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We characterize the squared prediction risk of ensemble estimators ob-
tained through subagging (subsample bootstrap aggregating) regularized M-
estimators and construct a consistent estimator for the risk. Specifically,
we consider a heterogeneous collection of M ≥ 1 regularized M-estimators,
each trained with (possibly different) subsample sizes, convex differentiable
losses, and convex regularizers. We operate under the proportional asymp-
totics regime, where the sample size n, feature size p, and subsample sizes
km for m ∈ [M] all diverge with fixed limiting ratios n/p and km/n. Key to
our analysis is a new result on the joint asymptotic behavior of correlations
between the estimator and residual errors on overlapping subsamples, gov-
erned through a (provably) contractive nonlinear system of equations. Of in-
dependent interest we also establish convergence of trace functionals related
to degrees of freedom in the nonensemble setting (with M = 1) along the
way, extending previously known cases for squared loss with ridge and lasso
regularizers. When specialized to homogeneous ensembles trained with a
common loss, regularizer, and subsample size, the risk characterization sheds
some light on the (implicitly) induced regularization effect due to the ensem-
ble and subsample sizes (M,k). For any ensemble size M , optimally tuning
subsample size yields samplewise monotonic risk. For the full-ensemble es-
timator (when M → ∞), the optimal subsample size k⋆ tends to be in the
overparameterized regime (k⋆ ≤ min{n,p}), when explicit regularization is
vanishing. Finally, joint optimization of subsample size, ensemble size, and
regularization can significantly outperform regularizer optimization alone on
the full data (without any subagging).

1. Introduction. Ensemble methods combine predictions of multiple models to improve
predictive accuracy [60]. Among these methods, bagging (bootstrap aggregating) trains in-
dividual models on bootstrapped samples of the dataset and averages their predictions to
reduce variance and mitigate overfitting [19]. A popular variant of bagging, known as sub-
agging (subsample bootstrap aggregating), trains models on random subsamples rather than
full bootstrapped samples [21]. Apart from the computational advantages, subagging can
substantially improve predictive performance, especially in the overparameterized regimes
and near model interpolation thresholds [82]. In this paper we analyze the squared predic-
tion risk of subagging of regularized M-estimators trained with convex loss and regular-
izer.

There is growing interest in understanding the prediction risk asymptotics of ensemble
methods, particularly subagging, across different types of predictors and under various data
assumptions. For example, [66] study subagging in the context of ordinary least squares re-
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gression without any explicit regularization in the underparameterized regime (where the
number of subsamples is higher than the number of features). This is extended to ridge
and ridgeless regression by [80] for both the underparameterized and overparameterized
regimes (where the number of subsamples is lower than the number of features). [79] fur-
ther generalizes these results and identifies explicit equivalence paths between subsampled
estimators and ridge regularized estimators. Beyond linear and ridge regression, [15] ex-
amines the behavior of subagging in logistic and Huber regression models without regular-
ization. In addition to subagging, there has also been considerable work on feature sketch-
ing and other ensemble methods. For instance, [71] and [83] study feature sketching and
ensembling to optimize predictive performance in high-dimensional settings. For other re-
cent developments in the analysis of ensemble methods and related work details, see Sec-
tion 1.2.

We generalize these previous works by characterizing the prediction risk of subagging
a collection of M regularized M-estimators and constructing a consistent estimator for this
risk. We allow the collection to be heterogeneous, consisting of estimators trained with con-
vex differentiable loss function loss with Lipschitz continuous derivative and convex regular-
ization function reg, which can be nondifferentiable and nonstrongly convex (that includes
ℓ1-regularized Huber regression, for instance). We operate under the proportional asymptotic
regime, where the sample size n, feature size p, and subsample sizes km for m ∈ [M] di-
verge while maintaining fixed limiting ratios n/p → δ ∈ (0,∞) and km/n → cm ∈ (0,1].
Throughout the paper, we refer to n/p as inverse data aspect ratio and p/n as data aspect
ratio of the design 𝑿 ∈ ℝ

n×p , viewing n as the height and p as the width of the rectangu-
lar design matrix 𝑿. Our results assume a linear response model y = 𝒙⊤𝜽 + z with isotropic
Gaussian features 𝒙, a random signal 𝜽 with independent coordinates drawn from an arbitrary
marginal distribution Fθ , and noise variable z with an arbitrary distribution Fz, both subject
to a mild regularity condition. We summarize our main results below and situate them within
the context of recent related work in Table 1.

1.1. Summary of results and paper outline. A summary of our main results along with
an outline for the paper is as follows:

TABLE 1
Literature on subagging risk analysis in high dimensions. We summarize the various settings (estimator structure

and data structure) of some of the recent works that characterize the prediction risk of subagging regularized
M-estimators trained with loss function loss and regularization function reg (defined in Section 2). Convex•
denotes that, in addition to being convex, we require the loss function to be differentiable and have Lipschitz

continuous derivatives. By RMT features, we refer to features of the form 𝒙 = 𝚺1/2𝒗 where 𝒗 contains
independent entries of bounded moments (of order 4+) that are common in the random matrix theory literature.

Arbitrary▲ response y refers to no additional modeling assumption on the response other than bounded
moments (of order 4+). Signal and noise refer to 𝜽 and z in the linear data model: y = 𝒙⊤𝜽 + z. Arbitrary■

signal and noise distributions Fθ and Fz refer to general marginal distribution on the coordinates of signal 𝜽

and noise z, respectively, subject to mild regularity conditions (Assumption 4)

Loss Penalty Features Covariance Response Signal Signal Dist. Noise Dist.
(loss) (reg) (𝒙) (𝚺) (𝒚) (𝜽 ) (Fθ ) (Fz) Reference

Square None Gaussian Isotropic Linear Random Gaussian Gaussian [66]
Square Ridge RMT Anisotropic Linear Deterministic Bnd. Mom. [80]
Square Ridge RMT Anisotropic Arbitrary▲ [79]
Huber None Gaussian Isotropic Linear Deterministic Arbitrary■ [15]
Logistic None Gaussian Isotropic Logistic Deterministic [15]
Convex Ridge Gaussian Isotropic GLM Random Gaussian Arbitrary■ [27]

Convex• Convex Gaussian Isotropic Linear Random Arbitrary■ Arbitrary■ Corollary 4
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(a) Risk characterization and estimation. In Section 3 we obtain a precise characteriza-
tion of the squared risk of subagging of regularized M-estimators under proportional asymp-
totics (Theorem 2 and Corollary 4). The asymptotic risk is governed by two nonlinear systems
of equations (Systems 1a and 1b) that depend on the loss and regularization functions loss,
reg, and the limiting subsample ratios cm for m ∈ [M] for the component estimators and
the limiting inverse data aspect ratio δ. System 1a is a known system that characterizes the
asymptotic risk of regularized M-estimators in nonensemble settings [93] (see Section 1.2 for
more details), while System 1b is a new contribution of this paper. Each scalar unknown in
the two-dimensional System 1b is shown to be the fixed-point equation of a contraction (The-
orem 1-(2)). This property plays a crucial role in proving the existence and uniqueness of the
solution to System 1b. This contraction property is also crucial in establishing the asymptotic
behavior of the inner products between estimator errors and their residuals for estimators
trained on overlapping subsamples (Theorem 2), leading to the subagged risk asymptotics
(Corollary 4). The contractivity, along with a ridge smoothing technique, also allows us to
maintain weak assumptions on the regularizer, specifically allowing it to be nonstrongly con-
vex. Moreover, we also construct a consistent estimator of the ensemble risk (Theorem 5 and
Corollary 6), which can be employed for data-adaptive tuning of hyperparameters such as
loss functions, regularizers, and subsample sizes.

(b) Homogeneous ensembles. In Section 4 we consider homogeneous ensembles (where
components are trained on the same loss and reg functions and a common subsample size
k). In Section 4.1 we analyze (oracle) optimal ensemble optimal risk with optimal ensemble
size M⋆ and subsample size k⋆. We first establish the monotonicity of the risk with respect
to the ensemble size M (Proposition 7), illustrating the benefits of ensembling, which leads
to M⋆ = ∞. We then prove that the risk at the optimal subsample size k∗ decreases as the
limiting data aspect ratio p/n decreases (Proposition 8). In particular, this implies that the
optimally subsampled risk avoids the typical “double (or multiple) descents” observed in
regularized M-estimators without subagging. In Section 4.2 we specialize our main result to
convex regularized least squares (including ℓq -regularized least squares for q ≥ 1, such as
ridge and lasso estimators) and to general M-estimators (including regularized Huber regres-
sion). These recover and generalize various known results in the literature (see Section 4.2
for more details).

(c) Subagging and overparameterization. In Section 5 we investigate subagging of esti-
mators with vanishing regularization (λ → 0+) and also contrast with estimators with opti-
mal explicit regularization (over λ ≥ 0). Our first insight is that, when subagging estimators
without any explicit regularization, the optimal subsample size k∗ is in the overparameter-
ized regime, regardless of whether the original data aspect ratio p/n is overparameterized. In
other words, the optimal subsample size k⋆ satisfies k∗ ≤ min{n,p} in such cases. We verify
this for the lassoless (minimum ℓ1-norm interpolator) ensemble (Figure 5). This highlights
the advantages of overparameterization in subagging in that full-ensemble subsampled lasso-
less can outperform the optimal lasso on the full data (without any subagging). Our second
insight is that the joint optimization of the subsample size and explicit regularization param-
eter can outperform optimizing explicit regularization alone on the full data. We verify this
property for ensembles of the lasso, unregularized Huber, and ℓ1-regularizer Huber (see Fig-
ure 6, 7, and Appendix F.3 in the Supplementary Material [62]). This highlights the benefits
of subagging on top of optimal explicit regularization.

Independent results in the nonensemble setting. In the process of characterizing the risk
of the subagging ensemble, we also establish the convergence of certain trace functionals (in
particular, see (11) below or the last three rows of Table 2). This implies that the observ-
able adjustments developed in [12] for inference using a single estimator converge to their
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deterministic counterparts defined as solutions to the System 1a, unifying the mean-field
asymptotics featuring System 1a of [93] and the inference results of [12]. This was known
only for the lasso [24], Theorem 8, and unregularized M-estimators [15]. These convergence
results are new for regularized estimators (beyond ridge and lasso) and robust loss functions
(beyond squared loss) and are of independent interest even for a single estimator (i.e., in the
nonensemble setting with M = 1).

Extension to anisotropic covariance and deterministic signal. In Section 6 we study the
setting of an anisotropic design (𝒙i ∼ 𝒩 (0p,p−1𝚺) for 𝚺 ≠ 𝑰p) with a deterministic sig-
nal 𝜽 ∈ ℝ

p , allowing for the possibility of nonseparable regularizers. Using a heuristic ar-
gument, we derive a new nonlinear system (System 5b) that generalizes System 1b to this
more general regime. This new system is validated through numerical simulations (Figure 8).
Importantly, we prove that this generalized system retains the same crucial contraction prop-
erty (Theorem 9) that we established for the original system under isotropic covariance and
random signal case (Theorem 1). This property is essential, as it not only guarantees the
uniqueness of the solution but also underpins the heuristic argument linking this new system
to the asymptotic overlapping correlations between estimation errors (and residual errors)
under anisotropic design with deterministic signals (Conjecture 10 and Appendix E.2 in the
Supplementary Material). Finally, based on the new system, we examine through numerical
simulations how structured covariance and deterministic signal affect the optimal subsample
size and optimal subagged risk (Figures 9– 11). These conclusions mirror those in Section 5
mentioned above.

1.2. Other related work. Resampling methods, such as bagging and subsampling, are
widely used in statistics and machine learning. Given their broad applicability, there is a vast
literature on these methods. In this section we provide an overview of the literature related
to the risk analysis of ensemble methods, particularly in high-dimensional regimes that have
received considerable recent interest.

Classical work on bagging and subagging includes the work by [19–21], among others.
Beyond bagging, analysis of ensemble methods of different predictors includes smooth weak
predictors [22, 50], nonparametric estimators [21, 71], and classifiers [55, 89]. Historically,
there are also early works by [63, 90] on risk asymptotics for ridge ensembles under Gaussian
features. We also mention here some other early work on ensembles, including: [58, 63,
85, 90]. For a comprehensive overview of early work on bagging and ensemble methods in
general, we refer readers to [80].

Substantial progress has been made in the last decade in understanding the asymptotic be-
havior of regularized M-estimators in high-dimensional settings, particularly under the pro-
portional asymptotic regime where the number of features scales with the number of observa-
tions. Frameworks of Approximate Message Passing (AMP) (developed in a series of papers
[5, 39, 40]), the Convex Gaussian Min-Max Theorem (CGMT) (developed in a series of pa-
pers [76, 77, 93, 94]), and leave-one-out (LOO) and martingale-based analysis common in
Random Matrix Theory (RMT) (used in [46, 47], e.g.) have been instrumental in deriving the
limiting test risk, often as solutions to (nonlinear) systems of self-consistent equations. More
specifically, these include analyses of unregularized estimators [7, 38, 46–48], ridge estimator
[37], lasso [6, 73], bridge estimators [97], logistic regression [72, 88, 92], convex regularized
M-estimators [93, 94], among others. Recently, triggered by the empirical success of neural
networks that interpolate, these risk analyses have been extended to interpolating estimators
with vanishing regularization (in the overparameterized regimes that allow for interpolation),
such as ridgeless [59], lassoless [68], max-margin interpolators [34, 69, 74]; see the survey
papers [4, 8] for other related references.
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Beyond individual regularized M-estimators, there has now been considerable interest over
the last few years in the analysis of ensembles of estimators in high-dimensional settings,
especially in the overparameterized regime just mentioned. In particular, [66] consider least
squares ensembles obtained by subsampling such that the final subsampled dataset has more
observations than the number of features. The work of [80] provides the characterization of
the asymptotic risk of ensembles of ridge regression using RMT results. Furthermore, recent
extensions by [43, 79] expand the scope of these results by establishing risk equivalences
for both optimal and suboptimal risks, considering arbitrary feature covariance and signal
structures. Other follow-up works for subagging of ridge and ridgeless regression include
[3, 25]. This paper develops tools to study ensembles of regularized estimators with general
loss and regularizers, beyond ridge regularization. For instance, our theory accommodates
ℓ1-regularized Huber regression.

Another line of research focuses on ensemble methods involving random features and fea-
ture sketching rather than subsampling. In random features models, the effect of ensembling
on various components of the risk has been studied in [1, 28, 71]. Recently, [83] analyze en-
sembles of ridge regression with sketched features with asymptotically free sketching. There
are also analyses of alternative resampling and averaging techniques. For example, in the
context of distributed learning, [35, 36, 75] consider the divide-and-conquer approach, or
splagging (split aggregating), and investigate their properties for ridge and ridgeless predic-
tors.

Very recently, [27] analyzed the limiting equations of several resampling schemes, includ-
ing bootstrap and resampling without replacement, and characterized self-consistent equa-
tions for the limiting bias and variance functionals of estimators obtained by minimization of
the negative log-likelihood plus an additive ridge penalty. This is related to our risk character-
ization as [27] also covers sampling without replacement, but our nonlinear systems (Systems
1a and 1b) characterizing the subagging risk do not appear explicitly in their work, which in-
stead focuses on self-consistent equations for bias and variance functionals of the specific
resampling scheme. The results of [27] rely on the general AMP analysis and state evolution
laid out in [71], Lemmas B.3 and B.5, generalizing [6]. This analysis requires the existence
of unique solutions to the corresponding limiting system of equations, which is granted under
strong convexity (e.g., with a ridge penalty), but was not established until the present paper
for the case of ensembling of subsampled regularized estimators.

