Homework 1
SDS 391P.6, Spring 2026
Pratik Patil
Due: Feb 2 (Monday)

This homework is (also) a work in progress and is provided as-is for instructional purposes.
The problems are drawn from various sources and do not (yet) have sufficient references
to the original material. Additionally, errors may be present. so some cauution is advised!
The document will be updated if corrections are necessary. Last updated: 2026-02-02.

0 Guidelines

o Please start early. If you have questions about the statements, notation, or possible typos,
email us as soon as possible. When emailing about the course, please begin the subject line
with [SDS 391P.6].

e Please begin your answer to each main question on a separate page. If you use any code,
include it in an appendix. Submit a single combined PDF to Canvas. (If you encounter any
submission issues, please let us know.)

e The problems and motivations draw on multiple sources (past course material, textbooks,
and other standard references). If you use any external resources that materially guide your
solution (beyond routine lookups), please cite them in your write-up.

e These questions are designed to build intuition and technique. You are welcome to go be-
yond what is explicitly asked. If you introduce additional assumptions (while keeping the
spirit of the problem), state them clearly. If you discover something interesting along the
way, feel free to include it as a brief remark; we may share especially instructive observa-
tions with the class.

o Parts labeled [Bonus] are optional: they are not required for full credit. They are intended
as extra practice. You may skip them without penalty. If you attempt them, please label
your solutions clearly with [Bonus].

e Many parts include hints intended to help you get started. You are not required to follow
the suggested route, and you are encouraged to try alternative approaches when appropri-
ate.

e We will grade primarily for correctness and clear reasoning. Do not over-optimize for minor
presentation details. The spirit of the homework is for you to learn something new!

1 Practice with ¢/, and L, norms

This exercise is meant to build comfort with manipulating ¢, norms on R" and L, norms of
random variables. We also highlight the key difference between finite-dimensional (dimension-
dependent) norm equivalence and the infinite-dimensional /probability-space setting.



(a) ¢, norms on R". Let = (x1,...,2,) € R". For 1 < p < o0, define

w 1/p
ol = (i) s llle, = o ol
=1

1<i<n
Also, define the unit ball By := {reR™: ||z, <1}

(al) (Comparison and monotonicity) Prove that if 1 < p < ¢ < o0, then

1

[zlle, < llzle, <nva]z]e,.

Deduce that |z, is (weakly) decreasing in p and that the unit balls are nested: B} <
D

BZI for p <gq.

(Hint: For ¢ < oo, normalize z so that ||lz|ls, = 1 and apply Holder’s inequality to

2 il = 2 |wil? - 1. For ¢ = o0, use || < ||z[e,,.)

(a2) (When are the bounds tight?) Give examples of nonzero vectors =,y € R™ such that

11
|zle, = lle, — and  fyle, = nv ]y,

(Hint: think “one-sparse” versus “flat”.)

(a3) [Bonus] (The £y limit) Show that |z[s, — ||z]e, as p — oo. Also, show the quantita-
tive bound
[2le, < lzle, <Pl
Conclude that if p > logn then |z[,, < e|ze,. (Here, log denotes the natural loga-
rithm.)
(Hint: Note that n'/? — 1 as p — 0.)

(b) L, norms of random variables. Let (Q, F7,P) be a probability space and let X be a
real-valued random variable. For 1 < p < o0, define

| Xz, = (BIX[P)Y?, | X1, = esssup|X]|.
Write Ly, := {X : | Xz, < oo}
(b1) (Monotonicity and inclusions) Prove that, for 1 < p < ¢ < o0,
| Xz, < X]z,-

Deduce the set inclusion L, < L, for g > p.
(Hint: For ¢ < o0, use Jensen’s inequality on the convex function ¢ — t9/P applied to
|X|P. For ¢ = o0, use | X| < || X, a.s. from the definition of essential supremum.)

