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1 Jackknife: Variance and Bias.

Let X1, Xo,..., X, beii.d. real-valued random variables. (Assume through- out that all random variables below have
finite second moments whenever a variance is invoked.) Let 6 be a parameter of the distribution of the X; s that we
wish to estimate. For each k € N, let f : R¥ — R be a (measurable) statistic that is symmetric (invariant under

permutations of its arguments). Define the full-sample estimator
Zn = fn(Xla X?v ce. 7Xn)

The quality of the estimator Z,, is measured by by its bias and its variance (to be defined below shortly). Since we
do not know the distribution of the X;s, we need to estimate the bias and variance. The key difficulty is that we have
only one dataset and so the original estimator Z,, and the bias and variance estimators are to be constructed from the
same data. The jackknife is a technique to (partially) solve this difficulty.

Define the leave-one-out jackknife estimates
Z(l) = fn—l(X17 s 7Xi—17Xi+15 s aX’rL)7 i= 1a2a IEERERL

and define their average

Below we will define jackknife estimates of the variance and bias and show some of their proper- ties.

(a) Variance Bound. We define the (simplified) jackknife variance functional
Vi=> (29 - 2).
i=1

(a1) On one hand, we have
V=>(20-22=> (29 -22Y 2D +n2> =) (29)* - nZ".

i=1 =1 =1 i=1

On the other hand, we expand the other expression:

%22(2(),Z(J))2 = %ZZ(Z())2+%ZZ(Z())2,2%222( A
1=1 j=1 Jj=11:=1 Jj=11:i=1 1=1 j=1
=3 i:Zl<Z(l))2 + 5;@@)2 - (L:ZI Z(l)) ;Z(J)



Hence these two expressions are the same, so the identity holds: V = Y1 | (Z®W-2)? = L $°7" | (20—

Z@)2,
(ag) Let W = f,_1(X1,Xo,...,X,—1) be the same statistic applied to an i.i.d. sample size of n — 1. Then
W = 7™, So, Var(W) = Var(Z(™). Applying tensorization of variance to Z™) = f, (X1, Xa,..., Xn_1)

we get

n—1
Var(Z") < S E [Var(Z(")|X1,X2, e X, Xty e ,X,H)}
k=1

Now fix k € {1,2,...,n — 1} and condition on (X1,..., Xx_1, Xp11,.-.,Xn_1). Then we can write Z(") =
g(Xy) and Z®) = ¢(X,,) for the same random function g. Because once we fix (X1,. .., Xp—1, Xpt1,-- -, Xn_1),
the only variable in Z(™) is X, and the one in Z® is X,,. Now X, and X, are i.i.d. and is independent of

the conditioned variables (X1, ..., Xk—1, Xk+41,-.., Xn—1). Therefore,

Var(Z™|(X1, ..., Xee1, Xpg1, o X)) = Var(g(Xi)|(X1, - -+, Xeo1, Xkats - o> Xne1))
1
= §E [(9(Xn) — g(zi))? (X1, s Xim1, Xt -5 Xpm1)]
1
= SE[(Z) = Z92\(Xu, o, Xeot, Xty s Xno)]

Therefore,

Var(Z ("

Z_: {Z(" _ (k))z}. (1)

Using the exchangeability of (Z(l)7 AN Z(")), we can write

l\DM—l

n n

F Z (Z(i) _ Z(k’))Q - F Z (Z(j) _ Z(k))2

k=1,k#i k=1,k#j

for each pair (i,7). Hence, the RHS of Equation 1 can be written as

[(Zm AL } ;iiE[(zm_zm)} E[Var(V)].
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Finally using the RHS of (a1), we get
Var(W) < E[V].

(b) Exact Bias for Quadratic Statistic. let § be a parameter of the distribution of X; and define the full

sample estimator:

Zn = fn(X17X27 A 7Xn>



We assume the bias admits a first order expansion:
EZ,—0= ‘i O(n=?%)] as n— oo.
n

We define the jackknife bias estimate B, = (n — 1)(Z — Z,) and bias corrected estimator Zy = Z, — B, =

Zn—(n=1)(Z - Zy) =nZy, — (n—1)Z. We note that Z =137 | f,,_1(X1,..., Xi—1,Xi41,...,Xn), hence
_ 1 &
E[Z] =E ﬁiz:;fn—l(xla“-aXi—laXi+17~-~7Xn)
1 n
= EZE[fnfl(Xlw--;XiflaXi+17-~-aXn)]
i=1

1 & . .
= E;E[fn,l(Xl,Xg,...,Xn,l)] [Since X;s are iid]
=E[fn-1(X1, X0, .., Xno1)]

=E[Z,-1].
Therefore,

EZ, — 0 =E[nZ,] — E[(n — 1)Z,_1]

=nEZ,— (n—1)EZ,_4

Cc

n [% + O(n72)} —(n—1) { Tt O((n—1)"%)| [For large n]

=0(n?).