Finally, complementary to risk characterization, there has also been considerable interest in
the cross-validation and model selection of ensemble methods. In particular, [43] study cross-
validation for bagging of ridge regression. [13] examine the consistency of generalized cross-
validation (GCV) for estimating the prediction risk of arbitrary ensembles of regularized least
squares estimators for strongly convex penalties. They show that GCV is inconsistent for any
finite ensemble of size greater than one and identify a correction to GCV that is consistent for
any finite ensemble size, termed corrected GCV (CGCV). In this paper we generalize one of
the data-dependent estimators proposed in [13] for the general setting of this paper, allowing
for general convex losses and heterogeneous component estimators in the ensemble. While
we do not attempt to interpret the estimator as a corrected GCV for homogeneous ensembles
in the general setting, it may be possible to perform such an analysis further, which we leave
for future work.

The proof strategy in this paper extends the approach of [15], which studies the bagging
of unregularized M-estimators. While their analysis is based on a relatively simple one-
dimensional nonlinear system, the new System 1b below is two-dimensional, introducing
additional complexity to the analysis. The rise in complexity is similar to that from unregu-
larized regression [38, 46, 47] and its two-dimensional system to the four-dimensional system
of regularized M-estimators [93] given in System 1a. One challenge arises from the stochastic
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control of the trace terms in (11). In the unregularized case, these trace terms can be approx-
imated by a straightforward product of the norms of the error vector and residuals (see [15],
Lemma 5.7), and the stochastic behavior of these norms are wellunderstood in the existing
literature (see, e.g., [70, 93]). However, in the regularized case, the trace functional cannot
be approximated by such a simple expression, which prevents the direct application of these
existing results based on the CGMT. We overcome this by showing that, with high probabil-
ity, the trace term is a stationary point of a certain (random) strongly convex function. This
allows us to control the perturbation of the trace term through the behavior of the convex
function (see Appendix B.5 in the Supplementary Material).

1.3. Notation. For a natural number n, the shorthand notation [n] denotes the set
{1, . . . , n}. For two real numbers x and y, we use x ∧ y to denote min{x, y}. For a uni-
variate function f and a vector 𝒂 ∈ ℝ

n, with a slight overload of notation, we use f (𝒂) ∈ℝ
n

to denote the componentwise application of f to 𝒂. For any proper, closed, convex function
f : ℝ→ ℝ∪{+∞}, the proximal operator and Moreau envelope of f with a parameter τ > 0
at a point x ∈ℝ are, respectively, denoted as

proxf (x; τ) := argmin
y∈ℝ

f (y) + 1

2τ
(x − y)2 and envf (x; τ) := min

y∈ℝ f (y) + 1

2τ
(x − y)2.

For a proper, closed, convex f , the argmin exists and is unique, and, consequently, x ↦→
proxf (x; τ) is a well-defined function. Let ∂f denote the subdifferential of f , which is the
set of all subgradients of f . We note two key relationships between the proximal operator,
subdifferential, and Moreau envelopes of f below for the reader’s convenience (see, e.g.,
[78], Section 3). By Danskin’s theorem [18], Proposition B.22, and the KKT conditions, it
holds that

(1)
∂

∂x
envf (x; τ) = 1

τ

(︁
x − proxf (x; τ)

)︁ ∈ ∂f
(︁
proxf (x; τ)

)︁
.

For simplicity, we often use env′
f (x; τ) to denote the partial derivative ∂

∂x
envf (x; τ). Finally,

we use 𝒪ℙ and oℙ to denote probabilistic big-O and little-o notation, respectively, while the

convergences in probability are denoted by
p−→. For the reader’s convenience, we also give a

quick overview of the specific notation used in this paper in Table 5 in the Supplementary
Material.

2. Setup and assumptions. We consider the standard supervised regression setting in
which we observe n data points (𝒙i , yi) for i ∈ [n]. The feature matrix 𝑿 ∈ ℝ

n×p contains
𝒙⊤

i in its ith row, and the response vector 𝒚 ∈ ℝ
n contains yi in its ith entry. We assume the

following distribution on the dataset (𝑿,𝒚).

ASSUMPTION 1 (Data distribution). The distribution of (𝑿, 𝒚) is specified by:

1. The design matrix 𝑿 ∈ ℝ
n×p has i.i.d. entries drawn from 𝒩 (0,1/p).

2. The response vector 𝒚 = 𝑿𝜽 + 𝒛, where 𝜽 ∈ ℝ
p is a random signal vector and 𝒛 ∈ ℝ

n is a
random noise vector, both independent of each other and of 𝑿, with:

(a) The signal vector 𝜽 ∈ ℝ
p has i.i.d. entries drawn from distribution Fθ .

(b) The noise vector 𝒛 ∈ ℝ
n has i.i.d. entries drawn from distribution Fz.

The above assumption implies that the covariates 𝒙i = 𝑿⊤𝒆i ∈ ℝ
p are sampled from the

standard Gaussian distribution 𝒩 (0p,p−1𝑰p), and the ground truth signal 𝜽 has i.i.d. entries.
While our main theorems are formally established under these conditions, we provide strong
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evidence of their broader applicability. Numerical simulations in Figure 15 in the Supplemen-
tary Material suggest that our results extend beyond Gaussian design and exhibit universality.
Furthermore, in Section 6 we develop an extension of our framework to the important case
of anisotropic design (𝒙i ∼ 𝒩 (0p,p−1𝚺) with 𝚺 ≠ 𝑰p) with deterministic signal 𝜽 , which
is numerically validated in Figure 8.

We subsample the dataset (𝑿,𝒚) to create M subsampled datasets. Toward that end, define
M subsample index subsets Im ⊂ [n] of cardinality km = |Im| for m ∈ [M]. The feature
matrix and response vector associated with the subsampled dataset (𝒙i , yi) for i ∈ Im are
denoted as (𝑿Im,𝒚Im

). We assume the following sampling strategy for the subsample index
sets {Im}m∈[M].

ASSUMPTION 2 (Subsampling strategy). Given deterministic integers {km ≥ 1}m∈[M],
the M subsample index sets {Im}m∈[M] are independent of (𝑿,𝒚) and are independently
sampled from the uniform distribution over subsets of [n] with cardinality km for each m ∈
[M].

It is worth noting that if Im and Iℓ (for m ≠ ℓ) are any two independent subsample sets of
cardinality km and kℓ per Assumption 2, then the cardinality of intersection |Im ∩ Iℓ| follows
a hypergeometric distribution with mean kmkℓ/n. Using the properties of the hypergeometric

distribution, it follows that |Im ∩ Iℓ|/n
p−→ cmcℓ as both n, km, kℓ,→ ∞ with the subsample

ratios km/n → cm and kℓ/n → cℓ for some cm, cℓ ∈ (0,1] (this follows from Chebyshev’s
inequality and the variance formula of the hypergeometric distribution; see Section S.8.1 of
[80] for more details). Intuitively, each sample lands in a subsample Im with probability cm

(the limiting ratio |Im|/n) and in the overlap of two subsamples with probability cmcℓ (the
limiting ratio |Im ∩ Iℓ|/n), as the subsamples are drawn independently. The overlap between
any two subsample sets Im and Iℓ is thus of order n with high probability. The randomness in
subsampling in Assumption 2 is not important. Our results can accommodate deterministic
sampling where the subsample sets {Im}m∈[M] are selected deterministically, provided that
the ratios |Im|/n, Iℓ/n, and |Im ∩ Iℓ|/n converge to nonzero constants.

For each subsampled dataset (𝑿Im,𝒚Im
) for m ∈ [M], we define the regularized M-

estimator

(2) ˆ︁𝜽m(Im) ∈ argmin
𝒃∈ℝp

∑︂
i∈Im

lossm

(︁
yi − 𝒙⊤

i 𝒃
)︁ + ∑︂

j∈[p]
regm(𝒃j ).

When defining (2), we allow the argmin operator to return any one of the minimizers (as em-
phasized by the element notation in (2)). Here, lossm and regm are the loss and regularization
functions that satisfy the following assumption for all m ∈ [M]:

ASSUMPTION 3. The loss function loss : ℝ → ℝ is proper, closed, convex, and differ-
entiable with derivative loss′ Lipschitz continuous, minx loss(x) = loss(0). The function
reg : ℝ→ ℝ∪ {+∞} is proper, closed, convex, and minx reg(x) = reg(0).

The final ensemble estimator, constructed using the component estimators (2), is defined
as

(3) ˜︁𝜽M

(︁{Im}m∈[M]
)︁ := 1

M

∑︂
m∈[M]

ˆ︁𝜽m(Im).

For brevity, we omit the dependency of the component and ensemble estimators on Im and
{Im}m∈[M] and simply write ˆ︁𝜽m and ˜︁𝜽M , respectively, when it is clear from the context. We
evaluate the performance of the ensemble estimator ˜︁𝜽M via

RM := 1

p
∥˜︁𝜽M − 𝜽∥2

2.
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Note that RM is the (excess) out-of-sample squared error in our setup because of isotropic
features: For an independently sampled test feature 𝒙0 ∈ ℝ

p with i.i.d. entries drawn from
𝒩 (0,1/p), we have RM = 𝔼[(𝒙⊤

0
˜︁𝜽M − 𝒙⊤

0 𝜽)2|𝒚,𝑿, {Im}m∈[M]]. We will refer to RM as the
risk of the ensemble. Observe that RM is a scalar random variable that depends on both the
dataset (𝑿,𝒚) and the random samples Im for m ∈ [M]. The goal of the paper is to char-
acterize the asymptotic behavior of this random variable RM under the proportional asymp-
totic regime. In this regime the sample size n, feature size p, and subsample size km all
diverge while keeping the appropriate ratios fixed: we will assume the inverse data aspect
ratio n/p → δ ∈ (0,∞) and for each m ∈ [M], the subsample ratio km/n → cm ∈ (0,1] as
n,p, km → ∞.

3. Risk characterization and estimation. In this section we will first describe a gen-
eral technical result on the correlations of the error and residual vectors for regularized M-
estimator in Section 3.1. We then state our general result on the risk characterization of the
ensemble estimator in Section 3.3 and construct a consistent risk estimator for this risk in
Section 3.4.

3.1. Asymptotics of correlations of estimator and residual errors. To state the risk char-
acterization of the ensemble estimator, we first introduce two important nonlinear systems
of equations: Systems 1a and 1b. Intuitively, these systems correspond to the corner cases
where the ensemble size M = 1 and M = ∞, respectively. As we shall see in Section 3.3,
these systems completely determine the risk asymptotics of the ensemble estimator (3).

SYSTEM 1a (Error norms of individual regularized M-estimators). Given a triple
(loss, reg, cδ) where cδ ∈ (0,∞) and loss, reg are convex functions, define the following
four-scalar system of equations in variables (α,β, κ, ν) ∈ ℝ

4
>0:

α2 = 𝔼

[︃(︃
1

ν
env′

reg

(︃
Θ + β

ν
H ; 1

ν

)︃
− β

ν
H

)︃2]︃
,(4a)

β2 = 𝔼
[︁
env′

loss(Z + αG;κ)2]︁ · cδ,(4b)

κβ = 𝔼

[︃(︃
1

ν
env′

reg

(︃
Θ + β

ν
H ; 1

ν

)︃
− β

ν
H

)︃
· (−H)

]︃
,(4c)

να = 𝔼
[︁
env′

loss(Z + αG;κ) · G]︁ · cδ,(4d)

where H ∼ 𝒩 (0,1), G ∼𝒩 (0,1), Θ ∼ Fθ , Z ∼ Fz, all mutually independent.

System 1a can be found in the literature, specifically in [93], equation 15. To be precise, we
are applying the result of [93] on the subsample estimator (2), using k = |Im| observations
with k/n → c, so that the limiting inverse aspect ratio k/p = k/n · n/p → cδ. System 1a
is known to characterize the limit in probability of the risk of (2) when |Im|/p → cδ: if

(α,β, κ, ν) is a solution to System 1a, then p−1∥ˆ︁𝜽m − 𝜽∗∥2 p−→ α2. The existence and unique-
ness of the fixed-point parameters in this system are central to applying results from the Con-
vex Gaussian Min-Max Theorem (CGMT) to derive precise risk characterizations for regu-
larized M-estimators (under proportional asymptotics). This is guaranteed under conditions
where both loss and reg are Lipschitz and the problem parameters are such that the perfect
signal recovery is not possible, leading to nonzero asymptotic risk. For a detailed discussion
on these conditions, see [14]. Next, we describe our second system for risk characterization
of the ensemble estimators.
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SYSTEM 1b (Error correlations of overlapped regularized M-estimators). Given c,˜︁c ∈
(0,1] and convex pairs of functions (loss, reg), (˜︃loss,˜︃reg), let (α,β, κ, ν) and (˜︁α, ˜︁β,˜︁κ,˜︁ν) be
parameters that satisfy System 1a with (loss, reg, cδ) and (˜︃loss,˜︃reg,˜︁cδ), respectively. Define
the following two-scalar system of equations in variable (ηG,ηH ) ∈ [−1,1]2:

(5) ηG = Freg(ηH ), ηH = Floss(ηG),

where Floss,Freg : [−1,1] → ℝ are functions defined as

Floss(ηG) := c˜︁cδ
β˜︁β 𝔼

[︁
env′

loss(Z + αG;κ) · env′˜︃loss(Z +˜︁α˜︁G;˜︁κ)
]︁

(6a)

Freg(ηH ) := 1

α˜︁α𝔼

[︃(︃
1

ν
· env′

reg

(︃
Θ + β

ν
H ; 1

ν

)︃
− β

ν
H

)︃

·
(︃

1˜︁ν · env′˜︃reg

(︃
Θ +

˜︁β˜︁ν ˜︁H ; 1˜︁ν
)︃

−
˜︁β˜︁ν ˜︁H)︃]︃(6b)

where the four random vectors (G, ˜︁G), (H, ˜︁H), Θ, and Z are all mutually independent with(︃
G˜︁G
)︃

∼ 𝒩
(︃[︃

0
0

]︃
,

[︃
1 ηG

ηG 1

]︃)︃
,

(︃
H˜︁H

)︃
∼ 𝒩

(︃[︃
0
0

]︃
,

[︃
1 ηH

ηH 1

]︃)︃
,

Θ ∼ Fθ, Z ∼ Fz.

(7)

System 1b is new and one of the main contributions of this paper. Note that the parameters
(ηG,ηH ) in the system are correlation parameters (up to scaling factors) of the two random
variables visible inside expectations in (6a) and of the two random variables in (6b), respec-
tively. By the Cauchy–Schwarz inequality, the function Floss and Freg are uniformly bounded
as |Floss(η)| ≤ √

c˜︁c and |Freg(η)| ≤ 1 so that any solution (ηG,ηH ) to the system (5) lies in
the set [−1,1]× [−√

c˜︁c,√c˜︁c]. As stated, it is not immediately clear if System 1b admits any
solution and whether it is unique. Our first result establishes that this is indeed the case.

THEOREM 1 (Existence and uniqueness of solutions to System 1b). Let c,˜︁c ∈ (0,1]. The
functions Floss and Freg defined in (6) satisfy the following properties:

1. |Floss(ηG)| ≤ √
c˜︁c and |Freg(ηH )| ≤ 1 for all ηG ∈ [−1,1] and ηH ∈ [−1,1].