(b2) (No dimension-free equivalence) Explain why there cannot exist a universal constant
C such that | X|r, < C| X[, holds for all random variables on general probability
spaces whenever p < g. Give an explicit example of X such that X € L, but X ¢ L,.
(Hint: take a Pareto-type tail P(|X| > t) =< ¢t~ for large ¢ and choose a € (p, q] so
that E|X [P < oo but E|X|? = «.)

(b3) [Bonus| (The Lo limit) Assume | X |z, < co. Show that |[X|r, — | X|L, asp — 0.
(Hint: Show for any € > 0, P(|X| > | X|z.,, —¢) > 0 by definition of essential supremum,
and lower-bound E|X|P on this event.)



2 Practice with matrix norms

In this exercise, you will practice with operator norms (including spectral norm) and the Frobe-
nius norm, and prove a few inequalities that appear repeatedly in statistics and machine learning.
Throughout, let A € R™*" and B € R"** be conformable matrices, and let 1 < p, ¢, r < 0. Recall
|z|, denotes the ¢, norm on Euclidean spaces. For any s € [1,00], let s’ denote the conjugate
exponent: © + 4 =1 (with the conventions 1/00 = 0 and 1/0 = o).

(a) The p — q operator norm. Define the induced (operator) norm

[Allp—q = sup [Az]q,.

lzlp<1

(al) (Equivalent definitions) Show that

A
Al = sup [ As], = sup L2
=1 20 [y
(Hint: use homogeneity: |A(ax)|, = || |Az|, and rescale z.)

(a2) (Submultiplicativity) Prove the composition bound
[ABlp-r < [Allg—r [Bllp—q-

Side note: One can interpret |A|,—, and |B|,—4 as the Lipschitz constants of the
linear maps u — Au and x — Bux between the corresponding normed spaces. So
the Lipschitz constant of the composition map z — ABz is at most the product of
Lipschitz constants of the individual maps.
(Hint: start from [ABz|, < | A|q—r |Bzlq and then take supj, <i.)

(a3) [Bonus| (Duality form and transpose relationship) Show the bilinear representation

|Alpsg = sup  |y'Az|=  sup  y Az
lelp=1, yly=1 lzllp=1, [y],=1

Deduce the transpose identity
-
1A g —p = |Alp—q-
In particular, conclude that for the 2 — 2 operator norm (spectral norm),

| AT 22 = [Af2-2.

(Hint: use the dual norm identity for £, norm: |ul, = SUDy| =1 yTu for vectors u €
R™, and apply it to u = Ax. The absolute value can be dropped as one can flip y —
—y. For the transpose relationship, rewrite y' Az = 2T ATy)

(b) Spectral versus Frobenius norms. In this part, write |A| for the spectral norm |A|2_2.
Recall the Frobenius norm [|A|p = (Z” A?j)lﬂ.

(b1) (Rank-one and diagonal matrices) Let u € R™ and v € R”. Show that

luv | = fuv " F = Jullz [v].

Let D € R"™*™ be a diagonal matrix with entries (dy,...,d,). Write d = (d1,...,d,)" €
R"™. Show that
D] = max |d] = |dle and [D]r = d]..



(b2) (General relationship) If rank(A) = r, show that
[Al < |Alr < Vr[Al

Show that both inequalities can be tight (achieved) for any admissible (m,n, 7).
(Hint: rank-one versus equal singular values.)

(b3) (Frobenius submultiplicativity) Show that for conformable matrices A, B,
|AB|r < |A[|B]r  and  [AB|r < [A]F|B].

Conclude (by combining an inequality from (b2)) that | - | is submultiplicative, i.e.,
IAB|F < [AllF|B| -
(Hint: write |AB|% = tr(BTATAB) and use AT A < ||A|?1.)
(b4) [Bonus] (Orthogonal invariance) Let U € R™*™ and V' € R™*™ be orthogonal. Show
that
[UAV] = [A]  and  |UAV|F = |A]F.

(Hint: use |Uz|2 = |z|2 for all z and apply the definitions; for Frobenius you may also
use |A|% = tr(AT A) and the cyclic property of trace.)

