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1 Entropy method beyond uniform gradient bounds
Throughout, let X € R" be a random vector satisfying the MLSI
Ent(e“™)) < C’IE[HVu(X)H2 “(X)] for all smooth u:R" - R, (1)
where C' > 0 is a fixed constant. For a nonnegative random variable Y, recall the concentration entropy
Ent(Y):=E[YlogY] - (EY)log(EY).

For a real random variable W, define its log-MGF

v () = log Be™
whenever this is finite. For centered quantities, we follow Lecture 7 and write

Vz(0) :=logEe’”  when EZ = 0.

You may use the following fact from Lecture 7 without proof: if Z is centered, then

Ent(ef%) ¢Z(9)
b A OREA O (2)
In particular, an upper bound on
Ent(ef?)
02Eet2

can be integrated using Herbst’s argument to bound 7 (6).

(a) Young’s inequality for entropy. Let Y > 0 satisfy EY = 1, and let W be any real-valued random
variable. Show that
E[WY] < logEe" +Ent(Y). (3)

Equivalently, in our notation:
E[WY] < kw (1) +Ent(Y).

Identify the equality condition.

Solution:

Let (2, F,¢) be a probability space, and both Y and Z := IEe T
e

on that space. This gives, E4[Y] =1 and E4[Z] =1, so we define two new probability measures

dp=Y dp  dv=27do.

w

are non-negative random variables

Now, the KL divergence between the two measures is given by,

Dxr(p|v) = Eg [Y log (%)] =Ey[Y (logY - W +logEge')].
Now, using the non-negative property of the KL divergence, we get
logEge" + Ey[YiogY] > Ey[WY].
Here, Ent(Y) = E4[Y log Y] - (E4Y ) log(EsY') = E4[Y logY'] because E,Y = 1. Hence,

logEge" + Ent(Y) > Ey[WY]. O

w

Here, the equality holds iff the KL is zero, i.e., iff Y = Eé —
e

almost surely. O
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(b) A nonlinear Bernstein inequality from MLSI. Let f: R” — R be smooth, and define the centered
random variable

Z:=f(X)-Ef(X), ¥s(0):=logEe’?, — G:=|Vf(X)[3

(bl) Show that for every 6 > 0,
Ent(e’?) < CO*E[G PZ].

Solution:
Let u(X) =07, then | Vu(X)|3 = 0% | Vf(X)]3. As X satisfies MLSI, using (@), we get

Ent(e’?) < CE[|vu(X)|3¢"™] = CO*E[G™]. D

(b2) Fix n>0. Apply part (a) with
0Z
e
T Rtz W =G,
and show that
E[Geez] . ka(n) . Ent(ef%)

EefZ n nEefZ )

Solution:
E[G "] w G . . .
Here, E[WY] = TEZ and logEe” = logEe™ = kg(n). Similarly, using homogeneity
e
Ent(Y) = %. Thus, using (3] from part (a),
e
nE[Ge?] Ent(e?)
gz <"l gz

Rearranging, we get,
E[G eP7] . ka(n) . Ent(e%?)
EefZ2 n nEefZ )

(b3) Combining parts (b1) and (b2), deduce that whenever n > C6?,

Ent(eez) . Crg(n)
62Ee?2 = n-CH2°

Solution:
Combining parts (bl) and (b2), we get,
E[G] _ ra(n)  COE[G ]
< +
Eef% n nEefZ

— (n-CO?)E[Ge"”] < ka(n) Ee.

E[G?]  naln)
EefZ =~ n-C62’
again, to lower bound E [G % ] gives,

Rearranging, we get, which is only valid if 7 > C8%. Using part (bl)

Ent(e”) _ Cro(n)

S a O
02 Eef2 n - C0H?
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(b4) Use the Herbst identity (2) to show that whenever i > C6?,

CH* ka(n)
) < —————=.
Solution:
Using Herbst’s identity and part (b3),
V()Y . Cra(n)
0 S p-0e2

Integrating from 0 to 0 gives,
0 7 0
-m¢f(t) < f Crc(n) 4 © f Crcn) ,, _ COrc(n)
0 0

6 50 t n-Ct2 ~ = n—CH2 n-Ct2 "’

where the limit is zero because 1(0) = 0 and ¢}(0) = EZ = 0, and (i) follows from the fact
that for all ¢ € [0,0], n — C6* < n— Ct>. Hence, we get,

C0% kg (n)

0) < ————=.
Vr(0) pe—oTs m

(b5) Deduce the one-sided tail bound

P{f(X)-Ef(X) >t} <inf inf exp(—6t+
(OO -BIX) >0} < inf int

This is a nonlinear Bernstein inequality: the tail of f(X)-Ef(X) is controlled by the exponential
moments of the random energy G = |V f(X)]3.

CO? ki (n)
n-C02 |

Solution:
Fix n>0 and 0< 6 <+/n/C, so that n > C6%. Using the Chernoff bound:

P{Z >t} =P{e? > %} < e "Ee’” = exp (-0t + 4 (0)).
Using the bound for ¢¢(6) from part (b4), we get

2
P{Z>t} Sexp(—9t+M).

n - CH?

