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Question 1. More sub-Gaussian characterizations
(a)(i) Assume || X ||y, < L. By Homework 2, Exercise 5 (tail characterization of sub-Gaussianity),

there exists an absolute constant ¢y > 0 such that for all ¢ > 0,

t2
P(X| > 1) < 2exp( — o 75 )-

Let g ~ N(0,1). We will show that there is an absolute constant C' > 0 such that with K := CL we
have

P(|IX|>t) <2P(|Kg| >t) Vt>0,

ie. X X Kg.

To lower bound Gaussian tails, use the Mills ratio: for all u > 0,

Therefore for u > 0,
2 efu2/2

V2T . u+ut

In particular, for u > 1/2 we have u™! <2, so u+u~! <wu+2 < 3(u+1), and therefore there exists

P(lgl > u) =2P(g > u) >

an absolute constant ¢; > 0 such that

P(lgl 2 v) = a1 e (u>1/2).

u—+1

For u € [0,1/2], we also have a crude lower bound P(|g| > u) > P(|g| > 1/2) =: ¢ca > 0. Thus, after

decreasing constants if needed, we may write for all u > 0,

—u2/2

P(lgl > u) > c3 e

u+1



Now fix ¢ > 0 and set u :=t/K. Then

P(|Kg| > t) =P(lg| > t/K) =Pllg| > w) > e3 - Y
u
Using 47 = e~ °8(“*1) and the crude inequality
u2
log(u+1) < - +1  (u>0),
we obtain

1 > e—u2/4—1,
u+1"

and therefore

3 t2
P(|Kg| >t) > cze”! exp< — 1u2) =4 exp( —C5 ﬁ}

for absolute constants cg4, c5 > 0.

Choose K := CL with C > 0 large enough so that c5/K? > co/L?, i.e. C% > c5/co, and also so that

2¢4 > 1 (increase C if necessary; constants are absolute). Then for all ¢ > 0,
2e= /L% < 90,0/ K < 9P(|Kg| > ).
Combining with the upper bound on P(|X| > ¢) yields
P(|X]| > t) < 2e "/ <2P(|Kg|>t) Vit>0,

so X =X Kg with K = CL, as desired.

(a)(ii) Conversely, suppose that (1) holds for some K > 0, i.e.

P(|X|>t) <2P(Kg|>t) Vt>0,



where g ~ N (0,1). Then for all ¢t > 0,
P(X]| > 1) <2P(lg| = t/K).
Using the standard Gaussian upper tail bound
P(lgl > u) <2e7°2 (u>0),

we obtain

2
P(X| > 1) < 2B(lg| > t/K) < dexp(— 55)  VE20.

We now show that this Gaussian-type tail bound implies a finite ¥ norm. Using the tail-integral

identity
EeX’/** =1 +/ ]P’((ZXQ/O‘2 >s)ds=1 +/ P(|X| > ay/log s) ds,
0 0
and substituting the tail bound, we get

2

o0 oo
EeX*/** < 1+4/ exp<—%10g8) ds=1+4/ s 1K) g,
0 0

Choose a = cK with ¢ > v/2 so that a?/(2K?) > 1. Then the integral converges and equals
[o.¢]
/ sPds < o0 (p>1),
0
therefore EeX*/@” < 2 for a suitable absolute choice of c. Therefore,
[ Xy, < a=cK,

< K, as desired.

~

which implies || X ||y,

Question 2: Sub-exponential characterizations



(al) (i) = (ii). Assume that for some K > 0,
P(|Z]| > t) < 2exp(—t/K) vt > 0.
Let X :=|Z| > 0. By the tail-integral identity (HW1, Ex. 4), for any p > 0,
o0
E[X?] = / ptP 1 P(X > t)dt.
0

Therefore, for any p > 1,

[e.e]

E|Z|P :/ ptPIP(|Z] > t) dt
OOO o0
< / ptP~1 .2 VK gt = 2p/ e t/K gy

0 0

With the change of variables u = t/K (so t = Ku, dt = K du), we get
o0
E|Z]P < 2pr/ uP~ e du = 2pKP T'(p) = 2pKP (p — 1)! = 2KP pl.
0
Finally, using the elementary bound p! < p?, we have (p!)'/? < p. therefore
(E|Z|P)Y/P < (2KPpH)'/P = K 2V/P(phV/P < K - 2. p.
Thus (ii) holds with an absolute constant C' = 2:
(E|ZP)'/P < CKp  V¥p>1.