2. Floss and Freg are nondecreasing, differentiable, and the compositions Floss ◦ Freg

and Freg ◦ Floss are min{c,˜︁c}-Lipschitz.
3. System 1b admits a unique solution (η⋆

G,η⋆
H ) ∈ [−1,1] × [−√

c˜︁c,√c˜︁c].
Some remarks on Theorem 1 are in order. Among the properties listed in Theorem 1, the

most interesting is the second property: the two maps (Floss ◦ Freg, Freg ◦ Floss) are strict
contractions if min{c,˜︁c} < 1. Given this property, the third property (the uniqueness and
existence of the solution) easily follows. We briefly explain this next. Indeed, if (η⋆

H , η⋆
G)

is a solution to System 1b, then η⋆
H automatically satisfies the following one-dimensional

fixed-point equation:

η⋆
H = Floss

(︁
η⋆

G

)︁ = Floss ◦ Freg
(︁
η⋆

H

)︁
.

The other direction is also true in the following sense: if η⋆
H is a solution to the fixed-

point equation ηH = Floss ◦ Freg(ηH ), then letting η⋆
G = Freg(η

⋆
H ), we observe that the pair

(η⋆
H , η⋆

G) satisfies System 1b. Since Floss ◦ Freg is continuous and maps [−1,1] to itself,
Brouwer’s fixed-point theorem implies that such η⋆

H exists. Uniqueness of the solution is
straightforward if min(c,˜︁c) < 1 as the Lipschitz constant of Floss ◦ Freg is strictly less than
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1; uniqueness in the case c =˜︁c = 1 still holds but requires a more subtle argument; see Ap-
pendix B.1 in the Supplementary Material for the full proof details. This contraction property
also certifies that the fixed-point iteration algorithm η

(k+1)
H = Floss ◦ Freg(η

(k)
H ), which we

use in our experiments to solve System 1b, numerically converges to the correct solution η⋆
H

exponentially fast if min(c,˜︁c) < 1. Appendix A in the Supplementary Material discusses the
signs of η⋆

G, η⋆
H .

We next show that the correlation parameters (ηG,ηH ) from System 1b are the limiting
correlations between the estimator and residual errors of estimators trained on overlapped
samples. To do so, besides Assumptions 1–3, we will need mild regularity conditions that the
loss and reg in Assumption 3 need to satisfy in relation to the distribution Fθ and Fz of the
signal and noise coordinates in Assumption 1.

ASSUMPTION 4 (Regularity conditions). Let Θ ∼ Fθ and Z ∼ Fz be the signal and noise
random variables as in Assumption 1, and G ∼ 𝒩 (0,1), H ∼𝒩 (0,1), all mutually indepen-
dent. In addition to Assumption 3, the functions loss : ℝ → ℝ and reg : ℝ → ℝ ∪ {+∞}
satisfy the following:

1. For all c ∈ ℝ, we have 𝔼[loss′+(cG + Z)2] < +∞ and 𝔼[reg′+(cH + Θ)2] < +∞
where we define f ′+(x) := sups∈∂f (x) |s| for any convex function f .

2. ℙ(Θ ≠ 0) > 0.
3. System 1a admits a unique positive solution (α,β, κ, ν) ∈ ℝ

4
>0.

4. There exists an interval ℐ ⊂ ℝ where loss′ is strictly increasing. The support of Fz

is ℝ.

The conditions in Assumption 4 are similar to those assumed in [93], Theorem 4.1,
when characterizing the asymptotics for the nonensemble case. The main difference is that
we do not require the second moment of Θ to be finite. These conditions ensure that the

individual estimator and residual error norms converge, that is, ∥ˆ︁𝜽 − 𝜽∥2
2/p

p−→ α2 and

∥loss′(𝒚 − 𝑿ˆ︁𝜽)∥2
2/p

p−→ β2 hold, where α and β are solutions to System 1a. (See Appen-
dices B.6 and B.7 in the Supplementary Material for proofs of convergences of error vector
and loss gradient norm squared under the relaxation of the conditions.)

While Assumption 4-(3) posits the existence and uniqueness of a solution to System 1a,
this has been formally established under slightly stronger assumptions in [14], specifically
assuming Lipschitz loss and penalty. We conjecture that the rest of the assumptions, namely,
Assumption 4-(1,2,4), are sufficient for the existence and uniqueness of a solution to Sys-
tem 1a without requiring a Lipschitz condition on the loss and penalty. Extending the analy-
sis in [14] to allow a pseudo-Lipschitz condition is a promising starting point to confirm this
conjecture.

For the upcoming statement, recall that when used on a vector, the loss and reg func-
tions are assumed to be operated componentwise. In addition, we denote the feature matrix
and response vector associated with the “overlapped” dataset (𝒙i , yi) for i ∈ I ∩ ˜︁I using
(𝑿I∩˜︁I ,𝒚I∩˜︁I ).

THEOREM 2 (Estimator and residual errors correlations characterization). Let ˆ︁𝜽 I and ˆ︁𝜽˜︁I
be component estimators (2) trained on subsamples (𝑿I ,𝒚I ) and (𝑿˜︁I ,𝒚˜︁I ) corresponding to
index sets I and ˜︁I with parameters (loss, reg) and (˜︃loss,˜︃reg). Under Assumptions 1–4, as
n,p, k,˜︁k → ∞ with n/p → δ ∈ (0,∞), k/n → c ∈ (0,1] and ˜︁k/n →˜︁c ∈ (0,1],

p−1(ˆ︁𝜽 I − 𝜽)⊤(ˆ︁𝜽˜︁I − 𝜽)
p−→ ηGα˜︁α,

p−1loss′(𝒚I∩˜︁I − 𝑿I∩˜︁Iˆ︁𝜽 I )
⊤ ˜︃loss

′
(𝒚I∩˜︁I − 𝑿I∩˜︁Iˆ︁𝜽˜︁I ) p−→ ηHβ˜︁β,

(8)
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where (ηG,ηH ) is the solution to System 1b. Furthermore, for any i ∈ [n] and j ∈ [p], there
exists a jointly normal (Gi, ˜︁Gi) with mean 0, variance 1 and correlation ηG and (Hj , ˜︁Hj)

with mean 0, variance 1 and correlation ηH (as in System 1b) such that the residuals and
estimators are jointly approximated as follows:

max
j∈[p]𝔼

⎡⎢⎢⎢⎢⎣1 ∧

⃦⃦⃦⃦
⃦⃦⃦⃦
⃦
⎛⎝𝒆⊤

j
ˆ︁𝜽 I

𝒆⊤
j
ˆ︁𝜽˜︁I

⎞⎠ −

⎛⎜⎜⎜⎝
proxreg

(︃
θj + β

ν
Hj ; 1

ν

)︃
prox˜︃reg

(︃
θj +

˜︁β˜︁ν ˜︁Hj ; 1˜︁ν
)︃
⎞⎟⎟⎟⎠
⃦⃦⃦⃦
⃦⃦⃦⃦
⃦

2

2

⎤⎥⎥⎥⎥⎦ = o(1),(9a)

max
i∈[n]𝔼

⎡⎣1i∈I∩˜︁I ∧
⃦⃦⃦⃦
⃦
(︄
yi − 𝒙⊤

i
ˆ︁𝜽 I

yi − 𝒙⊤
i
ˆ︁𝜽˜︁I

)︄
−

(︄
proxloss(zi + αGi;κ)

prox˜︃loss(zi +˜︁α˜︁Gi;˜︁κ)

)︄⃦⃦⃦⃦
⃦

2

2

⎤⎦ = o(1).(9b)

The proof is given in Appendix B.2.4 in the Supplementary Material. Put in words, ηG

and ηH from System 1b encode the cosines of the angles between the estimator errors and
loss gradient residual errors of estimators ˆ︁𝜽 I and ˆ︁𝜽˜︁I , respectively. Furthermore, (9a) and (9b)
imply that the pair of distinct estimators (or their corresponding residuals) can be jointly ap-
proximated by the proximal operators applied to the signal (or noise) plus correlated Gaussian
vectors, with the correlation structure determined by ηH (or ηG).

The main difficulty in showing Theorem 2 is the nontrivial dependence between the two
estimators ˆ︁𝜽 I and ˆ︁𝜽˜︁I , as they share the samples 𝑿I∩˜︁I . In the case of squared loss and ridge
regularizer, the estimators ˆ︁𝜽 I and ˆ︁𝜽˜︁I have closed-form expressions, and prior work in [80]
explicitly analyze the overlapped resolvents by developing conditional calculus of resolvents.
However, for general loss and regularizers, the overlapped terms are more challenging to
analyze due to the lack of closed-form expressions. Our strategy in this paper is to exploit the
recently developed technique in [15] to analyze the overlapped terms.

To prove Theorem 2, we show that the quantities on the left-hand side of (8) concentrate
around scalars independent of 𝑿 and that these two scalars are approximate fixed-points
of Floss ◦ Freg and Freg ◦ Floss, respectively. This strategy of first proving the concentration
of certain quantities and then obtaining approximate fixed-point equations is reminiscent of
the leave-one-out analysis of [47, 48] and was previously used in [15] to characterize the
ensemble risk in unregularized M-estimators (with no explicit penalty). The setting studied
here is significantly more complicated than these works due to the presence of robust loss
functions, penalty functions, and shared samples between ˆ︁𝜽 I and ˆ︁𝜽˜︁I .

We believe that once the contractions of Floss ◦ Freg and Freg ◦ Floss have been found and
the existence and uniqueness of the solution to System 1b have been established, different
techniques than those used here and discussed in the previous paragraph could also be used to
derive asymptotic results similar to Theorem 2. For instance, after existence and uniqueness
of the solution to System 1b is established, there is hope to carry out an AMP analysis for
matrix-valued parameters (see, for instance, [71], Lemmas B.3 and B.5, or [52, 61]), or by
using the conditional CGMT technique of [23], Appendix F. However, we emphasize that
these alternate techniques would also first require us to establish the structure of System 1b
(as done in Theorem 1) in order to guarantee the existence and uniqueness of the solution
to System 1b. This is a prerequisite for both applying the CGMT results and ensuring the
convergence of AMP to the regularized M-estimator.

The proximal representations in (9a) and (9b) allow one to provide limiting behavior
of other functionals of the estimator and residual errors by assuming further moments on
the signal and error distributions Fθ and Fz; for example, we can characterize the corre-
lation between the raw residuals (rather than after applying the loss derivative) assuming
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finite second moment of Fz or consider pseudo-Lipschitz functionals other than squared er-
ror. Toward that end, our next result provides the convergence of the empirical measure of
(𝒆⊤

j
ˆ︁𝜽 I , 𝒆

⊤
j
ˆ︁𝜽˜︁I , θj )j∈[p] and residuals (yi − 𝒙⊤

i
ˆ︁𝜽 I , yi − 𝒙⊤

i
ˆ︁𝜽˜︁I , zi)i∈I∩˜︁I for pseudo-Lipschitz

test functions.

THEOREM 3. Let Φ : ℝ3 → ℝ be a pseudo-Lipschitz function of order 2. Suppose the
assumptions in Theorem 2 hold. Further assume that the marginal distribution Fθ of the
signal has a bounded second moment. Then it holds that

1

p

∑︂
j∈[p]

Φ

⎛⎜⎜⎝
𝒆⊤
j
ˆ︁𝜽 I

𝒆⊤
j
ˆ︁𝜽˜︁I

θj

⎞⎟⎟⎠ p−→ 𝔼Φ

⎛⎜⎜⎜⎜⎜⎝
proxreg

(︃
Θ + β

ν
H ; 1

ν

)︃
prox˜︃reg

(︃
Θ +

˜︁β˜︁ν ˜︁H ; 1˜︁ν
)︃

Θ

⎞⎟⎟⎟⎟⎟⎠ .

Similarly, if the marginal distribution Fz of noise has a finite second moment, we have

1

|I ∩ ˜︁I |
∑︂

i∈I∩˜︁I
Φ

⎛⎜⎜⎝
yi − 𝒙⊤

i
ˆ︁𝜽 I

yi − 𝒙⊤
i
ˆ︁𝜽˜︁I

yi − 𝒙⊤
i 𝜽

⎞⎟⎟⎠ p−→ 𝔼Φ

⎛⎜⎝proxloss(Z + αG;κ)

prox˜︃loss(Z + α˜︁G;˜︁κ)

Z

⎞⎟⎠ .

Note that the finite second moments of Fθ and Fz in Theorem 3 are required to ensure the
probabilistic limits above are finite for any pseudo-Lipschitz function of order 2.

3.2. Interpretation of the parameters in Systems 1a and 1b. As mentioned earlier, the
six parameters (α,β, κ, ν) and (ηG,ηH ) in Systems 1a and 1b essentially characterize the
asymptotic risk of the ensemble estimator. These deterministic parameters are limits of var-
ious stochastic (observable) quantities that we now describe (see also Figure 1 for a visual
illustration).

FIG. 1. Illustration of the asymptotics of the estimator and residual error norms and correlations of overlapped
regularized M-estimator.
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Here, ˆ︁𝜽 I and ˆ︁𝜽˜︁I are the component estimators (2) trained on subsamples (𝑿I ,𝒚I ) and
(𝑿˜︁I ,𝒚˜︁I ) corresponding to index sets I and ˜︁I and parameters (loss, reg) and (˜︃loss,˜︃reg), re-
spectively. We further define the scalar dfI and the matrix 𝑽 I by

(10) dfI := tr
[︁
(∂/∂𝒚I )𝑿I

ˆ︁𝜽 I

]︁
, 𝑽 I := (∂/∂𝒚I )loss′(𝒚I − 𝑿I

ˆ︁𝜽 I ) ∈ ℝ
|I |×|I |

and similarly for ˜︁I . Two scalars of interest that relate the behavior of ˆ︁𝜽 I to the scalars (κ, ν)

in System 1a, are dfI and tr[𝑽 I ].
Assuming squared loss, loss′(𝒚I − 𝑿I

ˆ︁𝜽 I ) = 𝒚I − 𝑿I
ˆ︁𝜽 I is simply the residual vector, and

the matrix 𝑽 I simplifies to 𝑽 I = 𝑰 − (∂/∂𝒚I )𝑿I
ˆ︁𝜽 I , so that tr[𝑽 I ] = n− dfI . That is, for the

squared loss case these quantities can all be related to the usual notion of effective degrees
of freedom [91]. The matrix (∂/∂𝒚I )𝑿I

ˆ︁𝜽 I is usually referred to as the “hat” or “smoothing”
matrix (for linear smoothers), whose trace is the effective degrees of freedom.

If loss is not the squared loss, but loss′ is 1-Lipschitz (as in the Huber loss or several
robust regression losses), the quantity loss′(𝒚I − 𝑿I

ˆ︂𝜽 I ) is still related to a notion of residual
vector, and tr[𝑽 I ] is still related to a notion of degrees of freedom. By [11], Lemma 9.1, the
estimator ˆ︁𝜽 I is the first part of a solution (ˆ︁𝜽 I ,ˆ︁𝒖) to the convex optimization problem

min
𝒃∈ℝp,𝒖∈ℝ|I |

∥𝒚I − 𝑿I𝒃 − 𝒖∥2
2 +

p∑︂
j=1

reg(bj ) + ∑︂
i∈I

h(ui),

where h : ℝ → ℝ is a deterministic convex function related to loss. The interpretation of
this new optimization problem is that, in the presence of heavy-tailed errors or outliers in
some components of 𝒚I , we add additional variables (ui)i∈I to fit those outliers. As an ex-
ample, for the Huber loss, h(·) is proportional to the absolute value. The solution satisfies
loss′(𝒚I − 𝑿I

ˆ︂𝜽 I ) = 𝒚I − 𝑿I
ˆ︁𝜽 I − ˆ︁𝒖 = 𝒚I − [𝑿|𝑰 I ](ˆ︁𝜽⊤

I |ˆ︁𝒖⊤)⊤. That is, loss′(𝒚I − 𝑿I
ˆ︂𝜽 I )

is the residual vector of the optimization problem with enlarged design matrix [𝑿I |𝑰 I ] ∈
ℝ

|I |×(|I |+p)]. Consequently, tr[𝑽 I ] equals |I | minus the effective degrees-of-freedom of the
estimate (ˆ︁𝜽⊤

I ,ˆ︁𝒖⊤) fitted using this enlarged design matrix. With this in mind, we refer in
Table 2 to tr[𝑽 I ] as residual degrees of freedom in general and robust residual degrees of
freedom for the special case of the Huber loss.

