SDS 391P.6 - Spring 2026 HW?5 - Pradip Sharma Poudel

Prof. Pratik Patil

1 Practice with Gaussian processes and Gaussian width

In the last two lectures, we studied suprema of Gaussian and sub-Gaussian processes. For a bounded set T c RY,

an especially important quantity is its Gaussian width

w(T) = Estujp(g, t),  g~N(0,Iy).

This quantity measures the size of T' as seen by a random Gaussian direction. It plays the role of an effective

dimension in many high-dimensional problems.
Throughout, g ~ N (0,1;), and C, ¢ > 0 denote absolute constants.

(a) Basic properties. Let T\, S c R? be bounded.
(al) Show that Gaussian width is monotone: if 7' c S, then

w(T) <w(S).

Solution:

Because T' c S, the supremum of (g, s) over s € S is at least the supremum of (g,t) over t € T,

and finally taking the expectation gives

Esup(g,t) < Esup(g,s) = w(T) < w(S). O
teT seS

(a2) Show that Gaussian width is positively homogeneous: for every a > 0,

w(aT) =aw(T), aT :={at: teT}.

Solution:

w(aTl) = Esup(g,at) = Esupa(g,t) = a(Esup(g,t)) = aw(T), for all a > 0. O

teT teT teT

(a3) Show that Gaussian width is translation invariant: for every zo € R?,

w(T +z9) =w(T), T+axg:={t+xog: teT}.

Solution:

Using the property of inner product (z,y + o) = (x,y) + (z, a), for every zo € RY,

w(T + zo) = Esup(g,t + zo) = Esup(g, t) + E(g, z0o) @ Esup(g,t) = w(T),
teT

teT teT

where (i) follows from the fact that g'zg is a weighted sum of independent mean-zero random
variables and thus E[g"zo] = 0. Hence, the Gaussian width is translation invariant. O

(a4) Show that Gaussian width only depends on the convex hull:

w(conv(T)) =w(T).
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Solution:
The convex hull of a set T" is defined as:

conv(T) = {E)\iti tmeN,t; €T, A\ 20, Z)\izl}.
o=l i=1

Fix g. Then for any z € conv(7T’), using linearity of the inner products,

M

-
Il
—_

(9,7) =

m
Ai{g,ti) < sup(g,t) Y \; = sup(g,t).
teT i=1 teT

This holds for every x € conv(T'), so

sup  (g,) < sup{g, ).
zeconv(T) teT

Taking expectation on both side yields w(conv(7")) < w(T'). We know, T c conv(T), so using
part (al), w(T) < w(conv(T)). Hence, combining both we get

w(conv(T)) = w(T). O

(b) Canonical examples.

(bl) Show that
w(B3) =E| g2,
and deduce that
evd <w(BY) < V.

Solution:
Here, the Euclidean ball in R? is defined as

d d
By = {z : |z|, <1, z e R}
For a fixed realization of g, by Cauchy-Schwarz:

(9:2) <llglly |zl < lgly,  for every z € BY.

This gives

sup (g, ) < || g5
zeB‘Qi

If g # 0, choose z = € BY, then <g, Tl ) = |gll5 - If g = 0, then the equality holds trivially.
2

Hgllg

Thus, sup (g, =) = |g|, a.s., and taking expectation gives w(B3) = E|g|,. O
xeBg

Now,

The mapping « ~ /z is concave, so using Jensen’s inequality

d

d [ 4
Elgl, = E 29? < \}E;gf = Z;E[Q?] =Vd
1= 1= =
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d

Let X = ||g||§ = ng, then X ~ x2, so EX = d and EX? = d¢* + 2d. Applying Paley-Zygmund
i=1

inequality with \ =1/2,

2
P>l f 1L
2 4d?2+2d " 12

because d? + 2d < 3d? for d > 1. We know, for a non-negative random variable Y and ¢ > 0,
Y > tlysy = EY > tP{Y >t}. Using this fact

d d 1 /d
E 2\/ =P 2\/ =12 =\/ 52 Vd
I, \ﬂ {9”2 2} 5\ 52 Ve

Hence, for some absolute constant ¢ > 0,

evVd < w(BY) < Vd. O

(b2) Show that
w(BY) = E|g] .

w(BY) x+/logd.

Deduce that

Solution:
Here, the unit ball associated with the ¢; norm in R? is defined as

B¢ = {z: |z|, <1, z e R%}.
For a fixed realization of g, using Hélder’s inequality:
(9:2) < |9l |21 < Igllee,  for every z ¢ BY.

