Theoretical Stats and Machine Learning (Homework 04)
Student Name: Trang Pham
UT EID: vp22673

Question 1: Entropy method beyond uniform gradient bounds

a. Young’s inequality for entropy.

First, we define the titled random density @Q := Ise—ww. We can see that @Q > 0 and E[Q] = Ee — 1.

Now consider the relative entropy between Y snd Q. We have:

KL(Y||Q) =E [Ylog Zﬂ

[Y logY —Yloge" +V log(EeW)]

[YiegY —WY +Y log(Eew)]

E
E
E[Y logY] — E[WY] + log(Ee")E[Y]
E

nt[Y] — E[WY] + log(Ee")

because Ent[Y] = E[Y logY] — E[Y]logE[Y] and E[Y] = 1 then Ent[Y] = E[Y log Y].
Because the relative entropy between P and Q is positive, we have Ent[Y] — E[WY] + log(Ee") > 0,
which implies that E[WY] < log(Ee") + Ent[Y], or equivalently, E[WY] < xy (1) 4+ Ent(Y).

W

The equality holds when KL(Y[|Q) = 0, which means Y = g

b. A nonlinear Bernstein inequality from MLSI.

bl. By the MLSI, for any smooth function u, we have:
Ent (") < CE[HVU(X)ng“(X)}

Now we this with u(X) =602 = (f(X) — Ef(X)).

Because Ef(X) is constant, we have:

Vu(X) = 0V f(X)



This implies:
IVu(X)|3 = 6*|VF(X)|5 = 6°G

Therefore, we can conclude that: Ent(e??) < CE[0?Ge’?]| = CO’E[Ge’

b2. Fix n > 0. Apply part (a) with Y = EE:—GZZ and W = nG.

Then EY = 1, so part (a) gives
EWY] < kw(1) + Ent(Y).

Now E[WY]. Because W = nG, we have: ky (1) = logEe"” = kg(n).

B . __ Ent(e??) .
y the homogeneity of entropy, we have Ent(Y') = =5 57~ because Y =
Therefore:
E[Gef?] - Ent(ef%)
gz < Fel) T Tz
. . . E[Ge??] ka(n) Ent(ef%)
which implies =75~ < G77 + S E7

b3. Divide the inequality in part (bl) by Ee?, we obtain:

0Z 0Z
Ent(e”#) < CGzE[Ge ]
EefZ EefZ

Apply part (b2), we have:

Ent(e”) _ oo <'/”G(77) + Ent(eez))

EefZ n nEeOZ
CH?\ Ent(e??)  CH*kg(n)
— <
- (1 U ) EefZ =
Ent(e??) < COka(n)

EefZ2 — pn— (C62
Bui(e") _ Crial)
02Ee?? — n— C62

(because 6% > 0)

b4. We have the Herbst identity:

 G2Eef?

d <¢f(9)) _ Ent(e??)

Z}.

e
EefZ *

(because n > C6?)



Therefore

S,

r(0) L. p(s) (7 Ent(e*?)
— lim —— /0 ——

s>0 0§ s2Ees?

We have lim,_0 229 = lim,_,q ¢f1(5) = ¢%(0). Moreover 9;(s) = 4 JogEes? = EZe’”]  Therefore

s ds EesZ

1/1}(0) = % = EZ, which implies lim,_,q vils) Therefore, the boundary term at 0 vanishes.

s

Apply part (b3), we obtain:

Yr(0) Y Craln)
0 S/0 n—Cs? ds

2 2 1 1
For 0 < s <0, we have n — Cs* > n— CH° so C Sm.

Therefore:

Us() _ /ecfmm) L Clngln)
0

0 n—CH2 " 15— CH?

C6% ke (n)

which implies ¢(6) < T—Cer

b5. By Chernoft’s bound, for any § > 0, we have:
P(Z > t) = P(e"? > ) < e " Ee’” = exp(—0t + 14 (0))

Apply part (b4), whenever 7 > C6?, we have:

CO?ka(n)
]P(Z Z t) S exXp (—9t + m
Because this holds for every n > 0 and every 0 < 6 < y/n/C, we optimize over both parameters to

obtain:

P{f(X)—-Ef(X) >t} < inf inf exp<—9t+
>0 0<p<y/n/C

CO*ke(n)
n—C6% )

This is the desired one-sided nonlinear Bernstein inequality.

c. [Bonus] Application: self-bounded functions.

cl. For all > 0, we have: kg(n) = log Ee"® < log Ren?4+m0,

Therefore: kg (n) < logEeZ+1 = log(e"Ee9%) = log(e™’) + log Ee"% = by + ¢ (an).

c2. From part (b4) and (cl), we obtain:



_ COra(n) _ CO*(bn + ¢y(an))

77Z)f(e)— ,'7_092 — 77_092

Choose n = g, we have:

CO%> (b- 2 +4p(0))  COOBL+vp(0)  COODE+4p(0) -a  CbO> + Cabypy(6)
—C6? - loce 1—aCh B 1—aCh

Yy(f) <

Cbh? + Caby¢(0)
1—aC8

Cab¢(0) < Cbh?
1—aCl0 — 1—0aCh

1 —2aC0 Cbh?
< <
¥s(0) ( 1—aC’0) ~1-aCh

Because 0 < 0 < ﬁ, a>0,0>0and C >0, we have 1 — 2aC60 > 0 and 1 — aC0 > 0. Therefore,
_ 2
¥y(0) (11_2(1(10009) < 95 implies v;(0) < 150,

c3. By Chernoff’s bound, for any 8 > 0, we have:

= 1yp(0) <

= Ys(0) -

P(Z > t) < exp(—0t + vf(0))

From part (¢2), for 0 < 0 < ﬁ, we have: ¢y (0) < 1 C2bg*ao Therefore P(Z > t) < exp ( ot + 102682@9)
Choose § = min { 7, 74=} then 6 < 73—, s0 1 —2Caf > 1, and thus 1S < 20662,

Therefore:

Cbo?
T < 20b6?
9t+1—20a9 —0t + 2Cbo

Also, because 0 < we have 2Cb6? < %. Therefore:

4Cb’

ot
—0t + 2006% < )

From P(Z > t) < exp ( ) we substituting 6 to obtain:

ﬁ—ltmin L—l = min i—t
2 2 A0 4Ca | 8Cb' 8Ca [~



Therefore:

P{F(X) —Ef(X) >t} < exp ( min {st(jb 82@}) — exp <cmin{tb2, 2}) ,

with ¢ = %.

If @ = 0, then G < b almost surely. In this case, 1(0) < Cb#?. Therefore, P{f(X) —Ef(X) >t} <
exp <—c %) which means that f(X) is sub-Gaussian.

d. [Bonus| Application: positive semidefinite quadratic forms.

d1. We have:

Ef(X)=E[X"TAX] — tr(A)
=Eftr(XTAX)] —tr(A)  (because XTAX is a scalar)
= E[tr(AXX )] —tr(A)  (cyclic property)
= trE[AXX "] — tr(A)
= tr(AE[X X "]) — tr(A)
— tr(AI) —tr(4)  (because X is isotropic)

=0

Next, because A is symmetric, we have Vf(X) = V(X TAX) = 24X so |VFf(X)|3 = [|2AX % =
AXTA%X.

Because A = 0, we have A% < ||A||A. Indeed, because A = 0, there exists an orthogonal matrix U
such that A = UT A with A = diag(\1,..., ), A; > 0. Then A2 = UTA%2U. Because ||A| = max; \;
and \; > 0, we have

M < ||A||N; for all 4,

which implies A2 < || AJ|A.
Therefore:

A2 =UTANU <UT(JJA|A)U = |A| A



Then for all X € R"™, we obtain:

XTAX < ||A|| XTAX

Apply the above result, we get:
IVF(X)]3 = 4XTAPX < 4] Al X TAX = 4[| Al (f(X) + tr(A4)).

We can see that f(X) is self-bounded with a = 4||A||,b = 4||A|| tr(A).
d2. Apply part (c3) to the function f(X) = XTAX — tr(A) with a = 4||A||,b = 4||A|| tr(A), we

obtain

T —tr exp| —c¢(C) min c :
P{XTAX —tr(A) > t} < P< (©) {4||A||tr(A)’4HAH}>'

The factors 4 can be absorbed into the constant to get:

P{XTAX —tr(A) >t} < exp (‘Cmin{ HA||tt2r(A)’ ||j1|| }) ’

for some constant ¢ > 0 depending only on the MLSI constant C.
d3. For Gaussian X, the Hanson-Wright type bound from Homework 3 gives the sharper estimate

for the standard Gaussian vector X T AX — tr(A):

12 t
P{XTAX —tr(A) >t §exp(cmin{ ,})
t (A)=1} TAI T

Thus the linear regime t/[|A|| is the same, but the quadratic regime here uses || A|| tr(A) instead of
the sharper Gaussian quantity || A||%.

If A\i,..., A > 0 are the eigenvalues of A, then:
A =D A7 < Amax D A = [|A]| tx(A).

Therefore, the bound from part (d2) is weaker in the sub-Gaussian regime. The reason is that the
MLSI /self-bounded argument is more general and only uses the rough estimate A% < ||A||A while in

the Gaussian case we can exploit the exact diagonal representation of the quadratic form, leading to



the sharper Frobenius-scale term || A||%.

Question 2. Practice with covering and packing

a. Monotonicity properties

al. Covering number. By definition of covering number, N'(K,d, €) = min{|M|: M C K is an e-net of K }.
Let M C K be an e;-net of K. Then for every ¢ € K, there exists some m € M such that
d(x,m) < e1. Because €1 < g9, we also have d(xz,m) < ey. Therefore, for every x € K, there exists
some m € M such that d(z,m) < e2. This means that M is also an e3-net of K.