(a2) (ii) = (iii). Assume (ii): there exists an absolute constant Cy > 0 such that for all p > 1,

(E|Z|P)/P < CoK p, therefore E|Z|P < (CoKp)P.

Let a > 0 be a constant to be chosen. Using the power series expansion of the exponential and



Tonelli’s theorem (all terms are nonnegative),

Z| - E’Z\p - COKP — (Co\" P’
seo( ) = 2 e = 2 (et = 2 () o
p= p=0 p=0
By Stirling’s lower bound p! > (p/e)?, we have %Z; < eP, so
|Z] 2 [eCo\P
Eexp( 121 ) < ]
eXp<aK - pzz:o o}

Choose a = 2eCy. Then (eCp)/a = 1/2 and the series is geometric:

Thus (iii) holds after adjusting constants, i.e., replacing K by K’ := 2eCyK.
(a3) (iii) = (iv). Assume (iii): Eexp(|Z|/K) < 2 and EZ = 0. Fix XA € R with |[A\| <
the elementary inequality

2
e’ < 1+x+%e|m| (Vx € R).

With x = AZ this gives

2
)\Z<1+)\Z+>\Z ‘)\Z|
2

Taking expectations and using EZ = 0,
)\2
Eer? <1+ 5 E[Z%M].
Step 1: Bound E[Z%eM1]. First note that for all t > 0,

2 < CIK2et/K’

1
K- We use

(2)

for an absolute constant C; > 0 (e.g. take C7; = 1, because 2?2 < e® for all z > 0 after rescaling).

Applying (2) with t = |Z| yields
7% < O K?e#IK,



Moreover, because |\| < %, we have el < elZl/(2K)  Therefore,
VA A 3|Z
Z2eM < 01 K? exp(‘K|> exp<‘2K|> =(C1K? exp(2K‘> .

To control the last expectation, use the tail bound implied by (iii): for ¢t > 0,
P(|Z| > t) < Bel2l/K o =t/K < 9e=t/K
Then for any 5 € (0,1),

EAZI/K — 1 / B oK p71 > 1 dt < 1 / B stk g-t/K gy —q 4 2P
e + ; %€ (1Z] > t)dt <1+ ; 7€ e +1_5

Taking 5 = % gives Eel4l/(2K) < 3. therefore, by Holder,

]Ee32‘72< = E[e%e%} < (Ee'ZVK) (Ee'zl/(QK)) <2-3=06,

and consequently,

E[2%eP 1] < 60y K2

Step 2: Local quadratic log-MGF. Plugging this bound into (1) yields
EeM <1+ oMK%, Oy :=3C).
Using 1+ u < e" for all u € R, we obtain
EeM < exp(Cg)\2K2),

and therefore

1
Pz(\) = logEer < CoA?K?  for all [\ < 7K

This is (iv) with absolute constants ¢ = 3 and C' = Cs.



(a4) (iv) = (i). Assume (iv): there exist absolute constants cg, Cy > 0 such that for all || < ¢o/K,
Yz(\) =logEer < CoN2 K2,
Fix ¢ > 0. For any A € [0, ¢o/ K], by Chernoff’s bound,
P(Z > 1) = P(M 2 ) < B < exp( M+ 92(V)) < exp(—At+ CoA2K).

We minimize the RHS over A € [0, cy/K]. The unconstrained minimizer of —\t + CoA?K? is

t
- 20,K?

*

We consider two cases.
Case 1: t < 2CycpK. Then \* < ¢y/K, so we may plug A = \*:

2

Case 2: t > 2CycoK. Then \* > ¢y/ K, so we take the endpoint \ = ¢o/K:

2
P(Z > 1) < exp<—§3t + COIC(OQI@) = exp(— 2t + Coch ) < exp(—o7t)

where the last inequality uses ¢ > 2CycoK to absorb the additive constant Coc% into the linear term.

