¢ A ¢)-Lipschitz.
Part 3. Let us show the uniqueness and existence of the solution to the nonlinear system:

H :HOSS(T’G)7 TIG:Freg(nH)'

We have shown in the previous paragraph that the map Freg © Fioss(n,,) : [—1,1] = [—1,1]
are non-decreasing, differentiable, and 1-Lipschitz. Thus, by Brouwer’s fixed-point theorem,
there exists some n* € [—1,1] such that

772 = Freg o Floss(ng)

Letting 77 = Floss(n),) € [—V/c¢,V/cc], we find that the pair (n%,m7 ) satisfies the nonlinear
system. Next, we show the uniqueness. Suppose (7.,7,,) and (7.,7,,) satisfy the system.
Then, 7., and 77, are the solution to the fixed-point equation 7 = Fieg © Fioss(7):

Ne = Freg(nH) = Flreg © Floss(ne), Mo = Freg(ﬁH) = Flreg © Floss (7 )-
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Suppose 7, # 1.,. This implies that the map 7 — 1 — Fieg 0 Fioss(1) is constant over a
nonempty closed interval of [—1,1], and hence we can find some n* € (—1,1) such that
1 — (Freg © Fioss)' (%) = 0. Recalling the argument in the previous paragraph, we must have

—~—~ G
! * (67674
) = cod¥

Fl(n 5’ and this equality case gives

B [envie, (@G + /1= (2)2Go + Z57) (5™ — envifgy(aG + Z5)) | =0.

for independent standard normals (G, Go). Since env’;(+; x) € [0, 1] for any convex func-
tion f, the integrand is non-negative with probability 1. Thus, we must have

//00 envl/;f?S (an*z+a\/1— (0%)2y+Z;R) (' —envipes(az+ Z; k) d(z) d(y)dady = 0

with probability 1 with respect to Z, where ¢ is the pdf of A/(0,1). By the change of variable
(z,y) = (u,v) = (ax+Z,anfz+a\/1 — (n%)*y+ Z), since (u,v) also spans R x R thanks
to [ | < 1, the previous display reads to

o0 *
S 1" . U—Z) <U—Z—7]G(U—Z))dd =0
//_OO envloss(v,ﬂ)(n envioes (u; m))qﬁ( - 0] /T P udv = 0.
Let us decouple the integration [[(-)dudv with a lower bound of the form [(-)du - [(-)dv.
Using the inequality exp(—(z + y)?) > exp(—2z2 — 2y?) for the density ¢ of A'(0,1), we
find that there exists some positive (deterministic) constants (c,C) that depend on (o, 7n%)
only such that

u—2 v—2Z—n(u—2)

o(“—=)o( =) = O (e Z)dle- (e v)
a ay/1 =]

for all u,v € R and any realization of Z. Combining this lower estimate with the previous

display, we obtain

o(cZ) - /_OO env— (v; k) (cv)dv - /00 (/{_1 — enViges (U3 K) ) (cu)du = 0.

loss
—0o0

with probability 1 with respect to Z. Since ¢(cZ) is always strictly positive, we must have

o0

[e.e]

/ envi—(v;K)p(cv)dv =0 or / (k71 — envines (us &) ) p(cu)du = 0.
—0o0 —o

Suppose [ envi_(v; K)¢(cv)dv = 0 holds. This implies Jx envi_ (v; )dv = 0 for any

compact set K C R due to min,ecx ¢(cv) > 0 and the non-negativity of env”. Since x

env;oAS/S (x;k) is Lipschitz, it is absolutely continuous, and hence it has the integral form

~ ~ xT ~ . T ~
envi—(z;K) = envi—(0;K) + IN envi(v;K)dv. Since we know Io envie(v;i)dv = 0,

/ /

|/O\S_; S . 0SS . A .

we find that = — envl’oﬂs; (z;K) is constant. However, this cannot happen since (4d) in Sys-
tem la then gives vaw = 0: a contradiction with the positiveness of (a, 3 , R, V). Therefore,
the other case [* (k™! — envi, (u;K))d(cu)du = 0 must hold. However, by the same
argument integrating the constant derivative over [0, z], this in turn gives env| (z;K) =
env| . (0; k) + f@_l‘x. Noting envl’oss(.x; k) = (x — prox.s(; £)) /K, this means that the map
X > ProxX;ees(; k) is constant. Denoting by po the constant, we have that for all real w,

n_l(u —po) = H_l(u — ProX;ees(u; ) € dloss(po),

which means Jloss(pg) = R. For any p € R\ {po}, the definition of the subdifferential gives
loss(p) > loss(po) + SUPyedioss(po) U(P — Po) = +00. This contradicts the assumption that
loss(p) < +oo at two distinct p € R.
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B.2. Proof of Theorem 2. In this section, for a vector w, the norm ||w|| indicates the /5
norm unless specified otherwise. By the assumption 0 € argmin,, loss(z) N argmin,, reg(x),
taking losspew () = loss(z) — loss(0) and reg,.,, (z) = reg(x) — reg(0) if necessary, we as-
sume without loss of generality that loss and reg are non-negative and have 0 as a minimizer.
By the change of variable b +— h = (b — 9)/[, denoting G' = /pX so that G has i.i.d.

N(0,1) entries, the regularized M-estimator 6 of interest and the residual vector y—X 6
can be written as

é\:\/ﬁ/ﬁ+0, y—Xé\:z—G/f;
where

(32) he argminobj(h) with obj(h):= Z loss(z; — g, h) + Z reg(\/ph; + 6;).
herr iel jelr]

Throughout this section, we denote ¢ =), ; e;loss’ (z; — giT h) € R™ where e; are canonical
basis of R". Let 1/, 8, h be the corresponding notation for another. Then, our goal is to show

AR aan, and 'z/)T'(;ZJV/p LN ﬁgnH.

B.2.1. Smoothing by adding diminishing ridge penalty. For some positive and diminishing
scalar y1 =y, — 0 to be specified later, we define the smoothed regularized M-estimator h,
as

(33) h,, € argminobj(h) + 2|2

heRre 2

where obj(h) is the objective function for the original regularized M-estimator hin (32). We
denote by 9, = >, e;loss’(z; — g;' h,,) the smoothed version of 1. This strategy of adding
and additive ridge penalty for the mathematlcal analy51s as a first step, and then arguing by
approximation (u — 0) to study the original ho =his ubiquitous; see, for instance, [64, 23],

[73, Appendix B.3], [16]. Here, we use the following lemma to show that (33) approximates
well the original estimator for any sequence = u,, indexed by n and converging to 0.

LEMMA 13 (Ridge smoothing). Let h, be the smoothed M-estimator and h be the original
M-estimator.

1. (Monotonicity) We have ||h — ;\lu”% < HiAzH% - HIAzuH%for any 1> 0.

2. (Convergence in || - for any
n — 0, we have
halg a2, 128 g2, Rig oy, [Pl

where o and 3 are solutions to System 1a.

PROOF. By the strong convexity of the ridge term pu?/2|/h||?, the smoothed one h also
minimizes the convex function: h — obj(h) + B ||h||* — B||h — hu ||2. By the optimality of
fzu and fL, we have

‘A > 7 RN TS s
obj(hy.) + Hh 1> < obj(h)+ HhH2 Hh—hquSObJ(hu)Jr?HhHQ—7”’1—%\\2
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so that subtracting ob)j (?Lu) from the both sides and dividing by pju/2 > 0, we obtain the first
claim.

Recall ||h]|2 2> o2 and ||¢||2/p 25 2. Then, by Lemma 13-(1) and the Lipschitz condition of
loss', it suffices to show the convergence ||h,,||> 2 a2 for the smoothed estimator h,,. Note

that IALM minimizes the function below
2
T n . 1:
h — ze; loss(z; — g; h) + %} reg? (v/phj) where regé.‘(g:) =reg(z + 0;) + py
7 ]e

Now we suppose that for any standard normal g = (gj)§:1 ~ N(0,, I,,), the convergence of
the Moreau envelope

— Z eNnVegin (g5 T) — reggf" (0) 2 Elenvieg(cH + ©;7) — reg(0)]
P jew)
holds for all ¢ € R and 7 > 0. Then, by [95, Theorem 3.1], we have HiALMHQ 2, &2 and com-

plete the proof. By the weak law of large numbers, the above display holds with y = 0 (see
[95, Lemma 4.1] for details):

— Z env, gu=o (cgj;T) — regg‘zo(O) 2, Elenveg(cH 4 ©;7) — reg(0)].
JE[P

Then, noting reg‘f: (0) =reg(b;) = reg’-‘(O) for any p > 0, it suffices to show

- Zenvregun (cgj;T Zenv u=o (cgjsm) =op(1).
P jen P jenl

For each j, the monotonicity env, g u-o(cg;; ) < eNnVieghn (cgj;T) holds since the objective
J

function is monotone in the sense of reg =O(z) < reg;(z) forall z € R and all ;2 > 0. On the
other hand, by the optimality of prox, .= (cg;; 7) and prox,egin (cg;; 7), we find

Hn

1
eNViegin (cgj;T) < E(ng - proxreg,jl,:o(cgj;7-))2 + reg; (proxreg;,:o(cgj;T))

= envreg;mo(cgj; T)+ Hn

2 (proxreg;‘=0 (ng, T))2

for each j € [p|. Thus, it holds that

pn 1
0< - ) Z envreg;n cgj; T Z €NV egu=o (cgj;T) < 7” . 5 Z (prOXreg;L:o(ng;T))Q’
J€lp] P jenl J€lp]
where prox,gu-o(cg;j; T) = prox.eg(cgj + 0;7) — 6; by the definition of reg’;. Here, under
Assumption D~(1), the expectation E[(prox,.,(cg; + 0;;7) — 0;)?] under g; ~ N(0,1) and
6; ~ © is finite for all c € R and 7 > 9 (cf. [95, equation (123)]). Therefore, by the weak law
of large numbers, we have % 2 el (proxreg;,:o (cgj;T))? LN E[(prox,eg(cH +©;7) — 0)3 <
+o0. This means that for any p = u,, — 0, the RHS of the previous display is op(1). O
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B.2.2. Bounding norm of regularized M-estimators. For some positive scalar K to be spec-
ified later, we add another regularization term; we define h, i as

~ 2
h, Kk € argminobj(h) + p'u||h||2+ F(M

) with X := obj(0)
heRre 2

additional term
where F : R — R is convex, non-negative, and non-decreasing with lim,_, F(z) = 400,

as well as differentiable with F/(u) = 0 if u <0 and F'(u) = 1 if u > 1. For instance, we may
take F as an integral of the smoothed step function as follows:

. 1 u>1
= / f(u)du with  f(u):=< 3u®—-2u uec(0,1)
o 0 u<0

Note in passing that the regularization parameter A = ob j(0) =D ierloss(zi) + 3 e reg(f;)
is independent of the design matrix G and non-negative since loss and reg are non-negative.

Now we claim that for sufficiently large K > 0 this modified estimator ’Alu K coincides with
the smoothed estimator h Furthermore, thanks to the additional regularizer 2 5 AF (W) ,
the norm of h,, i and 1, i are suitably bounded as follows:

LEMMA 14. The following convergences hold.

1. Ifwe set K =202 where o > 0 is the solution to System 1a, we have

P(h,x =h,) 5 1.

2. For any K > 0, there exists a positive constant C'i that only depends on K such that
lhy il < Cr. [ xl” < Crc (14 |lloss'[[£,) ([lloss' (2)[1” + 1 GI3,, ).

Thus, the constant C* = 1.1Ck (1 ||loss’||2,) (E[loss'(Z)?] + (14 6~ /2))? satisfies

N 2 -1 2 > 2m -1 2\m 1/m *
P (11 el (07 8 )V D [ i [P (0 e ) 1 2.6) T < 07) =1,

PROOF. Let us consider the event 2 := {||h||? < K} with K = 2a2, which holds with
high probability, since [|h||? 2 a® > 0. Combined with the monotonicity |hul? < ||R]|? by
Lemma 13-(1), we have Hh#H2 < K under the event 2. Since F'(u) = 0 for all v < 0, com-
bined with the Karush-Kuhn-Tucker (KKT) condition —puh € 8obj( ) for the smoothed
estimator h we observe that h satisfies the KKT conditions for hu, & under the event Q:

~ ~ h 2 =K\~ ~ ~ o~
—pphy, — AF’(H“H2>hM — —puhy, — 0 - hy, € dobj(hy,).
This implies P(h, = h, i) > P(Q) — 1.

By the non-negativity of (obj(-), pul| - ||?, zF(~)) and the optimality of hMK, it holds that

Lo —K)

2
K
0 e (Ll =Y iR )+ 22 g+ D (L]

2
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2
< obj(0) + 2o + 2r(L22 =)

= A+04+0.

When A = 0 then all inequalities above holds with equality, which means that 0 mini-
mizes the objective function obj(h) + Z£||h||? + (”h” ) for EMK Since this ob-
jective functlon is strongly convex due to the rldge term, the minimizer is unique. This
means hu x = 0 when A = 0. On the other hand, if X > 0 then dividing the above dis-

play by X > 0 we are left with F (%) < 2. Since F is non-decreasing and coercive

on the positive side, i.e., lim,_, o F(z) — 400, this gives ||IALM,KH2 < C(K) for a constant
C(K) > 0 depending on K only. Combined with the Lipschitz condition of loss’, the norm
of Y,k =Y €iloss'(z; — g by, i) is bounded as

1u.i || < [lloss'(2) | + [[loss'(z — Gy, i) —loss' (2)[| < [[loss'(2) | + [[loss[|Lip |G llop Py i |-

Since loss'(z;)? has a finite second moment by Assumption D-(1), the weak law of large
numbers gives ! |[loss’(z)||? 2 E[loss’(Z)?] < 4oc. Since G € R"*? is a Gaussian matrix
with i.i.d. N'(0, 1) entries, we also have ||G||gp/n 2, (1 + 671/2)2 by standard results of the

maximal singular value of a Gaussian matrix, e.g., [34, Theorem II.13]. This completes the
proof. O

B.2.3. Derivative formulae for strongly convex regularizer.