Hence the collection of £1-nets is contained in the collection of e9-nets. Taking minima over these two
collections, we obtain: N(K,d,es) < N(K,d,e1). Therefore, e — N (K, d,¢) is weakly decreasing.
Packing number. By definition of packing number, P(K, d, ¢) := max{ |[M|: M C K is e-separated }.
Let M C K is e9-separated. Then for every x,y € M, we have d(z,y) > €2 . Because g9 > &1, we
also have d(x,y) > 1. This means that any M which is eg-separated is also £;1-separated. Therefore,
the collection of M which is es-separated is contained in the collection of M which is e;-separated.
Take the maxima over these two collections, we obtain P(K,d,e2) < P(K,d,e1), which implies that
varepsilon — P(K,d, ) is weakly decreasing.

a2. Example. Work in 7" = R with the Euclidean metric, and let K = [0,1] and L = {0,1} C K.
Take ¢ = 0.6. Then N(K,d,e) = 1 because B(0.5,0.6) = [-0.1,1.1] D [0,1] = K, so {0.5} is an
e-net of K. On the other hand, N (L,d,e) = 2 because d(0,1) = 1 > 0.6 = &, so no single ball
of radius € can cover both points, while {0,1} clearly forms an e-net of L. Therefore L C K but
N(L,d,e) =2 > 1= N(K,d,e), which shows that the covering number is not monotone in the
underlying set.

a3. Let M C K be an (g/2)-net of K with |M| = N(K,d,e/2). For each m € M such that
LN B(m,e/2) # 0, choose a representative point £, € L N B(m,e/2).

Let My, := {ly, : m € M, LN B(m,e/2) # 0}. Then |Mr| < |M| because each m contributes at
most one representative.

We claim that M7y, is an e-net of L. Take any = € L. Because M is an (¢/2)-net of K, there exists

m € M such that d(z,m) < /2. Therefore, x € L N B(m,e/2), so £y, is defined and satisfies



d(lm,m) < /2. By the triangle inequality, we have:

d(x,ly) < d(z,m)+d(m,ly) <ec/2+c/2=c¢.

Thus, for every = € L, there exists £, € My, such that d(x,{,,) < &, so My, is an e-net of L.
Therefore, N'(L,d,e) < |Mp| < |M|=N(K,d,c/2).

b. Packing versus covering

bl. Because M is maximal e-separated, it is enough to show that if M were not an e-net of K, then
we could add one more point of K to M while preserving e-separation. Suppose for contradiction
that M is not an e-net. Then there exists some = € K such that for every y € M, d(x,y) > e.
However, this means exactly that = is more than € away from every point already in M. Therefore,
if we consider M U {z}, then any two distinct old points in M are still more than e apart because
M was already e-separated, and the new point x is also more than € away from every point of M.
Therefore, M U {z} is still e-separated, contradicting the maximality of M. Therefore such an x
cannot exist, so for every x € K there exists some y € M with d(x,y) < e. This shows that M is
an e-net of K.

b2. To prove P(K,d,2¢) < N(K,d,e) < P(K,d,e), we establish the two inequalities separately.
Upper bound. Let M C K be a maximal e-separated set. By part (bl), M is an e-net of K. Therefore,
by definition of the covering number, we have: N'(K,d,€) < |M|. Because M is also e-separated, its
cardinality cannot exceed the packing number, which implies |[M| < P(K,d, €). Combining the two
inequalities, we obtain N'(K,d,e) < P(K,d, ).

Lower bound. Let C C K be any e-net of K, and let S C K be any 2e-separated set. Because C is an
e-net, for every x € S there exists some ¢(z) € C such that d(x,c(z)) < e. We claim that the map

x — c(x) is injective. Indeed, if z,y € S satisfy c(x) = c(y) = ¢, then:

d(z,y) < d(z,c) +d(c,y) < e+e=2e

which contradicts the fact that S is 2e-separated. Therefore, distinct points of S must be mapped to

distinct points of C, which implies |S| < |C|. Because this holds for every 2e-separated set S and



every e-net C, taking the maximum over all such § and the minimum over all such C, we have:
P(K,d,2¢) < N(K,d,e).

Therefore: P(K,d,2¢) < N(K,d,e) < P(K,d,e).

From the above result, we see that the covering number is sandwiched between two packing numbers
evaluated at scales € and 2e. Therefore, if we know P(K,¢), we can determine N (K, e) up to a
constant rescaling of . Particularly, packing and covering numbers have the same growth rate (up
to universal constants) and therefore they are equivalent at the level of metric entropy. ¢. [Bonus]
Volumetric bounds in Euclidean space

cl. Let K C R™ be measurable. We prove the volumetric bounds.

