SDS 391P.6 - Spring 2026 HWT1 - Pradip Sharma Poudel Prof. Pratik Patil

1 ¢, and L, norms

(a) £, norms on R". ¢, norms on R". Let = = (z1,...,2,) € R". For 1 <p < oo, define
n 1/p
o= () el = e

Also, define the unit ball By := {z e R": [z, <1}.
(al) (Comparison and monotonicity) Prove that if 1 <p < ¢ < oo, then
11
|zlle, < lle, <nr™e]z]e,.
Deduce that ||z, is (weakly) decreasing in p and that the unit balls are nested:
By < By, for p<q.

Solution:
First we prove |z, < [z,

i. Case 1: ¢ < oo.

If  # 0 normalize z, and let y = z/|z|s,. Then, |y[,, =1, 1., ) |y" = 1. Since Y |y;” = 1,
i1 5

P <1 = |yl<1. So, for ¢ >p, |y’ < [y’ Summing, we get,

Doyl <ol =1,
i=1 =1

which implies that [y, < 1. Hence,

each |y;

[zlle, = [zl [yle, < lzle,- O

ii. Case 2: ¢ = oo.
For each i, |z;|” < Z |z,[" = |7, so |zi| < |z]e,. Taking the maximum,
j

max{lzl} < [zly, = [z]e. <[],

Hence, in all cases,

lzlle, <lzle,-

Now, we prove [z, < v |z,

i. Case 1: ¢ < oo.
For x = 0, the inequality holds trivially. For x # 0, normalize x and let y = z/|x,, such
1 1
that [yle, =11ie, > |y =1. Let r = Ty1ands=——=—L gothat —+-=1. Now,
! ~ D r-1 gq-p ros

we apply Holder’s inequality to Y |y;|" - 1, which gives

i=1

n n Ur 1 n 1/s n 1/r
;|yi|p<(;<|yi|pf) (218) (zm) pils

Here, pr=q and ) |y;|" = 1, so
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ii.

n n 1/17
S P <l —s Jyl, - (z|yi|p) s
=1 =1

1 - 1 1
Here, — = a-r_>_ 2 Hence, going back to = from y,
ps pq p g

Y
Iole, = |
q

Case 2: ¢ = 0.

Here, we need to prove |z, < n%Hazng as 1/q¢ =0 for g = co. Then,

1/p

1_1 1_1
<nr s = |z, <nra|zf,,. O
t

n 1/p n
o, - (z mr’) < (z<max|xi|)p) e = ]
=1 =1

Hence, in all cases,

1_1
|zlg, <nralzle,.

Finally, combining all the results, if 1 <p < ¢ < oo, then

11
[zlle, < llz]e, <nra]ze,

As we proved |z, < |z],, for ¢ > p, |z|e, is non-increasing in p, i.e., it is (weakly)
decreasing in p. And, for ¢ > p, if |z, < 1, then using above result |z, < |z, < 1.

Hence, if x € Bl’;, then z € BZ, ie., BZ} c BZ for p<q. O

(a2) (When are the bounds tight?) Give examples of nonzero vectors x,y € R" such that

11
[zle, = lzle, — and yle, =nr"]yle,.

Solution:
Examples for tighter bounds:

i. For x =(1,0,---,0)" e R", |z, = |2, = 1.
ii. Fory=(1,1,--,1)"eR", |y|,, =n'? and |y, = n"/.

o 11
Dividing [ly[e, by |ylle,, we get [yle, = nr"a|yle,-

(a3) [Bonus| (The {« limit) Show that |z],, - [x].. as p - co. Also, show the quantitative bound

lele.. < l2le, <n*Pa]e..

Conclude that if p > logn then |z|,, <e|z|,. (Here, log denotes the natural logarithm.)
[Bonus] Solution:
Substituting ¢ = oo in the inequality we prove in (al), we get,

lelee < l2]e, <n'Pla]e..