Since this holds for every n > 0 and every 0 < 6 < \/n/C, taking the infimum over both
parameters yields the one-sided nonlinear Bernstein inequality:

Co? 50(77))‘

P{f(X)-Ef(X)>t} < inf inf exp(—9t+ T

>0 0<o</n/C

(c) [Bonus] Application: self-bounded functions. Assume now that the centered random variable Z =
f(X)-Ef(X) is self-bounded in the sense that

G=|Vf(X)|3<aZ+b almost surely,

for some constants a,b > 0.
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(c1) Show that for every >0,
k() < b+ (an).

[Bonus] Solution:
Using the definition of log-MGF":

(4)
ka(n) = logEe™ < logEe"%Z*) = logEe™? +log(e?) = bn + s (an),

where (7) uses the fact that G is upper bounded by aZ + b almost surely and n > 0. O

(c2) Assume a > 0. In part (b4), choose 1 = 6/a and prove that for every

1
0<0<—,
<20a
we have )
Cbo
f) <
Y0 < 7500

[Bonus] Solution:
Plugging 1 = 0/a in the result from part (b4), we get

CO?ka(n)  aCh?ka(n)

0) < =
¥s(6) 0la-C62 ~ 0-aCh?

Using the bound for kg (n) from part (cl) gives,

aCO? (bn + s (an)
Pp(0) < é—acej; ) = ¥;(0) [0 - 2aC0?] < abCH?n.

Now, we can divide on both sides by [9—2a092] without flipping the inequality only if
1
[0-2aC0*] >0 = 0<0< o This gives,

51(0) < abCo>y  bCO(an)  Cbb>
TS 9794002 " 1-2aC0  1-2Ca0

(c3) Deduce that there exists a constant ¢ = ¢(C') > 0 such that

P{f(X)-Ef(X) >t} < exp(—cmin{%,%}) for all t > 0.

Briefly explain what happens in the simpler case a = 0.

[Bonus| Solution:
Using the bound for ¢¢(6) from part (c2) and Chernoff gives,

Cho? )

0<6<1/(2Ca)
1 2 1
Now, restrict 6 < Ca such that %g’a@ < 2Cbh6?. Hence, for all 0< 0 < Ca’
P{f(X)-Ef(X) >t} < exp(-0t+2Cbo?).
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t 1 1
Define 6 = min{ } < , then we will have two cases:

4Cb" 4Ca) ~ 4Ca
< 1 then, -0t + 2Cb 6> = —i, which gives
4Ch ~ 4Ca 8Cb
t2
P{f(X)-Ef(X) >t} < exp (—%) :
2. If ﬁ < 4LC’b equivalently g <t then, —0t+2Cb6? = _4(tia+8613a2 < _4éa+8éa = _8éa’

which gives
t

Hence, combining both cases, we get,
I E
P{f(X)-Ef(X) >t} < exp| ——= min{ —, — for all £ > 0. O
8C b’ a
If a = 0, then the self-bounded assumption becomes G < b a.s. So, the bound in (c1) becomes,

ka(n) < bn.

Following a similar derivation above removes the linear-tail regime, and we obtain:

P{f(X)-Ef(X) >t} < exp(—c%) for all ¢ > 0. O

(d) |Bonus] Application: positive semidefinite quadratic forms. This part gives a general-distribution
analogue of the Gaussian quadratic-form concentration bounds you proved in Homework 3, Exercise 5

(and Mid Exam, Exercise 2).
Let A e R™" be positive semidefinite, and let X € R" be isotropic:

E[XX] = I,.

Define
f(X):=XTAX —tr(A).

(d1) Show that Ef(X) =0, and prove that
[VFX)I3 = 4XTAPX < 4] A, XTAX =4[ A, (f(X) + tr(A4)).

Thus f(X) is self-bounded with

a=4|A] b=4|Al,p, tr(A).

op’
[Bonus] Solution:
E[x"4x] © E[t(x"4X)] © E[tr(axxT)] @ tr (AE[XX7]) @ tr(4),

where (7) uses the trace trick for scalar, (i7) uses cyclic property of trace, (iii) uses the linearity
of trace operator, and (iv) uses the given fact that E[X X "] = I,,. Hence, Ef(X) =0. O
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Now,
VX)) = (A+ANX D 24X — |VA(X)|2=4XTATAX = 4X 7T A2X,

where () is true because A is symmetric (being positive semidefinite). A being positive semidef-
inite, its eigenvalues are non-negative, so on the spectral law A2 < ||A||Op A. Hence,

IV < 41Alop XTAX = 4| Al (F(X) +tr(4)). O

(d2) Conclude from part (c) that

t2 t
PIXTAX —tr(A) >t < exp(—cmin{ , }) forall t >0,
{ | [ Allop tr(A) " Al

for a constant ¢ > 0 depending only on the MLSI constant C'.

[Bonus] Solution:
From part (d1), we have f(X) is self-bounded with

a=4]|A| and b=4|A],, tr(A).

op?
Hence, using the tail bound proved in part (c3), we get

12 t
| All,p tr(A)" Al

IP’{XTAX —tr(A) > t} < exp(—cmin{ }) for all t > 0. O

(d3) Compare this bound with the Gaussian quadratic-form bound from Homework 3, Exercise 5 (or Mid
Exam, Exercise 2), where for Gaussian X one gets a sharper Frobenius-scale variance term involving

| A} instead of | A, tr(A).