Another interpretation of the matrix 𝑽 I in (10) is the Hessian, with respect to 𝒚I , of the
objective value (2) at ˆ︁𝜽 I . More precisely, with

F(𝒚I ) = ∑︂
i∈I

loss
(︁
yi − 𝒙⊤

i
ˆ︁𝜽 I

)︁ + ∑︂
j∈[p]

reg
(︁
(ˆ︁𝜽 I )j

)︁

TABLE 2
Interpretations of various limiting quantities appearing in Systems 1a and 1b; see Section 3.2 for definitions and

notation

Interpretation Stochastic quantity Limit

Error vector norm squared ∥ˆ︁𝜽I − 𝜽∥2
2/p α2

Loss gradient norm squared ∥loss′(𝒚I − 𝑿I
ˆ︁𝜽I )∥2

2/p β2

Inner product of error vectors (ˆ︁𝜽I − 𝜽)⊤(ˆ︁𝜽˜︁I − 𝜽)/p ηGα˜︁α
Inner product of loss gradients loss′(𝒚I∩˜︁I − 𝑿I∩˜︁Iˆ︁𝜽I )⊤ ˜︃loss′

(𝒚I∩˜︁I − 𝑿I∩˜︁Iˆ︁𝜽˜︁I )/p ηH β˜︁β
Degrees of freedom dfI /p where dfI := tr[(∂/∂𝒚I )𝑿I

ˆ︁𝜽I ] νκ

Residual degrees of freedom tr[𝑽 I ]/p where 𝑽 I := (∂/∂𝒚I )loss′(𝒚I − 𝑿I
ˆ︁𝜽) ν

Generalized resolvent trace tr[(𝑿⊤
I diag[loss′′(𝒚I − 𝑿I

ˆ︁𝜽I )]𝑿I + diag[reg′′(ˆ︁𝜽I )])−1] if
reg is twice differentiable and dfI / tr[𝑽 I ] if reg is nonsmooth

κ
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being the objective value at the minimizer, Danskin’s theorem [18], Proposition B.22, gives
(∂/∂yi)F (𝒚I ) = loss′(yi − 𝒙⊤

i
ˆ︁𝜽 I ). Differentiating once more reveals that 𝑽 I in (10) is the

Hessian of F(·) at 𝒚I and tr[𝑽 I ] is the Laplacian. Since partial minimization preserves con-
vexity and the objective function in (2) is jointly convex in (𝒃,𝒚), the function F(·) is convex.
This interpretation explains why 𝑽 I is a positive semidefinite matrix in cases where closed-
form expressions for 𝑽 I are available (see Table 6 in the Supplementary Material).

The convergence of the estimator and residual error norms (first two rows of Table 2) is
proved in [24, 70, 93] using the CGMT. Convergence of the corresponding inner products
(third, fourth row of Table 2) is novel and established in Theorem 2. The convergence

(11) tr[𝑽 I ]/p p−→ ν, dfI /p
p−→ νκ, dfI / tr[𝑽 I ] p−→ κ,

was so far only known for the lasso [24], Theorem 8, or the squared loss [11], Corollary 3.2.
To our knowledge, the present paper is the first to establish the above convergence in proba-
bility for regularized estimators and robust loss functions beyond the squared loss. The proof
is given in Appendix B.5 in the Supplementary Material.

Assuming twice differentiable loss and reg functions, the parameter κ is also the limiting
trace of a resolvent-like matrix 𝑨I := (𝑿⊤

I diag[loss′′(𝒚I − 𝑿I
ˆ︁𝜽 I )]𝑿I + diag[reg′′(ˆ︁𝜽 I )])−1,

which in the further special case of squared loss and squared regularizer (with regularization
level λ) simplifies to the standard ridge resolvent: 𝑨I = (𝑿⊤

I 𝑿I + λ𝑰 )−1. We refer to 𝑨I as
the generalized resolvent for convenience in Table 2.

3.3. Asymptotics of ensemble risk. Using the parameters in Systems 1a and 1b, we are
now ready for our main result on the squared risk asymptotics of the ensemble estimator. The
squared risk of the ensemble estimator ˜︁𝜽M = 1

M

∑︁
m∈[M]ˆ︁𝜽m can be decomposed as

1

p
∥˜︁𝜽M − 𝜽∥2

2 = 1

M2

∑︂
m∈[M]

1

p
∥ˆ︁𝜽m − 𝜽∥2

2 + 1

M2

∑︂
m,ℓ∈[M]:m≠ℓ

1

p
(ˆ︁𝜽m − 𝜽)⊤(ˆ︁𝜽ℓ − 𝜽).

Noting ∥ˆ︁𝜽m − 𝜽∥2
2/p

p−→ α2
m and applying Theorem 2 to the cross term (ˆ︁𝜽m − 𝜽)⊤(ˆ︁𝜽ℓ − 𝜽)/p

for each m ≠ ℓ, we arrive at the following result.

COROLLARY 4 (General ensemble risk characterization). Suppose the assumptions of
Theorem 2 hold. For m ∈ [M], let αm be the parameter satisfying System 1a. For m,ℓ ∈ [M],
let ηG(m,ℓ) be the parameter satisfying System 1b. Then as n,p, k → ∞ with n/p → δ ∈
(0,∞) and km/n → cm ∈ (0,1], we have

(12)
1

p
∥˜︁𝜽M − 𝜽∥2

2
p−→ ℛM := 1

M2

∑︂
m∈[M]

α2
m + 1

M2

∑︂
m,ℓ∈[M]:m≠ℓ

ηG(m,ℓ) · αmαℓ.

Since the parameters αm and ηG(m,ℓ) implicitly depend on δ and cm, the asymptotic risk
ℛM also implicitly depends on these parameters. For brevity, we will simply write ℛM unless
we wish to explicitly point out this dependence. The factor ηG captures the benefit of ensem-
bling. It is worth noting that a negative ηG (which intuitively corresponds to a component
that does better in a different direction) will improve the ensemble risk if the components
themselves also have small risks. This aligns with the higher level intuition in ensembling
that one should ensemble predictors that each perform well, preferably on different parts of
the input space.
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3.4. Risk estimation. The risk characterization in Corollary 4 depends on the population-
level characteristics (such as the signal and noise distributions Fθ and Fz) and provides useful
theoretical insights into the risk behavior of the ensemble estimator in terms of these quan-
tities. In practical applications, however, the statistician needs to estimate the risk accurately
to tune ensemble hyperparameters effectively using the observed data (𝑿,𝒚). These hyper-
parameters include the choice of component estimators (through loss and reg), their level of
regularization (regularization level for reg), the subsample sizes (k), and the ensemble size
(M). For this purpose we next construct a data-dependent proxy for the squared risk, which
one can then tune with respect to various hyperparameters.

DEFINITION 1 (Risk estimator component). Let ˆ︁𝜽 I and ˆ︁𝜽˜︁I be the component estimators
(2) trained on subsamples (𝑿I ,𝒚I ) and (𝑿˜︁I ,𝒚˜︁I ) corresponding to index sets I and ˜︁I with
parameters (loss, reg) and (˜︃loss,˜︃reg). Corresponding to estimators ˆ︁𝜽 I and ˆ︁𝜽˜︁I , define:

1. Degrees of freedom: dfI = tr[(∂/∂𝒚I )𝑿I
ˆ︁𝜽 I ] and df˜︁I = tr[(∂/∂𝒚˜︁I )𝑿˜︁Iˆ︁𝜽˜︁I ].

2. Residual errors: 𝒓 = 𝒚I − 𝑿I
ˆ︁𝜽 I and ˜︁𝒓 = 𝒚˜︁I − 𝑿˜︁Iˆ︁𝜽˜︁I .

3. Residual degrees of freedom: traces of 𝑽 I = (∂/∂𝒚I )loss′(𝒚I − 𝑿I
ˆ︁𝜽 I ) and 𝑽 ˜︁I =

(∂/∂𝒚˜︁I )˜︃loss
′
(𝒚˜︁I − 𝑿˜︁Iˆ︁𝜽˜︁I ).

Using these quantities, define an observable quantity ESTI,˜︁I as follows:

(13) ESTI,˜︁I := 1

n

∑︂
i∈[n]

(︃
ri + 1{i∈I }

dfI
tr[𝑽 I ] loss′(ri)

)︃(︃˜︁ri + 1{i∈˜︁I }
df˜︁I

tr[𝑽 ˜︁I ] ˜︃loss
′
(˜︁ri))︃,

where 1Ω denotes the indicator function associated with an event Ω.

The quantities tr[𝑽 I ] and dfI have explicit closed-form expressions for special choices of
loss and reg. Some of these are summarized in Table 6 in the Supplementary Material. We
show next that ESTI,˜︁I approximates well the component of prediction risk corresponding to
the inner product of estimator errors ofˆ︁𝜽 I andˆ︁𝜽˜︁I . We then naturally construct a risk estimator
for the prediction risk of the ensemble estimator.

THEOREM 5 (Consistency of risk estimator component). In addition to Assumptions 1–4,
assume that reg and ˜︃reg are strongly convex. Then we have

1

p
(ˆ︁𝜽 I − 𝜽)⊤(ˆ︁𝜽˜︁I − 𝜽) + ∥𝒛∥2

2

n
= ESTI,˜︁I +𝒪ℙ

(︁
n−1/2)︁(︃1 + ∥𝒛∥2√

n

)︃
.

The risk estimator ESTI,˜︁I is a generalization of the criterion originally proposed by [17]
for nonensemble regularized M-estimator. Although in this paper we focus on the isotropic
Gaussian design 𝚺 = 𝑰p , the same argument in the proof of Theorem 5 works in the
anisotropic design 𝚺 ≠ 𝑰p . As a result, we can show that the ESTI,˜︁I (without any modifica-
tion) approximates p−1(ˆ︁𝜽 I − 𝜽)⊤𝚺(ˆ︁𝜽˜︁I − 𝜽) + n−1∥𝒛∥2

2 under the event that (tr[𝑽 I ], tr[𝑽 ˜︁I ])
are bounded from below by a positive constant as in [17], Theorem 5.3.

We believe that the strong convexity assumption on reg in Theorem 5 is an artifact of our
proof (see Figure 2 for an illustration where reg is not strongly convex). Note that this type
of assumption of strong convexity has already been assumed in [17]. This assumption guar-
antees for free that the coefficient df/ tr[𝑽 ] does not blow up. However, we emphasize that
Theorem 2 and Corollary 4 for risk characterization do not require the strong convexity as-
sumption. The approximation argument (see Appendix B.2.1 in the Supplementary Material)
used to prove Theorem 2 and Corollary 4 in the nonstrongly convex case is again applicable
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FIG. 2. Risk of ℓ1-regularized Huber ensemble at different subsample aspect ratios p/k with ℓ1-regularization
parameter λ = 0.2 and varying ensemble size M in the underparameterized regime when p/n = 0.1 and
n = 5000. The solid lines represent the theoretical risks, the dashed lines represent the empirical risks aver-
aged over 50 simulations, and the shaded regions represent the empirical standard errors. The data model is
given by Appendix F.4.2 in the Supplementary Material where the noise follows Student’s t distribution t2. Left:
Huber threshold parameter 1. Right: Huber threshold parameter 5.

in the context of Theorem 5, although it is not currently sufficient to conclude a version The-
orem 5 for nonstrongly convex regularizers due to the difficulty of establishing the continuity
of dfI and tr[𝑽 I ] with respect to the perturbation parameter μ as μ → 0 in equation (33) in
the Supplementary Material.

Equipped with the component risk estimator (13), we can now construct a consistent risk
estimator for the ensemble estimator (3):

COROLLARY 6 (General ensemble risk estimation). Fix M ≥ 1, and consider the en-
semble estimator ˜︁𝜽M = 1

M

∑︁
m∈[M]ˆ︁𝜽m where the component estimator ˆ︁𝜽m is trained with

(lossm, regm) on subsample Im for m ∈ [M] as in (2). Define an estimator EST for the
squared prediction risk,

EST := 1

M2

∑︂
m,ℓ∈[M]

ESTm,ℓ,

where ESTm,ℓ is ESTI,˜︁I as defined in (13) with (loss, reg, I ) = (lossm, regm, Im) and
(˜︃loss,˜︃reg,˜︁I ) = (lossℓ, regℓ, Iℓ). Then we have

(14)
1

p
∥˜︁𝜽M − 𝜽∥2

2 + ∥𝒛∥2
2

n
= EST +𝒪ℙ

(︁
n−1/2)︁(︃1 + ∥𝒛∥2√

n

)︃
.

If the noise distribution has enough moments, the guarantee (14) implies that EST approx-
imates the (full) prediction risk (that includes the irreducible error) of the ensemble estimator˜︁𝜽M under Assumption 1,

𝔼
[︁(︁

y0 − 𝒙⊤
0
˜︁𝜽M

)︁2|𝒚,𝑿, {Im}m∈[M]
]︁ = 1

p
∥˜︁𝜽M − 𝜽∥2

2 +𝔼
[︁
Z2]︁,

where (y0,𝒙0) ∈ ℝ × ℝ
p is an independent test point sampled from the same distribution

as the training data (𝒚,𝑿). More precisely, if the noise has a finite second moment, then
EST is consistent for the prediction risk. Furthermore, if the noise distribution has a finite
fourth moment, by the central limit theorem (on the terms involving noise averages), EST
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is
√

n-consistent for the prediction risk. This rate is not improvable because, for the single
ordinary least squares (OLS) estimator (with loss(x) = x2/2, reg = 0, |I | = |˜︁I | = n) and

Fz = 𝒩 (0,1), the risk estimator gives EST = 1
n

∥𝒚−𝑿ˆ︁𝜽ols∥2
2

(1−p/n)2
d= χ2

n−p

n(1−p/n)2 and the standard de-

viation of the χ2
n−p incurs an unavoidable term of order n−1/2.

If the noise distribution Fz does not have a finite second moment but has a finite (1 +
ϵ)-moment for ϵ ∈ [0,1), then even if the estimator EST may not track the prediction risk
(because the prediction risk does not necessarily converge), minimizing EST is approximately
equivalent to minimizing the excess squared risk p−1∥˜︁𝜽M − 𝜽∥2

2 (which does converge). This
is because the moment assumption implies

∑︁
i∈[n] z2

i = oℙ(n
2/(1+ϵ)) so that (14) yields

1

p
∥˜︁𝜽M − 𝜽∥2

2 = EST − ∥𝒛∥2
2

n
+ oℙ

(︁
n− ϵ

1+ϵ
)︁
,

where the subtraction term
∥𝒛∥2

2
n

is independent of hyperparameters (lossm, regm, Im)m∈[M].
We illustrate this in Figure 2 with noise following Student’s t2 distribution (that does not have
a finite second moment).