LEMMA 15 ([17]). Let h € RP be the regularized M-estimator of the form

he argmlnz loss(z; — g; h) + R(h),
here icl

where I C [n] is a subset independent of (g;)icn), l0ss : R — R is a convex and differentiable
function with Lipschitz derivative, R : RP — R U {400} is a T-strongly convex regularizer
for some T > 0, and R is independent of (g;). Then, there exists a matrix A € RP*P satisfying
|Allop < 771 and tr[A] > 0 such that h € RP and o = > icr €iloss'(z; — g h) €R" are
both differentiable as functions of the design (G) = (g;;) with the derivative given by

(34)

Oh N0 -
Vi € [n],Vj € [p], = A(ejeisz—GTDeie-Th), v —~DGAejep—Vee!h.

99ij ! 99ij !
where D and V are n x n matrices defined by D =", e;e; loss” (z; — g;r/f;) and V =

D — DGAG D. Furthermore, the matrix V defined above is positive semidefinite with its
operator norm bounded as ||V ||op < ||loss'|| Lip.

Recall that the modified estimator A Kk in Appendix B.2.2 minimizes the objective function
>icrloss(z; — g k) + R(h) where R is the regularizer of the form

pu X _/lR|? - K
R(R) = 3" reg(/phy +05) + 2 g2 + S (=),
J€lp]
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which is (pu)-strongly convex. Thus, we can apply Lemma 15; there exists a matrix A, x €
RP*P such that

(35) 1A rcllop < ()", tr[ Ay ] 20,
and ?LM K and ¥, =, eiloss'(z; — g ?L“, k) are differentiable with respect to the de-
sign matrix G = (g;;) as in (34) with
D%K = Z eiez—»rloss"(zi — g;rhM,K) ‘/,u,K = D#,K — DH,KGA#,KGTDMK.
el
Now we claim that the trace of V), jc and A, i are empirical quantities that converge to the
remaining solution v and k:

LEMMA 16.  For any ju— 0 such that p=* = O(n'/8), we have

tr[Vk]/p % and tr[A, k] 2k
PROOF. See Appendix B.5. O

B.2.4. Proof of Theorem 2. Below we will take the diminishing constant fin = 0 as in
Lemma 16. Dropping the dependence on (u, K') for simplicity, we denote h = hu K, ¥ =

Yur,andV =V, i, A= A, i.In the same way, we use the notation ( 1/) \% A) for the
other estimator. Then, by the convergence in || - |2 from Lemma 13 and Lemma 14, it suffices
to show the convergence of correlation for the modified ones:

hTh/(ad) %5, and o 9/(pB5) B0, .

First, we will argue by the Gaussian Poincaré inequality that hTh /(aa) and ¢T1Z / (pﬁg)
concentrate on random quantities that are independent of the scaled design matrix G = /pX.

Throughout this section, we denote by E[-] = E[-|z, 0, I, 1] the conditional expectation with
respect to the design matrix G given signal 8, noise z and subsample index I, I. Since G is
independent of (0, z, 1, I ), the conditional distribution of G given (0, z, I, I ) is still that of
a matrix with i.i.d. M'(0, 1) entries.

LEMMA 17.  For any ji,, > 0 such that ' = 0(n1/2), we have
E[(h"h —E[R"h))?] = Op(n~'u™2) = 0p(1).
E[(¢ ¢ —E[p 9])°] = Op(np?) = 0p(n?).

PROOF. By the Gaussian Poincaré inequality, noting aw(hT;z) ﬁTﬁijh + hTaijfz with
0ij = 8g , the conditional variance of hTh is bounded from above as

E[(h"h-E[RTR])?] < ZE[ (h"h)) }<22E[hT8Uh }JrZZIE{hT&Jh)}

where we denote by -, => 71", S ;1 for brevity. By the derivative formula (34), the first
term on the RHS is bounded as

3 (ETaijh)Q =>(h7 Ae;ui - GTDeihj)>2
tj 12

< 2||A[Z, IR 191 + 2| AlIS, I GIIE N DIIE, [ I [ 2l
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Using the upper bound || A|lop < (ppn)~" from (35) and the moment bound in Lemma 14-
(2), the conditional expectation (with respect to E) of the RHS is Op(n !4, 2). By symmetry,

we also get [ y E[(hT&jfz)QH = Op(n~1u;?).

We use a similar argument for the variance of ’l,bT’lZ . The Gaussian Poincaré gives E[('z/:T'lZ —

EWT‘Z])z] < QZijE[(‘ZTaiﬂ/’)z + (¢Taz‘j$)2]’ where
E:WT%WY:E:@ﬁPDGAqw—Vq%D

ij ij

2

SIATGTDT 912191 + VI 1] IRl .

by the derivative formula. Using || A|lop < (pps,) ' and the moment bound in Lemma 14-(2),
the conditional expectation E[-] of the RHS is Op(npu,,% +n) = Op(nu, ). O

Let us define 77, and 77,, as the “truncated” values of the conditional expectation of hTh and
1) T, respectively:

N = 1_[[—1,1} (E[hTE]/(a&)), Ny = H[—1,1] (EWT&]/(I?ﬁg))

where I1j_; ;)(z) := max(min(z, 1), 1) is the projection map onto [—1,1]. Here, we em-
phasize that (7),,,7,) is independent of the design matrix G since G is integrated out. Fur-
thermore, the absolute values of 7 and 7),, are less than 1 due to the truncation, and hence

the two matrices
L7 L7, )
~ Fland ( - ¢
<nH 1) <nc 1

are both positive semidefinite. By the concentration from Lemma 17 and the convergence
R[22 a? >0, ]|9|?/p 2 B2 > 0, noting the truncation z — II|_; ;(z) is continuous, we
find that the random variables (7,,,7,) defined above still capture the correlations, that is,

R AR AR
77H:]:[,7 (7~)+0(1):7~+0 (1)
el T el
hTh h'h
T =T () 0p(1) = —— 4 0p(1).
N T N T T

where the second equation follows from the fact that the correlations are less than 1 in abso-
lute values by the Cauchy—Schwarz inequality.

Now, we use the multivariate normal approximation below to motivate System 1b.

LEMMA 18 (Proposition 5.1 in [15]). Let z ~ N (04, 1;) and let F : R — RI*M pe g
locally Lipschitz function with M < q. Then there exists a standard normal vector w ~
N (0, Ing) such that

Eﬂudzfz——Ejangnn—{FK@TFT@}UaMF]SC%E:EUﬁilfM@L

le[q] lelq]

where {-}1/ 2 is the square root of the positive semidefinite matrix.



ASYMPTOTICS OF BAGGING M-ESTIMATORS 47

For each j € [p], applying Lemma 18 with F = [% %g} € R"?2 and z = Ge;j € R",

using the derivative formula (34), we find that there exists a random vector w; € R? such
that

wj ‘ (0767G7j7[7[) iN(O%IQ)
and

B| L (7] +wlVlhy «wTDC AR/ _ (i) 67059 ”Qw,m
VP \ (%" Ge] +tr[VIh; + 4" DG Ae;)/5 ¥ P/ (85) 191/ (pB?) ’

<o Y B[ 62”692 . fuag]!\ ?.

i€[n]

Using || Alop < (pptn)~* from (35) and Lemma 14, we have
E[lv" DGAI?| = 0 (172,

ZE[ 1P| <E2ADGAIRII + 21V IRII] = Ostrps~)

Thus, summing over j € [p] in the previous display, noting 1 ~2 = o(n), we are left with

ZH (¥ Ge] +ulVIn)/BY (|| /<p52>¢w/<pﬁﬁ> wH2=oP<n>.
MGe +tr[V]hy)/B v/ (pBB) )12/ (nB?) ’

By the (1/2)-Hélder continuity for the matrix square root: ||[M'/2 — N1/2|,, < ||M —
N ||0{, for positive semidefinite matrices M, N, combined with the convergence [|2) I%/p —
and the concentration 7),, = ¢T¢ /(pBB) + op(1), we have

[(I/ ) ¥/ 089) (g m)”
¥ %/ (pBB) P12/ (p5?) M 1
Combined with the previous display, we get

L (WGeI +tr[ij>//3> <1 D )”2 ’ :
S (1 LVEY (L) I o) 4 0p(1) 3 gl = op(n),

TGel + tr[V1h: 1 wJH or(n) J

je[p] \/]3 (w Ge] + I'[V] ])//8 n ]E[p}
where the last equation follows from } _ ; €l E[||w;||?] = 2p, which follows from the fact that

op = O[p(l).

the marginal distribution of w; given (2,6, 1, 1) is N'(0,1) (note, however, that we do not
establish or take for granted that (wy);¢, are i.i.d.). Using tr[V]/p 2, v (Lemma 16) and

|h||> = Op(1) from Lemma 14, we can also replace tr[V']h; by prh;. As a consequence, we
get

(36)
ﬁ(wae} + pvh;) TANIE oy 1A\
Z H %({PVTGeT i pﬂ% v~ @]- H = op(n) where @J = 7 lH w;.
j€lp] \vPB J J J j .
Here, we emphasize that the conditional distribution of (@, w;) is given by

{U\j —Jj 7y 4 1 ﬁH
(,[EJ)(Z707G 7I7I)_N<027<ﬁH 1>>
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since the conditional distribution of w; given (2,0, G/, 1, I ) is standard normal N (02, I2)
and 1), is 0(z,0, I, I)-measurable. For each j € [p], let us define =; and Z; as

_ ¢TGe]T +prh; s B {vaGejT +pﬁ7zj &

j /P8 Gy =g \/ﬁﬁ j
so that the bound (36) reads~2j€[p] [E? + :?] = op(n). By the~KKT conditions G T €
/DOreg(,/ph + 0) and G4 € \/f)@reAé(\/ﬁh + @) for h and h, respectively, \/ph; and
/Ph;j can be written as

(48 _ (st 501 -0,
\/j)hj proxreg(e + 17( J + Ej);g_l) - 0]‘
Now we claim that the bound ) . jep 27 = = op(n) also holds in the conditional expectation

E, ie., ]E{ZJGLP] j] = op(n). To this end, it suffices to show E[(p~' > jem S ) | < C with
high probability for a constant C'. Using the upper estimate

1 G’ _
o<t S =180 C i L S @)
Jjelpl G[P]

and the moment bound form Lemma 14, we get

B[(; =) <es(1+E[(; @) )

JE[p] JEP]

=N

with high probability. For the second term, expanding the square of the summation,
B[(m @) ] = D@ @ < 5 L yEl@) e -
J€lp]

where we have used E[(@;)*] = 6 for all j, which follows from the fact that the marginal
law of w; is M(0,1). This gives E[(% > el = ) ] < C with high probability for a con-

stant C, and hence we get the estimate E[p > el _j] = op(1). The same argument yields
B} Xjep) =5) = or(1).

Combined with the proximal representation of (,/ph;, \/ﬁﬁj) using (:j,fj) since prox(-)
| E3]and E[ Y0

is 1-Lipschitz for any convex function f, the upper bounds of E[ 3 icl) E?]

—j€lp
yield the following simple proximal approximation of (y/ph;, /p. h; )

_ . F0X,eg (0 V)@ ) — 6
219]%;)]15[” <£%j> B <Eerre~§Ezj 1 Eg';g;@j;;_li } z]> HQ] —

Noting E[||h|2] = Op(1), this lets us approximate E[h T h]/ad by the inner product of prox-
imal operators:

E[hTh] 1

aa
p J€lpl

1 ~
= - E Freg(nHQQj)y
D«
[p]

top(l)=— %E[(proxregwj + (B/v)igsv) — 0;) (proxeg(6; + (B/D)i; v") — 6 )|
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where for the second inequality, we used the fact that the marginal law of (w;,w;) given

(0,z,1,1) is jointly Gaussian, with zero mean, unit variance, and correlation 7),,, and where
Freg(+;05) : [—1,1] — R is the function defined by

B.,..1 8 2.3, 1
ProX,eg (05 + x5 ) — 05) (Proxeg (05 + 5 (0 + /1 —=n%y); 5) — 0;
Freg(n;t%)://( = alt e(ia] j)w(w)w(y)dxdy

with ¢ being the standard normal probability function and [ = [*° [ . Notice that
for each n € [—1,1], the sequence (Freg(n;ej))§:1 are i.i.d. random variables with mean

E[Freg(n;6;)] = Freg(n). Furthermore, by the Jensen’s inequality and the Cauchy—Schwarz
inequality, the expectation of the absolute value is finite:

1 > o~
E||Freg(1:6))I] < —E||(prox,eg (€ + 2H; ) — ©) - (proxeg (0 + 2H: 1) — ©)|

1/2 1/2

1 =
< EE[(proxreg(@ + gH; %) — 9)2} ~E[(proxre~g(@ + %H; %) — @)2}

=1 (by (4a) in System 1a).

Thus, the weak law of large numbers gives p~* jelp) Freg(11:65) 2, Freg(n) for each n €
[—1, 1]. Next, we claim that this convergence holds uniformly over n € [—1, 1].

LEMMA 19. Let I be a bounded and closed interval of R and let (fp)p>1:1 — R be a

sequence of non-decreasing functions such that f,(z) 2 f(x) pointwise for some function f :
I — R. If f is non-decreasing and continuous, then the uniform convergence sup ¢ | fn(z) —

f(2)| 2 0 holds.

Note that Lemma 19 is a probabilistic analogue of a similar statement for deterministic func-
tions: if a sequence of real-valued monotone functions (on R) converges pointwise to a con-
tinuous function on a compact set I C R, then the convergence is uniform on the set /. The
probabilistic version is known but in a more general setting, so to keep the treatment self-
contained we give a basic proof below which is similar to proof of the Glivenko-Cantelli
theorem (cf. [98, Theorem 19.1]).