[Bonus| Solution:
From Exercise 2 in Mid Exam, when X ~ N (0, I,,),

2
IP’{XTAX -tr(A) > t} < exp(—cmin{t—, ;}) for all ¢ > 0.
[AlE 1406

Hence, for Gaussian X, the tail bound is stronger in the quadratic regime (i.e., in small-to-
moderate deviation scale) because A >0 = \;(A) >0 for all i € {1,...,n} gives

AL = iwA)}? < Aman(A4) f;w) Al tr(4).  ©
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2 Practice with covering and packing
Throughout, let (T',d) be a metric space, let K c T, and let € > 0. Recall the following definitions:
o A set M c K is an e-net of K if for every x € K there exists y € M such that
d(z,y) <e.
Equivalently, the balls of radius e centered at points of M cover K.

e The covering number of K is

N(K,d,e) =min{[M|: Mc K is an e-net of K }.

e A set M c K is e-separated if
d(z,y) >e¢ for all distinct x,y € M.

The packing number of K is

P(K,d,e) := max{\./\/l] : McK is 5—separa‘ced}.

e The metric entropy is the logarithm of the covering number:

H(K,d,e) =logN(K,d,e).

When the metric is clear from context, we write N'(K,¢), P(K,¢), and H(K,e¢).

(a) Monotonicity properties. The first goal is to get comfortable with the definitions and with a subtle
point: covering numbers are monotone in the scale €, but not monotone in the set K.

(al) Show that the functions
e~ N(K,d,e) and e~ P(K,dc)

are (weakly) decreasing in e.

Solution:
Take 0 < ey <eg. If M c K is an e1—net, then V2 € K, 3y € M such that d(x,y) < &1 <&2. So,
every €1—net is also an e9—net, i.e.,

P(K) d7 52) < P(Ka d,Sl)-

Similarly, if M c K is eg—separated, then V distinct z,y € M, d(x,y) > €2 > £1. So, every
eo—separated set is also an £;—separated set, i.e.,

P(K,d,e2) <P(K,d,e1).

Hence, both the functions are weakly decreasing in €. O

(a2) Show by example that, in general,
LcK = N(L,d,e) <N(K,d,e).

In other words, the covering number is not monotone in the underlying set.
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Solution:
Take K = {-0.8,0, 0.8} and L = {-0.8, 0.8} c K with metric d(z,y) = |z —y| and ¢ = 1.

One ball centered at 0 € K covers all of K,
so N(K,d,1) =1.

( B(-0.8,1) | ) B(0.8,1) )

. B(0,1) )
# . . . *
-1.8 -0.8 0 0.8 1.8

But no single point of L covers both endpoints, since

d(-0.8,0.8) =1.6 > 1, so N(L,d, 1) =2.

Figure 1: Covering number is not monotone in the set.

(a3) Prove the following approximate monotonicity statement: if L ¢ K, then

N(L,d,) <N (K, d,e/2).

Solution:

Let M c K be an £/2-net of K with |M| =N (K,d,e/2). For each z; e M if B(x;,e/2)nL + @,
choose a point

y; € B(x;,e/2).
Let M’ be the set of all such valid ;. Then,

M’ cL, and  |M'|<N (K, d,e/2).
Now, fix any = € L. Since L ¢ K and M is an ¢/2-net of K, 3z; € M such that
d(z,x;) <ef2.
Hence B(x;,e/2)nL # @, so there exists a corresponding y; € M'. Using the triangle inequality,
d(z,y:) <d(x, ;) + d(ws, y:) <e[2+€/2 =¥,
because d(x;,y;) < /2 by construction. Thus M’ is an e-net of L. Hence,

N(L,d,e) < M| < N(K,d,g/2). O

(b) Packing versus covering. This part develops the basic equivalence between covering and packing.

(bl) Let M c K be a maximal e-separated set, meaning that M is e-separated and one cannot add any
new point of K to M while preserving e-separation. Show that M is an e-net of K.

Solution:
Consider an arbitrary point z € K. If x € M, then the distance between x and M is trivially
0. If instead = € K\ M, then M’ = M U {z} us not e-separated by the maximality of M.This

implies Jy € M such that d(z,y) < . Hence, for all x € K, there exists some y € M such that
d(z,y) <e,i.e., Mis an e-net of K. O
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(b2) Deduce that for every K c T and every € > 0,
P(K,d,2¢) < N(K,d,e) < P(K,d,e).

Briefly explain why packing numbers and covering numbers are therefore equivalent up to universal
changes of scale, and why the same is true for metric entropy.

Solution:

From part (bl), every maximal e—separated set of K is an e-net of K. We know, N (K,d,e)
is the smallest cardinality of an e—net of K, while P(K,d,¢) is the maximum cardinality of
an e—separated subset of K. This gives, N (K,d,e) < P(K,d,e). Now, let M be a maximal
2e—separated set of K, so M| =P(K,d,2¢). Then, any e-ball can contain at most one point
from the 2e—separated set M. Thus, any e—cover must have at least P(K,d,2¢) balls, i.e.,
P(K,d,2¢) < N(K,d,e). Hence, for every € > 0,

P(K,d,2¢) < N(K,d,e) < P(K,d,e). 0
(c) [Bonus] Volumetric bounds in Euclidean space. From now on, let 7' = R" equipped with the
Euclidean metric d(z,y) = ||z - y|2. Write
By ={zeR": |z|2<1}.
For sets A, B c R", recall the Minkowski sum

A+B:={a+b: ac A, be B}.