We know n'/? - 1 as p - oo. So, taking the limit of p - oo,

lim [, <lim |z]e, < im n'?|z],, = [z]e. < lim |z]e, < 2]
p—>00 p—>00 p—>00 p—>o0
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Hence, using the sandwich theorem,

T oy, = ol e ok, ~ lalle as p— o

Now, if p > logn, then logn'/? < 1, which implies n'/? < e. Hence, ||, < e|z|,.. O

(b) L, norms of random variables. Let (£2, F,P) be a probability space and let X be a real-valued
random variable. For 1 < p < oo, define

| X1z, = (BIXP)P, [ X = esssup|X].
Write Ly, := {X : | X, < co}.
(bl) (Monotonicity and inclusions) Prove that, for 1 <p < ¢ < oo,
[ Xz, <Xz,

Deduce the set inclusion L, € L, for ¢ > p.
Solution:

i. Case 1: ¢g=00
By the definition of the essential supremum, | X| < | X||... almost everywhere. So, (|X|)? <
(|X | z.)? and taking expectation gives,

EL(IXDPI<E[([X )] = XL

So,
| X e, <Xt

ii. Case 2: g < o0
Consider ¢(t) = t%/? on [0, c0). Since ¢ > p, ¢ is convex. Then,

1], = BIXPD = [B]XP)"] "
< (E[(|X|P)q/p])1/q [Using Jensen’s inequality on ¢(+)]
- (B[IX)""
= ”X”Lq

So, for 1 <p<g<oo,
| Xz, <X,

Hence, combining all cases, for 1 <p < ¢ < oo,

| X1, <1 X]L,-

Now, let X € L, then | X, < co. By the inequality above,
[ Xz, <1X] L, < oo,

so X € L,. Therefore,

L,c L, for ¢ >p.

Page 3 of



SDS 391P.6 - Spring 2026 HWT1 - Pradip Sharma Poudel Prof. Pratik Patil

(b2) (No dimension-free equivalence) Explain why there cannot exist a universal constant C' such
that | X|., < C[X], holds for all random variables on general probability spaces whenever
p < q. Give an explicit example of X such that X € L, but X ¢ L.
Solution:
There cannot exist a universal constant C' such that

E[xID < CE[xP)”

for all random variables on general probability spaces whenever p < ¢ because the higher order
moment for the random variable might not exist. If the higher order moment (g-th moment)
of random variable X doesn’t exist then E[|X|?] = co, which cannot be bounded above by a
finite p-th moment (E[|X|"] < o0) fo X. For example, let p € N. Take Q = (0,1) with Lebesgue
measure, and define

X(w) = i::lanlAn{w},

with disjoint sets A, of probability P{A,} = 2™ and amplitudes a,, = 2"/"n=?/?. Then,
B[IXF]= S aP (A} = S @02 = S <o
n=1 n=1 n=1

But for ¢ > p,

E[|X|Q] = Z a%P {An} = Z(an/pn—QQ/p)Q—n — Z 2n(q/p—1)n—2q/p - 00
n=1

n=1 n=1

because g/p— 1 > 0 makes the 27(a/P=1) explode. So X € L, but X ¢ L,.

(b3) [Bonus| (The L limit) Assume |X |, < co. Show that | X, — [ Xz, as p— co.
[Bonus] Solution:
By the definition of the essential supremum, |X| < | X | almost everywhere. So, using the
result from part (bl), we get
lirzgsogp | X1z, < 1X] ..

Now, let M = | X| .. For any ¢ >0, let A. = {w:|X(w)| > M —¢}. By the definition of the
essential supremum, P{A.} >0. On A, | X[’ > (M -¢)?, so using the indicator function 14_:

E[X["] > E[[X[P1a.] 2 (M - e)"P{A}.

Taking the p-th root:
Xz, 2 (M= )P (A",

As p — oo, P{Ag}l/p — 1. Thus,
liminf | X |, > M —e.
p—>o00

Since ¢ is arbitrary and holds for every e > 0, liminf | X, > M = | X||....
p—>00

Hence, using the sandwich theorem,

lim Xz, = |X2...
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2 Matrix norms

Throughout, let A € R™™ and B € R™* be conformable matrices, and let 1 < p,q,r < oo. Recall |z],

denotes the £, norm on Euclidean spaces. For any s € [1,00], let s" denote the conjugate exponent:

1 1
—+— =1 (with the conventions 1/co = 0 and 1/0 = o).
s s

(a) The p —» ¢ operator norm. Define the induced (operator) norm

[Alpsg = sup [[Az],.

|z]p<1

(al) (Equivalent definitions) Show that

| Az|
[Alp=q = sup |Az]g =sup Z—=
Jelp=1 =0 |z,
Solution:
First we prove sup |Az|,= sup |Az|,. Clearly {|z|,=1}c{|z], <1}, so