Left inequality. Let {x1,...,xx} be an enet of K with N = N'(K,€). Then K € Y, (zi + eBY).
Therefore vol(K) < Zfil vol(eBYy) = N vol(eBf). Divide both sides by vol(eBY), we obtain:

vol(K)
vol(eBY)

IA

N(K,e).

Right inequality. Let {x1,...,zp} C K be an e-separated set with M = P(K,e¢). Then the sets

x; + (¢/2)BY are pairwise disjoint. Moreover, because z; € K, we have:
z;+ (¢/2)By C K + (¢/2)By

Therefore: M, (i + (¢/2)BY) C K + (¢/2)By.

Take volumes and using disjointness, we obtain:
M vol((e/2)B3) < vol (K + (¢/2)By)

L . vol ( K+(¢/2)BY
This implies: P(K,¢€) < W

c2. Applying (cl) with K = B, we obtain:

vol(B}) 0y < YOL(BE + (¢/2)BY)
valesg) =N S e By



Using vol(rBy) = r™ vol(Bj), we have vol(eB%) = €™ vol(B%).
Therefore: (1)" < N(B%,e).
We also claim that BY + (¢/2)BY = (14 ¢/2)Bj. Indeed, if z € By + (¢/2)BY, then z = x + y for

some z,y with [|z]2 <1 and ||y||2 < €/2, so by the triangle inequality:
I2ll2 < llzflz + [lyll2 < 1+ €/2,

which implies z € (1 + €/2)Bjy. Conversely, if z € (1 + €/2)Bj, then ||z]2 < 1+¢€/2. If z =0 the

claim is trivial; otherwise, define:

1
x.—1+€/2z, yi=z—u.
Then [jz|l2 < 1 and ||y|l2 = Hz — Tle/QzH2 = %3/2”2'”2 < €/2,s0 x € By and y € (¢/2)BY, hence

z=ux+y € BY + (¢/2)By. Therefore the two sets are equal.
Apply the above result, we have: N'(BY,¢) < (1@/62/)2“)” =(1+ %)n
For 0 <e <1, we have 1 + % — =2 < g Therefore:

€

(1) < N(BE6) < <3)

c3. Because N(K,¢) < P(K,e), if we can upper bound P(S™" ! €) then the bound for N'(K, ) will

follows. Let {z1,...,zp} C S ! be an e-separated set. Then the balls z; + (¢/2)BY are disjoint.
For any z = z; +u with ||ull2 < €/2, we have ||z]|2 < ||z;||2+ [|ul|2 < 1+€/2 (by triangular inequality).
Therefore: z; + (¢/2)By C (1 + €¢/2)B% for all 4, which yields Uf\il (x; + (e/2)BY) C (1+¢/2)Bg.
This implies vol(JX, (z; + (e/2)BY)) < M vol((e/2)By) < vol((1 + ¢/2)B}) (by union bound).
Therefore: P(S" 1, e) < (1+ 2)", which implies N(S" 71 ¢) < (14 2)" .

c4. From (c2), for 0 < € < 1/2, we have:

(1) < N(Be) < (25)

<=nlog(l/e) < H(By,¢e) <nlog(l/e) + nlog2.5.

10



Because log(1/€) > log2 > 0, the term nlog2.5 is bounded by a constant multiple of nlog(1/e)

(we have 1(1;;%122) < kff;f = C then nlog(2.5) < Cnlog(L)). Therefore H(BY,e) < nlog(1/e) <
nlog(e/e) up to absolute constants.

Question 3. Covariance estimation with sub-Gaussian random vectors

a. Coordinates and dependence

al. We have: (X,u) =%, u;X;. In order to prove that X is a sub-Gaussian random vector, we

need to show that Zgzl u; X; is sub-Gaussian random variable for all u.

Let Z = Z?:l u; X;, we have:

d
log Ee* = log Ee? S uiXs Zlog Ee X (because X; are independent)

i=1
Because each Xj; is sub-Gaussian, mean-zero, there exists 022 > 0 such that for all t € R, log Ee!X: <
242
U’; . Taking ¢t = \u;, we get: log EeMiXi < u Therefore:
o2 )\2 2 )\2 d
log Ee*? ZlogEeA“Z i< Z ou?

This indicates that (X, u) is Zf L 02u? sub-Gaussian and this result holds for every u. Therefore,
we can conclude that X is a sub-Gaussian random vector.

Lower bound. By definition, we have ||X||y, = sup,cga-1 |[(X, u)||y,, which implies that || X||y, >
(X, u)||y, for all u € S971. Choose u = e;, where {ei,...,e4} is the standard basis of R?
and each e; has a 1 in the i-th coordinate and 0 elsewhere. We have (X, e;) = X;. Therefore:
[ Xl > maxi<i<a [(X; €i)[lg, = maxi<i<a [ Xilly, -

Upper bound. Fix any u € S9! and define Y; := u; X; for 1 < i < d. Because the X; are independent,
mean-zero, and sub-Gaussian, the same is true for the Y;. Moreover: (X, u) = Ele w X; = Zle Y.