A natural question arising from the above discussion is whether hyperparameters (such as
the subsample ratio c and the regularization level λ in reg(x) = λ|x|q ) selected by tuning
EST are close to the oracle parameters that minimize the true excess risk p−1∥˜︁𝜽M − 𝜽∥2

2 (or
its deterministic limit ℛM in (12)). Establishing such a result theoretically requires proving a
suitable form of smoothness (such as Hölder or Lipschitz continuity) of the excess risk (or its
deterministic limit) as a function of the hyperparameters. This has been achieved in specific
settings, including for the lasso in [24], for the unregularized robust M-estimators in [16] and
for the ridge estimator in [57, 84], among others. However, these analyses are highly tailored
to the specific estimators and leverage their unique structures, typically involving substantial
technical machinery. A general investigation of this type for the broad class of estimators
studied in this paper is an important direction for future work.

4. Homogeneous ensembles. While Corollary 4 applies for a generic heterogeneous
ensemble (where regm, lossm, |Im| are allowed to differ for distinct m), concrete theoretical
insights can be obtained for the homogeneous case (where regm, lossm, |Im| are the same for
every m). In the general heterogeneous case, the effect of increasing ensemble size M is not
straightforward, as in general we only have

min
m∈[M]

{︁
α2

m

}︁ ?

⋚ 1

M2

∑︂
m∈[M]

α2
m + 1

M2

∑︂
m,ℓ∈[M]

m≠ℓ

ηG(m,ℓ) · αmαℓ ≤ max
m∈[M]

{︁
α2

m

}︁
.

In other words, we will do no worse than the worst component but may not do better than the
best component. More ensembles may or may not improve performance depending on the
risks of individual estimators. In contrast, for homogeneous ensembles we show in the next
subsection that increasing ensemble size does indeed help reduce the risk. This uniformity
allows for more concrete analytical results and practical insights.

4.1. Risk properties. For the homogeneous ensemble of component estimators trained
with the same loss, reg, and subsample size k, as n,p, k → ∞ with n/p → δ ∈ (0,∞) and
k/n → c ∈ (0,1], the limiting risk (12) is given by

(15) ℛM = 1

M
ℛ1 +

(︃
1 − 1

M

)︃
ℛ∞ where

{︄
ℛ1 := α2 (nonensemble risk),

ℛ∞ := ηGα2 (full-ensemble risk).
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Observe that the limit ℛM is simply a convex combination of the asymptotic risk of the
single estimator ℛ1 and of the full-ensemble estimator ℛ∞. The reason we call this the
“full” ensemble is that the ensemble estimator ˆ︁𝜽M when M → ∞ is almost surely equal
(coordinatewise and conditioned on the data) to an ensemble estimator fitted on all possi-
ble (and distinct)

(︁ n
k

)︁
subsamples of size k; see Lemma A.1 of [43] for a precise statement

and proof. (Note that when M → ∞, ℛM does indeed converge to ℛ∞, justifying the no-
tation for the limit for the case when m ≠ ℓ.) As a sanity check, note that in the special
case when c = 1, the above setting corresponds to the nonensemble case discussed in [93],
Section 4.

The following result shows the advantage of ensembling. In the classical bagging and
subagging literature, it is well known that the risk of the ensemble estimator decreases as
the ensemble size increases, due to the reduction in variance that comes with having more
predictors in the ensemble. In the proportional asymptotic regime that we study in this paper,
since subagging also introduces bias, this is not immediate. A general result along these
lines that verifies the monotonicity of the risk of the ensemble itself (not the asymptotic
limit) follows from Proposition 3.1 of [80]; see equation (10) of [80]. Below, we verify that
the asymptotic risk is strictly monotonic in M by showing that ηG ∈ [0,1) in general. This
implies that the asymptotic risk is strictly decreasing in M .

PROPOSITION 7 (Improvement due to ensembling). Fix the subsample ratio c = k/n ∈
(0,1), and let ℛM be the limiting risk as defined in (15). Then ℛM is strictly decreasing in
the number of ensembles M , that is, ℛM+1 <ℛM for all M ∈ ℕ.

This monotonicity in the ensemble size M is illustrated by Figure 2 for the ensemble of
ℓ1-regularized Huber regression.

Because the risk decreases in M , the optimal ensemble size is M = ∞. (In practice, set-
ting M = (︁ n

k

)︁
suffices by only averaging over estimators trained on distinct subsamples (see

Appendix A.1 of [43] for more details), but this still can be quite large.) However, it may not
be feasible to use an ensemble size of M = ∞. In practice, it suffices to use a large enough
M that gives a suboptimal risk close to the full-ensemble risk. For this purpose a natural idea
is to estimate the risk of nonensemble estimator M = 1 and the full estimator M = ∞, and
obtain an estimate for the risk of M-ensemble using the relationship in (15). This is very
similar to the extrapolated cross-validation estimator (ECV) of [44], which estimates the risk
of M = 1 and M = 2.

We also show that, for any ensemble size M , when the subsample ratio c is optimized,
the resulting risk decreases in the inverse data aspect ratio δ = limn/p. To prepare for the
forthcoming statement, let us write the limiting risk ℛM in (15) by ℛM(δ, c) to make the de-
pendence on the limit δ = limn/p and subsample ratio c = lim k/n clear. With this notation
we can say the following about the optimally subsampled risk.

PROPOSITION 8 (Monotonicity of optimally subsampled risk). The map δ ↦→
infc∈(0,1)ℛM(δ, c) is nonincreasing over δ ∈ (0,∞) for all M ∈ ℕ∪ {+∞}.

The proof of this proposition is based on an explicit formula for the partial derivative of
ℛM with respect to the data aspect ratio δ−1 = limp/n while holding the subsample-to-
feature-size ratio cδ = limk/p fixed; see Appendix C.2 in the Supplementary Material.

A consequence of this proposition is that the risk of the optimal ensemble estimator is
decreasing in the sample size n for a fixed (large enough) feature size p. Moreover, com-
bined with Proposition 7, we also have that this monotonic risk profile lies below the func-
tion ℛ1(δ,1), the risk profile of the original predictor trained once on the full dataset (𝑿,𝒚)
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FIG. 3. Optimal subsample risk of the Huber lasso ensemble is monotonic in the data aspect ratio. Comparison
of the the limiting risks of nonensemble (M = 1) ℓ1-regularized Huber regression fitted on full data (c = 1) and
optimally subsampled (over the subsample ratio c = lim(k/n) ∈ (0,1]) full ensemble (M = ∞) ℓ1-regularized
Huber regression, for fixed ℓ1-regularization parameter λ = 0.5 and varying Huber parameter ρ, at different
data aspect ratios p/n ranging from 0.1 to 10. The data model is given in Appendix F.4.2 in the Supplementary
Material. Left: Noise follows Student’s t distribution t2 and Huber parameter ρ = 1. Middle: Noise follows
Student’s t distribution t2 and Huber parameter ρ = 5. Right: Noise follows Student’s t distribution t10 and
Huber parameter ρ = 1.

with no ensembling (the risk of which, as we discussed above, can be nonmonotonic). Such
monotonicity in the inverse data aspect ratio is important because it ensures that increasing
the amount of data relative to features consistently improves the estimator’s performance.
In a sense, a monotonic decrease in risk with the optimal subsample ratio certifies that
the model effectively utilizes all the additional data, leading to better performance as the
data size grows. This result is illustrated in Figure 3 for the ℓ1-regularized Huber regres-
sion.

4.2. Examples and connections to literature. In this section we specialize the general
risk characterization in Corollary 4 in several examples of interest. Throughout this section
we will consider ensembles of component predictors trained on the same loss, reg (with a
tuning parameter λ), and subsample size k. We begin by considering convex regularized least
squares, with further specialization to bridge, ridge, and lasso. We then consider general ridge
regularized estimators allowing for nonsquared loss in Section 4.2.2 with further specializa-
tion to the Huber loss. For the reader’s convenience, the proximal operators, their derivatives,
Moreau envelopes, and their derivatives for the ridge and lasso regularization and Huber loss
functions are recalled in Table 7 in the Supplementary Material.

4.2.1. Ensemble of regularized least squares. In this section, we consider subagging reg-
ularized least squares. Given a common regularizer reg and a regularization parameter λ > 0,
the component estimators are given by

ˆ︁𝜽m := argmin
𝒃∈ℝp

1

2
∥𝒚Im

− 𝑿Im𝒃∥2
2 + λ

∑︂
j∈[p]

reg(bj ).

Now, Assumption 4-(1) translates to having a bounded second moment of the noise distribu-
tion Fz, which we denote by σ 2. Using the explicit formula proxloss(x; τ) = x/(1 + τ) for
loss(x) = x2/2 and performing some change of variables, the risk convergence in (15) holds
with (ℛ1,ℛ∞) given by

ℛ1 = τ 2 − σ 2 and ℛ∞ = ξ2 − σ 2,

where τ and ξ are the solutions to the following systems.
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SYSTEM 2 (Ensembles of regularized least squares). Given λ ∈ (0,∞), δ ∈ (0,∞), c ∈
(0,1], σ 2 ∈ [0,∞), define the following two-scalar system of equations in variables (τ, a):

τ 2 = 𝔼

[︃(︃
proxreg

(︃
Θ + τ√

cδ
H ; aτ√

cδ

)︃
− Θ

)︃2]︃
+ σ 2,(16a)

λ√
cδ

= aτ

(︃
1 − 1

cδ
𝔼

[︃
prox′

reg

(︃
Θ + τ√

cδ
H ; aτ√

cδ

)︃]︃)︃
,(16b)

where H ∼ 𝒩 (0,1) and Θ ∼ Fθ are independent. Given (τ, a) ∈ ℝ
2
>0 that satisfy the above

systems, define the following one-scalar system of equations in variable ξ :

ξ2 = 𝔼

[︃(︃
proxreg

(︃
Θ + τ√

cδ
H ; aτ√

cδ

)︃
− Θ

)︃

·
(︃

proxreg

(︃
Θ + τ√

cδ
˜︁H ; aτ√

cδ

)︃
− Θ

)︃]︃
+ σ 2,

(17a)

where (H, ˜︁H) are as in (7) with ηH = c
ξ2

τ 2 , and Θ ∼ Fθ independent.

Compared to Systems 1a and 1b, the parameterization in System 2 is slightly different. This
is done to match the result with some of the existing results for regularized least squares (for
M = 1). The invertible transformations are given by: a = λ

β
, τ = √

cδ
β
ν

, and ξ2 = ηGα2 +σ 2.
These parameters also have interpretations as in Section 3.2, summarized below.

REMARK 1 (Interpretation of parameters in System 2). The parameter τ 2 is simply the
(full) prediction risk of the nonensemble estimator in the limit, which is α2 + σ 2. Note that
τ 2 ≥ σ 2 and is sometimes referred to as effective “inflated” noise variance due to the high

dimensionality [6, 39]. Moreover, the fact that τ 2 = (cδ)β2

ν2 = β2/(cδ)

ν2/(cδ)2 is also at the core of
consistency of generalized cross-validation (discussed in Section 3.4) for the nonensemble
estimator. Here, the numerator is the asymptotic training error and the denominator is the
asymptotic degrees of freedom correction. (Observe that the factors of cδ arise because both
the asymptotic training error β2 and the asymptotic degrees of freedom correction ν are de-
fined with normalization of p in Table 2.) The parameter aτ is the effective threshold param-
eter at which one applies the proximal operator to the noise-inflated effective observation and
appears in approximate message passing (AMP) formulations [39]. The parameter a serves
as a proportionality constant between the effective threshold aτ and standard deviation τ of
the inflated effective noise. Finally, the parameter ξ2, which is the main contribution of this
paper, is the full-ensemble predictor risk (when M → ∞), which is also ηGα2 + σ 2.

In the following we isolate some special cases of regularized M-estimators to compare
with existing work.

REMARK 2 (Bridge ensembles). Bridge estimators are also known as ℓq -regularized
least squares and are a popular class of regularized M-estimator [49, 51]. For ℓq regu-
larizer regq(x) = |x|q , the risk of the bridge for M = 1 is derived in [96, 97] for gen-
eral q ∈ [1,2]. For instance, we recover [97], Theorem 2.1, by the change of variables
(λ′,Θ′) = (λ/

√
cδ,

√
cδΘ) such that the limiting prediction risks match τ ′ = τ . Equation

(17a) generalizes it for any M ≥ 1. Further special boundary cases of q = 2 (ridge) and q = 1
(lasso) are further isolated in the next two remarks.
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REMARK 3 (Ridge ensembles). For ridge regression when q = 2, System 2 recovers
Theorem 4.1 of [80] under isotropic features, using a slight change of variables (λ′,Θ′) =
(λ/

√
cδ,

√
cδΘ). The solution v to the (limiting) Stieltjes transform of the spectrum of the

sample Gram matrix therein satisfies v = (aτ)−1. For ridge ensembles there is a deeper con-
nection between ℛ1 and ℛ∞. It turns out that ℛ∞(λ, c) is exactly equal to ℛ1(μ,1) for
a new level of regularization μ = v−1 ≥ λ that depends on c (and properties of the data
distribution)—the lower the subsampling proportion c, the higher the value of this implicit
regularization μ. There are entire paths of equivalences in the (λ, c) plane where not only are
the asymptotic squared risks the same but also the estimators themselves are equivalent. In a
sense, one can think of the combined effect of subsampling and ensembling as an additional
(implicit) ridge regularization. The prediction risk equivalences are first proved in [43] and
later generalized to other risks and estimator equivalences in [79].

REMARK 4 (Lasso ensembles). For the lasso predictor when q = 1, the first set of equa-
tions (16) for M = 1 in System 2 recovers [6], Theorem 1.5, with a change of variables
λ′ = λ/

√
cδ and Θ′ = √

cδΘ. On the other hand, the second set of equations in System 2
for M = ∞ is new to the literature. We show empirically in the next section that the opti-
mal full-ensemble subsampled lassoless is not the same as the optimal nonensemble lasso
(on full data). Thus, the subsampling and ensembling of the lasso are qualitatively different
from the subsampling and ensembling of the ridge regression, as pointed out in Remark 3. In
particular, the effect of subsampling for lasso is not merely additional lasso regularization.

4.2.2. Ensembles of general ridge regularized estimators. In this section we specialize
the results of Corollary 4 for ridge regularized ensembles allowing for general loss functions.
Specifically, given λ > 0, consider component estimators of the formˆ︁𝜽m(Im) := argmin

𝒃∈ℝp

∑︂
i∈Im

loss
(︁
yi − 𝒙⊤

i 𝒃
)︁ + λ∥𝒃∥2

2.

Recall that the risk convergence in (15) holds with ℛ1 = α2 and ℛ∞ = ηGα2 where α and
ηG are solutions to System 1a and System 1b, respectively. Here, using the explicit formula
proxreg(x; τ) = x/(1 + λτ) for reg(x) = λ|x|2/2, these systems can be simplified as follows.

SYSTEM 3 (Nonlinear system for general ridge regularized ensembles). Given λ ∈
(0,∞), δ ∈ (0,∞), and c ∈ (0,1], define the following two-scalar system of equations in
(α, κ):

α2 = cδ · κ2
𝔼
[︁
env′

loss(Z + αG;κ)2]︁ + λ2κ2
𝔼
[︁
Θ2]︁ and

α = cδ · κ

1 − λκ
𝔼
[︁
env′

loss(Z + αG;κ) · G]︁
,

(18)

where G ∼ 𝒩 (0,1), Θ ∼ Fθ , Z ∼ Fz, all mutually independent. Let (β, ν) be parameters
expressed in terms of (α, κ) as

(19) β2 = 1

κ2 α2 − λ2
𝔼
[︁
Θ2]︁ and ν = 1

κ
− λ.