This gives
sup (g, ) < |9/l -

d
zeBY

To get equality, choose an index ¢, such that
9] = 9]0
and set t = sign(gs, )es,. Then |ty = 1, so t € BY, and
<g7 t) = Slgn(gl*)gl* = |g’L>e| = Hg||°°

Hence
sup (g, ) = [ glloo-

d
zeBY

Taking expectations,
d
w(By) =Elgle. O

Now, define 2d centered Gaussian variables
Zl?""sz = gl?""gd’_glﬂ"'7_gd'

Here, each Zj, is a standard Normal distribution, hence sub-Gaussian with ¥s-norm bounded
by an absolute constant. Also,

Zy = i| = .
12(11@2)2(01 k {Qﬁ)é'gjl ”g”oo
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Therefore, using the Finite maximal inequality (Lemma 4.1 from Lecture 17):

E[g]e =E max Z; < C\/log(2d) < C/logd,

which gives
w(BY) =E|g|l., s Vlogd.

First, we prove a Gaussian tail lower bound. Let G ~ N (0,1). Then,

2 [e]
P{|G|>t}=2]P’{G>t}=\/—2—7T/; e dg.

) t+1/t
f e 124y > f o e 12 4y
t t

2 1\, L9
O |t+ =) =7 +2+ 5 <t7 43,
t 2

For ¢t > 1,

Now, if = € [t,t + 1/t], then

because ¢ > 1. Therefore, e /% > e (*+3)/2 = 7312712 fo1 o]l 1 € [t,t+ 1/t]. This gives
f”l/t 2 g > 1 32,212
¢ t ’

and multiplying by 2/v/27, we obtain

2¢-3/2 e—t2/2

P{|G| >t} > , t>21).
e
So there is an absolute constant ¢y > 0 such that,
e—t2/2
P{|G| >t} > co T t>1

Now, since the coordinates of g are independent

d
P{lglle, <t} = QP{I%I <t}=(1-P{G>})".

Using the identity 1 -z < e %,

P{llglle, <t} <exp(-dP{|G| >1}).
Choose t = c\/logd, where ¢ > 0 is a small absolute constant to be chosen. For d large enough,
t =cy/logd > 1, so using the Gaussian tail lower bound derived earlier,

—t2/2
dP{|G] >t} > cod &

ot
Substituting ¢ = ¢y/logd, e °12 = g~°12 This gives

€0 1-c?/2
dP{|G|>c\/logd}>c\/@d :

Now choose ¢ > 0 so that 1 —¢*/2 > 0, then the right-hand side tends to +co as d — co. In
particular, for such a choice of ¢, there exists an absolute constant a > 0 such that for all

sufficiently large d,
dIP’{|G| > c\/logd} > a.
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Putting this bound back,

P{lgl.. < e/logd} <e.
P{lgl.. > cv/iogd} > 1-e.

Using the inequality E |g||, > tP{||lg|., >t} with ¢ = cy/logd, we get

E|gl.. > cv/logdP {lg]., > cv/logd} > cy/logd(1 - ¢™*) 2 /logd.

Hence, combining both lower and upper bounds, we get

w(B) =E g, xlogd. O

Equivalently,

(b3) Let T = {t1,...,tar} c R? be a finite set. Show that

w(T) < (ma, It ) v2log .

Solution:
Since T is a finite set, by the definition of Gaussian width

w(T)=E max (g,t ), geN(0,1y).

1<j<M
Define Z; := (g,t;), for j=1,..., M. Each Z; is Gaussian with mean 0 and variance |t; ||§, ie.,
Z; ~N(0, [t]|3). Thus, for all ,
Var(Z;)<R?>, R:= till, -
ar(Z;) e [l

Amax; Z;

M
i = maxe? Z . So, taking logs and
J j=1

Fix A > 0. Since exponential is increasing e

dividing by A,

1 G Az
max Z; < — log Ze il.
J A j=1
Since log is concave, taking expectations and using Jensen gives

1 M
E max Z; < Xlog Z]Ee’\zj .

1M j=1

Because Z; ~ N (0, ||t; Hg), using the sub-Gaussian MGF bound,

A2t502/2 o A2R2/2 4 \Z; A2R?/2
Eeti g M till2/2 ¢ ¢ :>ZE€ i< Me .

j=1
This gives
2
1 )\2R2/2 _ logM )\R
EEE}%Z )\log(Me )——)\ +—2 .
logM  AR?
Now, optimize in A\ by minimizing f()\) = og;\ g which gives the optimal choice is

V2log M

N
R

. Substituting \*,

log M & log M V2Tlog M
oM AR RlogM  Rv2oeM o /m1ooir,

A 2 V2log M 2
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Hence, we get,

w(T) = E max st(max Htj\|2)\/2logM. O

1M 1<G<M

(c) [Bonus] Width of polytopes and sparse sets.