2  Order Statistics: Variance vs Spacings
Let X1, X5,...,X,, be independent random variables with
Xy < X)) <... <Xy
denote the order statistics. Define the spacing
Ar =Xy — Xy, k=1,2,...,n— 1.

Assume E[X(Qk)] < oo for the relevant k so that the variances below are finite. For each i € {1,2,...,n}, let X/ be an

independent copy of X; (independent of everything), and let {Xfi), X2(i), . 7Xy(Ln)} be the resampled vector where

; X, ,ifj #i
X(): J
Y {X;,iszz'.

Let X lgi) denote the k— the order statistic for the resampled sample. We recall the one-sided ESS inequality:

Var(Z Z (Z—-2ZD)], (a); = max{a,0},

as well as the analogous bound with [Z()) — Z]2 (apply the inequality to —Z). Throughout we use 1{E} for the

indicator function.
(a) The Maximum

(a1) Note that X(,) = max{Xi,...,X,}, and X(( )) max{X1,...,X;—1, X}, Xit1,...,Xn}. We also note that

if X,y = Xj, then X(( )) > X(n—1) [since X] < X; < X(,_1) for all j # 4]. Therefore,

0, if max{Xl, NN ,Xn} = max{Xl, e 7Xi—1aX¢{7Xi+1» ey Xn} = Xj, for ] 7é )
] = (Xl _X(n—l))v if Xz :max{Xl,.. Xn}
if Xy = X; < X(( )) max{X1,..., Xi—1, X!, Xis1,..., Xn}.

Therefore, (X ) — X((;)))+ < (Xn) = X(n-1))1{X; = X(5,)}. Using the tensorization of variance, we get
Var(X () < Z (Xn) — (X(<;>))> ]
< D El(X ) = Xnn)) 1 = X ]

<> E[(Xu) — X(n_l))Q]IP’[Xi = Xn)| [By Cauchy-Schwarz inequality]

1=1
n
1
= E[Ai—l] n
=1
= E[Ai—l]



as e compute the distributions o n) al n) — X(n_1). for t € |0,
Wi he distributi fX() d X)) — Xn—1)- F 0,1

PXemy <t] =P

Xl < t7X2 < t?"an < t]

P[X; <t] [because of independence]

|

s
Il
-

Il

I

~-
3 |l

. —

Hence, P[X () =t] = nt"~1. So, X(,) ~ Beta(n,1). Note that, the event {A,,_; = Xy — X(n-1) t} implies
none of the samples X;s can fall in the range [u, v] for some u,v € [0,1] with v — u = ¢t. Therefore,
PlA,_1 = X(n) — X(n—l) <tl=1-PA, >t
=1-P{X; <u}U{X; > v};for all 7]

n

=1-[]PHX; < u}U{X; > v}]

i=1
=1- ]l + 1 ~v)
i=1
=1-JJ1 -1
i=1
—1—(1—t)"
Hence, P[A,_1 = t] = n(1 —t)"~'. So, A, ~ Beta(1,n). Hence, Var(X,)) = Ty And E[AZ_|] =

Mw. Since TLLH < 2, V&r(X(n)) < E[Ai—l]'

(a3) Now assume X; i exp(1) with pdf e — z)1{z > 0}. The cdf of X is

Hence X (1) ~ exp(n). We will show by induction that Ay = X1y — Xy ~ exp(n — k). We will use
the memory-less property of the exponential distribution, i.e., ¥ = X —¢/X > t ~ exp(1). Note that
Ay = X141y — X1y = min{X; — X(1)}, i.e., if we shift the distributions of X ;s for & > 2 by X3, using the
memory-less property we can conclude that A; ~ exp(n—1) since {X; — X (1) }; has n—1 exponential random
variables in its collection. By the induction hypothesis if we assume that A = X(41) — X(x) ~ exp(n — k)

for n —2 > k > 2, then using the same trick [shifting the rest n — & variables by X (], we can conclude that



Apy1 = Xgg2) = X(41) ~ exp(n — (k+1)). We also note that the Ags are mutually independent, because
once X () occurs, the entire process restarts at X ;) using the memory-less property. We now compute the

Var(X(,)). Note that X,,) = 22;11 A + X(1) and they all are mutually independent. Hence,

n—1
Var(X,,)) = Z Var(Ay) + Var(X(q))
k=1
B N
B = (n— k)2 n?