[=]p<1 [z]p=1

sup Az, < sup Az,

[=]p=1 [=]p<t

Now, for the other direction of the inequality, take any = with |z|, < 1. If 2 =0, |Az|, =0, so
it doesn’t affect the inequality. For x # 0, define y = x/||z|, so |y|, = 1. Then, by homogeneity,

|Az]q = [z, Aylq < [ Ayllq-
Hence, every value attained inside the ball is less than some value on the sphere, i.e,

sup |Az|, < sup Az,

l]p<t llp=1

Combining both directions, we get,

sup ||Az|, = sup ||Az|,.

l]p<t lzlp=1

Now, we prove sup |Az|,=sup —— | Az], . For any = # 0, as before, define y = /| x|, so |y|, = 1,

Jallp=1 w20 ||z,
because the equality holds trivially for x = 0. Then,

[Az]y _ [z]p] Ayl

B

= [ Ayl

Here, as = # 0 ranges over R", the ratio |Az|,/| x|, takes exactly the same set of values as
| Ay, with |y|, = 1. So, their supremums are equal, i.e.,

A
sup I27he _ gy ayl,
lzllp, =1
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(a2)

Putting both results together,

| Az |
|A]p=q = sup |Az|,= sup |Az|,=sup g
] p<1 =1 220 ||z

(Submultiplicativity) Prove the composition bound
[ABpr < |Allgor | Bllp-g-
Solution:
We know,
pYp—— Aul, < A v
| Allg~r = sup = [Aul, <[ Afgorfuly  Vu.
w0 ullg
Substituting u = Bz, |ABx||, < |All4~r|Bz|,. Taking the supremum over ||z, <1,
sup |ABz|, < sup [Algor|Brly <= [AB|per < [Algor sup | Bzl
lzlp<1 lzlp<1 lzlp<1
> [AB|pr <[Algr[Blp-g- O
[Bonus| (Duality form and transpose relationship) Show the bilinear representation
[Alp~g= sup  Jy"Az[= sup  y'Az.
lzllp=L:llyl4r=1 lzlp=1lyll4r=1

Deduce the transpose identity
[A g = [Alp—g-

In particular, conclude that for the 2 — 2 operator norm (spectral norm),
[AT]252 = [ All2-2.

[Bonus] Solution:
First of all, for a given x, we know that,

sup y'Ax = sup |y"Azx|
lyllgr=1 lyllr=1

because if y" Az < 0, we can we can flip y - —y without changing |y|,. Now, using the dual
norm identity of [, on u = Ax:
|Az|, = sup y'Az.
lyllgr=1

Taking supremum over ||z, = 1 gives,

[Allp~q = sup [Az]y = sup sup y'Az.
Jzlp=1 =1 g1

Since the feasible sets are products of the compact sets, we can write it as a joint supremum,
lLe.,
HAHpﬁq = sup yTA:L’.
[z]p=1,llyl =1
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Hence, combining with the result for the absolute value, we get,

|Allp=g= sup  |yTAz|= sup  y Az
lelp=1,yl =1 llp=1,yl =1

Here y" Az is a scalar, so rewrite as y" Ax = 2" A"y. So, the bilinear form becomes:

HA“p%q = Sup ITATy.
lalp=Llyll =1

Using the dual norm identity of [,y on v = ATy:

|ATy||y = sup xT ATy,

lzlp=1
and taking the supremum over |y|, =1 gives

|A™gropr = sup |ATy[y = sup sup xTATy= sup  aTATy,

lyllgr=1 lyllgr=1 llz]p=1 lyllg=1 ] =1

where we write the joint supremum as the sets are compact. Hence,

[A g = [ Al p=g-

For p=q=2, p'=¢ =2, so for the 2 - 2 operator norm (spectral norm):

[A™2-2 = [All2-2,

i.e., the singular values of a matrix A is invariant of the transpose. O

(b) Spectral versus Frobenius norms. In this part, write | A|| for the spectral norm | A|s_5. Recall
the Frobenius norm |A|r = ( ZA%)UQ

4]
(bl) (Rank-one and diagonal matrices) Let v € R™ and v € R". Show that

"=

Juo™ = JuvT[ = ulz]v]2-

Let D € R™" be a diagonal matrix with entries (di,...,d,). Write d = (dy,...,d,)" € R".
Show that
| D] = max|di| = [d]ee  and | D] = [,

Solution:
For the matrix uv', (wv');j = w;v;. So,

m n m n
a2 = 33 () - (zug) (z) - Jullol; = JuTe = Julalls.