This part asks you to prove the standard volumetric bounds from the lecture note in full detail.

(c1) Let K c R" be measurable. Prove the volumetric bounds

vol(K + (¢/2)BY)
vol((¢/2)By)

vol(K)
vol(eBY)

< N(K,e) < P(K,e) <

[Bonus] Solution:
Let M be an e-net of K with |[M|=N(K,¢). By the definition of e-nets,

Kc | B(z,e) = | (z+eBy).
xeM zeM

Taking the volume on both sides and using the monotonicity and subadditivity of volume gives,

vol(K) < ) vol(z+eBy) = ), vol(eBy) =N (K,¢)-vol(eBy),
xeM xeM

where we used the fact that volume is translation invariant. This proves the lower bound.
Now, let M’ be a maximal e-packing of K with |[M'| = P(K,e). Because the points in
M’ are e-separated, the £/2-balls centered at the distinct points in M’ are pairwise disjoint.
Combining this fact with the additivity of volume for a disjoint union and translation-invariance
of volume gives,

M| -vol((g/2)BY) = Vol( LAJA,(J} + (5/2)B5L)) =vol (M’ + (¢/2)BY).
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Since M’ ¢ K, monotonicity of the volume gives,
P(K,e)-vol((e/2)By) < vol (K + (¢/2)B3) .
Finally, combining with the results from part (b2), we get,

vol(K + (¢/2)BY)
vol((e/2)BY)

vol(K)

WBS) < N(K,E) < P(K,E) <

(c2) Deduce that for every € > 0,
1 n 2 n
(—) < N(Bj,e) < (1+—) .
€ €

(é)n < N(BY.e) < (g)n

In particular, for 0 <e <1,

[Bonus] Solution:

Substituting K = By in part (cl), we get,

vol(Bj + (¢/2)BY)
vol((¢/2)By)

vol(B%)

———== < N(Bj,e) <
vol(eBY) (B2,e)

The Lebesgue volume in R™ is homogeneous of degree n, so
vol(eBy) =" -vol(By).
And, the unit ball in R", i.e., By, is convex, so
By +(¢/2)BY = (1+¢/2)By == vol(Bj +(g/2)By) = (1+¢/2)" - vol(BY).
Hence, for every € > 0,
1\" " 1+¢/2\" N
—) < N(BRe) < [1EE2) 1+-) 0
€ e/2 3
For 0 <e <1, since 1< (1/e), (1+2/¢) < 3/e, so the bound becomes,
1 n 3 n
(—) < N(BPe) < (—) 0
£ £
(c3) Show that the same upper bound holds for the Euclidean sphere "'

N(S™ 1 e) < (1 + g)n

9

[Bonus| Solution:
Substituting K = $™ ! in part (c1) and taking the upper bound gives,

VOl(Sn_l + (5/2)33)

n—1 e) <
NS S —GyB)
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Since S™' ¢ BY, monotonicity of the volume gives,

vol(Bj +(</2)B}) _ (14 2)”.

n—1
N8 s — B =

(c4) Conclude that for 0 <e<1/2,
e
H(B3,e) =logN(BY,e) = nlog(—),
€
up to absolute constants.

[Bonus] Solution:
Taking logarithms in the bounds from part (c2), we obtain

1 2
nlog(—) < H(B3y,e) =logN(Bj,e) < nlog(l + —).
£ £
&

1 2
For 0 <& < 1/2, we have 1< 2 which gives 1+ — < —, so
€ e ¢

H(B3,e) <nlog (E) .
5

Also,
log(g):l.plog(l)xlog(l) for0<€<1,
€ € € 2

1 1
because log(1/¢) > log2 gives log (E) < (1 + —) log (—) Therefore
€ log 2 €

H(Bj,e) =log N (Bj,e) = nlog(g),

up to absolute constants. O
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3 Covariance estimation with sub-Gaussian random vectors

Throughout, let X denote a random vector in RY. We say that X is a sub-Gaussian random vector if every
one-dimensional marginal (X, u) is a sub-Gaussian random variable. Its sub-Gaussian norm is defined by

[ Xz = sup (X, u)y,-
egd-1

uesS

We also recall that X is isotropic if
EX =0, E[XXT] =1,

As in the previous homework sets, C,c > 0 denote positive absolute constants whose values may change from
line to line.

(a) Coordinates and dependence. This part introduces the basic geometry of the sub-Gaussian norm for
random vectors.

(al) Let Xi,...,Xy be independent, mean-zero, sub-Gaussian random variables, and let
X =(Xy,...,Xq) eR%
Show that X is a sub-Gaussian random vector and that

. < < .
max [ Xily < [X]g, € Cmax | Xily,.