I
NE

1
ﬁ7

=~
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1

the second equality follows because if Y ~ exp()), Var(Y) = 55, and E[Y?] = . Hence,

E[(X(n) — X(n-1))’] = E[AZ_] =2,

since A,y exp(n — (n — 1)) = exp(1). As n — oo, Var(X(,)) = > 1_; 72 — %. But the RHS is fixed at 2.

So, the ratio of RHS to LHS is 12 ~ 1.216.

72
(b) The general Order Statistics we generalize the previous result for any order statistic. Fix k € {2,...,n — 1}.

(b1) Note that if X; < X(3), then replacing X; by X| can only increase the k—th minimum in X to at most

X(kt1), 1-€., (X((,?) — X))+ < (X(rg1) — X)) H{Xs < Xy} Now using the tensorization of variance,

n

Var(X(y) < Y E[(X - X())2]
=1

< ZE[(X(k+1) - X(k))21{Xi < X(k)}]
k=1

= B[(X (k1) — X(1)’] Y H{X: < Xy}
=1

< KE[(X(ks1) — X))

— kE[A]]

Similarly, we note that if X; is among the top (n — k + 1) maximum values of {Xj, ..., X,,}, then replacing

X; by X/ can decrease X((;)) to at most X,_y), ie., X((;)) > X(p—1). Hence, (X¢) — X((,?))+ < (X —



X—1))1{X; > X(1)}. Using the tensorization of variance we get

Var(Xgy) < DO E[(Xg — X()3]

I

=1

E[(Xx) — X(—1))?1{X; > X () }]

M=

1

o
I

n

= E[(X() — Xp-1)°] Y HX: > Xy}

i=1

< (n—k+DE[(Xx) — Xr-1)’]
=(n—k+1DE[AZ_,].
(be) Since for 1 < k < [n/2],
min{kE[AZ], (n — k + 1)E[A2_,]} = kE[A2Z]
and for [n/2] <k <n,
min{kE[AZ], (n — k + DE[AZ_|]} = (n — k + DE[AZ_,].
Combining these two we get

KE[AZ], for 1 <k <[n/2]
<k <n.

/2
Var(Xy) < {(n —k+1DE[AZ_ ]}, for [n/2] <k <



3 Rademacher Process: Bounding the Variance.

Let €1,€9,...,€, be independent Rademacher variables with Ple; = 1] = Ple; = —1] = % Let T' C R™ be a finite set,

we write t = {t1,t2,...,t,},t € T. Define Z = sup,cp » ., tie;. We also introduce the parameters

= supZt2 ; Zsuth

tET i1 teT

(a) A weak variance bound. We start simple and show a coordinatewise variance bound for Z.
(a1) For t € R™,

ar (i: tm) ZtQVar €i) Zt2 1= ZtQ
i=1

Hence,

sup Var tie; | = sup t? = o2
apvir ($one ) < 3
(az) Since ec{—1,1}, the range of Z pertaining to the i — th component of the Rademacher variables is

2sup,cr [ti], since €t; € [—t;,t;] and we are taking the sup over all ¢ € T. Hence by variance bound,

we can write,

S

Var(Z) < Z Range(e;t;)’

1

NG

2

n 2
> (2supln)
teT

i=1

IA
A~

4 sup t? [Pointwise supremum of a convex family is again convex

1
4 teT

HM:

_ 2
=0%.

(b) A sharper variance bound

(b1) Let €, €h,...,€, be independent copies of €1, €a,...,€,. We define

€D = (er,... 61,6 €415 6n), ZD —supz (l)t-.
teT 4

Assume the finite set T is given as T' = {t1,...,t,}. Now, using a fixed ordering of T', we can pick up the

smallest index k = k(e) € {1,2,....,n} such that for t* =t (e) the sup of Z is attained, i.e. Z =37, €;t



where t* = {t],...,t*}. Hence,

n

70 = sy e(l)t
=p 2 e

n

= sup Zéjtj + Egti — eiti
teT j=1

supZejt +sup(e —€)t;
teT i te

= 7 + sup(e; — €;)t;.

teT
Therefore,
(Z =204 = [sup(ei — e)ts] < |ei —€lllt]]-
teT
Using the independence of ¢; and €, we also compute E[(¢;—¢})?] = E[e]+E[(})?]—2E[¢;]E[€}] = 1+1+0 = 2.

