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Distillation in prediction-only regime
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Motivation. Standard self-distillation retrains the student on the teacher’s
original training data. After deployment, however, these data may be un-
available because of privacy, storage or data-sharing constraints.

Can fresh, potentially OOD, unlabeled data improve a fixed predictor
when its original training data are unavailable?

Our approach. We train a pure-distilled student (PD) on fresh covari-
ates pseudo-labeled by the teacher, then combine the teacher and student

predictions affinely. We call the resulting predictor the prediction-mixed
self-distillation (PMSD) student.

Setup for ridge regression.
Teacher and PD student.

Let 3 be ridge estimator trained on D = (X, y) with penalty );, and let Epd

be ridge regression trained on (X, X 3) with penalty A,. Thus,
f@) =3B, foal@) =2 Boa

e S, A &

PMSD student.
fomsde(x) = (1 = &) f(x) + & fra(),

Out-of-sample prediction risk:
() = Ef(sn — f(a0))*| . 5]

Denote R := R(f), Rpa := R(fpa) and R4 = ming R( fomsd.¢)-
Correlation and separation terms.

& eR.

C' = E[(yo — f(20))(yo — fpd(x0)) | D, X], D= R+ Ryq—2C > 0.
Proposition 1 (Optimal mixing decomposition). Assume DD > 0, we
have,

. R-C . (R — C)° |
= = Smsd = B 5 < min{ R, Ryq4}.
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(a) X, X sampled from the same pool (b) X sampled i.i.d. from A(0, I,).

Figure 1: Strict improvement over the teacher. UCI| Blog Feedback dataset with
n; = 2619, n, = 5240, neg = 524, p = 280, A\t = A,.
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Risk characterization in high-dimensional ridge

Data distribution. Each training label y; has mean 0, and bounded 47 moments, and

X =27 Zi /? where Z € R"*P has i.i.d. zero-mean, unit-variance entries with
bounded 4™ moment.

X=Z Zi/ * where Z € R™*? has i.i.d. Zero-mean, unit-variance entries with
bounded 4T moment.

2. and 22; are jointly diagonalizable.

Define the linear projection and variance as 3 := 3, 'E[zy] and 02 := Var(y — 2 ' ).
We can express y = x ' 5 + € where ¢ is uncorrelated with z and E(&?) = o~.
Theorem 2 (General anisotropic risk asymptotics). For fixed A, Ay, > 0, as
ng, ng, p — oo with bounded data aspect ratios ~; := p/ny, vs := p/ns, we have

(R c)
R + de — 2C’
where R, R4 and C are computable functions of (3, X, 3, 0%, Vi, Vs) -

R2 R, —R

C5C R 5 R

pms

P
de — de,

pmsd _

Strict improvement and risk monotonicity

Strict improvement over the teacher. We characterize when strict 1improve
Gain( A, ;) == R(N\) — pmsd()\t, As) > 0 happen w.r.t. the pairs (A, ;). Define
the “teacher-degeneracy” and the “student-tie” set as

= { )\ : Gain(Ay, As) = 0VA; > 0}, Ag(Ae) = { s Gain( Mg, Ag) = 0},

Proposition 3 (Crude bound on bad sets). Let m and m count the distinct eigenval-

ues of >; and >, respectively. Then |A;| < 4m —1, and for \; & Ay, |As(N)| < m —1.
Setting Number of “tie" cases
[sotropic fresh data >3 = [, general >, Ag(Ae)| =0
In-distribution isotropic >; = Y5 = [, Ag(A) =0
In-distribution s-spike model As( M) < s

Strict improvement over the PD student. In the in-distribution 1sotropic setting, for
every Ay, Rod(As) — pmsd()\t, As) > 0 for all but at most two values of \;.

More unlabeled data need not help monotonically if )\, is not retuned. In the in-
distribution 1sotropic setting and A\; = A, the PMSD risk is not globally monotone in
the unlabeled aspect ratio v5 = p/n.
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Figure 2: Non-monotonicity of the PMSD risk with respect to the amount of unlabeled data at
fixed ..

More unlabeled data is helpful when ), is optimally retuned. However, if A 1s
optimally retuned, the theory recommends using all available unlabeled data because
infy R;msd(%,l, As) < infy < R;msd(%g, As) for v51 < 7s9. This holds for general
anisotropic covariances X, >, and deterministic signal (.

Data-dependent tuning

Define the calibration residuals using an independent labeled sample

/\ cal

1 d 1 1
=yt = f) and @ i= gt faa),
and estimate the three oracle quantities by
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Define the one-shot calibration estimators of {* and R}, by
=~ Rcal Ccal ~ ( Rcal Ocal)Z
fcal ' =~ and Rpmsd cal - =R

Rcal + Rcal Zcfcal Rcal + Rcal 260&1.

Theorem 4 (Callbration consistency). For an independent calibration
sample, under mild moment and nondegeneracy conditions, as 1., — 0o,

D * p
gca,l f % O pmsd,cal Rpmsd — 0.

We target the regime where n.,;/p — 0, thus calibration set is statistically
~1 /2)

effective for tuning the scalar mixing weight, with estimation rate O(n_|

but asymptotically insubstantial as training sample.
Remark. Generally, teacher predictions and unlabeled covariates alone
cannot 1dentify the optimal mixing weight.

Logistic regression

Dataset. We have access to an unlabeled, class-balanced dataset D, 1.1, =
{z;}s", consisting of 2n i.i.d. draws, with unobserved ground-truth labels
Y; © {0, 1}.

Teacher. A classifier that returns a hard label iy € {0, 1} for any x. Suppose
its population classification error is an unknown p € (0, 1) and is equal for
both classes.

PD student. Using a fixed feature map ¢, we fit a regularized logistic
classifier to the teacher’s pseudo-labels {7;} on unlabeled dataset,

| 1 2n R )\
0,4 = arg;nm% ZZI CE(yi, o ({0, gb(:u)))) + §H(9H2,
ypd(x) = U(<(9Pd7 o())).
PMSD student.

Yomsd.c () = T{ (1 — O)f(x) + Eypa(z) > 05}, £€R

Assumptions. We analyze a stylized feature geometry in which features
have unit norm. Feature vectors are orthogonal across classes, and have
constant correlation ¢ € (0, 1) within each class.

Theorem 5 (Strict improvement). Let )\, ;= 2n)\ and suppose that )\, —
A € (0,00) as n — oo. There exists a threshold py € (0,0.5) such that,
for every p € (po,0.5), the PD student y,q has 100(1 — p)% asymptotic
accuracy. For every p < 0.5, there exists & such that the PMSD student
Yomsd.¢ achieves 100% asymptotic accuracy.

Table 1: Test classification accuracy on Caltech-101 with p = 40%.

Regularization level A 10°* 107%% 10* 107* 10°* 10" 10t 1079° 10°
Teacher (%) 62.5 626  62.6 62.9  63.5 65.3 69.3 674 45.6
PD student (%) 62.7 63.3  65.2 67.7 69.4 684 61.6  41.3 26.2
Optimal PMSD student (%) 63.1 65.6  66.8 68.3  69.6 68.9 69.2 T72.7 63.0
Estimated mixing weight 4.9 5.5 2.2 1.4 1.1 0.9 —0.1 -4.2 186
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