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Weighted neural representations

Pretrained feature. The neural representations or neural embeddings 1s given by
®; = fun(x;) for i = 1,...,n. In matrix notation, we denote ® = [y, ..., p,|' €
R"*P and use W € R"”" a general weight matrix.

Ridge estimator. Ridge regression on weighted dataset (W ®, Wy ):

R | Wy — W32
Bw ) i= argmin (H J Bli5 | )\||,BH§> . (1)
BeRP T

Assumption A (Weight structure). Let W' W and ®® ' /n converge almost surely
to bounded operators that are infinitesimally free with respect to (tr[-], tr[C(-)]) for

any C independent of W with ||C||;, uniformly bounded. Additionally, let W 'W
have a limiting S-transform that 1s analytic on the lower half of the complex plane.

Summary of results

Table 1: Related work on the equivalence of implicit and explicit ridge regularization.

Main analysis Feature structure Weight structure Reference
Gaussian subsampling [4]
Risk characterization linear subsampling [6]
Gaussian bootstrapping [3, 2, 1]
linear subsampling [5]
Estimator equivalence general geneml. Tzneorem :
general subsampling Theorem 2
linear, random, kernel subsampling Propositions 3-5
Risk equivalence linear subsampling [5]
general general Theorem 6

Paths of weighted representations. General weighted models exhibit first-order
equivalence along a path when the weight matrices are asymptotically
independent of the data matrices. This path of equivalence can be computed
directly from the data. This path can be interpreted in terms of matching effective
degrees of freedom of models along the path for general feature structures when
the weights correspond to those arising from subsampling.

Paths of subsampled representations. We specialize for the weights induced by
subsampling without replacement to structured features, including linear random
features, nonlinear random features, and kernel features, resolving Conjectures 7
and 8 raised by [5] regarding subsampling regularization paths for random and
kernel features, respectively.

Risk equivalences and tuning. An ensemble of weighted models has general
quadratic risk equivalence on the path, with an error term that decreases inversely
as 1/M as the number of ensemble size M increases, for both in-distribution and
out-of-distribution settings. For subsampling general features, we derive an upper
bound for the optimal subsample size and propose a cross-validation method to
tune the subsample and ensemble sizes, validated on real datasets.
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Implicit Regularization Paths of Weighted Neural
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Implicit regularization paths

Theorem 1. For Gy € R"", suppose that the weight matrix W € R"*"
satisfies asymptotic freeness and limsup ||y||5/n < oo as n — oo. For any
> —liminf, oo AL (Gp), let A > —A". (Gw) be given by:

A= M/SWTW(_CF(BI,M)% (2)
where Sy, is the S-transform of the operator W' W . As n — oo, it holds that:
df(Bw ) ~ df(Br,) and Bw )~ Br,. (3)

Subsampling without replacement

Theorem 2 (Regularization paths due to subsampling). For a subsampling matrix
W %) consisting of k unit diagonal entries, path (2) in terms of (k, \) simplifies to:

(L —df/n)- (1 =AM p)=(1-k/n), (4)

(1 — normalized complexity) ' (1 — regularization inﬂation) = (1 — subsample fraction),

where we denote by df = df( 3 1) = df( ij 1) for notational simplicity.
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Ridge penalty A
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Equivalence of degrees of freedom for various feature structures under subsampling. The three
panels correspond to linear features, random features with ReLLU activation function (2-layer), and

kernel features (polynomial kernel with degree 3 and without intercept), respectively.

Prediction risk asymptotics

Assume there are M 1.1.d. weight matrices W1, ..., W, € R"*". The M-ensemble
estimator 1s defined as:

M
Bwiyr =MD Bw,.x (5)
m=1

and 1ts performance 1s quantified by the conditional squared prediction risk, given
by:

R(Bw.,0) = Eayul(o — & Bwiyn)? | @, 4y, {W,, W], (6)

where (o, ) is a test point sampled independently from some distribution Py, ,,
that may be different from the training distribution Py ,, and ¢y = fuu(xo) is the
pretrained feature at the test point.
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Theorem 6 (Risk equivalence along the path). Under asymptotic freeness
and moment assumptions, along the path (4),

_ O
R(Bw,ya) ~ R(Bry) + - 0l(Gr+ p)'yy (Gr + pl)', (7)

where the constant C' Is given by:
C = —0p/ON - NSy (—df(Br,)) tr[(Gr + pd) (@@ ' /n)(Gy + pI)T]. (8)

Training error Prediction error

Degrees of freedom
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Equivalence Iin pretrained features of pretrained ResNet-50 on Flowers-102 datasets.

Proposition 7 (Optimal subsample ratio). For subsampling matrix W and

p* = argmin > B(By u)’ the subsample size k* = df(8,,« u*) < rank(Gy).
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Risk estimation

Suppose we have multiple risk estimates f{m of R,,form =1,..., M. The squared
risk decomposition [6, Eq (7)] along with the equivalence path (7) implies that
R, = m 'R+ (1—m )Ry, form = 1,...,M,. Summing these equations
yields S R, = 2%021 LR + 2%021 (1 — m ™) Ry. We can estimate R, by:

" R My R My R My
Bo= (Y Bu=Ym™R) /> (1-m™) (9)
m=1 m=1 m=1

Then, the extrapolated risk estimates f{m (with m > M) are defined as:

R, =m R+ (1 —m )ROO for m > M,. (10)
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Python package sklearn_ensemble_cv v0.2.1. https://github.com/jaydul/ensemble-cross-validation


https://github.com/jaydu1/ensemble-cross-validation
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