Finally using the tensorization of variance we get

Var(Z <ZE (Z — Z9)2]
j=1

<ZE )151%]
zth;F
f2sup2t2

tET

= 202,
(b2) We take T = {e1, ea, ..., e, }, the standard Euclidean basis in R”. Then

o2 —supZt = sup||t|| = supl =1.
teT 3 er

And

Zsuth Zsupl =n.

tET —1 teT

This clearly satisfies ;’Tz = n. Hence the bound in (ag) can only be improved by a factor of n as in (by).

10



4 Polynomial vs Exponential Moments Methods Bounds.

This exercise compares two ways of optimizing Markov’s inequality: using polynomial moments or using exponen-
tial moments (Chernoff bounds). We will show that polynomial-moment opti-mization is always at least as good
numerically, but is often much harder to use.

Y is a non-negative random variable and fix t > 0. Define M(t) := inf ez, % and C(t) := infysoE[e*Y D] =

infy~o e ME[e*Y]. Note that M(t) and C(¢) both arise from applying markov’s inequality to Y — Y% and Y — e*¥

respectively. Hence P[Y > t] < M (t) and P[Y > ¢] < C(¢).

T (,\Y)q} is

(a) Polynomial Moments are at least as good. Fix A > 0 and note that the sequence E [Zq:O 2

increasing in r and it is always bounded by E[e*Y], hence by monotone convergence theorem, we can write

E[]=E [ZOO ()‘Y)q} =3  AR[YY]. Therefore,

g=0 ¢! q=0 ¢!

e—)\tE[e)\Y] _ i —At ()‘t)q ]E[Yq]

€ T
= q' t
o { g EIL S
- |pezs tP q'
q=0
> At)?
= M(t ef)‘t(
( )qZ::O 4
= M(),
since 52 e"\t(’\q#!)q =1 [Poisson pmf].

(b) Chernoff is still useful. Even though polynomial moment bounds are theoretically at least as strong, Chernoff

bounds are still useful in practice for several reasons:

(a) MGFs factor perfectly for independent sums. If Y = )", X; with independent random variables X;,
then E[eAY} =IL E[eAXﬂ , which makes Chernoff bounds easy to compute and optimize.

(b) Stronger exponential tails. Chernoff bounds directly yield sharp exponential decay in ¢, often with
optimal constants.

(c) High-order moments are difficult to control. Computing or bounding E[Y?] for large ¢ is typically
much harder than bounding the moment generating function, whereas Chernoff bound can bound any
polynomial moments.

(d) Optimization over a single parameter. Optimizing over a single real parameter A is usually simpler

and more stable than choosing an optimal integer moment order q.

11



5 Sub gaussian Charecterization

This exercise proves several equivalent (up to constants) ways of expressing that a centered ran- dom variable has
Gaussian-type tails. The three most common viewpoints are: (i) a quadratic CGF bound, (ii) a Gaussian tail bound,
(iii) Gaussian-like moment growth. Let Z be a real-valued random variable with E[Z] = 0. Define the centered CGF

Yz(\) = log E[e}?] € (—00, 0], X € R.
(a) Three Sub gaussian Properties. For v > 0, consider the statements:

. v 2
+ (i) The CGF Bound. Forall A € R, 1z(\) = 4.
o (ii) The Tail Bound. For allt >0, P[|Z| > t] < 2exp(—t%/(20)).
« (iii) The Moment Growth. There exists an absolute constant C' > 0 such that for all p > 1, E[| Z|P]'/? <

C\/vp.

Our goal is to prove that (i), (ii), (iii) are equivalent up to universal constants by establishing the implication
chain (i) — (i1) — (i4i) — (i), where (i') is the same as (i) but with v replaced by cv, for a universal constant

c>0.
(a1) [(i) = (ii)] For A > 0, using the function ¢(u) = e** on top of Markov’s inequality, we get
P[Z > t] < e ME[e*] = exp[— At + log E[e*?]] = exp[—At + 1z(N)].