PROOF. Let us write I = [a,b]. Since f is continuous and I is compact, f is uniformly
continuous on I. For any € > 0, there exists some &, > 0 such that |f(z) — f(y)| < €/2 for
all z,y € I such that |z — y| < d.. Now for sufficiently large integer k = k. € N such that
(b—a)/k < J, let us take equally spaced grids (z;)%_, over [a,b] such that a = z¢ < 21 <
- <zp=>band (v; — 2;-1) = (b —a)/k for all i € {0,...k}. Let Qe = NE_o{|fu(a;) —
f(z;)| < €/2} be the event under which f,, and f are sufficiently close at the finite grids. Note
that this event holds with probability converging to 1, thanks to the pointwise convergence
fr(xs) LNy (z;) at finitely many ;. Then, since f,, is non-decreasing while f does not move
more than €/2 in [z;_1,x;], forall i € {0,1,...,k} and for all x € [z;_1,x;] we have

fa(wio1) < fu(x) < fulas),
—€/2 = f(zi-1) < —f(2) < —f(2:) +€/2.

In the event ()., summing the two lines it holds that —e < f,,(z) — f(z) < € for all i €
{0,1,...,k} and for all z € [x;_1,x;]. O
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Recall that we have shown in the proof of Theorem 1 that Fieg is differentiable with a non-
negative derivative. By the same argument, the map 1 — Freg(n);6;) is differentiable with
a non-negative derivative. Thus, applying Lemma 19 with f,(-) =p~ 'Y i€l Freg(+305),

f(+) = Freg(+) and I = [—1,1], we get the uniform convergence:
sup ‘ Z Freg n;0 reg(n) 0.
ne[—1,1] pje[p

Combined with M = %Eje[p] freg(ﬁH;Qj) +op(1) and 77, € [—1, 1], we are left with

h,Th

1 ~
2> Fug(i1y36)) +0v(1) = Feg(A,) + (1),
JGEP]

E[]

Recall the definition 7, = H[ 1,1(=55—) where II_; ;j is the projection onto [—1,1]. By
the continuity of the projection map and the bound SuPye(—1,1] [Freg(n)| < 1 (see Theorem 1),
the above display yields

N = M—1,1)(Freg (7)) + 0p(1) = Freg(7],,) + 0p(1).

Next, let us show 7),, = Floss(7),) + op(1) using the same argument. Using Lemma 18 with

—[h/o | h/d] € RP*2 and z = g;, there exists a random vector u; € R? with conditional
distribution

u; ’ Z,O,G_Z‘,I7fg./\[(02,12)

and

oy | ((Onn- Al AG Dedvo) (/o bihjod T
Al i AcTDeysa) ~ \rhan lalrar)

"+l

P
—1
ZE*!
= a?110g;;
in (35) Lemma 14, noting u‘z = o(n), it follows that
E[HhAGTDH2] = (’)p(n_l,u_z) =op(1)

5

Using || Allop < (pp) "

zz[

n] j€[p]

| < 2E[IAIRI 1P + 1AGT DI IRIR| = Oc(u%) = or()
so that summing over i € [n] the inequality (37), we get

1/2
h — tr[AJy;)/a [hl?/a? hThjac
ZH( Th—trA]w»/a) (hTh/aaHh\/ > '

i€[n]

2

=op(n).

Appealing to the (1/2)-Holder continuity for the matrix square root again, now using the two
convergences ||h||2 — a2, ||h||2 2 &2 and the concentration 7, = h " h/(ad) + op(1), we

get
1/2
H I /? hTh/ad (1 ﬁ>/
hTh/ad ||h|? /&> !

op = O[p(l).
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Combined with the convergence tr[A] 2k, tr[fﬂ 2, %, noting that Zie[n] l|w;||? and ||p]|2 +
H'l;H? are both Op(n), we are left with

IR =t e ()= (37)

By the same argument that we used to bound =; and éj, using Lemma 14 and the fact that
the marginal law of @; (and u;) is NV'(0,1), we can show that the conditional expectation
of the square of LHS is bounded from above by a constant C' with high probability. Thus, the
above approximation also holds in the conditional expectation E:

1 = h — Iﬂ/)z Ckil,\i 2 o
ZE[H( Thw) N (am H ] = o(1).
Let us define = := g, h — k1); — at; and == g/ h— 7%1;1 — au; so that the above display
reads 3, E[(E)? + (21)2] = o(n). Since 1; = loss'(z; — g, h) and ¢; = Bs/s,@ —g'h)
forallie InN I, , the residuals can be written as
- gz—rh = ProXjess(2i — Qll; — *—*ia K), 2i— gz—l—ﬁ = prOXGS’s(Zi —Qu; — ézyf"%)

for all i € I N 1. Since the map z — env'(z;7) = f" o prox;(z;7) is a composition of Lips-
chitz functions if f is convex and differentiable with Lipschitz derivative, the moment bound
IZZEM E[(27)? 4 (E%)?] = o(n) lets us approximate 1; and 1; by env],._ and envi— as fol-
ows:

env (2 — ati;; k) |12 . U ~ 17

n Z H <¢ - envlfsvS (zi —&ﬁ"%i) H = op(1)  with (g> ’Z’G’G_i’I’IiN(OQ’ <ﬁ 771G>)
zG]ﬂI ’ v ! ¢
Noting E[||4||?] = Op(n) by Lemma 14, this lets us approximate E[szZ]/(pﬁé) by the

inner product of (env]_, envI s)

Efp 9] _[InI] 1 ~

~ _E
w55 pep I Y
ccd 1 _
=53 T E oss i k) - envi—(z; — ag; k)] + op(1).
G312 Flemionla i) emi o = A + 0e(1)

Since the marginal distribution of (u;,u;) given (6, z, I, I ) is centered normal with unit vari-
ance and correlation 7], the above display reads

T
1 N
BTyl _ 3" Fiouli50) + 0x(1)
p,@,@ | N ’ ieInd
where Floss(7; 2;) : [—1,1] — R is the function defined as:
ccé / / ~
Foss(m;2i) = (y)enVigss(2i +a; k)envi— (2 +a(nz+ V1 —n?y); k) dz dy.

By the same argument for Freg(n;ej), the sequence (Fioss(7; 2i))ic|n are i.i.d. random
variables with mean E[Fjoss(7;2i)] = Floss(n) and the expectation of the absolute value

| Floss (1; 2;)| is finite. Thus, by the weak law of large numbers, we have -1 Zze Floss(T]; i) LN
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E[Foss(1; 21)] = Floss(n) for any deterministic integer m = m,, — +oco. Then, we have that
for any € > 0, denoting by ) _ ;- the sum over all possible value K taken by I NI,

Z EOSS m Zl) Eoss( )’ > 6)

ielnl

<‘|m1

( Fl " Floss(m; 21) — Fioss ()| > ¢, INT = K) (by additivity of disjoint events)
eK

=2 P
K
Z ( ‘K’ ZFloss 77721 - Ioss( )| > €>P(I N f: K) (by independence)
K
P
m>0

1€[M]

We now split the sum over m > 0 into two as follows:

P(Is 37 Fiss(:21) — Foss(0)] > )

ik ielnl
(Xt X )B(l Y B 0) ~ Fosln)| > )B(I10 T = m)
m<nce/2  m>ncé/2 i€[M]

P(INT|<nei/2)+ sup P yf 3" Floss(1: 2i) — Fioss(n)| >e)19>(ymﬂ > ned/2)
m>ncc/2 ze[M]

where P(|1 N I| > ncé/2) <1 in the rightmost term. The second term converges to 0 by the
weak law of large numbers, and the first by Chebyshev’s inequality applied to the hypergeo-
metric distribution.

This gives Zze[ﬁ[ Foss(1; 2i) LN Floss(n) pointwise for any n € [—1,1]. By the same

II ni|
argument we used for Freg and Freg(+;60;), Floss and Fioss(+; ;) are non-decreasing and con-

tinuous. Thus, we can apply Lemma 19 with f,,(-) = ﬁ > icing Floss(52i), f(+) = Floss(*)
and obtain the uniform convergence:
1

o |
nel—1,1] ‘Iﬂﬂ

Z Floss(n; zz) - Floss(n) = OP(l)'

ieInl

Combined with W),Bﬁlp] |IF}U\ > icrng Floss(My; 2:) and 1), € [—1,1], we are left with

E[sp 9]/ (pBB) = Floss(7l,) + 0p(1).

Recalling 7, =TIy 1 (E[¢T4]/(pBB)) where I1|_; 4 is the projection onto [—1, 1], by the
continuity of the projection map and | Fiess(7)| < Vee < 1 forall i € [—1,1] (see Theorem 1),
we finally obtain

Ny = BT 1]( Floss(1)) + 0p(1) = Fioss(7;) + op(1).

In summary, we have shown that 1), = Feg(7),,) + op(1) and 1,, = Fioss(7),) + op(1). By the
continuity of Fieg and Fjo, it holds that

ﬁc = Freg © -Floss(ﬁc) + OP(l) and ﬁH = ‘F|OSS o Freg(ﬁH) + Op(l).

(1= 57 Fiss(:21) — Foss(n)] > )BT T =m) ~ (since (z0)icxc 2 (21)ic form =

K1)



ASYMPTOTICS OF BAGGING M-ESTIMATORS 53

Let T: [—1,1] = R be the map T : 1+ 1 — Freg 0 Fioss(17) so that the above result (for
7..) reads to T'(7),.) = op(1). Since T is continuous in [—1,1] and has a unique root 7, by
Theorem 1, for any € > 0 let C(e) = minue[,lyl]\[ng —em,+e] T'(u) and note C'(¢) > 0 by
compactness. Hence

P([n, =3l 2 ) <P(T (7)) = Cle)) —

due to 7T'(7,,) = op(1). By the same argument, combining 7),, = Fioss © Freg(7),,) + or(1) and
the fact that the map 7 +— 7) — Fioss 0 Freg(n) is continuous and has a unique root 7),, by

Theorem 1, we obtain 77, - 1,,.
Recalling 7, = h"h /(&) +op(1) and 7, = 9/ (pBf3) +op(1), this gives h T h/(ad) 2>
L and ¥/ (pBB) 2 n,,, thereby completing the proof.

Finally, let us show the proximal approximation of estimators (,/ph;, \/ﬁﬁj) and residuals

(zi—g] h, 2 —giTINL). Now that we have established IﬁTIZ/(pﬁg) 2y, and hTﬁ/(a, a) —P
7., using the above argument again with 7),, replaced by 7,, and 7, by 7., we obtain the
following result.

COROLLARY 20. Denote by E[-|z,0, 1T ,.7] be the conditional expectation. Then, we have
the following (conditional) proximal representation of the error vectors and residuals:

s SRl 5) - Gt L) [ =exc0
|mu W > - (E°'Ei§§’; 1= et

where (Hj,Hj)jeLp] and (GivGi)iem
] Hj Td 0 1 U

vj € p] (ﬁj) |Z>9»I’I—N<[0]’{UH 1])
, = (G 74 OF 117

VielNl, <G2> |Z’07-[7[_N<|:0:|’|:770 1:|>

Since |X,| = op(1) is equivalent to E[1 A |X,|] = o(1) for any random variable X, the
conditional proximal representation of the error vectors (h, h) in Corollary 20 reads

B |1 /Phj+ 0, prox,es (0 + (B/v)H;; v~ 1)\ |2
£fin] X B <o sty = (570 0) - (o L)

Here the expectation E is with respect to (2, 0, I, I) (recall the definition E[-] = E[-|z, 8, I, 1]).
Note that the integrand is bounded from below as

1A~ ZIE pZ(l/\E ) ZEl/\A

JE[p JE[p] JE[p

7 are jointly normals such that:

where the second inequality follows from the Jensen’s inequality E[f(X)] < f(E[X]) ap-
plied with the concave function f(z) =1 Az and X = A;. Taking the expectation of the
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above display and using the tower property, we are left with

fZIEl/\A =o(1).

JE[P
Since the marginal distribution of the integrand (1 A A;) is the same for all j € [p] by sym-
metry, the LHS equals to E[1 A Aj/] for any j" € [p]. This gives max;cp,) E[1 A Aj] = o(1)

and completes the proof of the desired joint approximation of estimators (,/ph;, \/ﬁﬁj) The
joint approximation of residual follows from the same argument, so we omit the proof.

B.3. Proof of Theorem 3. The proof strategy is the same as Appendix B.2.4. We first claim
the average p~1 > jep) (- ++) concentrates on its conditional expectation:

V/Phj +0; V/Phj +6;
(38) LS o yph; 16, ZM JBh; +0; | +op(1),
p
€] 0; P jew) 0;

where recall E[-] = E[|0,z,1,1]. Note that the marginal distribution of 6 = (05)jep) 1s

bounded in the second moment by the additional assumption we imposed for this the-

orem. Furthermore, Lemma 14-(2) implies that there exists a deterministic constant C'
— —

which depends on (6, |[loss’||Lip, [|l0ss ||Lip, @, &, E[loss'(Z)?], E[loss (Z)?]) only such that

||| V ||h||? < C with probability 1. Then, combined with Corollary 20, using the pseudo-

Lipschitz property of the test function ®, we have

V/Phj + 0 1 Prox,eg (60 + (8/v)Hj;v )
) Z E® | \/ph; + 0; Z E® proxeeg (05 + (8/v)Hy; 1) | +or(1),
Jj€lpl 0; j€lpl 0;
By the law of large numbers,
Prox,eq (0 + (8/v)Hy;v™1) Prox,eg (© + (B/v)H;v™")
= Z E® | proxzg(0; + (8/0)Hy; v ') | B | prox,e(© + (8/0)H; 771 |
P e 0; ]

where the integrand on the RHS is bounded in L; by Assumption D-(1), the pseudo-Lipschitz
continuity of order 2 of ®, and the additional assumption that E[©2] < 400 where © ~ Fj.