By the sub-Gaussian Hoeffding inequality, we have:

d 2

> Y

i=1

d
<Cy Ivil,

) i=1

X, wlly, =

11



Using the homogeneity of the ¥o-norm, we get: ||Y;||yp, = ||uiXi||ypo = |t [| Xil|y,. Therefore:

wxwmzciﬂﬁmmgchﬂmeXM

i=1 i=1

Because u € S, we have Z?:l u? = 1, thus: ||(X, u)||12p2 < C'maxj<i<qg ||X1||12p2 Take square roots,
we obtain: |[(X, u>|]w2 < Cmaxi<i<d || Xil[ys-

Finally, take the supremum over u € S4!, we can conclude:

1 Xlly, = sup [[{X, u}ly, < € max [[Xilly,

wesd 1<i<d
a2. Consider the random vector X = (Z,...,Z) € R?, where Z is a mean-zero sub-Gaussian
random variable. Therefore, X; = Z for all 4, which results in maxi<j<q || Xillyy = | Z]|ys-

Moreover, for any u € S, (X, u) = Z;‘i:l w4 = <Z?:1 ul) Z. Therefore:

H X u ||¢2 = ||Z||¢2

= |(u, 1)| < ||ull2]|1]l2 = V/d. The equality holds if and only

By Cauchy-Schwarz, we have: ‘Zle U;

if u is proportional to 1 = (1,...,1). Because u € S%!, we obtain:

Therefores X ly; = sup,esot | (X, ulvg = VA | Zllys-

Consequently: || X||y, = vVdmaxi<i<q || Xilly,, which shows that the independence assumption in
part (al) is essential.

a3. [Bonus| Canonical example.

a31l. Let X ~ Unif([—1,1]¢). We see that each coordinate X; € [—1, 1], therefore X? < 1. By the

definition of the 12— norm:
| X[, = inf {t >0 Eexp(X?/t?) < 2}

12



Because X? < 1, we have: Eexp(X?/t?) < exp(1/t?). Choose t > 1/1/log2 ensures that exp(1/t?) <

2, therefore || Xy, < ﬁ < () for some absolute constant Cf.

By part (al), we have:

H )( u H¢2'_

i=1 i=1

d 1/2 J
Xi| <C (ZU?HXZ-H@) <ot Y ut=ca
2

Take supremum over u € S971, we obtain: || X||4, < Cs for some absolute constant Cy which does
not depend on d or .

Boolean cube. For the Boolean cube {—1,1}%, each coordinate satisfies | X;| < 1, hence X2 < 1.
The conclusion then follows by the same argument as above.

a32. Because (X,u) = ul X ~ N(0, u"Xu) and || Z||y, =< o for Z ~ N(0,0?), we obtain:
(X, u)ly, < CVuTSu.

Using the variational characterization of the operator norm, we have:
w'Su < |3 for all u € S41

Therefore: [[(X,u)|ly, < C\/|Z]|. Take the supremum over u € S9!, we conclude: [ X|y, <
=T

b. Covariance estimation for sub-Gaussian data

bl.

Zi(u) are independent. Because X1,..., X are independent, it follows that Z;(u) are independent.

Zi(u) are mean-zero. Because X is isotropic, we have B(X;, u)? = v E[X; X,  Ju = u" Iju = ||Ju|)2 = 1.

Therefore EZ;(u) = E(X;,u)? —1 = 0.

Zi(u) are independent sub-Gaussian random variables. By assumption, we have (X, u) is sub-

Gaussian and satisfies ||[(Xs, u)||y, < || Xilly, < K. By the given result, if W is sub-Gaussian, then

W? — EW? is sub-exponential and ||[W? — EW?||,, < CHW\@Q

13



Apply this with W = (Xj, u), we obtain:
1Zi ()l = [1(Xi, u)? = B(Xi, )y, < CKZ.
Finally, by Bernstein’s inequality for independent sub-exponential random variables, for every t > 0,

2t
IP’{ Zt} < 2exp (—cNmin <K4’K2>>'

We have + Zfil Zi(u) = % Zf\;(Xi, w? —1=u" (£ XX )u—ulTqu = uT (Z = Ip)u.

we have:
N

> Ziw)

=1

Therefore, we conclude that:

e (2t
P{‘u (E—Id)u‘Zt}§2exp —cN min R )

b2. Continue in the isotropic case. Let N be a 1/4-net of S9~! with |N| < 12¢. By the net
reduction, for any symmetric matrix A, we have: ||A| < 2maxyen |u’ Aul.