By noting 1z(A\) < vA?/2, we have P[Z > t] < exp[—At + vA?/2]. The LHS of the last inequality does not
depend on A, hence P[Z > t] < infy~qexp[—At+vA?/2]. Since the expression exp[—At+wvA?/2] is minimized

at A = t/v, by putting the value of A we get
PZ >t < )i\nfo exp[— At + vA?/2] = exp[—t2/(2v)].
>

For the other part, using —Z instead of Z, and with the same procedure, we get P[Z < —t] = P[-Z > ] <

exp[—t%/(2v)]. Combining these two we get
P[|Z] > 1] < 2exp[—t*/(2v)].

(ag) [(ii) = (iii)] Let X be a bounded non-negative random variable with 0 < X < r. Let ®(r) = [; P[X =

12



t]dt bet the CDF of X. Then

B /fmpl[@(r) — @(x))da.

Now by letting r — oo and using monotone convergence theorem, we get [Note that ®(r) — 1 as r — oo

and ®(r) — ®(z) = P[X > 2],
E[X?] = /OO prP 'P[X > x]da.

Hence for any random variable Z, we have E[|Z|P] = p [ 2?"'P[|Z| > z]dz. Using the tail bound from (i)

we get

E[|Z]"] = p / wIP(|Z] > t) dt
0

< p/oo P=1le=t"/ () gy,
0

Make the change of variables z = t2/(2v), so that t = v/2vz and dt = 5/—\2;2 dz. Then

E[|Z|?] < p/ (21})@—1)/23(1}—1)/26—2;2“ dz
0 2z
= 8(211)3’/2/ 25 e 2 dz
2 0

p o (P
= Lo/ F(—).
22T
Using the standard bound on the Gamma function,
F(p) <Cp’2e?,  p>1,

we obtain

p_1
272

B[] < Cp2op/? (£)

< C(vp)P/2.

Finally taking the pth root on both sides, we get E[|Z[P]'/? < C./vp

13



(a3) [(i4i) = (i')] We assume that E[|Z|P]'/? < C,/vp.

>\ AFE[ZF]

E[e*] = y

(]

b
Il
=]

NE[|Z]"]
!

e

b
I
o

)\kok(vk)k/2
k!

(ACeyv)*

Lk/2

<3 (Ao
k=0

< exp ((c1vA%/2)).

>
Il
o

x>
Il
o

The last inequality is always true, for small A\, A\C'ey/v/2 < 1, so the geometric series converges and it can
be obviously bounded by exp ((c1vA?/2)). Otherwise, for large A, the series Y5 ({ACey/v/2}" diverges

but not more than as an exponential rate.

(b) Variance Proxy. We have 1/z()\) = log E[e*?]. Hence for small A, ¢, ()\) = E[Ze*]/E[e*?]. So, ¥, (0) = E[Z].
Similarly, 1, (\) = E[Z2e*?]/E[e*?] — {E[Ze ] /E[e*4]}2. So, 1,(0) = E[Z?] — {E[Z]}? = Var(Z). Now using
Pz(N) < (vA?)/2, we get

» d? v\?
Var(Z) = ¢z (N)[x=0 < W?‘)‘:O = .
Therefore Var(Z) < v.
(¢) Exponential Square-Integrability. We assume the sub-gaussian tail bound

P[|Z| > t] < exp(—t?/2v), t>0.

Now, we know that for a non-negative random variable X, E[X] = [7°P[X > t]dt. Using X = exp(Z?/cv), we

14



get

Elexp(Z%/cv)] = /000 Plexp(Z?/cv) > t]dt

= P[Z% > cvlog(t)]dt
0

=1 —|—/ P [\Z| > /e log(t)] dt [For t <1, exp(Z?%/cv) > ]
1

IN

1+ /100 2exp [—clog(t)/2] dt

=1 +/ 2t~/ 2t
1

4
:1+72 [for ¢ > 2]

c—
=2 [for c=6].
For the converse, we can write,
VAR
Pl|Z| >t =P [ > ]
cv T v

=P [exp(Z?/cv) > exp(t?/cv)]
< exp(—t*/cv)E[Z%/cv]  [By Markov’s Inequality]

< 2exp(—t*/cv).

Hence, we have shown that P[|Z| > t] < 2exp(—t%/cv), now using the implication (i7) — (i7i) — (i) from part

(a), we can show that Z has a sub-Gaussian tail.
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