1<

Solution:
Let e; be the i—th standard basis vector of R?, then e; € S¢! and (X,e;) = X;. So,

1Xillyy = (X, €l < 1 XNy, -
Taking the maximum over ¢ gives,
. < .
max | Xily, < 1X1,,
d d
Now, fix u = (u1,...,ug)" € S, then Zuf =1 and (X,u) = Z’U,ZXZ Because X; are

i=1 1=1
independent and mean-zero, u; X; will also be independent and mean-zero sub-Gaussian random

variables. Then, using sub-Gaussian Hoeffding’s inequality gives,

d d
2 2 2 2
(X2, < Oy a1l < Cmax|Xil3, ¥ u? = Cmax| X2, .
i=1 s i=1

1<i<d

Taking supremum over u € S941 and combining with the lower bound above, we get

max | Xl < [Xlys < Cmax | Xiln,

1<i<d

and hence, X is a sub-Gaussian random vector. O

(a2) Show by example that the independence assumption in part (al) is essential: construct a random
vector X € R? with dependent coordinates such that

> i .
”XHzZJQ z eVd 1{2?5; ”Xszz

Page 12 of



SDS 391P.6 - Spring 2026 HW4 - Pradip Sharma Poudel Prof. Pratik Patil

Solution:
Let Z ~ N(0,1) be the standard normal and set X = (Z,...,Z)T e R%, so max 1 Xillgs = 1211,y
NS

:
Now, choose u = ( ) € Sd_l, then

S

1
NZ RN

(X,u) = —=Z =VdZ — |(X,u)l,, = Vd|Z],,

L=
Q-

(2

Hence, for X = (Z,...,2)",
| X1y, 2 VdlZ],,.- O

(a3) [Bonus| Show that the uniform distribution on the cube [-1,1]¢ is sub-Gaussian with
[ X1, < C.

Show the same for the Boolean cube {-1,+1}%.

[Bonus| Solution:

For the uniform distribution on [~1,1]%, the coordinates X; are independent and each X; ~
Uniform[-1,1]. So, EX; =0 and |X;| <1 almost surely. Using Hoeffding’s lemma, a bounded
random variable is sub-Gaussian with absolute-constant to—norm, so

|1 X, <C, for all 7.
Now, applying part (al), X is sub-Gaussian with

< : <
X1y, < Cmax|Xil,, <C. O

Similarly, if X is uniform in Boolean cube {-1, +1}d, then the coordinates X; are independent
Rademacher variables with |X;| < 1 almost surely. Hence, using similar argument each X; is
sub-Gaussian with |X;[,, <C, and therefore by part (al),

1X1l,y, < C. 0

(ad) [Bonus| Let X ~ N (0,%) in RY, where ¥ > 0. Show that X is sub-Gaussian and

[ X e < C /1% op-

[Bonus] Solution:
Take any u € S9!, then (X, u) will be a Gaussian with E[(X,u)] =0 and Var({(X,u)) = u" Su.
We know, if Y ~ N(0,0?), then 1Y, € Co, for some absolute constant C. Similarly,

(X, ud g, < OVUTSu.

Here X > 0, so u'Xu < [, |2 = IZ],p because |ul? = 1. So, KX, udly, < CV/IZ],p and

taking the supremum over all u € Gd-1 gives

1 X, < s;g)l KX, u)ly, € Cy/IE]op, = X is sub-Gaussian. O
ue -
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(b) Covariance estimation for sub-Gaussian data. We now prove the operator-norm covariance estima-
tion bound from Lecture 12 for sub-Gaussian data.

Let Xq,..., Xy beii.d. copies of a random vector X ¢ RY, and define the sample covariance matrix
- 1 .
Yi=—> X;X,.

In this part, you may use the following two facts from earlier lectures/homework:

o If W is sub-Gaussian, then W2 - EW? is sub-exponential and

[W?2 ~EW?|y, < CIW I3, (4)

o If N is a 1/4-net of S%°!, then |V] < 12%, and for every symmetric matrix A,

|4l < 2max|u” Aul. 5)

(b1) Assume first that X is isotropic and | X |, < K. Fix u € S and define
Zi(u) = (X5 u)? - 1.
Show that Z;(u) are independent, mean-zero, sub-exponential random variables satisfying
|Z:(w)], < CK”.

Deduce from Bernstein’s inequality that for every ¢ > 0,

2
P{‘UT(E Id)u|>t} Qexp[—clen([t(4 ;2)]

Solution:
Since the X; are i.i.d. and Z;(u) is function only of X;, so Z;(u) are independent. Here, X is
isotropic (i.e. ¥ = 1), so u'Xu =1, and as shown in part (ad), (X;,u) ~N(0,1). So,

E[Z;(u)] = E[{(X;,u)? - 1] = Var((X;,u)) =1 =0.