Thus, it remains to show the claim (38). Recall that we have proved this result for the specific
test function ®(a,b,c) = (a — ¢)(b — ¢) in Lemma 17 by the Gaussian Poincaré inequality.
Here, we use the same proof strategy. One minor thing we need to be careful of is that we do
not assume the differentiability of the test function ®, so instead of calculating the derivative
of p~t3° el ®(---), we prove its locally Lipschitz property. Specifically, we claim that for

all G, G’ € R™*P letting h = h(G) be the estimator fitted on the design matrix G,
2

\fh( )+ VPhi(G') + 6,
LS o [ yphi6) + —EZ<I> PR (G)+0
i€l 0; P e 0;

012 lloss'(2)2  |lloss (2)|2 |G
o <ty (14 0 NI e G 1Ty

; : [

where C is a deterministic constant. If this inequality holds, then the squared Frobenius
norm of the weak derivative ||VG117 > e 2C) |2 is bounded from above by

st (I, Jios ()1 | 1y

n n n

9 2
C.(np2)~1 (1 + H p” +
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so that combined with the Gaussian Poincaré inequality, we have
2

V/Ph; +6; /Ph; +0;
Z@ \fh +0; ZE@ JPhj + 0
P jew) 0; P et 0

2 ! 2 — 2 ]:E G 2
<ty (1180 Voo W EICTE)

= Op(npy) "

For the last equality, we have used ||0||2/p = Op(1) and || f'(2)||3/n = Op(1) by the law of

large number with the assumptions E[©?] < +oc0 and E[f'(Z)?] < +oo for f € {loss, loss}.
Finally, using 1! = o(n'/?), we complete the proof of (38). Thus, it suffices to show the
locally Lipschitz property (39).

By the pseudo-Lipschitz continuity of order 2 of the test function ®, there exists a constant
C (which depends on ® only) such that

VPhi(G) +6; VPh;(G') +0
IS | phi(@) 65 |~ S @ [ (6 +0
P jen) 0; P e 6;
< i D (L1051 +VB(Iy (@) + () + [R(G)] + [y (@)

J€lp]
X VB (1h3(G) = hi (G)] + [15(G) = hy(G)])
=C Y 0i(G.G)(|h(G) — hi(G")| + (@) = hy(G)))

Jj€lp]
(40) < Clv(G, @)|(IIR(G) = (G| +[IR(G) - h(G)])
where v(G,G") = (vj(G,G")) e[y € R is defined as

03 (G G i=p 2L+ 1030) + 11y (G + 15 (G)| + [ (G) + |y (G

Let us bound ||v(G,G")||. Now, from Lemma 14-(2), we can take a deterministic constant

C., which depends on (4, |[loss’||Lip, ||E)\SE/HL1P,a,62,E[Ioss’(Z)Q],E[E)\s/s/(Z)Q]) only, such
that

~ G)|? < Ci(|lloss'(2) |1 + || G||2

“n RGPV [R(G)|* < C. and {W oS ol o

[P (@) < Cuffloss (2)[I” + |1 GI5,)
uniformly for all G € R™*P. Thus, the upper bound ||k (G)||2 V ||R(G)||? < C. yields

lv(G,G")|> <C1+]6]*/p).

for a constant C' depending on C\ only.
Next, let us control |h(G) — h(G")||. By [11, Proposition 4.4], we know that G — h(G) is
locally Lipschitz as follows:

I8(6) - (@) < ()16 — &2, B ey,
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Combined with (41), we obtain
HIoss’(z)H2 1G||?

n

1h(G) = h(G)|* < Cu(npar) ™' (1 + )G = Gy

Similarly, applying [11, Proposition 4.4] for G — E(G) and using (41), we get the same
~ ~ —

upper bound for ||h(G) — h(G")||* with loss’ on the RHS replaced by loss .

Finally, substituting these upper bounds of ||[v(G, G')||2, |h(G) — h(G')|%, and |h(G) —

h(G")||? into (40), we get the desired locally Lipschitz property (39).

The convergence of [I N 1|~ Y ieini @i — w?@,yi — a:?gf, z;) follows from the same
argument, so we omit the proof.

B.4. Proof of Theorem 5. We assume that reg and reg are pu-strongly convex for a fixed
> 0. Then [17, Theorem 5.1] implies that

tr[A] tr[V] — df = Op(v/n).
On the other hand, by the same argument in the proof of Lemma 16 with the diminishing ridge
penalty 1, replaced by the strongly convexity parameter p > 0, we have tr[V]/p 2u>0
and tr[A] 2 k. Therefore, we get
tr[A] — df/tr[V] = Op(n~Y?) and df/tr[V] = Op(1).

Note in passing that the same things hold for df and tr[‘7]. By the Cauchy—Schwarz inequal-
ity, the error term due to the replacement of (df / tr[V'],df / tr[V]]) by (tr[A], tr[A]) is

‘ Z (T’z Lgicny wz) (m + tr?l:/] ]l{ief} TZz) - ;} (m +tr[A] L ey ¢i)T (;Z, + tr[Av] ]l{ief} {p;)
€|n
df 2 | df i . — | df
< ig[;] (ri + V] Lien i)™ ‘tr[V] - tl"[A]‘H’.bH + ig[;](n‘ + tr[A] Lyen ;)2 - ‘tr[V] _ tr[A]‘quH

= (llzll + Or(v/n)) - Op(1)

where the last equality follows from the following fact: ||7||? < 2(||z||* + ||GR|?), |Gh|?* =
Op(n), ||%||*> = Op(n), and df / tr[V] = Op(1). Therefore, it suffices to show

b R 22— 3 (2o - g7 B A L jiery 00 (20— g] Rt ALy ) = Op(1) 2]+ Op (V).
i€[n)
By simple algebra, the LHS can be decomposed into three terms &1 + 51 + &2 with:
&= zlglh—ulAllgen i), &= z(g h—t[A]L (iel} )

i€[n] i€[n]
&= nh'h — Z Th— tr[A ]1{161} 1/%) ( - tr[A] {iel} J’)
i€[n]

For (&1, El), the derivative formula (44) and the argument in the proof of [17, Proposition 18]
yield

= 1€1] = |§~1\
E BEl— 1l < C(u, ).
[{Hh!2+p1||¢||2}1/2-Hz\|}+ [{uhuup—wwu?}l/z-uzn}‘ (1:9)
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Since the denominators are Op(1)]|2||, we have &, + & = Op(1)]|z].

Below we bound &> using the following moment inequality, which is a variant of [11, Theo-
rem 7.2].

LEMMA 21. Let p, p: REXQ — R be locally Lipschitz functions and ¢, E: REXQ  RL
be locally Lipschitz functions. If (21 )re[k) are i.i.d. N(0q, Ig), we have

KpTﬁ_Zke[K](szp_zqu %lejﬁ_zqecg %) == ==
¢ Tlel? + P25 + ||E|r2}1/2 ‘ < CHVR(L+ B+ Z)+ Bl +5)

=._ 1
where == [orem Zkelx] 2qelq) (H Bgia
(The proof of Lemma 21 is given in Appendix B.4.1.) By Lemma 21 with (p, p) = (h, 71),
(¢,€) = (/\/p,/ /), and K = [n], we get
h‘Th Zlen(gz h — Z]E[p )(gz h’ Z]E[p] Erm ) ‘ <
{lIRl +p~ |2 }1/2{||h||2+p*1|\¢ﬂ P2

!

H agkq

where

= 2
“2) = uhuup—luwuzzzmag e l)

i€[n] j€lp]

Let us bound =. By the derivative formula (34), we have

D lloghl* < 2| Algll#)° + 2| AGT DIEIR?, Y 11059 < 2| DGA|RI%]? + 2|V [E]| R
ij ij

where V.= D — DGAG' D and D = diag{loss"(z; — g, h)}. By || Alop < (pu)~! and

| Dlop < ||loss’||Lip» Z is bounded from above by

(43)
= <2p||Al} + 2| AGT DI} + 2| DGA| +2p | VI3 < C(8, [lloss'ip) - [ A5, IG5,

By || Allop < (pp)~! in (35) and Lemma 14, we obtain E[Z] < Cy. This gives
‘nh h’ Zzen(gz h ZJE p] (')g )(gl h Z]G[p] 891)
{IR)12 + p=H I [12}/2{ B2 + p~ 92112

Since the denominator is Op(1), we have

TR (oTh- 3 ) (o7 X G) = ontvi

< Ciovn

99
i€l j<b sl
By the derivative formula (34), noting that g;i =0forall i ¢ I and j € [p], it holds that
) oh; {0 ig¢l
990 |tr[Algi —hTAGDe; icl
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Combined with ||hT AGD|?> = Op(n~!), the Cauchy—Schwarz inequality leads to

> (aln- 3 o) (olh X ggﬁé) = 3 (o7 b telAT ery ) (6 R ATy 1) + O5(0).
- jem

i€[n] Jj€lpl i€[n]

This gives &2 = Op(y/n) + Op(1) = Op(y/n) and completes the proof.

B.4.1. Proofof Lemma2l. Letusdenote f=(p',¢")"T € R9TF and f: (ﬁT,ET)TRQXL.
Let us write the product as

IIfIHIfII H2(Ilfll Hf||)H H2(Hfll Hf\|>H

Note that ”f” and & ||f||

Xx-square type moment inequality [11, Theorem 7.2] to these terms respectively, we observe
that the following two terms are bounded from above by v K {1 + E[Z + E|}'/2 + E[Z + T]
up to some universal constant:

B K H(HfH ||f|,)H (T(an H?H) qz[ aiq<|y[;g\|+||?’,))2‘
‘H(Hf” ||f|,>H (T(Hf” |,%|)q€2[;2}aiq(||?g||||€zq“,))2‘

Thus, by the triangle mequahty, we are left with the bound of cross terms:

E]K - k,k\<xﬁ{1+E[ +EN2 L E[E+ B
IIfIIHfII Ke[K]

where b, = 2z p/|| Il — >_4e0)(9/0zkq) (pq/ || F ) Expanding the derivative of the second
term, by, can be written as

T Opq.
ZE P = 2 ge(Q) Do froor
by = : § + E
k 171 "’qazk IIfH o pql\f||3f3qu

=ag

are bounded by 1 in the standard Euclid norm || - ||. Applying the

T

(45)

Thus, by multiple applications of Cauchy—Schwarz inequality, using ||p||?> < || f||?, we find
that the error ||b — al|? = > repx) bk — ay)? is bounded from above by 2=:

.
la—b]? =3 ZPquHsa <2 llel? Z<||f|!36qu) SII;IIQ%HG%H ==

keK q€[Q]

The same argument gives ||a — b||2 < 2Z.

Now we claim the following deterministic inequality for all w, @, a, @, b, b € RX with llu| Vv
luf <1:

|Ku"a —a'al— [Ku'a—b"b|| < (|la—b|*+|a—b]|*)+VE(la—b|+|a—b])
(46) +27 (| K [Jw)|® - ||b]f?] + | K [|a]® — [[5]1%))
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We prove this inequality later. Applying this inequality with u = p/|| f|| and (a,b) defined
above, using ||a — b||? < 2, we get

Ku'u—a'a| <2(E+E2)+ V2K ((EV?2+EY?)
+ 27 (IK Jull = [1b]%] + [ K [a]* — [[B]*])
+|Ku'u—b'b|
Taking the expectation, using the moment bound (45), we are left with
ElKu'u—a'a| SEE+E] + VKE[EY? +EY2)]
+{1+E[E}2 +E[E] + {1+ E[E}'/? + E[E]
+{1+EE+E}/?+EE+E]

Using Jensen’s inequality E[X /2] < \/E[X] for any non-negative random variable X and
Vva+ Vb <2 Va+ b for any non-negative scalars a, b, the RHS is bounded from above by
VEK{1+E[Z + Z]}"/? + E[Z + Z] up to some universal constant. This finishes the proof.

Below we prove the deterministic inequality (46). By multiple applications of the triangle
inequality and Cauchy—Schwarz inequality,

|Ku't—a'al— |Ku'a—b"bl|<|a"a—b"b|
<l(a=b)"(@—b)+(a—b)"b+b'(a—1>b)|
<|la— bl[[|a - b|| + [la — b]|||b] + & — ] ||B]

_lla—bl+ @b
- 2
Using ||b]| < /][1b]12 — KJul]2|+ /K]|u|?and ||Jul| < 1, lla—bl|||b|| can be bounded from
above as

+ [la = bl[[|b]| + [|a — b|[|b]]

- = ~ a—b|? b2 — K|ul?
a1 < lla—blly/1BI2 — & i)+ Vo) < 12 TP KR, 0 g

The same argument gives ||@ — b||b|| < \|a5b\\2 + ”b”L;{HuM +VK||@ — b]|. Putting them
all together, we obtained the desired upper bound of ’ |Ku'u—a'a|l—|Ku'u—b"b| ‘

B.5. Proof of trace convergence. We assume without loss of generality that I = [n].
Throughout this section, we denote h = h, i and 1) = 1, i for simplicity.

LEMMA 22.  Forany p € (0,1] with ' = o(n'/4),
te[V] = (k]2 (9] tr[A] - ¢ Gh) + Op(n'/27")

Y Gh)* + |h|(pllv]* — G %)
[2|*
and P(tr[A])? < C) — 1 for a constant C > 0 that only depend on (v, 3,9).

tr[A]? = ( + Op(n~Y2u72)

PROOF. First we show the stochastic representation of tr[V'] by (h, ), tr[A]).
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LEMMA 23 ([17]). Let p : REXQ 5 R? gnd ¢ : REXQ — RE be two locally Lipschitz
functions with differentiable components. If Z € RE*Q has i.i.d. N'(0,1) entries, we have

C Zp— qu 8gk
E q
K <112+ [l pl?