3 Practice with variance and covariance identities

This problem provides practice using a few core variance/covariance identities for random vec-
tors. Unless specified otherwise, assume all random variables/vectors below have finite second

moments. Throughout, for u,v € R? we write (u,v) == u

Ty and [ul3 = (u, u).

(a) Variance identities. Let Z € R? be a random vector with mean m = E[Z] € R? (defined

coordinatewise). The quantity E|Z — EZ||2 is sometimes called the “total variance”.

(al) (Variance via Pythagorean decomposition) Assume E|Z|3 < o0 and let m = EZ. Show

that
E|Z —ml|; = E|Z|3— |ml3.

More generally, show that for every a € R,
E|Z —al3 = E|Z —m[3+ |a—m|3,
and conclude that

E|Z —m|3 = minE|Z — a3, with unique minimizer a* = E[Z].
2 acRd 2

Side note: This is an instance of a projection identity in Lo and provides a geometric
reason for why E[Z] is the best constant estimator under squared loss.

(Hint: write Z —a = (Z —m) + (m — a) and expand |Z — a|3.)
(a2) (Variance via symmetrization) Let Z’ be an independent copy of Z (i.e., Z' 1L Z and
7' L 7). Show that
1
E|Z -EZ|3; = S ElZ - Z'|3.

Side note: This way of expressing variance as an average squared distance is a stan-
dard trick. Centering can often be replaced by two i.i.d. copies and a trick of this form
by the name “symmetrization”.

(Hint: write Z — Z' as (Z —m) — (Z' —m) and expand |Z — Z'|3.)



(a3) [Bonus| (Variance for independent sums) Let Zi, ..., Z; € R? be independent random
vectors with E[Z;] = 0 and E|Z;|3 < co. Show that

k 9 k
B| Y, 7, = Y EIZl3
i=1 i=1

Side note: Independence is not necessary for this part, and pairwise uncorrelatedness
is sufficient.

(b) Covariance identities. For a random vector Z € R? with m = E[Z], define the covariance

matrix

Cov(Z) = E[(Z —m)(Z —m)"] e R™.
Show that:
(bl) Cov(Z) =E[ZZT] —mm".
(b2) For every v e R4, Var(v'Z) = v' Cov(Z)wv.

(b3) tr(Cov(2)) = E|Z — EZ|3.
(Hint: use tr(uu') = ||u|3 and linearity of trace/expectation.)

4 Practice with moving between moments and tails

A recurring theme in high-dimensional probability is that moments (e.g. E|X|?) and tails (e.g.
P{|X| > t}) control each other. This exercise asks you to practice moving in both directions.
Throughout, let (2, F,P) be a probability space. Assume all random variables below are real-
valued and measurable, and that any expectations that appear are finite.

(a) From tails to moments. Let X > 0 be a nonnegative random variable.

(al) (Moment identities using tail integrals) Show that

E[X] = fooo P{X > 1} dt.

More generally, show that for any p > 0,

Q0
E[X?] :J ptP P{X > t}dt.
0

(Hint: Start from the pointwise identity = = SSO 1{x > t}dt and apply Tonelli’s theo-
rem. For the pth-moment identity, use the identity ¥ = {" pt?~11{z > t} dt.)

(a2) [Bonus|] (Moment growth bounds from exponential tail behavior) Assume there exist
constants ¢, C' > 0 and « > 0 such that for all ¢ > 0,

P{X >t} < Cexp(—ct?).

Use part (al) to show that X € L, for all p < o and that there exists a constant
C" = C'(¢,C, «) such that

| X, <C'p*  forallp>1.

5



Finally, interpret the cases @ = 2 and « = 1 in terms of the heuristic moment growth
for sub-Gaussian and sub-exponential random variables.

(Hints: Plug the tail bound into the identity E[X?] = {” pt?"!P{X > t} dt. Then com-
pare the resulting integral to a Gamma-function integral by the change of variables

u = ct®. You may use (without proof) that I'(z + 1) < (Cpz)* for all z > 1 and some

absolute constant Cy. )

(b) Classical tail bounds from second moments. Let X and Y be real-valued random
variables.