Since | X|,, < K, by definition of the vector sub-Gaussian norm, [(X;,u)|,, < K. Now, using
the given fact (@) with W = (X;, u) gives, (X;, u)? —E[(X;,u)?] = Z;(u) is sub-exponential with

2
|Zi(u) ]y, < CXi,u)ly, <CK® O

Now,
T/ T 1 ol T 1 il 2 1 al
u (Z—Id)u=[u (N;XiXi)u]—l=N;((Xi,u) )=N;Z(u)

Since the Z;(u) are independent and sub-exponential, using the Bernstein inequality for the
sum of independent sub-exponential random variables gives

s t*N? tN
P{lu"(X-1;)u| >t} < 2exp|-c min , .
{ > RN Zi(u) 3, maxi |1 Z:(u)ly,

Simplifying, we get, for every t > 0,

2
]P){‘UT(E Id)u‘ > t} 26Xp|:—cNm1n(It(4, ;2 ):| O
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(b2) Continue in the isotropic case. Use a 1/4-net of 5471 a union bound, and the deterministic net
reduction above to show that

IP’{HS—Id‘Op>CK2\/%} <2e7? provided N > d.
Solution:

Let NV be a 1/4-net of S4!, then using part (bl) to each u € A" and union bounding gives,
]P’{max‘uT(i —I)u| > t} 2|N| exp| —¢N min P
ueN’ K4’ K2

Here, (£ -1,) is symmetric, so using (), V] < 12¢ and 1= - IdHOp < 2133\}/{ lu"(Z - I;)u|. Then,

2
P{HE—IdHOp } 2exp[dlog12—cNm1n(It{4,Kt,Q)]

Now, we choose t so that the exponent is at most —d, up to constants. That is, we want,

2t
cN min , >d.
K% K2

t2 [ d
So, in the quadratic regime: CN? >d = t>K? N

t d
Similarly, in the exponential regime: ¢N ek >d —= tz K 2N

[d d
So, if we choose t = C K> N + N with C' large enough so that we can absorb the constant,

log 12, from the exponent, we will have

2t
dlog12—clen(K4, K2) < —d.

— d d
_ 2 e -d
IP’{HE L, >CK (\ / N N)} <2% O
d d d ..
When N > d, — + — | €21/ —, and hence after adjusting the constants, we get

N N N

PS5 >0/ Ll <2t g

Op z N X .

(b3) [Bonus| Now assume X is mean-zero with covariance matrix

Hence,

L=E[XX],
and assume for simplicity that ¥ > 0. Suppose moreover that there exists K > 1 such that

X u) gy < K(B(X,u)?)? forall uwe ST
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Show that

]P’{Hi - EHOp > CK?|2op\ / %} <2e7¢ provided N > d.

In particular, if X ~ N(0,X), conclude that

= d
IP’{HE—E\OPZC’HEHOP N} <2¢™  provided N > d.

[Bonus| Solution:
Define the whitened vector Y = 2_1/2)(, then

E[Y]=0 and E[YY']=E[Z"2xXTv %] =1,
so Y is isotropic. Now, for any u € $971,
(Y,u) = (572X, u) = (X, 571 u).

»1/2y

M € Sd_l, provided » 2 4 0. Then,

Let v =

x40 = [ KX, < 2742 (BL 0) .

2:—1/2
But E[(X,v)?] = v"%v, so with v = —u’
|12 2
Ty -1/2y157-1/2 2 1
R Vi 1
-1/2 -1/2 -1/2
DRG] M D D
Therefore,
Y u)ly, = (X, 270, < K.
Taking supremum over all u e S471,
IY]l,, < K = Y is a sub-Gaussian vector. O

Now, define the sample covariance of the whitened samples:

= 1A 1 & S
Sy = 2Vl = x1/2 (N ZXiXZT) St ElEb e Eh el L
i=1 =1

Since Y is isotropic and Y, < K, part (b2) gives,

P{Hiy ~ 14, > CK* /%} <2 provided N>d. O

S-n=3PE- 1) — |8-3| <2l |Sy - L], -

We know,
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Hence,

P{Hi =8|, > CK*|Zlopy / %} <2 providled N>d. O

Now, if X ~ N (0,X), then (X, u) will be Gaussian with
E[{X,u)]=0 and Var({X,u)) =u' Var(X)u = u'Su.

Thus, (X, u) ~ N (0, E[(X,u)?]) implies

1/2

(X, u)ly, < C(B[(X,u)?]) for all u e S,

Thus, the assumption holds with an absolute constant K, and the bound becomes

- d
IP’{||E—Z||OP>C'E]0p N}SQe_d provided N > d. 0
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4 Learning a spike model

This exercise studies the simplest structured covariance model, known as a spike model:
Y=I;+puu’,

where u € $%7! is an unknown signal direction and 8 > 0 is the signal-to-noise ratio (SNR). The leading eigenvector
of ¥ is exactly u, so if we can show that the sample covariance X is close to X in operator norm, then matrix
perturbation theory should imply that the top eigenvector of 3 is close to u (up to sign).

Throughout, C,c > 0 denote absolute constants whose values may change from line to line. Also, you may use
the conclusion of part (a2) in part (b), even if you do not prove it.

(a) [Bonus] Projection matrices and perturbation of top eigenvectors. For a unit vector u € R?, write
P, :=uu',
the orthogonal projection onto the line spanned by wu.

(al) Let u,v e S%!. Show that there exists a sign s € {~1,1} such that

1
3 lu=svll2 < [Py~ Poflop < 2]u~sv]a.

[Bonus| Solution:
Choose the sign s € {-1,+1} so that (u, sv) > 0. Then u and sv lie in a two-dimensional subspace
and there is 6 € [0,7/2] and some unit vector w L u such that

sv =cosfu +sinfw.

Since P, = Py,, we compare P, and Ps,. In the orthonormal basis (u,w) of span {u,v},

1 (0O q _[cos®
u-O,w—l,an Sv_sinG'

So the corresponding projection matrices are:

P =uuT=(1 O) and P, =(sv)(sv)T=( cos” § Cosesme).