Apply this with A = - 14, we obtain:
IS — 1|l < 2max ‘UT@ - Id)u‘ .
ueN

Therefore, for any t > 0, we have:

P{Hi .y s t} < P{max ‘uT(i - Id)u‘ > t/2}

ueN

< Z P{‘UT(E — Id)u‘ > t/2} (by union bound)
ueN

From part (b1), for each fixed u € S¢~1, we have:

« 82 S
50 ) stenovon e )

14



Applying this with s = t/2, we get:

S (2t
IP’{HE — 14| > t} < 2|N| exp(clen (K‘l’ K2)>

Because |N| < 129, we have:

a (Pt
]P’{HZ — 14| > t} <2- 12dexp<—cNm1n <K47 K2>> .

Now choose t = CKQN/% then %24 = Cz%, # = C\/%. Therefore:

2t —
N min <[{4’ K,2> = min (C2d, C dN) .

Because N > d, we have vVdN > d, and therefore N min <It<—24, %) > cd for some absolute constant
¢ > 0. As a result, P{Hi I > t} <2127~ = 2exp(dlog 12 — cd).

If we choose C' sufficiently large so that ¢ > log12 + 1, we conclude that:

P{”i — Iy > CK%/]‘\Z[} < 2e7?,

b3. [Bonus| Let Y := X ~1/2X.
Because E[ XX ] = X, we have: E[YY ] = 2" 12E[XX |2~ 1/2 = 2-12xn-12 = ;.
Moreover, BY = E(2~1/2X) = ©=1/2EX = 0. Therefore, Y is isotropic.

Next, we fix v € S~ ! and define:
»1/2y
B DR

Then u € S%1 and (Y,v) = v S712X = (X, 57 Y20) = |27 20]|o(X, u).
Therefore: [[(Y, 0}y, = 7 20]l2 [[(X, 1)y,

By the assumption on X, we have:

(X, u) ||y < K (E(X, u>2)1/2.
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Ty —1/2551—1/2 2
We also have: E(X,u)? = WISy = v =T2en- 2y o olly 1

IZ-1720)2 7 2202 T I=-/20)3°
Therefore:
1
Y, ) <12 V200 K- ——— = K
I >||¢2 < 2 ”271/21}”2

Because this result holds for all v € S9!, we conclude: [|[Y]y, < K.
Now let Y7,...,Yn be the i.i.d. copies of Y defined by Y; := E’l/ZXi and let f]y = % Zfil YzYlT
Then
N 1 N N
Sy =+ PIRIRED. €. A A RRli ) il
=1

Therefore: Sy — I; = $71/2(8 — )n-1/2,

Apply part (b2) to the isotropic vector Y, we obtain:

o [d
P{\zy —Iy|| > CK*? N} <2e74  provided N > d.

On the other hand, we have: £ — ¥ = £Y/2(Sy — I;)%1/2,

Therefore, by submultiplicativity of the operator norm (homework 1), we have:
IZ =2l < IBY212 1Sy = Ll = 121y — Lall

This implies that: if |Sy — I < CK?\/4 then | - 2| < CK2||2]/ 4.

~ [ d -~ [ d
_ 2, /20 = _ 2 -
{\Zy Ij| < CK N} C {HE Y| < CK# || N}

Equivalently, we have:

. d)° . d)°
-3 > 2 — % D - > 2=
{nz 5| = CK HEH\/N} _{nzy Ll = CK \/N}

Take probabilities and use the complement relation, we obtain:
-~ 9 d - 9 [ d —d
PLIS -5 2 ORS¢ b <P ISy - L > OF? [ £ 4 <2

16
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We can conclude:

IP){HE)ZH ZC’K%@H\/%} < 2e7¢, provided N > d

Final Remark. If X ~ N(0,%), then for every u € S9!, we have (X, u) ~ N(0,u" Xu). Therefore:
(X, w)l g, < CVuTSu = C(E<X,u)2)1/2

This implies that the assumption holds with K > C, and therefore:

P{HEI—EH ZCHEH\/%} < 2e7¢, provided N > d.

Question 4. Learning a spike model

a. [Bonus| Projection matrices and perturbation of top eigenvectors

al. First, we choose s € {—1,1} such that (u,sv) > 0. Because u,sv € S9!, there exists 6 €
[0, 7/2] such that (u, sv) = cosf.

Now let w := 7\\5T:($L,$ZLH2'

Therefore, w L u, ||w|je = 1, and sv = cos @ u + sin O w.

Upper bound. Because vv! = (sv)(sv) ', we write:
)T = (uu" —suv ") +(suv " —sv(sv) ") = u(u—sv) " +(u—sv)(sv)"

Py—P, =uu'—vv" =uu' —(sv)(sv

Therefore, by the triangle inequality and the fact that ||zy || = ||z|]2|ly||2 (because zy ' is a rank

one matrix), we have:
1Pu = Pol| < fluu = s0) || + [[(u = s0)(s0) T[] = Jull2llu = svll2 + [u = sv]l2]|sv]l2 = 2[lu — sv]|2
Lower bound. By definition of the operator norm, we have:

[1Pu = Pyl = [ (P = Po)ull2.