i=1j=1 i=1 j=1
Now, for any x € R", v'x is a scalar, so
Juvz]2 = [ | [ul2 < [v]2]z]2]u]2,

where the inequality comes from using Cauchy-Schwarz inequality.
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(b2)

This gives, for any x,

JuvTe] JuvTe]
<ulzlvlz = sup <Hulvle = fuv™] < Julzf vl
|z 0 |72

For x = v,
[wvzls _ Juvmols _ Julsol3
[E4P [v]2 [v]2

| = |ull2]v]2- Hence, we have

= [ulz]v]2;

i.e., the supremum is attained at x = v and so ||uv

"=

Juv™] = JuvT] = uls]v],-

In matrix D, only the diagonal entries are non-zero, so
IDI = %, Dy = Y2dt =l = 1Dle =[dls. ©
1’7]

We know, for a diagonal matrix D, D? is also diagonal and its largest eigenvalue is max d?.
7

So, using the definition of spectral norm:

| D[ = 01(D) =\ /maxd; = max|d;| = D] = max|d;| = |d]. D

1<ikn

(General relationship) If rank(A) = r, show that

[Al < AlF < VTl Al

Show that both inequalities can be tight (achieved) for any admissible (m,n,r).

Solution:

Since A has rank(A) =r, let 01 > 09 > - 2 0, > 0 are the nonzero singular values of A. Then,
by the definition of Frobenius and Spectral norms:

T T
|Al% =Y 07 <Y ot <ro? = |Alr <Vrow=Vr|Al.
i=1 i=1

And, we know o} < )" o7, which gives |A| < |A] r. Hence, combining both:
=1

[A] < JAlF <Vl Al.

i. Tightness of |A| < ||A]#:
If rank(A) =1ie., o1 >0and oy =03 =--=0, =0, then ) 07 =07 = |A| = |A|p. For

example, let A = uv' for any v € R™ and v € R", with m,n > 1. Here, rank(A) =1, and
as we proved in (bl):
Juo™| = [uv™]F ie., [A] = |Alr.

ii. Tightness of |A||r < V7| A]:
For any admissible (m,n,r) i.e., r < min{m,n}, take:

A (sL« 0) R,

0 0
where s > 0 is any value of choice. Here, rank(A) = r and 202 =rs®. So, |A| = s and

|A| 7 = +/rs. Hence, if all nonzero singular values of A are equal then |A|r =+/7|A].
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(b3)

(b4)

(Frobenius submultiplicativity) Show that for conformable matrices A, B,
|AB|r < [A[|B]r  and  |AB|r<|A|r|B].
Conclude (by combining an inequality from (b2)) that || - | ¢ is submultiplicative, i.e.,
|AB|r < |AlF|B|F-

Solution:
Using the definition of the Frobenius norm:

|AB|r =tr((AB)"AB) =tr(B"ATAB).
We know, for any matrix A and any vector x, using the Spectral norm:
[Az| < AP |23 = 2" ATAz <|A|*2T2 = 2T (JA[*])z.
So, we get the positive semi-definite ordering:
ATA < |A|PL.
Using this ordering and monotonicity of the trace:
|AB|r = tr(BTATAB) < tr(B"|A[1B) = |A|tr(B"B) = [A]| B r.

We know, the Frobenius norm is invariant of the transpose, so |AB||r = |(AB)"|r = |BTA™||r.
Using the result just proved,

|AB|F = |B"AT|r <[BT[[A"]F.
But again, |AT|r = ||A|r and |BT| = | B| using the result proved in (a3). So, we have
|AB[r < |BY[|ATF = [Al] B

Hence, combining both we get,

|AB|r <|AllB|r  and  |AB|r <[A]F|B].

We proved in (b2), that for any matrix A, |A|| < ||A||r. This gives:

|AB[r < Al £] B e

[Bonus| (Orthogonal invariance) Let U € R™™ and V € R™" be orthogonal. Show that
[UAV] =]A] and  [UAV]p = [A]p.

[Bonus] Solution:
Here, U e R™" and V € R™" are orthogonal, so

Uu =1, and ViV =VV=1,.
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Using the definition of the Spectral norm:

[UAV| = sup [UAVz|s.