0 0 sinf cos 6 sin% @
This gives,
. 92 .
sin“ 0 —sin 6 cos 6
Pu_Pv_Pu_PSU_(—sinﬁcosﬁ —sin?6 )’

where tr(P, - P,) = 0 and det(P, — P,) = —sin®#, so using the characteristic polynomial
N —tr(P, - P,) +det(P, - P,) =0,
the eigen values of P, — P, are sinf, so [P, - Py, = sin6. Now,
|u - sv5 = |u— (cosBu+sinfw)|3 = (1 - cosh)? +sin® 0 = 4sin?(0/2).

This gives, ||u—sv|, = 2sin(0/2), so we now compare sinf and 2sin(6/2). We know, sinf =
2sin(6/2) cos(0/2) and cos(0/2) € [1/3/2,1] for 6 € [0,7/2], and hence

1
—Ju-s50ly <|Pu =Pyl < Ju-svl,. O

V2
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(a2) Let A,Be€ R%? he symmetric matrices with
0:=A1(A) - X2(A) >0.

Assume that v1(A) and vy (B) are unit top eigenvectors of A and B, respectively. Using the Davis—
Kahan theorem from Lecture 12, deduce that there exists a sign s € {—1,1} such that

| A - Blop

[v1(A) =svi(B)]2 < C 5

[Bonus| Solution:
We apply Davis-Kahan with k£ =1 because the eigengap is at £ =1 and is given by

6 =X1(A4) - X2(A) >0,

the projections will be rank-one projector onto span{vi(A)} and span{vi(B)}. Using the
Davis-Kahan theorem, provided that |A - B, <4/2,

HP _p H <2HA_B“op
Ul(A) UI(B) op N 5 .

Using part (al) with u = v1(A) and v = v1(A), there is some s € {-1,+1} such that

1
5 ”/U:l(A) - SU]_(B)||2 < HP'UI(A) - PUI(B)HOP :

4|A-B|

Combining with Davis-Kahan, we get |v1(4) - sv1(B)[, < 5 2.

Now, if instead |A - B|,, > 0/2, then trivially

4 HA - BHop

[v1(A) = sv1(B)], < 2 < 5

Hence, in all cases, there exists a sign s € {—1,1} such that

| A= Bllop

[vi(A) =svi(B)|2 < C ;

(b) Learning a rank-one spike model. Let u ¢ 5471 and B >0, and consider the covariance matrix
Y= Id + ,3 '

Let X1,..., X, beii.d. mean-zero random vectors in R? with covariance matrix Y., and define the sample
covariance

s._ 13y xT
2._71;)(1)(,

In this part, you may use the following covariance-estimation fact from the previous exercise: if | X;|,, < K,

then
P{i—mop > CK? (\/§+ g)} <27
n on

(bl) Show that the two largest eigenvalues of 3 are
M(E)=1+8, X(E)=1,

and that the top eigenvector is v1(X) = u.
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Solution:
For the vector u,
Yu=Ig+Buu)u=u+Bu(uu)=(1+p5)u.

So, u is an eigenvector of ¥ with eigenvalue 1 + 3. Now, take any v L u. Then u'v = 0, so
Yv=Ig+Buu)v=v+Bulu’v) =v.

So, every vector orthogonal to w is an eigenvector of ¥ with eigenvalue 1. This gives the
eigenspace decomposition of X:
R? = span{u} @ u*.

Hence,
A(X)=1+0, and A2(X) =1,

only when (>0, and so the top eigenvector is v1(X) = u up to sign. O

(b2) Assume in addition that the X; are sub-Gaussian and satisfy
[ Xl < 10-

Let v = v1(2) be a unit top eigenvector of the sample covariance matrix. Show that if

d
nzC lﬁ,
then
min |u—sv|z <0.1
se{-1,1}

with probability at least 1 - 2¢74.

Solution:
Y has an eigengap of >0 at k =1, using part (a2) with A= and B=%, 3se {-1,1} s.t.
clz-%|,,

6]

We have |X;|,, <10, so put K =10 in the covariance estimation fact given in the problem,

Ju=svll; <

- d d
HZ - ZH <C —+ — |, with probability at least 1 — 2¢7¢.
op n o n

ISH
»
)

Now, if n > %i, then g < % and - < vok Since 8 < C" under |1 X[, <10, the second
term is also < C'3/C. Thus, \/E+ d < C, which implies Hi - EH b S CB with probability at
n o n ©

least 1 —2e7¢. Finally, plugging this back into Davis—Kahan from part (a2) above,

Enin , |u - sv]2 < |u-sv|,<0.1, with probability at least 1 —2e™%,
se{-1,1

cd
provided the constant in n > E is chosen large enough. O
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5 Learning a Gaussian mixture model

One of the simplest models of structured high-dimensional data is a Gaussian mizture model. In the two-cluster
version, one observes points drawn from one of two Gaussian distributions with different means. A basic example
is

X=G+0tu,

where u € S9! is a fixed unit vector, t > 0 controls the separation between the two clusters, G ~ N'(0,1;), and
0 € {-1,+1} is a Rademacher random variable independent of G. Equivalently, X is drawn from N(tu, ) or
from N (-tu, ;) with probability 1/2 each.