Combining the two cases, there exists an absolute constant ¢ > 0 such that for all ¢ > 0,

2t
P(Z>1t) < exp<—c min(K2, K)) .

Applying the same argument to —Z gives the two-sided bound

2t
P(|Z] > t) < 2exp<—c min<K2,K>> .

7



In particular, because min(%, L) > L for all t > 0, we obtain (i) after adjusting constants:

Question 3: Bounding ¢/, norm of random vector

a. Expected /, norm (finite p). Fix p € [1,00). Recall

Xl = (S )
=1

Let S := Y1 , | X;|P. because the map ¢(u) = u'/? is concave on R for p > 1, by Jensen’s inequality

we have

E|X|, =ESY? < (ES)"? = <ZE\X |P> "
Using the given sub-Gaussian moment bound (for ¢ =p > 1),
EXP)? <CKyp = EXi’ < (CKp).

Therefore,

1/p
E||X|, < (n (CK\/Z))”) = CK /pn'/?.

This proves that for every p € [1,00),

E|X|, < CKypn'/? |

(b) Expected /~, norm.
Let Y := HXHOO = MaXj<i<n ’Xz‘ > 0.

Step 1: Union bound + sub-Gaussian tail. For any u > 0,

1<i<

(Y >ul = { max |X;| > u} - G{|Xi| > ul.
i=1



By the union bound,
P(Y >u) <) P(X| > u).
Using the sub-Gaussian tail bound,

2

u
P(]X;| > u) < 2exp< _Cﬁ)v

therefore
2

]P)(YZU)SQnexp(—c%) (3)

Step 2: Choose u= CK(y/logn +t). Fix t > 0 and set

u=AK(y/logn +1t),

where A > 0 is a universal constant. because (a 4 b)? > a? + b? for a,b > 0,

2
u
7o A*(V/logn +1)* > A*(logn + t2).

Substituting into (3) gives
P(Y > AK (y/logn + t)) < ope—cA?logn ,—cA?t? _ o 1-cA? —cA%?

Choosing A large enough so that cA? > 1 yields nl—eA? < 1, therefore there exist universal constants

C,c > 0 such that for all £ > 0,

B([ Xl > CK(Vlogn +1)) < 2¢7% |

Step 3: Deduce the expectation bound.

For any nonnegative random variable,

EY :/ P(Y > s)ds.
0



Let sg := CK+/logn. Split the integral:

S0 0o
EY:/ IP’(YZs)ds+/ P(Y > s)ds.
0

S0

First term. because probabilities are always bounded by 1,
P(Y >s) <1,

we obtain

S0 S0
/ P(YZs)dsg/ 1ds = sg.
0 0

Second term. For s > sp, write

S — S0
CK

s=sy+CKt, sothat t= > 0.

The tail bound then implies

therefore

which yields
= QCK/ e~ dr.
0

The integral fooo e~ dr is a Gaussian integral, which is finite and in fact equals

/ooe_clr2 dr:1 ﬁ
0 2 C,'

10



Therefore the second term is bounded by a constant multiple of K:

oo
/ P(Y > s)ds < C1 K.

S0
Combining both parts, we conclude:

E|X|loo =EY <50+ C1K = CK+/logn + C1 K < Cy3K+/logn,

for a universal constant Cy > 0 (absorbing the additive K term into K+/logn for n > e).

E||X |0 < CK+/logn |

For 1 < n < e, we have y/logn < 1, so the bound
E||X|le < CK+/logn+ C1K < (C +C1)K
holds; by enlarging the universal constant C5 if necessary. Therefore, this implies:
E||X|lo < CoK+/logn foralln > 1.

c. Two regimes of expected /, norms.
We distinguish two cases.

Case 1: 1 < p <logn. From part (a), we directly obtain:
E|X|, < CK/pn'/.