Given parameters (α,β, κ, ν) that satisfy (18) and (19), define the following two-scalar sys-
tem of equations in variables (ηH ,ηG):

ηH = c2δ

β2 𝔼
[︁
env′

loss(Z + αG;κ) · env′
loss(Z + α˜︁G;κ)

]︁
and

ηG = ηHβ2 + λ2
𝔼[Θ2]

β2 + λ2𝔼[Θ2] ,

(20)

where (G, ˜︁G) are jointly normal with 𝔼[G˜︁G] = ηG.
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When M = 1, System 3 recovers [46], Theorem 2.1. When cδ > 1 (underparameterized
regime) and λ = 0 (unregularized case), we have ν = κ−1, β = κ−1α, ηH = ηG. Substituting
these into (20), we recover Theorem 2.3 in the recent work of [15].

5. Subagging and overparameterization. In Section 4, we discussed subagging of reg-
ularized estimators with an explicit regularization level λ > 0. Triggered by the success of
overparameterized neural networks that can (nearly) interpolate, there has been a surge of re-
cent work analyzing the risk behavior of estimators with vanishing regularization, such as the
minimum ℓ2-norm interpolator (ridgeless), minimum ℓ1-norm interpolator (lassoless), and
max-margin interpolators, among others. In this section we discuss subagging of minimum
ℓq -norm interpolators for q ∈ {1,2}. We will demonstrate some interesting risk properties in
Section 5.1, showcase the benefits of subagging in overparameterized regimes in Section 5.2,
and contrast with optimal explicit regularization in Section 5.3.

A central theme in the recent literature on interpolators is understanding the implicit bias
of optimization algorithms, especially in overparameterized regimes (e.g., [2, 26, 45, 53, 54,
65]). For instance, gradient descent in an overparameterized linear model converges to the
minimum-norm solution (see, e.g., [9, 59]). Our analysis of subagging takes a complementary
perspective. Subagging is not intended to model the trajectory of a single optimization run;
rather, it is treated as an explicit ensembling procedure in its own right, designed to improve
stability and predictive accuracy by averaging models trained on different subsamples of the
data.

Since minimum-ℓq interpolators serve as canonical models for modern predictors, it is nat-
ural and important to ask how their statistical properties change under bagging. Our results in
Section 5.1–5.3 show that the combination of interpolation with subsampling and averaging
creates a distinctive form of algorithmic regularization, often yielding better generalization
compared to either a single interpolator or classical regularized estimators such as ridge or
lasso. This situates our contribution as an analysis of explicit ensembling method applied to
modern base learners, complementing prior work on bagging least squares and ridge predic-
tors in the overparameterized regimes (e.g., [66, 79, 80]).

5.1. Subagging of minimum ℓq -norm interpolators. We will focus in this section on sub-
agging of bridgeless estimators, that is, ℓq -norm regularized least squares with reg(𝒃) =
∥𝒃∥q

q . Our main cases of interest are the “ridgeless” estimator, which corresponds to q = 2
[59], and the “lassoless” estimator, which corresponds to q = 1 [68]. The terminology “less”
is motivated by the fact that these estimators can be defined in a limiting sense as λ → 0+
for bridge estimators with regularization level λ. We consider the ensemble of predictors
(ˆ︁𝜽m)m∈[M] of the form

ˆ︁𝜽m := lim
λ→0+

ˆ︁𝜽m(λ) where ˆ︁𝜽m(λ) ∈ argmin
𝒃∈ℝp

1

2
∥𝒚Im

− 𝑿Im𝒃∥2
2 + λ∥𝒃∥q

q .

(We refer readers to [95] for details on how the sequence of estimators is defined when the
estimators for λ > 0 are not unique, as in the case of the lasso.)

In the underparameterized regime (p < n), these are simply the least squares estimators:ˆ︁𝜽m = (𝑿⊤
Im

𝑿Im)−1𝑿⊤
Im

𝒚Im
. In the overparameterized regime (p > n), these correspond to the

minimum ℓq -norm interpolators: argmin𝜽∈ℝp{∥𝜽∥q : 𝒚Im
= 𝑿Im𝜽}, when 𝑿Im has indepen-

dent rows to allow for interpolation. For q = 2, when reg is the ridge penalty, this also has
a closed-form expression given by: ˆ︁𝜽m = (𝑿⊤

Im
𝑿Im)†𝑿⊤

Im
𝒚Im

, where 𝑨† denotes the Moore–
Penrose pseudoinverse of a matrix 𝑨. In other cases we do not have a closed-form expression
for the minimum ℓq -norm interpolator. The next system specializes System 2 to convex reg-
ularized least squares with vanishing regularization, by taking the limit as λ → 0+.
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SYSTEM 4 (Ensembles of minimum ℓq -norm interpolators). Given δ ∈ (0,∞), c ∈ (0,1]
such that cδ < 1, σ 2 ∈ [0,∞), define the following system of equations in variables (τ, a):

τ 2 = 𝔼

[︃(︃
prox|·|q

(︃
Θ + τ√

cδ
H ; aτ√

cδ

)︃
− Θ

)︃2]︃
+ σ 2,(21a)

0 = 1 − 1

cδ
𝔼

[︃
prox′|·|q

(︃
Θ + τ√

cδ
H ; aτ√

cδ

)︃]︃
,(21b)

where H ∼ 𝒩 (0,1) and Θ ∼ Fθ are independent. Given (τ, a) that satisfy (21a) and (21b),
define the following one-scalar system of equations in variable ξ :

ξ2 = 𝔼

[︃(︃
prox|·|q

(︃
Θ + τ√

cδ
H ; aτ√

cδ

)︃
− Θ

)︃

·
(︃

prox|·|q
(︃
Θ + τ√

cδ
˜︁H ; aτ√

cδ

)︃
− Θ

)︃]︃
+ σ 2,

(22a)

where (H, ˜︁H) are as in (7) with ηH = c
ξ2

τ 2 , and Θ ∼ Fθ is independent of (H, ˜︁H).

To the best of our knowledge, the existence and uniqueness of the solution (τ, a) to (21)
are not fully established in the literature, except for the special cases of q = 2 (ridgeless) and
q = 1 (lassoless). Assuming this is the case, the existence and uniqueness of the solution ξ to
(22a) follow from Theorem 1.

Observe that the equations (21a) and (22a) in System 4 are special cases of (16a) and
(17a) in System 2 for ℓq penalties. Equation (21b) is the limit of (16b) as λ → 0+. Indeed,
for q ∈ {1,2}, the solution to System 2 with λ > 0 converges to the solution to System 4 as
λ → 0+ (see Appendix D.2 in the Supplementary Material for a proof). This means that

lim
λ→0+ p − lim

n→+∞

⃦⃦⃦⃦
1

M

∑︂
m∈[M]

ˆ︁𝜽m(λ) − 𝜽

⃦⃦⃦⃦2

2
= ℛM := M−1ℛ1 + (︁

1 − M−1)︁ℛ∞,

where ℛ1 = τ 2 − σ 2 and ℛ∞ = ξ2 − σ 2, and by the same argument, the limiting risk ℛM

satisfies Proposition 7 and 8 (see also Figure 13 and 14 in the Supplementary Material).
However, it is challenging to show the above display with the order of limλ and p − limn

swapped. For the ridgeless estimator (q = 2) and any M , this is proved in [80] using a uniform
convergence argument. For the lassoless estimator (q = 1 and M = 1), this is done in [68],
where the authors directly analyze the interpolator by constructing a suitable AMP algorithm.
We conjecture that this is, in general, true at least for bridgeless estimators for any q ∈ [1,2]
and M ≥ 1. Since this is not the main focus of our paper and is only intended as an illustrative
case, we will not work towards this goal in the current paper. We will instead investigate
properties and consequences of System 4.

Further special cases of q = 2 (ridgeless) and q = 1 (lassoless) are isolated in the next two
remarks. These will serve as our two main running examples in this section.

REMARK 5 (Ridgeless ensembles). For squared loss and ridge regularizer (q = 2), when
cδ < 1 and λ → 0+, we get

ℛ1(δ, c) + σ 2 = 𝔼
[︁
Θ2]︁(1 − cδ) + σ 2

1 − cδ
,

ℛ∞(δ, c) + σ 2 = 𝔼
[︁
Θ2]︁ (1 − cδ)2

δ(δ − (cδ)2)
+ σ 2δ

δ − (cδ)2 .

The result above aligns with the risk ensemble of ridgeless estimators presented in Corol-
lary 6.1 of [80]. This can be seen by substituting δ = 1/ϕ and c = ϕ/ψ or, equivalently,
cδ = 1/ψ .
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REMARK 6 (Lassoless ensembles). For squared loss and lasso regularizer (q = 1), when
cδ < 1 and λ → 0+, τ 2 = ℛ1(δ, c) + σ 2 is the solution to the following equations:

(23)

τ 2 = σ 2 +𝔼

[︃(︃
soft

(︃
τ√
cδ

H + Θ; aτ√
cδ

)︃
− Θ

)︃2]︃
,

1 = 1

cδ
ℙ

(︃⃓⃓⃓⃓
τ√
cδ

H + Θ

⃓⃓⃓⃓
>

aτ√
cδ

)︃
,

and ξ2 = ℛ∞(δ, c) + σ 2 is the solution to the following equations:

ξ2 = σ 2 +𝔼

[︃(︃
soft

(︃
τ√
cδ

H + Θ; aτ√
cδ

)︃
− Θ

)︃
·
(︃

soft
(︃

τ√
cδ

˜︁H + Θ; aτ√
cδ

)︃
− Θ

)︃]︃
,

with 𝔼[H ˜︁H ] = c
ξ2

τ 2 . Note that soft is the soft threshold function defined by soft(x; τ) =
(|x| − τ)+ sign(x). In the ensemble setting, the case M = 1 corresponds to [68], Theorem 2,
with a slight change of variables Θ′ = √

cδΘ. The full-ensemble case when M = ∞ is new.

REMARK 7 (Avoiding risk divergence with ensembling). Note that in the underparam-
eterized regime when cδ > 1 is fixed, the estimator of interest is simply the ensemble of
least squares. Thus, a standard Stieltjes transform argument or the explicit formula for the
expectation of inverse Wishart matrices gives

ℛ1(δ, c) + σ 2 = σ 2 cδ

cδ − 1
and ℛ∞(δ, c) + σ 2 = σ 2 δ

δ − 1
for all c > δ−1.

It just so happens that, for the full-ensemble least squares estimators, only the inverse aspect
ratio δ of the original data matters! In particular, as c → (δ−1)+, ℛ1 diverges, while the full-
ensemble risk ℛ∞ is still bounded. Now, let us consider the overparameterized regime cδ <

1. By simple algebra, for any regularizer reg, the solution τ to the subsystem (21a)–(21b) in
System 4 is uniformly bounded from below as

(24) τ 2 ≥ (1 − cδ)−1σ 2.

(See Appendix D.1 in the Supplementary Material for the proof.) Recalling ℛ1 = τ 2 − σ 2,
this means that the risk of the nonensemble interpolators blows up as c → (δ−1)−. For the
minimum ℓ2- and ℓ1-norm interpolators, this is shown in [59, 68]. For the full-ensemble
cases, we experimentally observe from Figure 4 that the risk ℛ∞ is continuous in c for the
full ridgeless and lassoless ensembles. In particular, it does not blow up around c = δ−1.
For ridgeless, this claim is easy to verify (and holds more generally, as shown in [80]). For
lassoless, given the solution (a, τ ) to (23), in Appendix D.3 in the Supplementary Mate-
rial, we identify that the condition limc→(δ−1)−(aτ) = 0 is sufficient to obtain the conclusion
limc→(δ−1)−(ξ2) = δ

δ−1σ 2, and we observe experimentally that aτ → 0 holds (Figure 12 in
the Supplementary Material,; however, we are currently not able to provably establish that
limc→(δ−1)−(aτ) = 0.

5.2. Optimal subsample size. An intriguing observation from Figure 4 concerns the op-
timal subsample size k∗. When the sample size n and the number of features p are fixed with
n > p, the optimal subsample size k∗ that minimizes the full risk ℛ∞ falls below p. This
suggests that, even when the original sample lies in the underparameterized regime, the opti-
mal subsample size shifts into the overparameterized regime. This phenomenon is proved for
ridgeless ensembles (reg(x) = x2) by [80]. Expanding on this and utilizing System 4, we em-
pirically show that this behavior extends beyond ridgeless ensembles to lassoless ensembles
(reg(x) = |x|) as well (see Figure 5).
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FIG. 4. Prediction risks of the full-ensemble lassoless and ridgeless at different subsample aspect ratios
p/k = (cδ)−1, where δ−1 = p/n is fixed to 0.3 while c = k/n ∈ (0,1] varies. The data model is given by equa-
tion (61) in the Supplementary Material with signal strength ρ = 2, noise level σ = 1. The support proportion s

varies. Left: Dense regime with s = 0.9. Right: Sparse regime with s = 0.01. We observe that the full-ensemble
risk is continuous at the interpolation threshold (p/k = 1). Also, the full-ensemble risk has a negative derivative
to the right of the interpolation threshold. This implies that the optimal subsample size is in the overparameterized
regime.

The phenomenon of the optimal subsample size k∗ being in the overparameterized regime
(k∗ < p) arises from a combination of multiple effects. First, subagging leverages correlation
reduction. As the subsample k decreases, the overlap between any two subsamples shrinks,
making the resulting estimators more diverse and less correlated. This reduces the covariance
term in the ensemble risk formula, incentivizing smaller values of k. Second, the choice of k

also interacts with the “double descent” risk profile of the individual interpolators. The risk
of a single interpolator typically diverges at the threshold k = p. By choosing k < p, we
steer the base learners away from this high-risk region. The optimal subsample size k∗ is,
therefore, a “sweet spot” that balances these benefits against the eventual cost of training on
smaller datasets, a balance that is surprisingly found in the overparameterized regime!

5.3. Optimal subagging vs. optimal (explicit) regularization. There are three parameters
one can tune to optimize the asymptotic risk ℛM(λ, c) of the ensemble estimator, as in Re-
marks 3 and 4: the regularization level λ ∈ [0,∞), the subsample ratio c ∈ (0,1], and the

FIG. 5. Optimal subsample size for the lassoless ensemble is always in the overparameterized regime. Optimal
subsample aspect ratio p/k that achieves the optimal risk for the lassoless ensemble at different data aspect
ratios p/n ranging from 0.1 to 10. The data model is as in equation (61) in the Supplementary Material with
signal strength ρ = 2, noise level σ = 1, data aspect ratio p/n = 0.1, feature size p = 500, and varying support
proportion s. Left: Dense regime with s = 0.9. Right: Sparse regime with s = 0.01.
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ensemble size M ∈ ℕ. Here, δ = limn,p→∞(n/p) is not a tuning parameter, as it is deter-
mined by the dimensions of the full sample matrix 𝑿 ∈ ℝ

n×p , which has n samples and
p features. Furthermore, since ℛM(λ, c) does not depend on M when c = 1, combined
with Proposition 7 (which shows that the risk is monotonic in M when c < 1), we have
infM∈ℕℛM(λ, c) = ℛ∞(λ, c) for all (λ, c). Thus, it suffices to consider the following mini-
mization: infλ∈[0,∞),c∈(0,1] ℛ∞(λ, c).

This hyperparameter optimization is simplified for ridge regression, as shown in Theo-
rem 2.3 of [43]. Minimization with respect to (λ, c) is equal to the minimization over λ when
M = 1 and c = 1 (nonensemble setting), which is the same as minimization c when λ = 0
and M = ∞ (full ensemble of ridgeless predictors),

inf
λ∈[0,∞),c∈(0,1]ℛ∞(λ, c)⏞ ⏟⏟ ⏞

opt regularization and opt ensemble ( )

= inf
λ∈[0,∞)

ℛ1(λ, c = 1)⏞ ⏟⏟ ⏞
opt regularization but no ensemble ( )

= inf
c∈(0,1]ℛ∞(λ = 0, c)⏞ ⏟⏟ ⏞

opt ensemble but no regularization ( )

.