[#]2=1

For any orthogonal matrix U, (Uz)"(Ux) = 2"U'Ux = x'x = |z|s, i.e., orthogonal matrices
preserve Iy (Euclidean) norm. So, [|[UAV x|y = ||AVz|,. This gives:

[UAV | = sup |AVz|s.

lz]2=1

Now, let y = V. Again, as orthogonal matrices preserve the Euclidean norm, |yl||2 = |z]2 = 1.
So,
[UAV] = sup [AVz|s = sup [|Ay[.=[A]. O

lz]2=1 lyll2=1

Next, using the definition of the Frobeinus norm:

|UAV | g =tr((UAV)TUAV)
—tr(VTATUTUAV)
=tr(VTATAV) [because U'U = I,,]
=tr(ATAVVT) [cyclic property of trace]
=tr(ATA) [because VVT = 1,,]
=[Alr. O

Hence, for orthogonal matrices U € R™™ and V € R™",

|[UAV] = |A]  and  [UAV]F = [A]r.
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3 Variance and covariance identities

Unless specified otherwise, assume all random variables/vectors below have finite second moments.
Throughout, for u,v € R we write (u,v) := u"v and |ul|? = (u, u).

(a) Variance identities. Let Z € R? be a random vector with mean m := E[Z] € R? (defined
coordinatewise). The quantity E||Z —EZ|3 is sometimes called the “total variance”.

(al) (Variance via Pythagorean decomposition) Assume E|Z||3 < oo and let m = EZ. Show that
E|Z -m|3 =E|Z|3 - [m]3.
More generally, show that for every a € RY,
E|Z -al3 =E|Z -m[3+]a-m]3,
and conclude that

E|Z-m|3 = minE|Z - all3, with unique minimizer a* = E[Z].
aeR

Solution:
For any a € R?,

|1Z-al3=1Z-m+m=-al3=|Z-m|3+2Z-m,m-a)+|m-al3.
Taking expectations:
E|Z -a|3=E|Z-m|3+2E(Z —m,m -a)+E|m-al3.
Here, m — a is deterministic and E[Z - m] =0, so
E(Z-m,m-a)=(E[Z-m],m-a)=(0,m-a)=0.

Hence, for every a € R?,

E|Z - al; =E|Z - m[3 + |a-m]3]|

If we let @ =m, then ||a—m|3=0. And,

E|Z -m|; =E|Z|3 - 2(EZ,m) + E|ml3
=E[Z]3 - 2(m,m) + [m];

=E[Z]3 - [ml3.

Hence, for m = EZ,

E|Z - m[; = E|Z]3 - [m]3.

Here, E|Z - a||? > E|Z - m|3 and the equality holds iff E|m - a|? =0 < m =a.

Hence,

E|Z -m|3= migEHZ —al3, with unique minimizer a* = E[Z].
acR
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(a2) (Variance via symmetrization) Let Z’ be an independent copy of Z (i.e., Z' 1L Z and Z’ iz ).
Show that

1 !/
E|Z-EZ|3 = SE|Z - Z']>.

Solution:
Here, Z' is an independent copy of Z, so EZ =EZ' and E|Z -EZ|3 =E|Z' -EZ’|3.

|1Z-Z'3=|Z-EZ+EZ-Z'|3=|Z-EZ|5+2(Z-EZ,EZ-Z')+|EZ - Z'|3.
Now, using the linearity of the inner product,
(Z-EZEZ-Z'Y=(Z,EZ-Z"Y-(EZ,EZ-Z"Y={(Z,BEZ)-(Z,Z") - (EZ,EZ - Z').
Taking expectation:

E(Z-EZ,BZ - 7'y =(EZ,EZ) - (EZ,EZ') - (EZ,EZ - EZ')
(EZEZ)(EZEZ%%EZO)

So,
E|Z-Z'|;=E|Z-EZ|3+E|Z'-EZ'|} = 2E| Z - EZ|3.

Rearranging, we get

1
E|Z-EZ|3 = SE|Z - Z']>.

(a3) [Bonus| (Variance for independent sums) Let Zy, ..., Z; € R? be independent random vectors
with E[Z;] =0 and E||Z;|3 < c0. Show that

2

k
E|Y 7
j=1

& 2
= 2 ElZ5.
j=1

2

[Bonus] Solution:
Here, using the linearity of the inner product,

k 2 k k ko k
2 EAIREIEB A RS bl
j=1 =1 7=1 J=11=1
Using linearity of expectations,
k k k k k
[ZZ ] ZIZE l>:Z;E”ZjH§+z;E<Zj>Zl>-
=1li=1 =1i=1 J= j*

Since all the Z; are independent, for j # [,
E(Z;,Z) =(EZ;,EZ;) = (0,0) = 0.