2. _ 1
where = := ||P||2+||C||2 ZkE[K} ZqE[Q] <H 89kq

)2] < Ci(L+E[E)

)

By Lemma 23 with (¢, p) = (p~ /24, h) and Z = G, we have

1,7 1 A(ihy)
E[( Y Gh— 525 "ag,

‘ ‘ 6gkq

)2] < C1o(1+E[F))

1RlI*+p~ 9l
where = is the same estimate as in (42). Using the upper estimate Z < C13[|A|2,[|G]|2, in
< (pp)~! and E[||G||*] < C(6)n?, we find that the RHS in the above display is

bounded from away by C(8)(1 + p~2). Since the denominator ||h||? + p~ 11| is Op(1),
we get

ih;

T —
v Gh ¥

ij
For the sum of derivative ), gh ), using || Allop < (pp) ! and ||G||op = Op(v/n), we
have

= /P Op(1) - Op(u™) = Op(v/ ™).

O(;h;
> W = |[¢|*tr[A] — T G" Dy — v DGAh — |h|* t[V]
ij K
= ||9||* tr[A] + Op(n'/?) + Op (") — || h||* t2[V]
so that we are left with
Y ' Gh — ||[9|]” tr[A] + ||| * tr[V] = Op(v/np ).

Dividing by ||h||2, noting || k|| ~! = Op(1) from ||h||2 2 a2 > 0, we obtain the representation
of tr[V].

Next, we show the stochastic representation of tr[A%] by (G, h, ). By the stochastic repre-
sentation of tr[V],

le]1* tr[A)* — (3 T Gh+ tr[V][[R]*)?] < Op(v/ru™ )| 4] tr[A] + 4 T Gh + tx[V]||b||
< Op(vnu HOp(nu™" +n+n)
_ Op(ng/Qu_Q).

By Lemma 21 withp:ﬁzzp/\/ﬁandC:E:h, we have

¥ |2 P 1 O \2

E[|pll\/ﬁH — e (5 Ge — I5 Licin v’
1R +p~ |2

where = is the same estimate as in (42). Using E[Z] < Ci5pu~

lp]|> — ]19 > (' Gej— Y gw" )2 =0p(1) - Op(vr(1+ ) + 5 2) = (M2 )

j€lp) ictn) 794

| < cutvr( +EE"Y?) +EE).

2 again, we get




ASYMPTOTICS OF BAGGING M-ESTIMATORS 61

Using Zze[n W’ = -1 DG Ae; — tr[V]h; by the derivative formula (34), it holds that

| > wree, 31“) G+ VIR

J€Elp] i€[n]

~IGT¥ + ATGT DY + ulVIR|2 |G + u[V]A|?|
<|ATGT DY (| ATGT DY +2|G e+ tu[V]h])

= Op(1™")(Op(n™") + Op(n)) = Op(u~"n).

Combining the above displays, we are left with

oI~ |G + VIR = Op(n/2u™) 4+ Op (') = Op(n?/2u).

Therefore,

1[I tr[A]? = (3 Gh + te[V]||R||*)? + Op(n*/u2)
=¥ Gh)* + |h|*(2t:[V]y " Gh+ e[V ||A|) + Op(n*?u?)
= Gh)* + |h|P(|GT ¢ + u[VIK|® = |GT9|*) + Op(n*?17?))
= (" Gh)* + R (p|9[* — IGT%|*) + Op(n**u~") + Op(n*p ).

Multiplying by ||| =%, which is Op(n?) since ||1)]|2/p £ 52 > 0, we obtain this representa-
tion of tr[A]2. The upper bound P(tr[A]? < Ci¢) follows from the stochastic representation
and the convergences: [||2/p 2 52 >0, [|h]2 2 02 >0, [|Gllop/vR 214+ V6 >0. O

LEMMA 24. Letting E[] = E[-|2, 0] be the conditional expectation with respect to the de-

sign matrix G, for any p € (0,1] with =2 = o(n), we have

(@' GR)> + |h*(lYI* ~ IGT¥[*) _ (E[p Gh])* +E[|R[*GE[l¥]* - IG ¥[?) —1/2, -1
[l - Bl o

PROOF. By the Gaussian Poincaré inequality, we claim the following:
E[(I%lI* — Elll#[%)%] < Cirnu™?,
E[(|R]* — E[|R]*]))?) < Cisn™'p 72,
E(y"Gh —Elp ' Gh])* < Cronp >,
E[(|G"9|” — E[|GT|*))*] < Caon’u~2.

First and second moment inequalities immediately follow from Lemma 17 with I=1= [n].
For the third moment inequality, the Gaussmn Poincaré inequality gives the upper bound

E((¢"Gh—E[y G <Y, E(WTG’L) where

_ 0 Gh

e ( DG Aeji; — Veihj)TGh+wihj+¢TGA(ej1/)i—GTDeihj)

:ejTAT< GTDGthGTv,ZJ)m—e (VTGh+DGATGT¢)h +bihy
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By V=D - DGAG'D and ||Aljop < (pu)~! in (35), we have D IE[RHSZ] <
Cor1np—2. Next,

B[(16 7wl ~EllG w17 < ZE(a”‘;;f’”Q) ~ 13 B % Yy
i, E

where
GTv,b
0gij

v'G =T Ge;jih + ¥ GG (~DGAejih; — Veh;)
= ' G(I, - G'DGA)ej; — ' GG Ve;h;
S0 ), E[RHS%] < Coen3p~2. Thus, we get
91> = E[l|%[|*] + Op(n'/?u7")
1R =E[[|]*] + Op(n~?u")
Y Gh=E[p Gh] + Op(n'/?u1)
IGT|> =E[IG %] + Op(n* ")

Since 12 = o(n), the concentration of |4||> on the conditional expectation E[[|+/||?] and

the convergence |[||?/p 2> 52 yield E[||[4)]|?]/p & 82 > 0. This implies that 1/|]3b||? and
1/E[||2||%] are Op(n~1). Then, the error from replacing the denominator ||35||* by E[||1]|?]?
is estimated as

(1l = = Ell9 ") (v Gh)* + R (llw]* — |G T]%)

_ (lel” = Bl PN il + Elll1°]) Op(n?)
[P I*E]ll9]12]?

= Op(n"?1™")Op(n - n~*)Op(n?) = Op(n™?u").

For the error from replacing the numerator with the conditional one, the error of replacing
each term with the conditional one is given by

(¥ GR)* = (¥ Gh)? + Os(n**p7")
1R1%1%11* = E[llRIPIE[l14]1%] + Op(n' /21"
IRI*IIGT|* =E[|RIPE[IGT (%] + Op(n® )
Thus, noting that E[||4|?]! = Op(n~1), we get
(%" Gh)> + |h*(l%]* - |GT+4[?) — (Elp " Gh])* —E[|h|*)(E[|¥[°] - E[IG +|])

E[l|4]|2]?
_ Op(n—l/ZM—l).
This finishes the proof. 0

LEMMA 25.  Suppose ju € (0,1] and =" = O(n'/8). Then, there exist a non-negative ran-
dom variables & > 0, which is independent of G, such that
IP’(] tr[A] —R| <20~V and |R| < c) 1

where C'is a constant depending on («, 3,9) only.
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PROOF. By Lemma 22 and Lemma 24, there exists a random variable A,,, which is indepen-
dent of G, such that

tr[A)? = A, +Op(n Y202+ Op(n™ V21 = A+ Op(n~Y%), and P(|A,|<C)—1
Noting tr[A]? > 0 and Op(n~'/*) = op(n /%), this implies that the event
Q:={|tr[A]2 — A, | <n V8 n{-—n"V8< 4, <C}

holds with high probability. Let us take k = \/ (A, +2n~1/8) . Note in passing that under

the event 2, we have & = \/ A,, + 2n~1/8 and & < y/C + 1. By the non-negativeness tr[A] >
0 and the (1/2)-Holder continuity of the square root R>¢ 3 x — /z, under the event €2, it
holds that

[tr[A] — K| = |[V/tr[A]2 — VA, +2n~ V8| < |tr[A —on /8|12

and the RHS is less than |n_1/8 + 271_1/8|1/2 < 2n~1/16 by the triangle inequality. O

B.5.1. Proof of Lemma 16. Applying Lemma 18 with M =1 and (2, F(z)) = (g;, h) for
each i € [n], using 3, E[[|9;;h|*] = Op(n~?) = op(n) we get

S (9] h— ti[AJy; — |hl[@)? = 02(n), Wil0,2,G_; = N(0,1)

i€[n]
By Lemma 25, there exists a non-negative random variable  independent of G such that
trf[A] =k +op(l), P(R<C)—1
for a positive constant C'. Then, combined with ||h|| = « + op(1), we get

~2
n n

% > (g h =Ry —ait;)* = op(1) + (R — tr[A]) + (IRl - a)?

i€[n]

= Op(l).

Furthermore, using the independence of (k, G) and the upper bound & < C, by the same
argument in the proof of Theorem 2, we can easily show that the conditional expectation
E[-] = E[-|2, 8] of the square of LHS is bounded by C with high probability for some constant
C. This implies that the conditional expectation E of LHS is also o(1), i.e.,

= Z El(g, h — Rt — aiz)?] = op(1).
ze [n]

Let us define Z; := g;' h — R1b; — a@l; so that the above display reads n=1 Y, E[Z2] = op(1).
Noting 1; = loss’ (zl g, h) for all i € [n], the residual can be written as

2 — gZ-Th = ProxXjoes(2i — atl; — 23 R)
forall i € [n] Since prox f( -) is 1-Lipschitz for any convex function, we have
2 1 _
_ Z [( —g; h proxloss( aulv > } S E Z E[‘:'zz] =
'Le[n i€[n]

Since loss’ is Lipschitz, the above display lets us approximate 1); = loss'(z; — giT h) by

env| (zi — a3 R):

LS 0 et )] o).

1€[n]
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Applying this approximation to the concentration 5% = ||9||*/p + op(1) = E[||v]?]/p +
op(1) by Lemma 17 with I = I = [n], we get

52—nle{wl}+0p — 5= ZE[envlm — ot R)?| + op(1)

pn i€[n]
1 & N
47) = 6; Z{:} / N o(x)envio (2 + az;R)? dz + op(1).
€N

where ¢(z) is the pdf of A/(0,1). Let us define the functions F, F : [0,00) — R by

F(1) = B2 =0E[env|,(Z+aG;7)?], 5 Z / T)enVo (2 +ax;7)? do

ze [n]

so that F'(x) = 0 by (4b) in System la (with ¢ = 1), while (47) reads F(E) = op(1). Note in
passing that the weak law of large numbers implies ﬁ(T) 2, F(7) pointwise, and F' and F
are strictly increasing functions in 7 since —2~'env|  (z;7)? is the derivative of the convex
function 7 — enviess(; 7), which is strictly convex under Assumption D-(4) (see [95, Lemma
4.4]). Then, for any € > 0, we have

F(k+€¢)>0=F(k)>F(k—¢).
By the pointwise convergence F(7) 2 F(7), it holds that
Flk4€)>2'Flk+¢€)>0>2"'F(k—€) > F(k — ¢).
with high probability. Then, combined with F (R) = op(1), we have
Fi+e)>2 'F(k+e)>F{R)>2"F(k—e¢) > F(rk —e).
with high probability. Since F' is non-decreasing with probability 1, this gives P(|r — k| <
€) — 1. Since we took ¢ > 0 arbitrarily, we obtain 7 2 x.

Going back to the place where we replaced tr[A] by %, now replacing tr[A] by & instead, we
obtain

Z T h— Ky — adiy)? = op(1),
ze [n]
and this approximation also holds in [E. Thus, we get the approximation of residual and 1);
2 1 _ 2
LS B[ (s 0 b pron(zi—adi ) | =op(1), S E[ (i -emvies(zi—atin)) | =on(1)
ze [n] i€[n]

Let us show tr[V]/p 2 v. Using the concentration v ' Gh — tr[A]|[4)]|? + tr[V]||h||2 =
op(n) from Lemma 22 and || h||? 2
pltr[V]=a2k8% —a 2 "Gh/p + op(1).

Recall that we have shown the concentration v ' Gh = E[sp T Gh] + op(n) in the proof of
Lemma 24. Applying the proximal approximation of the residual z; — giT h and 1); to this,
noting E[||%]|?] = Op(n) and E[||Gh|?] = Op(n), we are left with

, tr[A] B k., we have

%quGh = % > Elyi- g/ bl +0p(1)

i€[n]
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- Z [env|OSS — Qs k) (2 — ProXees (2 — 0l; /1))} + op(1)

— Z / T)enVys(2i + ax; k) (2; — Proxess(2i + ax; k) do + op(1)

so that the weak law of large numbers yields
T Gh = Elenvigss (7 + aG; 5)(Z — proxees(Z + aGs )] + 02(1)
=Elenviess' (Z + aG; k) (aG + Z — proxXiees (Z + aG; k) — aG)] + op(1)
= rElenviy (oG + Z; k)?] — aE[G - env]oo (oG + Z; 1))
=r-B%/6 —a-vas.
where we have used (4b) and (4d) in System la (with ¢ = 1) for the last equation. Combined

with p~1tr[V] = a 2682 — a2 "Gh/p + op(1), this gives p~ tr[V] = v + op(1) and
finishes the proof.

B.6. Convergence of error vector norm squared under Assumption D. In this section
we verify that Assumption C and Assumption D-(1)-(3) are sufficient for [95, Theorem 4.1]
to hold. Comparing our assumptions and the condition assumed in the theorem, it suffices to
show that the conditions (10) and (12) in [95] can be omitted.