Case 2: p > logn. For any © € R™, we have the deterministic inequality

~ o\ AP 1
oty = (D laal?) " < (nmaxfoil?) " = 0tz .
=1

11



Applying this to X and taking expectations, we get:
E[ X[y < n'/PE[X |-

By part (b), we have:

E|| X |loo < CK+/logn,

Therefore

E||X|, < CK n*?\/logn.

because p > logn,

logn

n/P — e p <e,

so this factor is bounded by a universal constant. Therefore

E[| X, < CK+/logn.
Combining both cases, we can conclude:

C’K\/ﬁnl/p, 1 <p<logn,
Bl X, <

CK+/logn, p>logn,

up to universal constants.
Question 4: Bound L, norms of linear forms

a. Sub-Gaussian Khintchine L, bound (p > 2).

Let

s@=Y ax, = (Ya)"

i=1 i=1

Assume the X; are independent with EX; = 0, IE)Q2 =1, and

”Xin)z S KQ for all <.

12



Lower bound. For p > 2, ||Y||, > ||Y]|z,. Moreover,

N 2
IS(@IF, =E( Y axs)
i=1

N
=Y GEX] + ) a;ia;E[X;X]].
i=1 i#j
By independence and EX; = 0, we have E[X;X;] = 0 for i # j, and EX? = 1. therefore
N
IS@]z, = > ai = |all3,

i=1

SO

15(@)]lz, = llallz-

Upper bound.

because || X;||y, < K2, by definition of the 1) norm there exists K < 2K, such that
Eexp(X?/K?) < 2.

For any A € R, the inequality

2 A2K?
2K? 2

(because (z/K — AK)? > 0)

implies

X2 A2K2
AX; q
e Sexp(zfz?)exp( 2 )

Taking expectations and using Cauchy—Schwarz,

N2

o \1/2 ~
FEer i < exp( )(Eexp(Xf/Ka)) < V2N K2 < (ONKS

Replacing A by Aa; gives

Ee % < exp(CA\2a?K3).

13



because the X, are independent,

N
Eez\S(a) _ H Ee)\aiXi

i=1
N
< exp(C’)\2K22 Z a?) = GXP(C/\QKQQHGH%)'
i=1

By Chernoft’s bound, for any ¢ > 0,
P(S(a) > t) < exp( M+ 0A2K§||au§).

Optimizing over A yields

2
P(|S(a)] 2 1) < 2exp< - CK%HCLH%>'

Finally, using
E|YP :/ ptP T R(|Y| > t) dt,
0

the Gaussian tail above implies for all p > 1,

15(a)]lz, < CKav/pllalls-

Combining both bounds, we obtain:

lallz < 1S(a)llz, < CKay/pllall,  p=2.

b. Sub-exponential Bernstein—Khintchine tail bound. Assume EX; = 0 and || X;||y, < K

for all 7. Let

N
2\ 1/2
s<a>=zlaixi, lall2 = (} 1ai) - Nl = max fail.
1= 1=

Define Y; := a;X;. because the 11-norm scales linearly, we have:

1Yilly, = [laiXilly, = lail | Xilly, < lailK;.

14



therefore each Y; is mean-zero sub-exponential and the Y; are independent. Set

1<i<N

N
Ki=|Yilly, V=) K}, B:= max K,
=1
Then
B =max |[Yilly, < Kymax|a| = Kilalleo, V= Z 1ill3, < Kfza? = Ktlla]3.
K2 1

By Bernstein’s inequality for sums of independent mean-zero sub-exponential random variables, for

all t > 0, we have:
al 2 ¢
P{;YZ > t} < 2exp(—c min (V,E>>,

where ¢ > 0 is an absolute constant. Applying the same bound to — ), Y; and using . Y; = S(a)
gives
P{|S(a)| >t} < 2e ( cmin(t2 t))
xp| — =, =)
== se V'B

Finally, substitute the bounds on V' and B:

, t? t
1 2 0

which is the desired result.
c. Sub-exponential Bernstein—Khintchine L, bound (p > 2).

From part (b), there exists an absolute constant ¢ > 0 such that for all ¢ > 0, we have:

2
P{|S(a)| >t} < 2€Xp< — ¢ min (Kl;i]aH%’ Kl\taﬂoo)) (4)

Set 0 := Kjlla||2 and b := Ki]|a||cc. Then (4) can be rewritten as follows:

P{[S(a)| > t} < 2exp( — cmin(t? /o2, t/b)).