17



Moreover, (P, — P)u = (uu' — (sv)(sv) ") = u — (sv)(sv)Tu = u — (sv,u) sv = u — cosf sv.

Because sv = cosf u + sin 8 w, we get:

u — cos 0 sv = u — cos O(cos O u + sin fw) = sin® fu — sin f cos § w

Therefore:

(P, — Py)uls = || sin? @ u — sin@ cos fw|o = \/(sin2 0u — sinf cos@w) T (sin? @ u — sin H cos O w)

= \/Sin4 OuTu—2sin®0cosOuTw +sin20cos2wTw = \/sin4 0 + sin? 0 cos2 6 = sin 6.

This implies ||P, — P,|| > sin6.

On the other hand, |lu — sv||3 = ||ul|3 + ||sv||3 — 2(u, sv) = 2 — 2cos§ = 4sin?(6/2), then we have:
|lu — sv|l2 = 2sin(6/2).
Because 0 € [0, /2], we have sinf > sin(6/2), and therefore:
Py — Pyl > sinf > sin(6/2) > %Hu — svllo.

Combine the above inequalities, we conclude: %|lu — svl|s < ||P, — Pyl < 2|lu — sv|2.

a2. Let A, B € R¥™? be symmetric and § := A\ (A4) — A\2(A) > 0. Additionally, let v1(A) and vy (B)
be unit top eigenvectors. We define P4 := v1(A)vi(A)T and Pg := v1(B)vi(B)".

Case 1: ||A— BJ| <4/2. By the Davis-Kahan theorem (for £k = 1), we have:

2||A - BJ|

P4 - Pyl < S5

Apply part (al) with u = v1(A), v = v1(B), there exists s € {—1,1} such that:

1
lv1(4) = svi(B)ll2 < [|Pa — Pl

18



Therefore: [[v1(A) — sv1(B)|j2 < 2||Pa — Pg|| < 414551
Case 2: ||A— B|| > §/2. Because vi(A) and v;(B) are unit vectors, we can apply the triangular

inequality to obtain the upper bound for ||v1(A) — sv1(B)]|2 as follows:
[01(A) = sv1(B)|l2 < [[or(A)ll2 + [lvr(B)]l2 = 2

On the other hand, ||A — B|| > §/2 implies @ > %, s02< 4@
Therefore:

A—B
() — smr (B < 2 < 1A F

Combine two cases, we conclude that there exists a constant C' > 0 (e.g., C = 4) such that:

A-B
fon(4) — sur (B < AP
b. Learning a rank-one spike model

bl. For any x € R? with ||z|2 = 1, we have:
e'Sr=a"Ir+ Br uu'z =14 Bz, u)?

Therefore: A\1(%) = max|;,—1 ' Yr =1+ Bmax),,=1 (z, u)>.

By Cauchy-Swart’s inequality, we have: (x,u)? < ||z||3||u||3 = 1. The equality holds when = = cu,
which implies ||z||2 = |¢|-||u||2. Because we have ||z||2 = ||u||2 = 1, then ¢ € {1, —1} , or equivalently
T=uorzr=—u.

Therefore max|j;,—1 (z,u)* = 1, which implies that A;(X) = 14 8. Moreover v1(X) = u is one of
the unit eigenvector corresponding to A1 (X).

Compute A2(X). By the min-max characterization, we have Ao(X) = min = ppe  max ,cp z' Y.

dim(E)=d—1 llzlla=1

A2(X) = min max ' L.
ECR? z€E
dim(E)=d—1 lz|l2=1

Choose the subspace E = u', which satisfies dim(E) = d — 1. For any = € E, we have (z,u) = 0.

19



Therefore " Y2 = 1 + B(z,u)? = 1, which implies that max ,ep x' Xz =1 and then \y(¥) < 1.
On the other hand, because ¥ = Iy + Buu' = I, we hav”:H;ElEaj > 1 forall ||z]]2 = 1, so all
eigenvalues of ¥ are at least 1. Therefore A2(X) > 1.

Combine the two bounds, we conclude: A\2(X) = 1.

b2. Let v = (). We have the eigengap of $ § = A(Z) — A2(Z) = 3. By the covariance estimation

bound, with probability at least 1 — 2e~¢,

IS -3 < c(\/z+ 4

By part (a2), there exists s € {—1,1} such that:

Hf] -3 C \/E d
— <CcrE— <= ~— 4+ =),
lu —sv|s < C ( " + n)

Moreover, we have: n > Cl,l%' Therefore:

lu — sv] <9( g+g)<g d_ | d —C(1+ﬁ>
275 n n 75 Cli 015% N \/Cl Cl

Additionally, we have:

148 = max z' Yo =u' Yu = u' E[X;X; Ju = B[(X;" u)?] = E(X;,u)? = [(Xi, u)||22 < ||<Xz,u>||12p2 < 100.