(c1) Let P =conv{vi,...,vx} c R% Show that if |v;]2 <1 for all 4, then
w(P) < Cy/logN.

[Bonus] Solution:
From part (a4), Gaussian width depends only on the convex hull, so

w(P) =w({v1,...,vN}).

Applying part (b3), to finite set T = {v1,...,ux} gives,

w(P) =w(T) < ( max ||Uj||2) V2log N <+/2log N,
1<j<N
because |v;, <1 for all j. Hence, for some absolute constant C' > 0,

w(P) < Cy/logN. O

(c2) Let
Tjo={w e ST Jafo <k},

the set of k-sparse unit vectors. Show that
d
w(Ty) < Cy/ klog(%).
[Bonus] Solution:

First, for each support S c [d] with |S| = k, define
Eg:={zeR? : supp(z)c S}.
Then Eg is a k—dimensional coordinate subspace, and

Ty c U (BYnEs).
|S|=k

So on each support, we just see a k-dimensional Euclidean ball. Also, Fg is isometric to Rk, SO
Bg N Eg is isometric to Bg . Fix such an S. Using the covering number property for Euclidean
balls (from Lecture 11), BY admits a 1/2-net of size at most 6%, and certainly at most C* for
an absolute constant C. Let Ng c BSn Eg be a 1/2-net. Then |Ng| < C*. Let K = conv(Ng).
Fix g € Fg. Choose
Ty = I Bg NnEg
lgll
if g # 0. Since Ng is a 1/2-net, there exists y € Ng such that

N | =

|z = yla <
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Using Cauchy-Schwarz (g,y — z+) > = |gll5 |y — 2« |5, so

(9:9) = (g, 2:) +{g,y =) > gl = lgll2 |y - 2l2 > 1/2]gll5 -

Hence,

1
sup(g, 2) > 3 gl
zeK

But,
sup (gax) = Hg”2,
zeBInEg
g

by Cauchy-Schwarz and taking z = if g # 0. Therefore,

lglla

sup (g,z) < 2sup(g, z) = sup (g, 2),
xeBngs zeK ze2K

because scaling a set by 2 scales its support functions by 2. Since both Bg N Eg and 2K are
closed convex subsets of Fg, and above inequality holds for every g € Eg,

B¢nEg c 2K = 2conv(Ng).
Now, define

V= J Ns.
|ST=k

Because every point of T}, lies in some Bg nEg,
T}, ¢ 2conv(V).

Also every v € V satisfies |v[, <1 and

V| < (Z) c*.

Using monotonicity, positive homogeneity, and convex-hull invariance of Gaussian width
w(Ty) < 2w(conv(V)) = 2w(V).
Applying part (c1) to the polytope conv(V') gives

w(Ty) € 2Co\/1og V]

Since ] )
log |V < log (k:) +klogC < klog(%) +C'E,

. (d\ _ (ed\" ,
using ( ) < (?) , we obtain
log |V| < C"klog (%l) .
Hence, we get

w(Ty) < C klog(%l). 0
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2 Practice with Rademacher processes and Rademacher complexity

Let x1,...,x, € X be fixed sample points, and let €1, ...,&, be independent Rademacher random variables. For
a class F of real-valued functions on X, define the empirical Rademacher complexity

R (Fiw1,. .. x) = e[sup Zszf x,)]

feF

This exercise develops several standard bounds and examples.
(a) Basic properties. Show that for function classes F,G and a > 0,

(al) if F c G, then R R
R, (F) <R(G).

Solution:
For each fixed realization of the Rademacher r.v. € = (¢1,...,&,), define

= % ifif(xi)‘

Since F c G, the supremum over the larger class is at least the supremum over the smaller:

sup A:(f) < SupA (9)-
feF geg
That is,

sup — Zezf(wz)%lm Zezg(fcz

feF M

Since expectation preserves inequalities, taking expectation w.r.t. € gives

E. [Sup = i&f(l‘i)] <E. [Sup ] i&g(xi)] .

JeF T ix1 geG i
Therefore,
R (F) <RL(G). O
(a2)
R, (aF) = aR,(F), aF :={af: feF};
Solution:

Using the definition of Rademacher complexity:

R, (aF) =E [sup —Eé‘zg xz):|

geaF M ;3

=E. [sup Z &g af(xz):|

feF N

=aq- Eg[sup Z{—:lf(:cl ]=a9"\in(}'). O

feF 1
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(a3)
R, (conv(F)) = R, (F).