15



Using the tail integral identity:
o0
BIS@P = [ ot P(S(@)] 2 1 at,
0
and the inequality e~¢™in(w:v) < e=¢u 4 ¢=Cv for 4 v > 0, we obtain:

E|S(a)lP < 2p/ Pt exp( — ¢ min(#?/0?, t/b)) dt
0

> 1 —ct?/o? 1 - t/b
§2p/ e ¢ (’dt—|—2p/ P e M0 dt.
0 0

For the “Gaussian part”, apply the Gamma-type estimate
oo 2 1
/ th~lem " gt = 3 o P2D(p/2), a >0,
0

with o = ¢/o?:

2

0o 2
210/ ple=et?/o® gy — op . %(i)p/ I'(p/2) < CPpaPT(p/2).
0 C

Using the crude bound T'(p/2) < (Cp)P/? for p > 2, we obtain:
> 1 — t2 2
2p/ tr~Le= /7" dt < (Co/p)P.
0
For the “exponential part”, use

o
/ tP~lem dt = a~PT(p), a >0,
0

with a = ¢/b to get:

2p/ P lem /b qp = 2p(g)pr(p) < CPpbPT(p).
0

16



Using the crude bound I'(p) < (Cp)? for p > 2 gives
o0
2p/ tP~Le=et/b 4t < (Chp)P.
0
Combining both parts, we can conclude:
E[S(a)” < (Cay/p)’ + (Cbp)? < (C(oy/p+bp))",

where we used (2P + y?)Y/P < & +y for ,y > 0. Taking pth roots and recalling o = K1||a||2 and

b = Ki||a]|co, we obtain for all p > 2

IS(a)llz, < C(ov/p+bp) = CK1(vPpllall2 +pllall)

which is the claim.
Question 5:

a. Mean and variance.
We have: Z =g' Ag = Doije10ij9id5 = 2D 1 <ici<n Wij9id; (A symmetric, a; = 0).
al. Compute E[Z]. We have:

EZ =E Z aij9i9j = Z a;j Elgig;] (linearity)
i?j

i?j

We have: E[g;g;] = E[¢:]E[g;] = 0 when i # j because independence and E[g;g;] = E[g?] = Var[g;] =

1 when ¢ = j. Denote 6;; = 0 when i # j and d;; = 1 when ¢ = j, we obtain:
E[Z] = Z aij 5ij
,J
= ay=tr(A)=0  (diag(A) = 0).
i=1

a2. Compute Var[Z]. We have: Var[Z] = E[Z?] because E[Z] = 0.

17



We have:

Z =2 Z aijgigj.

i<j
Therefore:
7% =4 Z Z a;jake 9ig;grge
i<j k<t
= E[Z% =4) Y aijar Elgigigrge)
i<j k<t
Moreover:

El9i9j9k9¢) = ij6ke + 6ir.050 + 0ied i (by Wick’s formula)

We also have:

0ij0re =0 (if i #j, k#1),
5ik5j€7é0 <~ i:k, j:&

0ibj #0 <= i=4{, j=Fk (impossible because i < j, k < {).

Therefore:

E[QZQQJQ] =1, (i,5) = (k,0)
Elgigjgrg¢] =

0, otherwise

This implies E[Z%] = 47, _; az;. Moreover ||A[|7. = 37, sa7; = 237, aZ;( because A is symmetric, diag= 0).
Var(Z) = 2/|A|[%..

Therefore, we conclude that:

b. Variance bound via Gaussian Poincaré.
Let f(z) =2"A, and Z = f(g) = g' Ag with g ~ N (0, 1,).

Apply Gaussian Poincaré inequality, we obtain:

Var(Z) = Var(f(g)) < E[V f(9)lI3

18



We have: if A is symmetric then V f(z) = 2Az. Indeed:

n
= E QAjjTiXy,

'J*l

('3 Z a5 + Z QLT (differentiate termwise)
fEk

=2 Z A, (because A is symmetric)
=V f(z) =2Az
Apply the above result, we obtain:
Var(Z) < E[24g|[3 = 4E||Ag]3
= 4E[gTATAg] (because ||Ag||2 = gT AT Ag)

= 4tr(AT A) (because E[g' Mg] = Z mijgig;| = Z mi; = tr(M) for g ~ N(0,1))
6j=1

= 4] A%

Conclusion: | Var(Z) < 4||A|%.