Hence,

2

k k
E\ 2 Zi|| = 2 EIZ]:3
j=1 j=1

2
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(b) Covariance identities. For a random vector Z € R? with m = E[Z], define the covariance matrix
Cov(Z) =E[(Z -m)(Z -m)"] e R™.
Show that:

(bl) Cov(Z)=E[ZZ"] -mm.
Solution:

Cov(Z2)=E[(Z-m)(Z-m)T]

[
(ZZT - Zm" —=mZT —mmT]
[ZZT]-E[Zm"] -E[mZT] - mmT™
[

[

ZZ"] - [Z]m -mE[ZT] -mmT
ZZ7-mm". O

E
E
E
E

(b2) For every v e R Var(v'Z) = v"Cov(Z)wv.
Solution:
Here, for any v e R?, v7Z € R (scalar) and E[v"Z] =v"EZ = v"m. Now,

Var(v'Z)

E[(UTZ—UTm)2]
E[(UT(Z—m))Q]
E[v"(Z -m)(Z -m)v]
=v'E[(Z-m)(Z-m)"]v
=v'Cov(Z)v. O

(b3) tr(Cov(2)) =E|Z -EZ|3.
Solution:
Using the linearity of the trace and expectation:
tr(Cov(Z2)) = tr(E[(Z -m)(Z -m)T]) =E[tr((Z -m)(Z -m)T)].
We know, tr(uu’) = |u3. So,
tr((Z-m)(Z-m)") = |Z -m|3=|Z-EZ|3.

Hence,
tr(Cov(2)) =E|Z-EZ|3. O
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4 Moving between moments and tails

Throughout, let (€2, F,P) be a probability space. Assume all random variables below are real-valued
and measurable, and that any expectations that appear are finite.

(a) From tails to moments. Let X >0 be a nonnegative random variable.

(al) (Moment identities using tail integrals) Show that
E[X] - [OOOIP’{X > 1) dt.
More generally, show that for any p > 0,
E[X"] = fo Tt PLX > ) d.

Solution:
Here, X is a nonnegative random variable, so

]E[Xp]zfoooxpfx(x)dx:E[Xp] =fo‘”(fo‘x’ptp-u{x>t}dt)fx(x)dx,

using the pth-moment identity. Now, g : X xt — [0, 00) defined by g(z,t) = pt?'1{z > t} fx(x)
is a nonnegative measurable function, so using Tonelli’s theorem,

E[X?] = fo - [0 Ttz > 1) fr(x) d(x, 1)

:fowptpl(fomumt}fx(x)dx) dt
_ fomptp‘l([wfx(x)dx) dt

:f ptPTP{X >t} dt.
0

Hence,

E[X"] = [ Tt PLX > 1) dt.
0

And, for p =1, the expression becomes

E[X] - waP{X > 1) dt.

(a2) [Bonus| (Moment growth bounds from exponential tail behavior) Assume there exist constants
¢,C' >0 and «a > 0 such that for all ¢ > 0,

P{X >t} < Cexp(—ct®).

Use part (al) to show that X e L, for all p < oo and that there exists a constant C' = C'(¢, C, «)
such that
HXHL,,éC'pl/O‘ forall p>1.

Finally, interpret the cases o = 2 and o = 1 in terms of the heuristic moment growth for
sub-Gaussian and sub-exponential random variables.
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[Bonus] Solution:
Using the moment identity proved in part (al), for p > 1:

E[X7] = f pPIPLX > t) dt.
0
Plugging in the given tail bound:
E[X?] < C'pf Pl dt.
0

Let u = ct® = t = (u/c)* and dt = (1/a)c"V/*ut*t du. Then,

o 00 (p-1) /e - =)
f et = f (E) T e Lviotion gy - f uPl*te ™ du,
0 0 C (6] (6] 0

where the last integral is a Gamma function and integrates to I' (B) Hence,
a

E[Xp]g@c‘p/af(£)<oo, Vp<oo = XelL, Vp<oo.
« a

Now, taking the p—th roots:

1/p 1/p
X1, = (LX) < (£) 7 e (2)
(0%

«

i. If p> a, then p/a>1. So, let z = p/a and using the given bound for I'(z + 1):

r2+1 pla 1/p 1/a
)M er (e () —r(2)” ()"
a

a pla « a o
Plugging it back, we get,

1/a

O\ /P
1X|z, < (—) ptfretle (COB)
@ @
We know, argmax, #1/% = e, so p'/? < e¥/¢ < e and (C/a)"? < max{1,C/a} for p> 1. So,
C 1/a C
0, <e(2) max {1, S e = 1x), <op,

for C" = C'(¢,C, ) = eCy/*(ca) M max{1,C/a}.
ii. If p < @, then using the monotonicity proved in Problem 1 (b1):

) l/a
|X||Lp<||X||La<[ca [ talectadt] ,
0

using the given tail bound. Let u = ct® == t = (u/c)"* and dt = (1/a)c™V*ul/*"! du.