Indeed, the authors used the condition (10) to show that any u € Jloss(z — Gh? )/+/P be-
longs to a compact set with high probability, where hB is a “bounded” estimator. More
precisely, h? is a solution to the constrained optimization problem min <k, obj(h) for a
positive constant Ko > 0 where obj(h) =}, loss(z; — g/ h)+ > jeip re8(y/Phy +0;) is
the objective function for the original unconstrained M-estimator. Since loss is differentiable
with Lipschitz derivative loss’ by Assumption C, using the same argument in Lemma 14, the
norm of @ is bounded as ||a|| < (|[loss’(2)|| + ||loss'||1ip | GllopEKa)//P- Since G has i.i.d.
N(0,1) entries while loss'(z;) has a finite second moment by Assumption D-(1), this gives
|2|? < C with probability approaching to 1 for a positive constant C.

Next, we claim that the condition (12) in [95] is not necessary. Noting that the condition (12)
is used for [95, Assumption 2-(b)], it suffices to show that the assumption 2-(b) is satisfied
given our assumptions. Here we restate the assumption 2-(b) for convenience:

V7 >0, E$ 02/(27) — E[envreg(cH +0)— reg(@)] = +o0.
By the condition P(O # 0) > 0 in Assumption D-(3), either P(© > 0) >0 or P(© < 0) >0

holds. Let us consider the case P(© > 0) > 0. Define a measurable function u(H,©) of
(H,0O) as follows:

u(H,0):=—min(0,1)I{®© >0and H <0}.

Note that u(H, ©) is always bounded as |u( H, ©)| < 1. By the definition of Moreau envelope,
i.e., envreg (cH + ©) := argmin,cp (cH + © — p)?/(27) 4 reg(p), taking the point p = © +
u(H,©), we get the lower estimate as follows:

c? c? cH —u 2
C Efenvieg(ct +0) —reg(©)] > o B[O 0 1w 0) - reg(o))
= E[ZH] c— ]ng] - E[reg(@ +u) — reg(@)].
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Thus it suffices to show that E[uH| > 0 and E[reg(© + u) — reg(©)] is finite for the RHS to
diverge as ¢ — +00. By the definition of v = u(©, H), the expectation E[uH | can be written
as
E[uH] =E[—Hmin(©,1)I{© > 0,H < 0}] =E[|H|min(6,1)I{0 >0, H < 0}].

Here |H|min(©,1) is always strictly positive under the event {© > 0, H > 0}, and this
event has positive probability P(© > 0, H > 0) =P(© > 0)P(H > 0) =P(© >0) -2 ! by
the assumption P(© > 0) > 0 and the independence of © and H ~ A/ (0, 1). This means that
E[uH] is strictly positive. Regarding E[reg(© + u) — reg(©)], we have

Elreg(© +u) —reg(0)] =E [{reg(@ —min(0,1)) — reg(©) }1{© > 0,H < 0}|.

Note that 0 < © — min(©,1) < © for all © > 0. Then, by the convexity of reg and the
condition reg(0) = min, reg(x) in Assumption C, under the event /{© > 0, H < 0} it holds
that

0> reg(© —min(O©,1)) —reg(0) > —domin(O,1) > —dg for all dg € Jreg(O)

By Assumption D-(1), dg has a finite second moment for any choice of sub-derivative dg.
Therefore, we have 0 > E[reg(© + u) — reg(0)] > —E[deI{O > 0, H < 0}] > —o0 so that
E[reg(© + u) — reg(O)] is finite.

In the other case P(© < 0) > 0, we may take u(H,0) := min(—0,1)I{© < 0,H > 0}.
Then the same argument leads to E[uH| > 0 and |E[reg(© + u) — reg(©)]| < +oc.

B.7. Convergence of loss gradient norm squared under Assumption D. Let ¢ =
loss’(z — Gh) and loss* be the conjugate of loss. By the same argument in [95], restrict-
ing the range of 1) to a compact set so that the strong duality holds, we observe that ) is a
solution to the following min-max problem with probability approaching to 1:

max min ¥ ' (z — Gh) — loss* (1) + reg(y/ph + 8) = m$X¢Tz —loss* () + ' GO/\/p — reg* (G ¢ /\/D)

WYeR™ heRr
If we write u = v /,/p € R" then 4 is the M-estimator of the form:

F:RP—R, v reg"(—v)+0"v

@ € argmin F(—G"u) + L(v/nu), where »
u€Rn L:R"— R, wu+ loss \/> \/>

For any h ~ N (0,,I,), g ~ N (0,,I,), for all ¢ € R and 7 > 0 it holds that
2
p C

;(envF(ch;T) — F(0)) = 3~ E[envreg( H + ©y; %) —reg(0)]

%(enVL(cg; )= L(0)) & ;i - E[enwoss(\/g;G +Z; g) — loss(0)]

Thus, letting F'(c,7) := Elenvieg(cH + ©;7)] and L(c,7) := Elenviess(cG + O;7)], [95]
implies that ||@|2 2 &2 where @& is the minimizer of the min-max optimization problem:
3 2 ~ ~ 32 32 =

inf sup —* b7 444 (—B - F(QT/B, Nﬁ)) GTh _ i + (ﬂ — L(\/gﬁﬁ@))

a7y 3 37, 2 27, Ty Tg 2 21 27y, a
Thus, by the change of variables (&,B, Tg, Th) + (B, /N6, 1/ V3, 7,/6) and multiplying
the potential by —d, we are left with ||z||2 2 32 where $3, is the minimizer of

arm, B*a Ba «

sup inf ~ 2T _ @ pa oy By oy,

oL
By & Ta 2 27'9 Th Th 2 + (

B

which is the same potential in [95].
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B.8. Explicit expressions for degrees of freedom. See Table 6.

TABLE 6
Explicit formulae for the degrees of freedom and residual degrees of freedom of the estimator ) 1 defined using
(2). Here the loss functions loss(r) are: 1) squared loss: r2/2, 2) Huber loss: 7"2/2 for|r|<1land|r|—1/2 for
|r| > 1; and the regularization functions reg(b) are: 1) ridge penalty: )‘2—1172, 2) lasso penalty: \o|b|, and 3)
elastic net penalty: %bQ + Xo|b|. And other quantities are: 1) S = {j € [p]: 87(j) # O} is the set of active
variables of 6. 7 and X 3 is the submatrix of X made of columns indexed in S 7 2)

f[ ={iel: Ioss”(yi - :c;ré\]) > 0} is the set of detected inliers (active observations), and 3) the matrix
DI = diag(loss”(yI — Xjéj)).

Loss  Regularizer Degrees of freedom Residual degrees of freedom
(loss) (reg) (dfp) (tr[V1))
Square  Ridge o [(X] X+ MI) 7 X X 1] — df;
Square Lasso 5 |[7| —dfy
. T —1+T
Square  Elastic net tr [(X§IX§I + M) X§1X§1] |I]| — df;
Huber  Ridge o [(X] DrX;+MI) ' X[ D X;) ITy| — df;
Huber Lasso N |Ty| — df;
. T —1 T ~
Huber  Elastic net  tr [(X§ID1X§I + A1) X§1D1X§J |Ty| — dfy
Convex Convex tr[(@/@yI)Xjéf] tr[(0/0yy)loss’ (yr — X]é\[)]

APPENDIX C: PROOFS FOR RESULTS IN SECTION 4

C.1. Proof of Proposition 7. Since the risk limit Ry, is given by Ry = M~ ta? + (1 —
M~Ya?n, and 7, is non-negative in the homogeneous case (see the discussion in Ap-
pendix A), it suffices to show 7, < 1. We proceed by contradiction. Let n,, be the associated
scalar such that 1), = Freg(7,,) and 7, = Fioss(7,, ). Note that |1, | = [Floss(, )| < ¢ < 1 by
c < 1. If |n,| =1 then the equality case Fieg(7, ) =1 for the Cauchy—Schwarz inequality
implies that with probability 1,

l-env’ (§H+@;%) —éH:lenv’ (

v reg v v v reg

~ 1 ~
Pi+e: —) i
v v v
with H :=n, H + /1 — n? Hy for any independent standard normals (H, Hy). Multiplying
the above display by Hy and taking the expectation, the LHS becomes 0 by the independence

of (H, Hy) and E[Hyp] = 0. As for the RHS, using (4c) in System la and Stein’s lemma, we

have
E[(% : env’reg(gfl + ©; %) — gﬁ)Ho] =/1—=n2(—rp).

Thus, we get 0 = /1 — 12 (—xf), which is a contradiction since 3 > 0 and |n,,| < 1.

C.2. Proof of Proposition 8. Let us fix ¢ = (¢§)~! and take the derivative of Ry =
M~ta? + (1 — M~Y)a?n, with respect to ¢ = 6L Note ¢ = 1)/¢ < 1. With this param-
eterization, («, /3, k, ) are all fixed since they depend on 1 only. Below, we derive the partial
derivative of 7, with respect to ¢. Using ¢ and ¢, we observe that 7, is the unique solution
to the fixed point equation

Ne = Freg o Floss(nc;ﬂb)'
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Here, Fieg does not depend on ¢ but Fj,ss depends on ¢ as:

EOSS(nc;(ﬁ) [eanoss(aG + Z7 K)) . envllo,\;s(aé + Z7 ﬁ)]?

¢
“gg "
Since the map 7, — Freg 0 Fioss(1),,; ¢) is differentiable and c-Lipschitz with ¢ =1 /¢ < 1
(see Theorem 1), the implicit function theorem implies that 7, is differentiable with respect
to ¢ and the derivative satisfies:

On on Floss (1)
a(; = (Freg © Floss)l(nc) a(; + Fr/eg(ny)%'
Rearranging the above display, we get
877G _ Fr/eg(nH) Eoss(nc) _ Fr/eg(nH) Ny >0
a¢ ¢ 1— (Freg o Floss),(nc) ¢ 1- (Freg o Floss),(nc) o

where the last inequality follows from the fact that Fieg is non-decreasing (Theorem 1) and
7, 1S non-negative (see the discussion on homogeneous cases in Appendix A). Combined
with 9yRy = (1— M *1)(1288%, we observe that R is non-decreasing in ¢. Therefore, for
any two ¢ < ¢, we have that

R (¢2,9) > R (d1,9) > wiilg)2 R (¢1,1) > wiilgl R (¢1,1)  forall > ha.

This gives inf¢>¢2 RM(¢2, 1/}) > infw>¢1 'R,]\/[((bl, w) for any ¢1 < ¢9, which means the map
¢ — infy~4 R (¢, 1) is non-decreasing. Reverting to the original parametrization (¢, 1) —
(6,¢) = (¢~ ',1/¢), we conclude that & — inf (o 1) Ras(6, ) is non-increasing.

C.3. Derivation of System 2. We will first reformulate Systems la and 1b in a slightly
different set of parameters. Since the purpose of this reparameterization is to match with
existing work, we will also consider regularizer reg with an explicit regularization level A.
The mapping with respect to the parameters in Systems la and 1b is as follows: a = %,

— /5B : ot B _ A
7 = v cd,. Under this parameterization, note that = 7 and £ =

ar_

NER

REMARK 9 (Scaling differences in design). It is worth remarking that in the literature on
risk characterization of regularized M-estimator under proportional asymptotics, the scaling
of A can be slightly different, up to a factor of v/cd. One of the reasons for the differences
is how the design matrix X is scaled. We assume that the entries of X € R™*P each have
variance 1/p and thus each row has a unit average norm squared. It is also common to assume
that the entries of X each have variance 1/n and thus each column has a unit average norm
squared. This brings in a factor of v/8. For the subsampled design X; € RF*P, we get an
additional factor of /c. Consequently, some expressions may appear different up to this
scaling.

DERIVATION OF SYSTEM 2. The derivation is straightforward. We will use some sim-
ple relationships between proximal operators and Moreau envelopes. Recall from (1)
that env'y(z;7) = 1(z — prox;(x;7)) so that the derivative identity envi(z;7) = 11—
prox}(x; 7)) holds for almost every z by the non-expansiveness of the proximal operator.
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(1) Case of m ={. The original system of equations is given by System 1a. For regularizers
of the form Areg, from (4a), we have

07 =E[(2 - enlog (2 + 0:2) ~ 1)

= E[(proxreg(gH +©; %) - @)2}

(48) :E[(proxreg(\ﬁH+@’ W) 9)2}
where the variables 7 and a are defined as:

\/7,3 _(4b),(4d) Oz\/E envloss(aG—i—Z li) ]
Elenv), (oG + Z;k)-G] "’

o A
Ved/Elenvl (oG + Z; k)2

For squared loss loss(z) = z?/2, since env| (z;7) = /(1 + 7) from Table 7, squaring the
final expression in (49) yields

(49)

(50) a=

™I~

(51) 2 =a%+ 0%

Thus, 72 and o are the limiting total and excess risks, respectively. Combining (48) and (51)
gives the first desired equation (16a).

Similarly, (4c) after diving by 7 yields

B8 _ A
'%—V’%— E[envreg(\ﬁH—F@, \F) H].
Multiplying both sides by v/cdar and noting that a3 = A8 % % = % then gives
(52) VeSEN = ar — ) E[envreg(\ﬁH—l—G f) H]

From Stein’s lemma, we have

(53) Elenvyeg (TH + ©; k) - H] = TE[envye, (TH + ;)]

and so (52) reduces to

(53) at)? ar
VedrA == &/% E[e”"reg(\ﬁ +6; \ﬁ)]
=ar — aTE[l proxreg(fH +06; \F)]
(54) = aTE[proxreg(\F + 6; %)}

Using similar manipulations as above, (49) reduces to
_ rky/Elenvi (oG + Z; k)]
E[1 — prox|. (oG + Z; k)]
Combining (54) and (55), we get
(56) 0:/{)\(1— \/gm\E[proxreg(\/»H—i-@, \/—)D

From (50), under squared loss, we also have

(55)

(57) 1+ k= Yedar,
Combining (56) with (57) then leads to the second desired equation (16b).
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(2) Case of m # £ . Step2.(n,,n, ) is the solution to the following 2-scalar fix-point equa-

tions:
0 :E[(A enVreg(ﬁH+® ) - gH)(% :eg(BH+® ) - fﬁ[)]
¢ E[(2-envj(5H +0;2) - ;H) ]
0y —c. Elenvj, (oG + Z; k) ‘envloss(aé+Z; k)]

Elenv (oG + Z; k)?] ’

were (&)~ () (1)) e (37) ~((5)- (1

substitution, we can rewrite the equations as:
(58a) N, 0> :E[(proxreg(\ﬁH+ O; \F) @) (proxreg(\ﬁH%— O; \F) @)]

Elenv (oG + Z;k) - envloss(aé + Z; k)]
Elenv (oG + Z; k)?] '

)) Similarly, by variable

(58b) Ny =c

Since env| . (z;7) = /(1 4+ 7) for squared loss, we obtain the third desired equation (17a).