(b1) (Upper bound) Fix ¢t > 0. Show the one-sided Cantelli’s inequality

(b2)

(b3)

Var(Y)

PlY —EY >t} < ——"—5.
{ } Var(Y) + t2

(Hint: For any a > 0, apply Markov’s inequality to the nonnegative random variable
(Y —EY + a)?. Then optimize the resulting upper bound over a > 0.)

(Comparison with Chebyshev’s inequality) Use Chebyshev’s inequality to give a “naive”
one-sided bound on P{Y — EY > ¢} and compare it to Cantelli’s inequality from (bl).
Now apply Cantelli to Y and to —Y and deduce a two-sided tail bound

2 Var(Y)

P{lY —EY| >t} < ————.
{ P vam e

Compare this to the standard two-sided Chebyshev inequality.
(Hint: Cantelli’s inequality is always at least as strong as naive one-sided Chebyshev
bound. For two-sided bounds, Chebyshev’s bound is tighter for large ¢.)

[Bonus] (Lower bound) Let X > 0 with E[X?] < oo and E[X] > 0. Fix 0 € (0,1).
Prove the Paley—Zygmund inequality
2 (EX)? (EX)? (1-96)

PX 20BN} > (-0 iy = (0= sy + @x)7 ~ 1+ Var(X0)(EX)”

In particular, if Var(X) < ¢ (EX)? for some ¢ > 0, then

(1-0)?
14+c¢

P{X > 0EX} >

Markov’s inequality says a nonnegative X is unlikely to be much larger than its mean.
Paley—Zygmund inequality gives a complementary result: unless X has very large
second moment relative to (EX)?2, it cannot be much smaller than its mean with very
high probability. Equivalently, if X is not dominated by extremely rare “spikes,” then
X must be of order EX with at least constant probability.

(Hint: write E[X] = E[X1{X < 0EX}]| + E[X1{X > EX}] and bound the first term
by OEX. For the second term, use Cauchy-Schwarz: E[X1p] < (E[X?])Y2P(E)Y2.)



5 Mean versus median

The mean and the median are both “typical values,” but they optimize different losses: EX min-
imizes a — E(X — a)? (squared loss), while any median minimizes a — E|X — a| (absolute loss).
This exercise quantifies when these two notions agree up to the scale of the standard deviation.
Throughout, assume all expectations that appear are finite.

(a) Mean—median closeness (using variance). Let Z be a real-valued random variable
with E[Z?] < o0, and let Mz be a median of Z, meaning

P(Z = My) = and P(Z < My) =

1 1
2 2"

Show that

Mz —EZ| < +/Var(2).

(Hint: Apply the one-sided Cantelli’s inequality to Y = Z — EZ. If My > EZ, bound
P{Z -EZ > Mz —EZ} from below using the median property and from above using Cantelli.
Repeat similarly if My <EZ (or apply Cantelli to —Y).)

(b) [Bonus|] Mean—median closeness (using variance proxy). Let X be a real-valued
random variable with median Myx. Assume there exist constants a > 0 and b > 0 such that
for all £ > 0, ,
P(|X — Mx|>1t) < ae "/
Show that

My —EX| < E|X — Mx| < min{\/%, a«/bw/2}.

(Hint: (i) Use Jensen’s inequality: |EX — Mx| = |E(X — Mx)| < E|X — Mx|. (ii) Let Y =
|X — Mx| and use the tail integral identity EY = SSO P(Y > t) dt together with the assumed
tail bound to prove E|X — M| < a+/br/2. (iii) Also compute EY? = SSO 2tP(Y > t)dt < ab
and conclude EY < VEY? < \/%)

Source material

Parts of this homework were inspired by exercises from Vershynin (2018); Boucheron et al. (2013),
in addition to the author’s accumulated experience working on related topics.
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