(Here, the colored markers are as in Figure 6, 11 and 16–19 in the Supplementary Material.)
In some situations, however, such an equivalence does not hold,

inf
λ∈[0,∞),c∈(0,1]ℛ∞(λ, c)⏞ ⏟⏟ ⏞

opt regularization and opt ensemble ( )

≠ inf
λ∈[0,∞)

ℛ1(λ, c = 1)⏞ ⏟⏟ ⏞
opt regularization but no ensemble ( )

≠ inf
c∈(0,1]ℛ∞(λ = 0, c)⏞ ⏟⏟ ⏞

opt ensemble but no regularization ( )

FIG. 6. Optimally subsampled lassoless regression can outperform optimal lasso regression. Heatmaps of theo-
retical prediction risk in λ and p/k = (p/n) · c−1 with c = k/n ∈ (0,1] of full lasso ensemble (M = ∞) in the
underparameterized regime (p/n = 0.1). The data model is given by Equation (61) in the Supplementary Material
with signal strength ρ = 0.5 and noise level σ = 1 at different sparsity levels s. Blue dots ( ): the optimal lasso
(λ is optimized with c fixed to 1). Green dots ( ): the optimally subsampled lassoless (c is optimized with λ fixed
to 0). Red stars ( ): the optimal lasso ensemble (c and λ are jointly optimized). Left: Dense regime with support
proportion s = 0.9. The optimally subsampled lassoless ( ) coincides with the optimal lasso ensemble ( ) and
outperforms the optimal lasso ( ). Middle: Moderate sparse regime with support proportion s = 0.5. The optimal
lasso ensemble ( ) is better than both the optimal lasso ( ) and the optimally subsampled lassoless ( ). Right:
Sparse regime with support proportion s = 0.2. The optimal lasso ( ) coincides with the optimal lasso ensemble
( ) and outperforms the optimal subsample lassoless ( ).
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and the risk minimization over (λ, c) can be strictly better,

inf
λ∈[0,∞),c∈(0,1]ℛ∞(λ, c)⏞ ⏟⏟ ⏞

opt regularization and opt ensemble ( )

< inf
λ∈[0,∞)

ℛ1(λ, c = 1)⏞ ⏟⏟ ⏞
opt regularization but no ensemble ( )

∧ inf
c∈(0,1]ℛ∞(λ = 0, c)⏞ ⏟⏟ ⏞

opt ensemble but no regularization ( )

.

We illustrate this through a numerical experiment with lasso. We show that the optimal full-
ensemble subsampled lassoless is not the same as the optimal nonensemble lasso (on full
data). In Figure 6 we contrast the sparse and dense data settings. In each case we show the
full-ensemble risk heatmap in λ and p/k = (p/n) · c−1 with p/n held fixed while c ∈ (0,1]
varies. In the right panel (the sparse setting), we see that the optimal lasso is better than
the optimal subsample lassoless. This is expected because the lasso is known to perform
well in the sparse setting. In the left panel (the dense setting), we see that the optimally
subsampled lassoless is better than the optimal lasso. This is interesting because it shows that
the subsample and ensemble induce an implicit regularization effect. In short, the optimally
subsampled lassoless can be better or worse than the optimal lasso. In other words, the full-
ensemble lassoless when c is optimized is not the same as the optimized lasso when λ is
optimized on the full data.

A similar conclusion holds for overparameterized settings, as shown in Figure 16 in the
Supplementary Material. In particular, depending on the SNR and δ, the subsample optimized
risk may be smaller or larger than the optimized lasso risk. The conclusion is that, in general,
it helps to optimize λ but also to optimize the subsample size. The subsample and ensem-
ble induce an implicit regularization effect. Once optimized, this implicit regularization can
improve on the explicit regularization provided by the regularizer. For further investigation
on the interplay between subsampling and explicit regularization, see Appendix F.3 in the
Supplementary Material.

Finally, Figure 7 shows that the joint optimization of subsampling along with lasso penalty
consistently outperforms the optimization of lasso penalty on the full data (without any
subsampling) uniformly across varying data aspect ratios. Particularly, in the dense regime
(s = 0.9) and moderate sparsity (s = 0.5) regimes, the ensemble approach leverages the (im-
plicitly) induced regularization to achieve lower prediction risk. In highly sparse scenarios
(s = 0.2), this effect reduces as one would expect. Overall, we see complementary benefits of

FIG. 7. Optimally subsampled ensemble lasso can uniformly beat optimally tuned nonensemble lasso across
different data aspect ratios. The theoretical prediction risk of optimal ensemble and nonensemble lasso at different
data aspect ratios p/n is shown. The data model is given by equation (61) in the Supplementary Material with
signal strength ρ = 0.5 and noise level σ = 1 at different sparsity levels s. Left: Dense regime with support
proportion s = 0.9. Middle: Moderate sparse regime with support proportion s = 0.5. Right: Sparse regime with
support proportion s = 0.2.
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optimizing both subsampling and explicit regularization parameters to improve the predictive
performance, with joint optimization being the overall clear winner.

6. Extensions and open directions. In this paper, we provide a general risk charac-
terization for the ensemble of regularized M-estimators. The characterization depends on
the inverse data aspect ratio δ = limn/p, subsample ratio c, and loss and regularizer pair
(loss, reg). We also specialize the results for specific cases of interest, such as the lasso and
ridge regression, and analyze various properties related to optimal subsampling and ensem-
bling. Our goal in performing such analysis is to shed light on how subsampling and ensem-
bling influence the risk of the ensemble estimator and the optimal choices of ensemble size
and subsample size. The key takeaway is that subsampling and ensembling can be beneficial
in terms of reducing the risk of the estimator, and when the subsample ratio c is optimized,
the resulting risk is monotonic in δ for any ensemble size M .

While our discussion has focused on statistical performance, the computational trade-offs
of subagging are another key practical consideration. Given a fixed computational budget,
should one train a single estimator ˆ︁𝜽 I=[n] on the full dataset, or an ensemble estimator
M−1 ∑︁

m∈[M]ˆ︁𝜽 Im on subsamples Im ⊂ [n]? The answer depends on the available resources
and whether training can be parallelized or must be done sequentially. We briefly explain the
various trade-offs next, summarized in Table 3.

With sufficient memory and parallel computing capabilities (e.g., multicore machines or
distributed clusters), subagging offers a distinct advantage. Since base learners can be trained
independently, the total wall-clock time can be significantly less than that for a single full-
data model, especially if subsample sizes |Im| for m ∈ [M] are much smaller compared to
the full-data size n. However, this speed-up comes at the cost of increased memory usage,
which scales with the ensemble size M . In sequential computing or memory-constrained
environments (e.g., single-core or mobile machines), the choice is more nuanced, involving a
trade-off between the statistical gains from ensembling and the computational cost of training
multiple models that will vary depending on the model under consideration.

6.1. Open directions. There are several “axes” along which our results on the asymp-
totics of subagging can be extended. These are all apparent by inspecting the last row of
Table 1 (our current results) and contrasting it against the rows above (the known results in
specific cases). We briefly mention some of these open directions next to make them explicit:

• Assumptions on the loss and reg functions: Our current analysis can handle nondifferen-
tiable and nonstrongly convex regularizers, but we require a differentiable loss. Extending
the analysis to nondifferentiable losses through techniques, like Moreau smoothing [24],
Section B.7, is a promising future direction. In addition to relaxing conditions assumed
for risk characterization, we are also interested in relaxing the assumptions for the risk
estimation (Theorem 5), particularly the strong convexity assumption on reg. A promising
approach in this direction is to apply the Gaussian smoothing technique recently proposed

TABLE 3
Computational and memory trade-offs for different training strategies

Strategy Time complexity Memory complexity

Single estimator (full data) time(n) memory(n)

Ensemble (parallel) maxm∈[M] time(|Im|) (≤ time(n))
∑︁

m∈[M] memory(|Im|)
Ensemble (sequential)

∑︁
m∈[M] time(|Im|) maxm∈[M] memory(|Im|) (≤ memory(n))
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by [16]. Additionally, this paper’s main results hold for separable regularizers, but as we
show below in Section 6.2, the framework can be extended to handle the nonseparable
case.

• Assumptions on the response: Another potential extension is relaxing the assumption of
linear response models. Partial progress in this direction includes the recent work by [15]
(for logistic models), [27] (for generalized linear models), and [79] (for arbitrary response
with bounded moments).

• Assumptions on the features: While we assume isotropic Gaussian features, it is also of
interest to extend the results to general feature distributions and anisotropic covariances.
Note that this has been studied in special cases of ridge regression ([80], any M), ridgeless
regression ([57], M = 1), lasso regression ([24], M = 1), among others; see also, for exam-
ple, [56, 86], for some progress towards establishing Gaussian universality (for M = 1).
We provide some numerical evidence for universality beyond Gaussian distributions in
Figure 15 in the Supplementary Material. Furthermore, we provide a concrete conjecture
for the anisotropic covariance case in Section 6.2 that also handles deterministic signals,
along with a heuristic derivation and numerical evidence for its validity.

• Assumptions on the sampling and aggregation strategies: Broadening the scope of re-
sampling strategies beyond subsampling without replacement to include more general
schemes, like sampling with replacement or according to a specific distribution, as recently
studied in [27, 41], is a promising future direction. Furthermore, our analysis focuses on
aggregation via simple averaging. Exploring alternative schemes, such as, for instance, ex-
ponential weight aggregation [31–33, 67] or Q-aggregation [10, 29, 30, 64, 87], is another
avenue for future work.

To illustrate one of these future directions, we extend below our analysis to the setting of
anisotropic designs, deterministic signals, and (potentially) nonseparable regularizers.

6.2. Extension to anisotropic design and deterministic signal. We assume that the data
(yi,𝒙i )i∈[n] are generated according to the following linear model:

∀i ∈ [n], yi = 𝒙⊤
i 𝜽 + zi, (𝒙i )i∈[n]

i.i.d.∼ 𝒩
(︁
0p,p−1𝚺

)︁
, (zi)i∈[n]

i.i.d.∼ Fz,𝒙i ⊥⊥ zi,

where 𝜽 ∈ ℝ
p is a fixed deterministic signal vector and 𝚺 ∈ ℝ

p×p is a symmetric positive
definite covariance matrix. We estimate the signal vector 𝜽 using regularized M-estimators ˆ︁𝜽 .
Following the subsampling setup in Section 2 and generalizing (2), we now also allow for a
general, potentially nonseparable, proper, lower semicontinuous, convex regularizers Regm :
ℝ

p → ℝ ∪ {+∞} for m ∈ [M]. For each subsampled dataset (𝑿Im,𝒚Im
) with m ∈ [M], we

define the regularized M-estimator as

(25) ˆ︁𝜽m(Im) ∈ argmin
𝒃∈ℝp

∑︂
i∈Im

lossm

(︁
yi − 𝒙⊤

i 𝒃
)︁ + Regm(𝒃).

To handle this setting, we first introduce a generalized Moreau envelope for vectors. For
any 𝒗 ∈ ℝ

p and symmetric positive definite matrix 𝚲 ≻ 0p×p , we define

envReg(𝒗;𝚲) := min
𝒙∈ℝp

1

2
(𝒗 − 𝒙)⊤𝚲−1(𝒗 − 𝒙) + Reg(𝒙).(26)

The unique minimizer is denoted by proxReg(𝒗;𝚲) ∈ ℝ
p . Note that, when 𝚲 is a diagonal

matrix and Reg is separable such that Reg(𝒙) = ∑︁
j∈[p] reg(j)(xj ), the minimization problem

(26) becomes separable and the vector-valued proximal operator proxReg(𝒗;𝚲) reduces to
the componentwise scalar operator (proxreg(j) (vj ;Λjj ))j∈[p], where proxreg(j) (vj ;Λjj ) is the
scalar proximal operator that we have been using in the previous sections. For any 𝒗 ∈ℝ

p and
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𝚲 ≻ 0p×p , we denote the gradient of envReg(𝒗;𝚲) with respect to 𝒗 by ∇envReg(𝒗;𝚲) ∈ ℝ
p .

By Danskin’s theorem [18], Proposition B.22, the gradient ∇env(𝒗;𝚲) and proxReg(𝒗;𝚲)

satisfy the relation

∇envReg(𝒗;𝚲) = 𝚲−1(︁𝒗 − proxReg(𝒗;𝚲)
)︁
,

which is the vector analogue of (1). Furthermore, 𝒗 ↦→ ∇envReg(𝒗;𝚲) is λmin(𝚲)−1-
Lipschitz as a map from ℝ

p → ℝ
p (see Lemma 27 in the Supplementary Material). Thus,

combined with Rademacher’s theorem, we see that the Hessian ∇2envReg(𝒗;𝚲) ∈ ℝ
p×p ex-

ists almost everywhere for 𝒗 ∈ ℝ
p .

With this new notation, we first introduce a nonlinear system of equations that charac-
terizes the asymptotics of the single estimator ˆ︁𝜽 I , generalizing System 1a to the setting of
anisotropic designs, deterministic signals, and (potentially) nonseparable regularizers:

SYSTEM 5a (Error norms of individual M-estimators). Given (loss,Reg, cδ, 𝜽,𝚺), de-
fine the following four-scalar system of equations in variables (α,β, κ, ν) ∈ ℝ

4
>0:

α2 = 1

p
𝔼

[︃⃦⃦⃦⃦
𝚺− 1

2

ν
∇envReg

(︃
𝜽 + β

ν
𝚺− 1

2 𝒉; 𝚺−1

ν

)︃
− β

ν
𝒉

⃦⃦⃦⃦2

2

]︃
,(27a)

β2 = cδ ·𝔼[︁
env′

loss(Z + αG;κ)2]︁,(27b)

κβ = 1

p
𝔼

[︃(︃
𝚺− 1

2

ν
∇envReg

(︃
𝜽 + β

ν
𝚺− 1

2 𝒉; 𝚺−1

ν

)︃
− β

ν
𝒉

)︃⊤
(−𝒉)

]︃
,(27c)

να = cδ ·𝔼[︁
env′

loss(Z + αG;κ) · G]︁
,(27d)

where the expectation is taken with respect to 𝒉 ∼ 𝒩 (0p, 𝑰p), G ∼ 𝒩 (0,1), and Z ∼ Fz,
which are all mutually independent.

Now, we assume that there exists a solution (α,β, κ, ν) to System 5a such that the key
statistics of the M-estimator ˆ︁𝜽(I ) =ˆ︁𝜽 I in (25) fitted by (loss,Reg) are characterized by the
solution (α,β, κ, ν), as in Table 2,

p−1/2⃦⃦𝚺 1
2 (ˆ︁𝜽 I − 𝜽)

⃦⃦
2 = α + oℙ(1),(28a)

p−1/2∥𝒚I − 𝑿I
ˆ︁𝜽 I∥2 = β + oℙ(1),(28b)

dfI / tr[𝑽 I ] = κ + oℙ(1),(28c)

p−1 tr[𝑽 I ] = ν + oℙ(1),(28d)

where recall dfI = tr[(∂/∂𝒚I )𝑿I
ˆ︁𝜽 I ] and 𝑽 I = (∂/∂𝒚I )loss′(𝒚I − 𝑿I

ˆ︁𝜽 I ) ∈ ℝ
|I |×|I |.