Thus the clusters are centered at +tu, and the direction w is the signal we would like to learn from data. Since
the model is symmetric under v — —u, the best we can hope for is recovery of u up to sign.

Let X4,...,X, be i.i.d. copies of X, and define the sample covariance matrix

-~ 1Z -
Y=Y XX
=1

In this problem, you may use the following two results proved earlier in Problems 3 and 4:

e Covariance estimation for sub-Gaussian data: If Y ¢ R? is mean zero with covariance matrix Sy, and if

Y, 0) gy <K (Y 0)lp,  forallve s,

_ 4 d .
P{|Ey ~ Sy lop > CK? (ﬁ+ 5) ||2Y0p} <2,

e Davis—Kahan for top eigenvectors: If A, B are symmetric and Aj(A) — X\a2(A4) =6 >0, then

then

A-Bl,
i () -su(B) < 02T

Assume throughout that
u2 =1 and t>0.1.

(a) Covariance and spike structure. This part shows that the Gaussian mixture model has a rank-one
spiked covariance structure.

(al) Show that EX =0 and compute the covariance matrix of X, proving that

Y i=E[XXT] = I+ t2uu.

Solution:
EX =E[G +0tu] =E[G]+E[0]tu =0+0=0. O

Similarly, as EX =0,
Y =Var(X)=E[XXT] = Var(G + 0tu) ® Var(G) + t*u Var(0)u" @ I+ t2uu”,

where (7) uses the fact that G and 6 are independent, and (i7) uses the variance of a Rademacher
random variable is 1. O
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(a2) Deduce that the two largest eigenvalues of ¥ are
ME)=1+t%  X(X)=1,
and that the top eigenspace is span(u), so one may choose
v1(2) = u.

Solution:
Using the conclusion for ¥ = I; + Suu’ in Exercise 4 (bl) with 3 = t2, the result follows. O

(b) Learning the signal direction from data. We now show that the top eigenvector of the sample
covariance recovers the cluster-separation direction.

(b1) Show that there exists an absolute constant K such that for every v e S41,
(X, 0) p, < K (X 0}, -
Solution:
Choose any v € 5471 then
(X,v)=XTv=Gv+0tu"v={(G,v)+0t{u,v).
First, since G is isotropic, for all v e 41, (G, v) ~N(0,1) (as proved in Exercise 3b1). So,
G, )|, < C, for some absolute constant C > 0.

Second, 6 is Rademacher, so |0t(u,v)| < t|{u,v)|. We know, a bounded random variable is
sub-Gaussian. This gives, for some C > 0,

[0t(u, v}y, < Ct[{u,v)].
Therefore, using triangle inequality for 1s—norm,
(X o)y, <G, 0}y, + 108w, v}y, < C (A +E[(u,v)]).
Now, using E[#?] =1,
E[(X, U)Q] =E[(G, 0)2] +t2(u,v)? = 1+ t3(u, v)?,
because E [0(G,v)] = (Ef) (E[(G,v)]) = 0 by independence and centering. Thus, we have
1,012, = B[(X, 0)2] =1+ £2{u, )2
Using the elementary bound 1 + |a| < 2v/1 + a2 for all @ € R with a = t{u,v) gives,
L+tl{u,v)] < 2¢/1+1%(u,v)2 = 2|(X,v)|, -
Hence, there exists an absolute constant K such that for every v € Sdil,

(X, )y, < K (X0}, O
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(b2) Let v:=v1(E) be a unit top eigenvector of the sample covariance matrix. Show that if
n>Cd
for a sufficiently large absolute constant C, then with probability at least 1 —2e79,

min |lu - sv|2 <0.1.
se{-1,1}

Thus, with n = O(d) unlabeled samples, one can recover the direction of separation in the Gaussian
mixture model up to sign.

Solution:
Let v = v1(2). From part (a2), the population covariance ¥ = Iy + t2uu” has eigengap

AM(Z) -2 (D) =2 >0.
Therefore, by Exercise 4(a2) applied with A =% and B =, there exists s € {-1,1} such that

15 - Sllop

Ju-sv|2<C 2

Next, by part (bl), 3K such that (X, w)|y, < K [{X,w)|, for all w e 5971 So, using the
covariance estimation result stated in the problem,

= d d
IZ = Z]lop < CK?|Z]0p (\/;+ ;) . with probability at least 1 — 2%

Since ¢ > 0.1, [Z]op = A1(X) = 1 +t* < C't? for an absolute constant C’. Thus,

= d d
IZ - 2|lop < CK?#? (\/j + —) , with probability at least 1 - 2e~%.
n on

Now choose the constant in the assumption n > Cyd large enough so that

C'KZ(\/EJré)éc
n o n

for a sufficiently small absolute constant ¢ > 0. This gives
e Elop < ct’.
Substituting into the Davis—-Kahan bound gives

2
U — SV QSCC—:CC.
t2

Choosing ¢ small enough, equivalently Cy large enough, ensures that C'c < 0.1. Therefore,

Enin ) |u—-sv|la <0.1, with probability at least 1-2e7%. O
se{-1,1

% % %+ KEND OF SOLUTIONS * * *
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