O
C.4. Proximal operators and Moreau envelopes. See Table 7.
TABLE 7
Proximal operators, Moreau envelopes, and their derivatives for ridge (first row) and lasso (second row)
regularizers and Huber (third row) loss considered in Sections 4.2.1 and 4.2.2.
f(x) prox £ (a; T) prox'f (x;7) env s (2;7) env’f(a:;‘r)
1.2 T 1 1 z2 T
2 I+ I+71 2 1+7 1+71
1.2
a (le] - 7)1 sign(z) 1{Ja| > 7} 2 ST i {121 sign(a)
lz| — g7 |z >7 ’
z2 _z lz| <1+ 1 lo] <1+ 1 22 <
2 lz| <1 T+r sltr T+ I* T 2T+7 lz| <147 ( lz| 1) sign(z)
|z\—% lz| > 1 x —Tsign(z) |z|>1+7 1 x| >1+7 |x‘—7——% |z| > 147 47 +

APPENDIX D: PROOFS FOR RESULTS IN SECTION 5

D.1. Proof of (24).
have

Applying Stein’s lemma to (21b) and Cauchy—Schwarz inequality, we

1 T aT
= —5E [prox’reg (©+ ok ﬁ)}

bt 5]
< \/%TE[(‘”"Xreg(@*fH Vi)~ @)2]1/2
1

2

_ _ 42 by (21a)).
T o (by (21a))

Taking the square of both sides and rearranging the resulting 72 term, we get the lower
estimate 72 > 02 /(1 — ¢6) as desired.
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Type — a T — at
High SNR Moderate SNR Low SNR

1 2 1 2 1 2
Data aspect ratio p/n
Fig 12: Fixed-point quantities for lassoless at different data aspect ratios p/n. The data model is given
by (61) with signal strength p = 0.5 and sparsity levels s = 0.2 at different noise levels o. Left: High
SNR o = 0.5. Middle: Moderate SNR o = 1. Right: Low SNR ¢ =1.2.

D.2. Derivation of System 4 as a limit of System 2 as A\ — 0". Fix reg(x) = |z|? for
q € {1,2}. Let (ay, 7, &\) be the solution to System 2 for any A > 0 and let (a.,7x,&x) be
the solution to System 4. Note that previous papers showed that (ay, 7)) converges to the
solution (a.,7s) as A — (0)*; ¢ =1 case is given by the proof of Lemma A.1 in [70] while
the ¢ = 2 case immediately follows from the explicit formulae of (ay, 7)) and (as, 7). Below
we claim the continuity of &, i.e., £, — &. Denoting 1, = c£2 /73 and 1, = c£2 /72, what we
want to show is n) — 7.

Observe that the systems for &, and &, read to ny = F(nx; 7, a)) and 1, = F(04; T, ax)
where

¢ 7 2
F(n;t,a):= E{E[(proxreg(e) + ﬁH; %) — @) . (prox,eg(@ + \/5 ; \/5) @)} +o }
with (H,H) being the mean zero jointly normals such that E[H?] = E[H%] = 1 and
E[HH] = n. Note that the map 1 +— F(n;7y,ay) is c-Lipschitz over [—1,1] by the same
argument in Appendix B.1, while the map (7, a) — F(n;7,a) is continuous over (0, 00)? for

any 7 € [—1,1] by the moment assumption in Assumption D-1 and the dominated conver-
gence theorem. Then, |7, — 7| is bounded from above as

1A — 0] = |F(nx; T, an) — F (0, T, G|
<UE M mxs ax) — F (1, T, ax)| + [F (104, Tx, ax) — F (0, T, ax) |
S C‘TD\ - 77*| + |F(n*’7—>\7a)\) - F(n*’T*aa*)|

sothat |1y — x| < (1—¢) 7Y F (s, Tx, ax) — F (14, T«, ax )| holds. This upper bound converges
to 0 as A — 0 by the continuity of F(n.,7,a) in (7,a) and the convergence (7),a)) —
(T, Q).

D.3. Additional details for Remark 7. Expanding the product term in the fixed point
equation (22a) by

prox(@—l—\/%H;%)—@—fH \Fenvreg(@—l—fH \%)

we have
& —o’= TQIE[HH] 2% g [Henv (©0+ =H;4Z )}
co co reé Ves ™ Ves
(aT)2 aT T 7 aTt
g Elenvieg(0+ 5 H: UT) envieg (0 + L H 4T,
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where 5IE[H H] = ;UH =& by the definition 17, = c£2 /72. For the second term, realizing

H=n,H+ /1- H for a standard normal H ~ A(0,1) independent of (H, H,®),
noting that envreg(G + \/; H) is bounded in second moment by Assumption D-(1), we have

IE[H envreg(@ + \T/»H %)] = nHIE[H envreg(@ + \F ; \F)}
=, \/%E [envreg (@ + «F H; W)} (by Stein’s lemma)
T \/C? art
=, ﬁ?E {1 proxreg (©+ \ﬁH \F)}
- %’(1 — ¢d) (by (21b)).

Combined with n,, = c£2 /72, we have

Therefore, we get

1 (1 — C(S) (aT)Q at at
(1225 ) = 02+ E [envig (O + 5 H: 25) -envieg (0 -+ 5 13 25) |.
6

This means that £2 — ﬁJQ holds if and only if the rightmost term converges to 0 as ¢ —

(671)~. This is true if reg is Lipschitz and lim,_,(5-1)- aT =0, as |envyeg (z;7)| < [[reg]|Lip
for all z € R and 7 > 0. However, we are not able to provably establish that a7 — 0 as
¢ — 6~ L. For the lasso regularizer, we observe in Figure 12 that a7 — 0 appears to hold as
c— 6L
APPENDIX E: PROOF FOR RESULTS IN SECTION 6
E.1. Proof of Theorem 9. Here the proof is similar to Appendix B.1. Our goal is to show
1. |Floss(16)| < Vec and | Freg(1,,)| < 1 forall , € [-1,1] and 5, € [-1,1].

2. Floss and Freg are non-decreasing, differentiable, and the compositions Fjoss 0 Freg and
FReg © Fioss are min{c, ¢}-Lipschitz.

3. System 5b admits a unique solution (1*,7%) € [~1,1] x [—V/ec, Vcd].

The first claim immediately follows from the definition of (Fioss, FRreg), the Cauchy—Schwarz
inequality, and (27a)-(27b). The third claim follows from the second claim by the argument
in Appendix B.1 using Brouwer’s fixed-point theorem. Thus, it suffices to show the second
claim.

For Fj.ss, we have already shown in Appendix B.1 that Fj. is differentiable with

Qo /cU v
0 < Floss(nc) < Bﬁ< A ?)

For the derivative of Freg, we will use the following lemma that generalizes Lemma 12.

LEMMA 26. Given two Lipschitz functions f, f: RP — RP, define ¢: [—1,1] - R as

¢(t) =E[f(h)" f(th+ /1 - £2R)]
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where the expectation is taken with respect to independent standard normal vectors h, h' ~
N(0,, I,,). Then the map ¢ is differentiable with its derivative given by

(1) = E[tr(?i(h)Tg‘j(th V1o t2h’)>]

where f /(0x) and Of /(dx) are the weak derivatives of f and f.

We omit the proof of this lemma, as it follows directly from the proof of Lemma 12. Now we

apply this lemma with Lemma 27 below. Here we recall the generalized Moreau envelope:
1
Vo €RP, VA - 0pxp  €nVReg(V;A) 1= m%él “(v—x)"A (v — x) 4+ Reg(x)
xcRP

and denote the unique minimizer by proxge.(v;A). Recall Venvgeg(v;A) = A7 (v —
Proxge, (v; A)), where V is the gradient with respect to v.

LEMMA 27.  Fix A > Opxp. Then, for any x,y € RP, we have
(59) 1A (Venvreg(; A) — Venvreg(y; A))ll2 < AT (2 — y)|2.

Therefore, T — VenVreg(x; A) is Amin(A) ' -Lipschitz. Furthermore, there exists a weak
derivative %Veaneg(w;A), denoted by V?envreg(x; A), which is positive semi-definite
and satisfies

0pxp = A1/2V2eaneg(:c; A)AY? < L,

PROOF. Note that (59) follows easily from the firm nonexpansiveness of the proximal oper-
ator ProxXgeg(+; A) with respect to the inner product (v, u)p-1/> := v A~ u. For complete-
ness, however, we prove (59) directly.

By the KKT conditions, proxgeg(; A) is also a minimizer of the following convex function
fe RP—=R:

1 _ 1 _
fx (p) = §($ _p)TA ! (:B _p) - i(proxReg(az; A) _p)TA ! (proxReg(w; A) _p) + Reg(p),
so that fo (ProxXgeg(T; A)) < fz(Proxgeg(y; A)). By symmetry, we also have fy (proxgeq (y; A)) <
fy(Proxgeg (z; A)). Putting them together, we get

fw(proxReg(m; A)) + fy(DTOXReg(y; A)) < fm(proxReg(y; A)) + f’y(proxReg(m; A))
Substituting the definitions of f; and fy into the above display and rearranging it with
Venvreg (v; A) = A1 (v — proxge, (v; A)), we obtain
HAl/z(Veaneg(w; A) — Venvreg (¥; A))]13 < (Venvreg (x5 A) — Venvreg (5 A)) ' (z — y).
Applying the Cauchy—Schwarz inequality to the RHS, we obtain (59).

By Rademacher’s theorem, & — Venvgeg(x; A) is differentiable almost everywhere, and
for any differentiable points @, the Jacobian is 9Venvgeg(; A) = V2envreg(x; A), which
is positive semi-definite since the mapping x — envgreg(x; A) is convex. Let us fix x at
which Venv is differentiable. For any © € R? and any ¢ > 0, using the established Lipschitz
continuity (59), we have

| AY2(Venvreg(@ + tAY ?u; A) — Venvreg(@; A))l2 < [|AY2 1A 2y = t]jull.
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Dividing both sides by ¢, taking the limit ¢ — 0, and using the chain rule, we have
IAY2V2envReg (@: A) A ?ul|2 < Jullz

for all u € R?. This means A'/2V2envreg(z; A)AY/2 < I, completing the proof. O

Let us apply Lemma 26 and Lemma 27 to FRreg. Note that Freg can be written as

Freg(n,) = 2z ELF ) R, R=n b /1= h.
where f, f : RP — RRP are defined as

flx):= gas — v BT 2VenvReg (0 + €2_1/2w; =)™

f(x):= gw - 571271/2Venv§;g(0 + gEil/Qa:; (rx)™ ).

By Lemma 27, f and f are Lipschitz and their weak derivatives satisfy

0

6£ f(I - (WE)” 127 envg, (0—{—%2_1/2:13;(1/2)_1)(1/2) 1/2> Opsxp = é _g I,
of _ B 1202 (04 Be1/2, (msn—1y (s —1/2 of B
oz ;( - (vX) Veaneg(éH—;E z; (X)) () >, Opojafm ;Ip.

Therefore, using Lemma 26, noting that and are now symmetric, we know that Freg
is differentiable with its derivative given by

Fhgtn) = B[ 2 )]

Now we use the following fact: 0 < tr[AB] < tr[A] for any positive semi-definite ma-
trix A, B with 0,,, < A, B < I,. This inequality immediately follows from the identity
tr[AB] = tr[ABl/QBl/z] tr[B'/2AB'/?] and 0,y, < B'/?AB'/? < A. Combine this

with 05, = af = I , Opsep = af = 51 , we have

0= Freglna) < pac < [ {7 }} " gE [tr{gz(ﬁ)}} >

Using Stein’s lemma and the fact that («, 5, v, k) satisfies (27¢), recalling the definition of
f(x), we have

E[tr{gi(h)}} =E[h"f(h)]=E [hT{fh B 5-1/2

v

Venvreg (0 + 52_1/211; 2}/_1> }} = prp.

By the same argument, we have E [tr{a—f }} = p%ﬁ . Substituting these equations to the
previous display, we get F.(77,,) < ( ’;)
Putting the above display together,

, Qo fcV v , BBk R

0 < Floss (1) < Bﬁ(ﬁ A f) 0= FReg(n) < = (5 A ;).
Therefore, by the chain rule, we know that 1,, — Fioss © Freg(7,,) and 1, +— FRreg © Fioss(7).;)
are both (c A ¢)-Lipschitz. This completes the proof.
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E.2. Heuristic proof of Conjecture 10. We outline a heuristic proof strategy for Conjec-
ture 10, leaving a complete rigorous proof to future work.