Then,
o o e (u\leDe 1 1 [ 1
/ ta—le—ct - / (E) e v _C—l/aul/a—l du = — f e Udu = —.
0 0 & (0] cCox JO CQx
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So,

C C

1/ 1/ 1/
(2 (0) ()

because for p > 1, p/* > 1. Thus, | X |, < C'p"/* with C" = C'(¢,C,a) = (C/c)"/.

Hence, combining both cases,

3C’=C"(¢,C,a)  such that | X[, <C'p*  forallp> 1.

Now,

i. For a=2, P{X >t} < Ce ie., Gaussian-type tail. Then,

[ X1, < VP,

i.e., moments grow like \/p.
ii. Fora=1,P{X >t} <Ce ™ i.e., Exponential tail. Then,

| X1z, <C'p,
i.e., moments grow linearly in p.
(b) Classical tail bounds from second moments. Let X and Y be real-valued random variables.
(bl) (Upper bound) Fix t > 0. Show the one-sided Cantelli’s inequality

Var(Y")

P{Y -EY >t} { ————2—.
{ S V) - 2

Solution:
Here, let Var(Y') = o2, For all a > 0,

P{Y-EY >t} =P{Y ~EY +a>t+a)
<P{(Y -EY +a)? > (t+a)?}
E[(Y ~EY +a)?]

h (t+a)?
Var(Y)+a?> o02+a?

(t+a)?  (t+a)?

[Using Markov’s inequality ]

Now, we will optimize the upper bound to find a tighter bound. We will find the value of a

L. o? + a?
that minimizes f(a) = G e We have both a,t >0, so
a
2(at — o2
f'(a)=2a(t+a)2-2(c*+a*)(t+a)>= %

equals to 0 only when at — 0% = 0, which gives

arg {f(a) =0} = a* = °-.
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Now, the second derivative is

f”(a) _ Q(t Et2+ai;-430 )

o 2240
1) = oz

So, the inequality becomes:

o +otft?  o?
(t+o2/t)2 o2 +t2

> 00 a* is the global minimum of f(a), and f(a*) =

2

: o
P{Y -EY >t} <1%ff(a) =
Hence,
Var(Y)
P{Y -EY >t} < o——+—-
{ ) Var(Y') + ¢2

(b2) (Comparison with Chebyshev’s inequality) Use Chebyshev’s inequality to give a “naive” one-
sided bound on P{Y -EY > ¢} and compare it to Cantelli’s inequality from (b1). Now apply
Cantelli to Y and to —Y and deduce a two-sided tail bound

2Var(Y)

P{lY -EY |2t} < ——F——5.
{ >t} Var(Y') +t2

Compare this to the standard two-sided Chebyshev inequality.
Solution:
Chebyshev’s inequality gives

Var(Y')

2

P{|Y -EY| >t} <

Since {Y -EY >t} c{|Y -EY| > t}, P{Y -EY >t} <P{|Y -EY|>t}. This gives a "naive"

one-sided bound: )

g
P{Y -EY >4} < 5.

Because 02 > 0, 02 +t? > 2, and o?/(0? +t?) < o?/t*. Hence, Cantelli’s inequality is always at
least as strong as the naive one-sided Chebyshev bound. Let’s apply Cantelli’s inequality in
(b1) to =Y. E[-Y]=-EY and Var(-Y) = 0. Then, using (b1),

o? 2
P{-Y+EY 2t} —— = P{Y -EY <t} <——.
(Y +EY >t} < { < —5—
Now, using the union bound,
202
]P’{|Y—IEY|22€}SIP’{Y—]EYZt}HP’{Y—EYS—t}:Tﬁ.
o

Hence, the two-sided Cantelli bound is:

2Var(Y)

P{lY -EY| >t} ——————.
{ >t} Var(Y') + 2
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(b3)

202 o2

- < —,
o +t2 " 2
two-sided Chebyshev bound for small t. However, for large ¢, i.e., t* > 0%, = < P So,
o
the standard two-sided Chebyshev bound is stronger than the two-sided Cantelli bound for
202 202
large ¢t. And for much larger ¢, t? >> o2, T So, the Chebyshev bound is almost

o2+t 2
half of the two-sided Cantelli bound.