Note that System 5a and the concentration of the norms ((28a) and (28b)) are already estab-
lished in the literature for general (loss,Reg) (see, e.g., [70]). In contrast, the concentration
of the trace functionals, (28c) and (28d), is more delicate and has so far been proven only for
specific estimators in separate works. For instance, in the case of lasso with loss(x) = x2/2
and Reg(𝒙) = λ∥𝒙∥1, the convergences in (28) are provided by [24], Theorem 5, 8, while
the ridge case (loss(x) = x2/2, Reg(𝒙) = λ∥𝒙∥2

2) is studied by [81], Theorems 6, 7, [57],
Theorem 2.3, 2.4, among others. However, to the best of our knowledge, (28c) and (28d)
have not been rigorously established for general (loss,Reg) that are convex but not strongly
convex. Since Conjecture 10 below is stated for such general (loss,Reg) and its proof strat-
egy requires the full set of concentration results in (28), we provide empirical evidence by
verifying (28) for ℓ1-regularized Huber regression (loss = Huber, Reg(𝒙) = ∥𝒙∥1) through
numerical simulations (see the left and middle panels of Figure 8).
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FIG. 8. Verification of (28) and (29) for ℓ1-regularized Huber regression under anisotropic design with deter-
ministic signal. We fix the ℓ1-regularization level and the Huber threshold parameter at 1. The sample size is set
to n = 1000 and the feature dimension to p = 200, while the subsample size |I | = k is varied. The noise distri-
bution is Fz = t-dist(df = 4). The deterministic signal 𝜽 ∈ ℝ

p is chosen such that θj = 0 for 1 ≤ j ≤ 0.9p and

θj = 2/
√

0.1 for 0.9p ≤ j ≤ p. The covariance matrix 𝚺 follows the AR(1) structure, Σij = 0.5|i−j |. Error bars
represent the standard deviation across 1000 simulation runs.

Next, we present our main extension: a new system that characterizes the correlations be-
tween two estimatorsˆ︁𝜽(I ) andˆ︁𝜽(˜︁I ) trained on overlapping subsamples, extending System 1b
to anisotropic designs with deterministic signals.

SYSTEM 5b (Error correlations of overlapped M-estimators). Let (α,β, κ, ν) and
(˜︁α, ˜︁β,˜︁κ,˜︁ν) be parameters that satisfy System 5a with (loss,Reg, cδ, 𝜽,𝚺) and (˜︃loss, ˜︃Reg,˜︁cδ,
𝜽 ,𝚺), respectively. Define the following two-scalar system of equations in variables
(ηG,ηH ) ∈ [−1,1]2:

ηG = FReg(ηH ), ηH = Floss(ηG),

where Floss,FReg : [−1,1] → ℝ are functions defined as

Floss(ηG) = δc˜︁c
β˜︁β 𝔼

[︁
env′

loss(Z + αG;κ) · env′˜︃loss(Z +˜︁α˜︁G;˜︁κ)
]︁
,

FReg(ηH ) = 1

α˜︁α 1

p
𝔼

[︃(︃
𝚺− 1

2

ν
∇envReg

(︃
𝜽 + β

ν
𝚺− 1

2 𝒉; 𝚺−1

ν

)︃
− β

ν
𝒉

)︃⊤

×
(︃

𝚺− 1
2˜︁ν ∇env˜︃Reg

(︃
𝜽 +

˜︁β˜︁ν 𝚺− 1
2˜︁𝒉; 𝚺−1

˜︁ν
)︃

−
˜︁β˜︁ν ˜︁𝒉)︃]︃,

and the expectation 𝔼 is taken with respect to (𝒉,˜︁𝒉) ∈ ℝ
p×2, (G, ˜︁G) ∈ ℝ

2, Z ∈ ℝ such that(︃
hj˜︁hj

)︃
j∈[p]

i.i.d.∼ 𝒩
(︃[︃

0
0

]︃
,

[︃
1 ηH

ηH 1

]︃)︃
,

(︃
G˜︁G
)︃

∼𝒩
(︃[︃

0
0

]︃
,

[︃
1 ηG

ηG 1

]︃)︃
, Z ∼ Fz,

which are all mutually independent.

Crucially, this generalized system retains one essential structure of its isotropic counter-
part. We claim that this new nonlinear system admits the same contraction property as stated
in Theorem 1.
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THEOREM 9. The results of Theorem 1 also hold for Floss, FReg in System 5b. Specifi-
cally:

1. |Floss(ηG)| ≤ √
c˜︁c and |FReg(ηH )| ≤ 1 for all ηG ∈ [−1,1] and ηH ∈ [−1,1].

2. Floss and FReg are nondecreasing, differentiable, and the compositions Floss ◦ FReg

and FReg ◦ Floss are min{c,˜︁c}-Lipschitz.
3. System 5b admits a unique solution (η⋆

G,η⋆
H ) ∈ [−1,1] × [−√

c˜︁c,√c˜︁c].
We prove Theorem 9 in Appendix E.1 in the Supplementary Material. This brings us to

our central conjecture for this setting, which generalizes Theorem 2 to anisotropic designs
and deterministic signals.

CONJECTURE 10. Let ˆ︁𝜽 I and ˆ︁𝜽˜︁I be the component M-estimators in (25) trained on sub-
samples (𝑿I ,𝒚I ) and (𝑿˜︁I ,𝒚˜︁I ) with (loss,Reg) and (˜︃loss, ˜︃Reg), respectively. Under suitable
assumptions on (loss, ˜︃loss,Reg, ˜︃Reg, 𝜽,𝚺,Fz), as n,p, k,˜︁k → ∞ with n/p → δ ∈ (0,∞),
k/n → c ∈ (0,1] and ˜︁k/n →˜︁c ∈ (0,1], it holds that

p−1(ˆ︁𝜽 I − 𝜽)⊤𝚺(ˆ︁𝜽˜︁I − 𝜽) = α˜︁αηG + oℙ(1),

p−1loss′(𝒚I∩˜︁I − 𝑿I∩˜︁Iˆ︁𝜽 I )
⊤ ˜︃loss

′
(𝒚I∩˜︁I − 𝑿I∩˜︁Iˆ︁𝜽˜︁I ) = β˜︁βηH + oℙ(1),

(29)

where (ηG,ηH ) is the solution to System 5b. Furthermore, there exist some Gaussian vectors
𝒉,˜︁𝒉 ∈ ℝ

p and 𝒈,˜︁𝒈 ∈ ℝ
n such that

1

p

⃦⃦⃦⃦
⃦⃦⃦⃦
⃦
(︄ˆ︁𝜽 Iˆ︁𝜽˜︁I

)︄
−

⎛⎜⎜⎜⎝
proxReg

(︃
β

ν
𝚺− 1

2 𝒉 + 𝜽; 𝚺−1

ν

)︃
prox˜︃Reg

(︃ ˜︁β˜︁ν 𝚺− 1
2˜︁𝒉 + 𝜽; 𝚺−1

˜︁ν
)︃
⎞⎟⎟⎟⎠
⃦⃦⃦⃦
⃦⃦⃦⃦
⃦

2

2

p−→ 0,

1

|I ∩ ˜︁I |
∑︂

i∈I∩˜︁I
⃦⃦⃦⃦
⃦
(︄
yi − 𝒙⊤

i
ˆ︁𝜽 I

yi − 𝒙⊤
i
ˆ︁𝜽˜︁I

)︄
−

(︃
proxloss(zi + αgi;κ)

prox˜︃loss(zi +˜︁α˜︁gi;˜︁κ)

)︃⃦⃦⃦⃦
⃦

2

2

p−→ 0,

where the conditional distributions of (𝒉,˜︁𝒉) and (𝒈,˜︁𝒈), given (𝒛, 𝜽,𝚺), are characterized by(︃
hj˜︁hj

)︃
j∈[p]

i.i.d.∼ 𝒩
(︃[︃

0
0

]︃
,

[︃
1 ηH

ηH 1

]︃)︃
,

(︃
gi˜︁gi

)︃
i∈[n]

i.i.d.∼ 𝒩
(︃[︃

0
0

]︃
,

[︃
1 ηG

ηG 1

]︃)︃
.

While Conjecture 10 has been proven for ridge estimators in [80] and various generaliza-
tions of ridge estimators (that include nonuniform weighting of observations and features) in
[41, 83], a proof for general M-estimators is challenging. We outline a heuristic proof strat-
egy in Appendix E.2 in the Supplementary Material for general convex (loss,Reg). As in the
case of the isotropic design 𝚺 = 𝑰p and a random signal, the contraction property in Theo-
rem 9 plays a key role in this proof strategy. A full rigorous proof, however, requires a certain
nontrivial extension of a normal approximation theorem (Lemma 18 in the Supplementary
Material), owing to the nonseparability of the Moreau envelope (26) that arises from the
anisotropic covariance and nonseparability of Reg (see Appendix E.2 in the Supplementary
Material for details). We leave this as an important direction for future work.

We have verified (29) of Conjecture 10 through a numerical simulation in the setting of ℓ1-
regularized Huber regression, where 𝜽 is a fixed sparse vector and 𝚺 is taken as 𝚺ij = 0.5|i−j |
(the AR(1) covariance model). The right panel of Figure 8 demonstrates that the solution of
System 5b captures the asymptotic correlations as in (29).

Finally, analogous to Section 5, we derive the nonlinear system for the minimum ℓq -
norm interpolators under the anisotropic covariance and deterministic signal in the over-
parameterized regime cδ < 1. Let us take Reg(𝒙) = ˜︃Reg(𝒙) = λ∥𝒙∥q

q for q ∈ {1,2} and
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loss(x) = ˜︃loss(x) = x2/2 in System 5a and System 5b, and denote by (α(λ), ηG(λ)) the
corresponding solutions. Assuming suitable stability (as λ → 0+) of System 5a under the
overparameterized regime cδ < 1, the same argument as in the isotropic case (see Appendix
D.2 in the Supplementary Material) yields

α(λ)2 → τ 2 −𝔼
[︁
Z2]︁ and α2(λ)ηG(λ) → ξ2 −𝔼

[︁
Z2]︁ as λ → 0+

almost surely, where (τ, ξ) is a solution to System 6 below. This generalizes System 4 to the
case of anisotropic design and deterministic signal.

SYSTEM 6 (Ensembles of minimum ℓq -norm interpolators). Given (𝜽 ,𝚺, δ, c) such that
cδ(= lim k/p) < 1, assuming σ 2 := 𝔼[Z2] is finite, define the following system of equations
in variables (τ, a) ∈ ℝ

2
>0:

τ 2 = 1

p
𝔼

[︃⃦⃦⃦⃦
𝚺

1
2

(︃
prox∥·∥q

q

(︃
𝜽 + τ√

cδ
𝚺− 1

2 𝒉; aτ√
cδ

𝚺−1
)︃

− 𝜽

)︃⃦⃦⃦⃦2

2

]︃
+ σ 2,(30a)

cδ =
√

cδ

τ

1

p
𝔼

[︃
𝒉⊤𝚺

1
2

(︃
prox∥·∥q

q

(︃
𝜽 + τ√

cδ
𝚺− 1

2 𝒉; aτ√
cδ

𝚺−1
)︃

− 𝜽

)︃]︃
,(30b)

where 𝒉 ∼ 𝒩 (0p, 𝑰p). Given (τ, a) that satisfy (30a)–(30b), define the following one-scalar
system of equations in variable ξ ∈ ℝ>0:

ξ2 = 1

p
𝔼

[︃(︃
prox∥·∥q

q

(︃
𝜽 + τ√

cδ
𝚺− 1

2 𝒉; aτ√
cδ

𝚺−1
)︃

− 𝜽

)︃⊤

× 𝚺

(︃
prox∥·∥q

q

(︃
𝜽 + τ√

cδ
𝚺− 1

2˜︁𝒉; aτ√
cδ

𝚺−1
)︃

− 𝜽

)︃]︃
+ σ 2,

where (𝒉,˜︁𝒉) follows a bivariate Gaussian distribution as in System 5b with ηH = c
ξ2

τ 2 .

We note that the nonlinear system (30) with q = 2 has appeared in prior works (see, e.g.,
[57]).

Based on the solution ξ from System 6, we conducted an experiment analogous to Figure 4.
In Figure 9 we plot the limiting excess risk ξ2 − σ 2 of the full-ensemble (M = ∞) lassoless

FIG. 9. Limiting excess prediction risks ξ2 − σ 2 of the full-ensemble lassoless estimator under anisotropic
covariance and deterministic signal across subsample aspect ratios p/k ranging from 0.3 to 10 with the feature
dimension p fixed to 200. The experimental setup follows Figure 4, except that the covariance matrix is replaced by

the AR(1) model, 𝚺ij = ρ
|i−j |
ar1 with varying values of ρar1, and the random signal is replaced by a deterministic

vector 𝜽 ∈ ℝ
p defined by θj = 0 for all 1 ≤ j ≤ (1 − s)p and θj = 2/

√
s for (1 − s)p ≤ j ≤ p, for varying

support proportions s. Left: Dense regime with s = 0.9. Right: Sparse regime with s = 0.01.
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FIG. 10. Optimal subsample size for the lassoless ensemble with anisotropic covariance is always in the overpa-
rameterized regime. Optimal subsample aspect ratio p/k that achieves the optimal risk for the lassoless ensemble
at different data aspect ratios p/n ranging from 0.1 to 10. The data model is as in Figure 9 with ρar1 = 0.6, data
aspect ratio p/n = 0.1, feature size p = 200, and varying support proportion s. Left: dense regime with s = 0.9.
Right: sparse regime with s = 0.01.

estimator under the AR(1) covariance model with a deterministic signal. The results show
that the optimal subsample size k∗ once again lies in the overparameterized regime (k∗ < p).
Moreover, both the optimal subsample size k∗ and the corresponding prediction risk decrease
as the AR(1) correlation parameter ρar1 increases.

We also conducted experiments analogous to Figure 5 and Figure 6. Figure 10 shows that
for the full lassoless ensemble, the optimal subsample size k∗ always lies in the overparam-
eterized regime for varying data aspect ratios p/n. Moreover, Figure 11 demonstrates that
jointly optimizing the subsample size k and the lasso penalty λ can yield strictly smaller
risk than both the nonensemble lasso with optimally tuned penalty and optimally subsampled
lassoless ensemble. These results suggest that the conclusions drawn in Section 5.2–5.3 also
extend to the case of anisotropic designs with deterministic signals.

SUPPLEMENTARY MATERIAL

Supplement (DOI: 10.1214/25-AOS2590SUPP; .pdf). Proofs of all results stated in the
main text are given in the Supplementary Material. The source code for experimental

FIG. 11. Heatmaps of theoretical prediction risk α2ηG in λ and p/k with k ∈ (0, n] of the full lasso ensemble
with anisotropic covariance and deterministic signal in the underparameterized regime (p/n = 0.1). The data
model is as in Figure 9 with ρar1 = 0.6 at different sparsity levels s. Blue dots ( ): The optimal lasso (λ is optimized
with k fixed to n). Green dots ( ): The optimally subsampled lassoless (k is optimized with λ fixed to 0). Red stars
( ): The optimal lasso ensemble (λ and k are jointly optimized). Left: Dense regime with support proportion
s = 0.9. Middle: Moderate sparse regime with support proportion s = 0.5. In these regimes, the optimal lasso
ensemble ( ) outperforms both the optimal lasso ( ) and the optimally subsampled lassoless ( ). Right: Sparse
regime with support proportion s = 0.2. In this regime the optimal lasso ( ) coincides with the optimal lasso
ensemble ( ) and outperforms the optimal subsample lassoless ( ).
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verifications in this paper is available at the repository subagging− asymptotics.
The risk estimator proposed in this paper is also incorporated in the Python library
sklearn− ensemble− cv [42].
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