Consider the change of variables b+ h = p~1/251/2(b— @), and define G = \/p X T ~1/2 ¢
R"™*P, whose entries are i.i.d. N'(0,1) (note that this h is different from the Gaussian vectors

h, h appearing in System 5b). Then the regularized M-estimator 6 and its residual vector can
be expressed as

6= \/]32_1/23%—0, y—X0=z—Gh,
where h solves the M-estimation problem with a non-separable regularizer R(-):

he argminz loss(z; — g; h) + R(h), R(h):=Reg(\/p=~?h+8).
herR? el

Assume for simplicity that Reg is 7-strongly convex (otherwise apply the smoothing argu-
ment in Appendix B.2.1), so that R(-) is (7p)/||3||op-strongly convex. By Lemma 15, the

mappings G — hand G — =3, loss'(z — g/ ;\z)ei are differentiable, with derivatives

oY
agij

oh ~
vielljell, - =A(ee]w-G Dee/h),

891']
Following the argument of Appendix B.2.4, the Gaussian Poincaré inequality yields

fLTﬁ R Tl R
A7~Z77G+0P(1)7 MZ”H—*—OP(l)v
[[R][[[ ] [/l ]]

for random variables 77,7, € [—1, 1] independent of G.
Using the contraction property in Theorem 9, it remains to show
Ny = Fioss(7) +0p(1),  T)g = Freg(Tl,) + op(1).
The first relation 7, = Fioss(7,) + op(1) follows from the same reasoning as in Ap-
pendix B.2.4, as Fj.ss is not altered from the original isotropic and random signal setting.

The main challenge lies in establishing the second one, 1), = Freg(7),,) + op(1). By carefully
tracing the argument in Appendix B.2.4, applying Lemma 18 with F = [% fipﬂ € Rnx2

and z = Ge; € R", combined with the concentration results in (28), one can construct a
random vector w; € R? for each j € [p] such that

(60) w; | (0,z, G,I,1) gN(Oz, I,), here G~/ is G with jth column removed
and obtain

ﬁc = "T:Reg(ﬁH) + O]P(l)’
where the map Freg : [—1,1] — R is given by

v v v

pac

1 —1/2 _ -1 T /s—1/2 3 - -1
Freg(n) = JE[(E Veaneg(O—l-gZ 1/2w77;2—)—§w77) (E VeanAfeg(B—i—gE 1/2'wn;ET)

with wy;, = (wy ;) je[p) and Wy, = (Wy ;) je[p defined by

w 1y 1/2
y 77).7 p— .
Vi€ ol <75n,j> B <?7 1) i

= —DGAejelT'l,b - Veie;»rfAL.
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Therefore, it suffices to prove Freg = FReg, but at this point, this cannot be concluded di-
Ln
n1
(wy 5, Wn 5) jelp) are not necessarily independent across j since (60) is not strong enough to
claim the independence of (wj)]e[p] Now recallmg the definition of Freg in System 5Sb,

rectly. Indeed, by (60), we have (wy, j, Wy, ;) ~ N <02, < >> marginally, but the vectors

the bivariate Gaussian vectors (h, h) = (hj, h; j)je[p] In Freg are explicitly assumed to have

the i.i.d. marginals \/ <02, (717 717> > This distinction prevents us from directly concluding

FReg = FReg-

Nonetheless, we can conclude that Freg = Freg When X is diagonal (not necessarily
the identity) and (Reg, Reg) are separable such that Reg(z) = 3, c[p] "8j (xj), Reg(ac) =
> jiclpl regj (x). Indeed, since the Moreau envelope can be expressed as a separable form in
this case, we can write Freg and FRreg as

p 2—1/2 -1 2—1/2

Wn,j>

1 —-1/2 255 -1/2 ~
]:Reg(n):mzﬁ‘:[( > enVreg (9 +§Z]j/ Wp 45 7 )—gwmj)( env~ (9 +'82 /
J=1
p —1/2 —1 —1/2
1 ppy PP _1/2~
FReg(m) —Z [ envreg (0; —|—€2”/ hj; == )—ghj)( =i env~ (9 +€E 7, hj;

for all ) € [—1, 1], which implies Freg = FRreg thanks to (wy;,wy.;) =2 (hj,ﬁj) marginally
for j € [p]. In this case, the independence of (wy,_ j, wy ;) across j is not required since the

expectation E is taken inside ) i

In summary, the key technical obstacle is to establish independence of (wj) ¢, in (60),

which lies beyond the reach of Lemma 18. Overcoming this requires new tools, and we leave
this gap for future research.
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APPENDIX F: ADDITIONAL NUMERICAL SIMULATIONS

F.1. Minimum #; -norm interpolator. See Figures 13 and 14.

Theoretical risk M=1 — M=2 — M=5 — M=50 — M=o
Empirical risk M=1 o= M=2 --e- M=5 --e- M =50
Underparameterized regime (p <n) Overparameterized regime (p > n)
8
5 e
=0 "::::::”
g 0°
g
2
1
107! 10° 10t 1.1 2 5 10

Subsample aspect ratio p/k Subsample aspect ratio p/k

Fig 13: The prediction risk for lasso ensemble at different subsample aspect ratios p/k with regulariza-
tion parameter A = 0.001 and varying ensemble size M . The solid lines represent the theoretical risks,
the dashed lines represent the empirical risks averaged over 50 simulations, and the shaded regions
represent the empirical standard errors. The data model is given by (61) with signal strength p = 2,
noise level o = 1, and support proportion s = 0.1. Left: underparameterized regime when p/n = 0.1
and n = 2000. Right: overparameterized regime when p/n = 1.1 and n = 500.

Non-ensemble lassoless === Optimal lassoless ensemble

Excess prediction risk

0.1 1 10 0.1 1 10
Data aspect ratio p/n Data aspect ratio p/n

Fig 14: Optimal subsample risk of the lassoless ensemble is monotonic in the data aspect ratio.
Excess risk of the lasso and optimal lasso ensemble, at different data aspect ratios p/n ranging from 0.1
to 10. The data model is given by (61) with signal strength p = 2, noise level o = 1, data aspect ratio
p/n = 0.1, feature size p = 500, and varying support proportion s. Left: dense regime with s = 0.9.
Right: sparse regime with s = 0.01.
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F.2. Lasso under varying covariate distributions. See Figure 15.

Theoretical risk M=1 — M=2 — M=5 M=50 — M=
Empirical risk M=1 mmes M=2 -ce- M=5  --e- M=50
Underparameterized regime (p < n) Overparameterized regime (p > n)
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1
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Subsample aspect ratio p/k Subsample aspect ratio p/k
Theoretical risk M=1 — M=2 — M=5 M =50 — M=
Empirical risk M=1 s M=2 --e- M=5 --e- M =50
Underparameterized regime (p <n) Overparameterized regime (p > n)
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107t 10° 10t 1.1 2 5 10
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Theoretical risk M=1 — M=2 — M=5 M =50 — M=
Empirical risk M=1 —me- M=2 --e- M=5 --e-- M =50
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Subsample aspect ratio p/k Subsample aspect ratio p/k

Fig 15: The prediction risk for lasso ensemble at different subsample aspect ratios p/k with regular-
ization parameter A = 0.1 and varying ensemble size M. The covariates X;;’s are i.i.d. and follow
(a) t2g (b) Rademacher distribution, and (c) uniform distribution in [—1/1], with a proper normal-
ization such that the mean is zero and variance is one. The solid lines represent the theoretical risks,
the dashed lines represent the empirical risks under Gaussian covariate averaged over 50 simulations,
and the shaded regions represent the empirical standard errors. The data model is given by (61) with
covariate distribution replaced by the corresponding distribution, and with signal strength p = 2, noise
level o = 1, and support proportion s = 0.1. Left: underparameterized regime when p/n = 0.1 and
n = 2000. Right: overparameterized regime when p/n = 1.1 and n = 500.
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F.3. Optimal subagging versus optimal regularization.

E.3.1. Squared loss, lasso regularizer. See Figure 16.

i
.lgh SNR

Miiode.rate SNR

Lasso penalty A

9.3
1 2 1 2 1 2

Subsample aspect ratio p/k

Fig 16: Heatmaps of theoretical prediction risk in A and subsample aspect ratio p/k = (p/n) - ¢~ of
full lasso ensemble in the overparameterized regime (p/n = 1.1) and sparse regime (s = 0.2). The data
model is given by (61) with support proportion s = 0.2 and noise level o = 1 at different signal levels
p- Blue dots (e): the optimal lasso. Green dots (e): the optimally subsampled lassoless regression. Red
stars (x): the optimal lasso ensemble. Left: high SNR p = 2. The optimal lasso (e) is better than the
optimally subsampled lassoless (o). Middle: moderate SNR p = 1. The optimal lasso ensemble (*)
is better than both the optimal lasso (e) and the optimally subsampled lassoless(e). Right: low SNR
p = 0.67. The optimally subsampled lassoless (e) is better than the optimal lasso (e).

F.3.2. Huber loss, unregularized. See Figure 17.

Light tail oo Moderate tail
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0.306
0.2745

0.535

0.2740 0.304

-0.2735 -0.302 -0.530

Huber threshold parameter

0.5 1.0 0.2 0.4

Su%zsample assgct ratic;'op/k
Fig 17: Heatmaps of theoretical prediction risk in Huber threshold parameter and subsample aspect
ratio p/k € [p/n, 1) of full Huber ensemble in the underparameterized regime (p/n = 0.2). Blue dots
(e): the optimal Huber regression. Green dots (e): the optimally subsampled LAD regression (Huber
regression with threshold parameter — 07). Red stars (): the optimal Huber ensemble. Left: noise
follows Student’s ¢ distribution t9g. The optimally subsampled LAD (e) is better than the optimal
Huber (o). Middle: noise follows Student’s ¢ distribution ¢19 The optimal subsample Huber (%) is better
than the both optimal subsample LAD (e) and the optimal Huber (e). Right: noise follows Student’s ¢
distribution ¢9. The optimal Huber (e) is better than the optimally subsampled LAD (e).
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F.3.3. ¢y-regularized Huber regression: varying threshold parameter. See Figure 18.
Li@t tail

Mode‘ate ta|IE He@vy tail )
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020 338

0.5 1 2 0.1 0.5 1 2

0.1
Subsample aspect ratio p/k

Huber threshold parameter

Fig 18: Heatmaps of theoretical prediction risk in Huber threshold parameter and subsample aspect
ratio p/k = (p/n) - ¢~ 1 of full ¢1-regularized Huber ensemble with lasso regularization level 0.5 in
the underparameterized regime (p/n = 0.1). Blue dots (e): the optimal ¢;-regularized Huber regres-
sion. Green dots (e): the optimally subsampled ¢ -regularized LAD regression (¢ -regularized Huber
regression with huber threshold parameter — 0). Red stars (x): the optimal /1 -regularized Huber en-
semble. Left: noise follows Student’s ¢ distribution ¢2q. The optimal /1 -regularized Huber (o) is better
than the optimally subsampled ¢1-regularized LAD (e). Middle: noise follows Student’s ¢ distribution
t10. The optimal ¢;-regularized Huber ensemble (x) attains nearly the same risk as both the optimal
{7 -regularized Huber (e) and the optimally subsampled ¢1-regularized LAD (e). Right: noise follows
Student’s ¢ distribution ¢9. The optimally subsampled ¢ -regularized LAD (e) is better than the opti-
mal ¢1-regularized Huber (o).

F.3.4. ¢i-regularized Huber regression: varying regularization level. See Figure 19.
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Fig 19: Heatmaps of theoretical prediction risk in lasso regularization level and subsample aspect ra-
tio p/k = (p/n) - ¢! of full ¢1-regularized Huber ensemble with Huber threshold parameter 10 in
the underparameterized regime (p/n = 0.1). Blue dots (e): the optimal ¢;-regularized Huber regres-
sion. Green dots (e): the optimally subsampled lassoless Huber regression (¢1-norm interpolator when
p/k > 1 and unregularized Huber regression when p/k < 1). Red stars (x): the optimal ¢; -regularized
Huber ensemble. Left: noise follows Student’s ¢ distribution ¢og. The optimally subsampled lassoless
Huber (e) is better than the optimal ¢1-regularized Huber (o). Middle: noise follows Student’s ¢ dis-
tribution ¢1¢. The optimally subsampled lassoless Huber (o) is better than the optimal /1 -regularized
Huber (). Right: noise follows Student’s ¢ distribution to The optimal /1 -regularized Huber ensemble
(%) is better than both the optimally subsampled lassoless Huber (e) and the optimal ¢;-regularized
Huber (o)
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F.4. Details of numerical experiments.

F4.1. Data model for lasso experiments. We consider a linear model whose signal variables
are generated from two-point distribution:

(61)
y=x'0+z, z~N(0,p7'I,), 2~N(0,0%, 6 k- sP,s + (1= 5)Po,
where P, denotes the Dirac measure at point ¢ € R, and p > 0 is some given quantity that

determines the signal magnitude. Here, s € (0,1) is the support proportion. The signal-to-
noise-ratio (SNR) under the above model obeys
E(x"6)*] _s-(p*/s) _ p?
- Ll

SNR = = = .
o2 o o2

F4.2. Data model for {1-regularized Huber experiments. We consider the ¢;-regularized
Huber regression

6; argminz Huber(y; — x; 0;p) + \||0||1
OCR? icr

where A > 0 is a regularization parameter and Huber(-; 1) is the Huber loss with threshold
parameter ;. > 0, which is defined as follows [62]:

1.2 :

5= if |z| <

(62) For all z € R, Huber(; p1) := envy, (z; 1) = 2u® 1 _ o] < p
ol =L it fal > p

Observe that Huber(-; 1) behaves like the squared loss for large 1 and like the absolute loss
for small y. More precisely, for all x € R it holds that

lim Huber(z;p) =|z| and  lim p-Huber(z;u) = 2%/2.
pn—0+

H—>—+00

We consider the linear model y = 2" @ + z where the marginal distribution of the signal is
set to the mixture e (0,1) 4+ (1 — €)Pp (recall that Py denotes the Dirac measure at 0) with
support proportion € = (0.1, while the noise z follows Student’s t-distribution ¢4 for some
degree of freedom d > 2, which will be specified for each numerical simulation.
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