~

|lz||=1
(1)
Indeed, we prove that |Z||z, < ||Z||,. Let K := || Z]|y,. By definition of the sub-Gaussian norm,
we have Eexp(Z2/K?) < 2. Use the inequality e* > 1 + x for all > 0, we obtain exp(Z?/K?) >
1+ Z?/K?. Take expectation, we have Eexp(Z2?/K?) > 1 + E[Z?]/K?2. Combine the two bounds,
we get 2 > 1+ E[Z?]/K?, then E[Z?] < K?2. Therefore ||Z| 1, = (E[Z%])"/? < K = || Z||y,-
We have 1 implies that 8 < 99. Therefore: ||u — sv|2 < C (\/%—1 + g—?). If we choose sufficiently
large C; such that C <\/% + g—?) < 0.1, we will obtain minge¢_y 1} [lu — svll2 < |lu — sv[]2 < 0.1.
We then have:
d d)

C
min |ju — svlj2 < [ju — sv|j2 < *( —+ -
se{-1,1} B n.on
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Therefore:

P( min _|ju — svlj2 < 0.1> >P(|lu—sv||2<0.1)>P (Hi\] ¥ <C ( d + d)) >1—2e4,
n

se{-1,1} n

Question 5. Learning a Gaussian mixture model
a. Covariance and spike structure
al.

Compute EX. We have:
E[X] = E[G + 6tu] = E[G] + E[ftu] = 0 + tuE[f] = tu [(1) + (—1)] =0

Compute covariance matriz of X. We have:

Y :=E[XX "] =E[(G + 0tu)(G + 0tu) ']
= E[(G + 0tu)(GT + 0tu")]
=E[GGT + 0tGu" + 0tuG " + 0*t?uu]
= E[GG"] + tE[AE[Glu" + tuE[B)E[G "] + t*uu"E[6?]  (because § and G are independent)
= Cov(G) + t>uu’ (since Cov(G) = E[GG'];E[f] = 0;E[G] = 0;E[G'] = (E[G])" = 0; E[#*] = 1)

=15+ tuu’

a2. Because the covariance matrix of X, ¥ = Iy + t>uu’ with u € S¥1,¢2 > 0, we apply the result
of (4b2) with 8 = t? to obtain: A\{(X) =1+ %, X\a(X) =1, v1(X) = u.

b. Learning the signal direction from data

b1l. We have (X, v) = (G, v)+0t{u,v). We can see that (G,v) = v'G ~ N(0,v" Var(G)v) = N(0,1)

and |0t(u,v)| is bounded by t|(u,v)|. Therefore (X, v) is sub-Gaussian. We have:

(X, 0) [y, < C(L+ 2 (w, v)])-
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On the other hand:

(G,v)? + 20t(G, v)(u,v) + 0°t*(u,v)?]

[
[((G,v) + 9t<u,v>)2]
[
[

(G, v)Q] + 2t(u,v) E[0(G, v)] + t2(u, v)’E[6?]

Because (G, v) ~ N(0,1), then E[(G,v)?] = 1. Also, because 6 is independent of G, E[f] = 0, and
E[(G,v)] = 0, E[(G,v)] = E[f]E[(G,v)] = 0. Finally, § € {—1,1}, so 2 = 1 almost surely and
then E[¢?] = 1. Therefore [[(X,v)||2, = E[(X,v)?] = 1 + t*(u,v)?, which implies ||(X,v)||;2 =

V14t {u,v)?.

Moreover, we have 1 + t|{(u,v)| < C14/1 + t?(u,v)? where C is an absolute constant. Therefore
(X5 o)y, < CCL(X, V)| 2

b2. By covariance estimation, we have:

N d d d d d d 9
-1 < o(yf+ et -o( L+ 8 nm-o( [T+ ) are
Because t > 0.1, we have 0.001 < t2, which implies 1 < 100¢2. Therefore:

S-st<o(y e D= oL+ Y nm-o(y+ ) me —o(fL+ ) e

Apply Davis-Kahan, we obtain:

. HEA -3 \/7d d
— < < <
mSmHu svl|2 < ||u — sv||2 < C o C( " + —)

n

Moreover, we have n > Cqd. Therefore:
il < (7)< g ) =g + &)
Therefore: P(mins lu — svlj2 < C’< C% + C%)) > P(mins lu— sv|l2 < C<\/g+ %)) >1— 2 ¢
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With sufficiently large C; such that C(, / C% + C%)) < 0.1, we can conclude:

}P’(msmHu —sv|l2 <0.1) > IP’(mSinHu— svll2 < C( Cl’l + Cl'l>> >1—2¢¢

From the above result, we can see that with n = O(d) unlabeled samples, one can recover the

direction of separation in the Gaussian mixture model up to sign.
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