For * < o2, so the two-sided Cantelli bound is stronger than the standard

[Bonus| (Lower bound) Let X > 0 with E[X?] < co and E[X] > 0. Fix 6 € (0,1). Prove the
Paley—Zygmund inequality

(EX)?
E[X?]

(EX)? (1-6)

P{X >0EX} > (1-0)° Var(X) + (EX)? 1+ Var(X)/(EX)?

= (1-0)

[Bonus] Solution:
We can write the expectation of X as:

EX = E[X1{X <EX}]+E[X1{X > 0EX}]
<OEX +E[X1{X > 6EX}].

This gives (1 -0)EX < E[X1{X >0EX}] = (1-0)*(EX)* < (E[X1{X >0EX}])?. We
know, using Cauchy-Schwarz inequality,

(E[X1{X > 0EX}])? <E[X?]|E[1{X > 0EX}] = E[X*|P{X > 0EX}.
Putting it together, we get,
(1-0)*(EX)*<E[X?|P{X >0EX}.

Finally, rearranging, we get the Paley-Zygmund inequality:

(EX)?
E[X?2]

P{X >0EX} > (1-0)?

We know, Var(X) = IE[XQ] - (EX)?, so the inequality can be written as:

(1-0)°
1+ Var(X)/(EX)?

P{X > 0EX} >

And, if Var(X) < ¢(EX)? for some ¢ > 0, then

_ )2
IP’{XZOIEX})M.
1+c
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5 Mean versus median

(a) Mean—median closeness (using variance). Let Z be a real-valued random variable with
E[Z?] < 00, and let M, be a median of Z, meaning

1 1
Show that
\Mz -EZ| <\/Var(Z).
Solution:

If My > EZ, then P{Z> My} = P{Z-EZ>M,-EZ} > 1/2. So, using one-sided Cantelli’s
inequality,
1

Z
5 <P{Z-EZ>M;-EZ}< Var(Z)

Var(Z) + (My —-EZ)?’

Taking the extreme bounds,

1 Var(Z)

E\Var(Z)+(MZ—EZ)2 — (MZ—]EZ)2<Var(Z) = (Mz-EZ)<\/Var(Z2).

Similarly, if My < EZ, then P{Z < My} =P{-Z>-My} =P{EZ-Z >EZ - My} > 1/2. Using
one-sided Cantelli’s inequality,

Var(Z)

<P{EZ-Z>EZ- My} < .
{ 2 Var(Z) + (EZ - My)?

N | —

Taking the extreme bounds,

1 Var(Z)

2 Var(Z) + (BZ - 1L, — (EZ - My)*<Var(Z) = (EZ - My) <\/Var(Z).

If My =EZ, then the inequality is trivially true because variance is non-negative. Hence,

My -EZ| < \/Var(Z).

(b) [Bonus|] Mean—median closeness (using variance proxy). Let X be a real-valued random
variable with median M. Assume there exist constants a > 0 and b > 0 such that for all ¢ > 0,

P(|X - Mx|>t) <ae P,

Show that
|Mx - EX| < E[X - Mx| < min {Vab, a/br/4}.

[Bonus] Solution:
Absolute value is a convex function, so using Jensen’s inequality:

|E[MX—X]|<E|MX—X| — |MX—EX|SE|X—M)(|
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Now,
o oo ) 7t2/b
B -0y = [TRIX Mz drs [Caetrar- D [T Dy
0 0 2 —0o \/7th

where the final integrand is the kernel of a Normal(0,5/2) density, which integrates to 1. So,

E|X - Mx| < an/br /4.

Similarly,
E[(X - My)?] = f 2P {|X - M| >t} di
0
< [ 2tae /b dt
0

=ab / be " du [By substituting u = t*/b]
0
= ab.

Using Jensen’s inequality,

(E|X - Mx|)? <E[(X - Mx)?] = E|X - Mx| < VE[(X - Mx)?] = Vab.

Hence,

|Mx - EX|<E[X - M| < min {Vab, a\/br/4}.

* % % KND OF SOLUTIONS #* * %
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