From part a, we have Var(Z) = 2||A||%, this shows that Gaussian Poincaré is not tight here; the
extra factor comes from using an inequality.
(c) Diagonalization and distributional representation.

Diagonalize A, we have:

A=UTAU, A = diag(Mi, ..., \n)

where A1, ..., A, are the eigenvalues of A.
Then Z =g"Ag=g'U"AUg = (Ug) "A(Ug).
Let y := Ug. Because U is orthogonal and g ~ N (0, I,,), the Gaussian distribution is rotationally

invariant, we have:

Yy~ N(07]n>

19



Therefore:

Z=y'Ay= Zn:/\z-y?-

=1

Because tr(A) = 0 (diag(A) = 0), the sum of eigenvalues is zero:

Therefore, can write Z as:

Finally, because the coordinates of y are i.i.d. N(0,1) (same distribution as g;), we can conclude:

d n
Z = Z&‘(g? —-1).
=1

d. CGF of a centered x?.
Let G ~ N(0,1) and define Y := G? — 1. We compute the moment generating function of Y.

First, we have:

EefY = Eef(G*-1) = =0 EefC°.

To evaluate Eeng, use the density of the standard normal:

2

oz _ 1 2 X
Ee™" = m/Rexp@:c 2)d$

1 1-26 ,
—Tﬁ/ﬂgexp<— 5 T )dw

This is a Gaussian integral, which equals 1/4/1 — 20 if 1 — 260 > 0, i.e., § < % Therefore:

1
V1—-20

EefS* =

Thus Ee? = e%(1 — 26) /2. Take taking logarithms, we have:

log Ee?Y = —0 — 3log(1—20), 6< 3.

20



Next we prove the bound log Ee?Y < %, 0 < %, where (u)4 := max{u,0}.

Case 1: 0 <0.
Then (26)4 = 0, so the right-hand side is 62. Let 2 = —26 > 0. Then

—0 — $log(1—260) = £ — Zlog(1 + z).
Using the inequality log(1 + z) >  — 22/2 for > 0, we obtain

log(1+z) < %2 = 62,

z _ 1
27 2

Case 2: 0 <0 < %
Then (20)4 = 20 and the right-hand side equals 6?/(1 — 26). Let = = 20 € [0,1). The inequality we

need to prove becomes
2

—x —log(l—z) < =)

72

Define ¢(x) := —z — log(1l — x) — 2(1367;) We have ¢/(z) = gz = 0, 80 ¢ Is increasing. Because

#»(0) = 0, we conclude ¢(z) <0 for all x € [0,1), proving the claim. Therefore:

92
logRe?Y < —~ g«
og e _1_(29)+, < 3

e. [Bonus| A Bernstein-type CGF bound

From part (c), we have the distributional representation
d n
i=1

where A1,...,\, are the eigenvalues of A, and g; ~ N(0, 1) are independent.
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because the g; are independent, we obtain

For each i, apply part (d) with

log Ee*? = log Eexp <)\Z)\i(gi2 — 1))

=1

= z:logIEexp(/\)\i(gi2 -1)).

i=1

0 = A\;.

The bound in part (d) requires 6 < 3. because |A;| < [|A]|, the condition

ensures

A<t
24|

1
A< 4] < 5,

so the bound from part (d) is valid for every i.

therefore,

because (z)4 < |z|, we have

Therefore,

Summing over ¢ gives

A2)\2
log FeMi(gi—1) < i
08 = = 1204

(M) < Al < [AT[[ALL-

1= 200)5 > 1— 271 4].

" A2)\2
log Ee?
0B Zl—mumu

X v
- 2IA|HA|| 2
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Finally, because

we conclude that for all

1
Al < S
2[A]

N[ AllZ
logEeM? < —Z0F |
1= 2[A[[[A]
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