Solution:
For a fixed realization € = (e1,...,&,) define the linear functional

12 —

A(f)=— Zezf(xz) such that R, (F) = E. [supAE(f)] .

i feF

Take any g € conv(F). By the definition of convex hull, there exists fi, ..., f,, and non-negative

coefficients A1, ..., A, such that

Ajfj  with Z Aj=1
1 j=1

g:

ISE

J

Since A.(g) is linear,
Ac(g) = Ac (Z /\jfj) =2 AAe(fy)
j=1 j=1

Because A; > 0, bounding the sum by the sum of the maximum gives,

A@@mA@thmMmem

1<9<

for every g € conv(F). Thus taking the supremum over g € conv(F), we get

sup  A:(g) <SupA (f)-
geconv(F) feF

Finally taking expectation w.r.t. ¢ yields:

Eg[ sup A(g):|<EE|:?upA (f)] e, Rn(conv(F)) <R, (F).

geconv(F)
We know F c conv(F), so using part (al), R, (F) < R, (conv(F)). Hence, combining both

R, (conv(F)) =R.(F). O

(b) Finite-class bound (Massart-type bound). Assume F is finite and that for every f € F,
1 n
- Z f(z)? <r?
=1
Show that

2log | F|

Sﬁn(}';xl,...,xn)é -

Solution:
For each f € F define

1 & =
Lri=— 7 7 that 9%”]-", IEERRE. 2 ZE Z
f= =Sl (@) sothat Fu(Fiwn,...,zn) [%y 4
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Fix f e F. Since the ¢;’s are independent Rademacher variables, E.Zy = 0. Moreover,

Ege/\zf = IE[EE exp (Am) .

i=1 n
A Rademacher random variable ¢; is sub-Gaussian and satisfies
E.e' < etg/z, Vt e R.
This gives,
Ec exp ()\@) < exp (—)\2;(;;2)2) :

Putting it back gives,

n )2 )2 2 n (4) 2,2
n n n

2
- 2n i=1

where (i) uses the given assumption. Thus each Z; is centered sub-Gaussian with variance proxy
r? /n. Now, using the log-sum-exp trick to bound the maximum (same as used in Problem 1b3
above), for any A > 0,

1 \Z
max Z¢ < —lo ef ).
Mj‘A%% )

Since the log is concave, taking expectations and using Jensen gives

1
E. [r}rclgg(Zf] < Xlog( Z E. [e)‘Zf]).

feF

Define M := |F|. Using the sub-Gaussian MGF bound for Z; derived earlier gives:

2,2 2,2
ZEg[e)‘Zf]s Zexp(zz ):Mexp()\QT )

feF feF n
This gives
1 logM  Ar?
E. maXZf < —10g(MeA2T2/(2”)) = og M + L
feF A A 2n
log M Ar?
Now, optimize in A by minimizing f(\) = Oi + L, which gives the optimal choice is \* =
n

V2nlog M

r

. Substituting \*,

logM+)\_7'2_ rlog M +r\/2nlogM_T 2log M
A 2n  /2nlog M 2n Vo

Hence, using |F| = M, we get,

R 2log |F
%n(f;ibl,...,xn) = Eg [I;IEE}_)_( Zf] <r %
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(c) Linear function classes. Let X = R?, and consider the class
Fri={z > (w,z): |w|2 <R}

Show that

—~ R
Ry (Friz,...,xn) = —E;
n

n
2 Eig
i=1

R, & o\ 1/2
< — ; .
< (Z i)
Deduce that if |z;||2 <1 for all 4, then

%n(fR;ml,...,xn) <

5=

Solution:
By the definition of empirical Rademacher complexity,

= 12
mn(]:R;ajl,...,:z:n)zEEI: sup —Zsi(w,xi)].
wl2sR T i=1
Using the linearity of the inner product:
—~ 1 n
%n(fR;xl,...,xn)z—EEI: sup (w, ZEM):I

e lwl2<R i=1

Now, the Cauchy-Schwarz inequality gives

sup (w,v) < sup |w|z|v]2 < R|v|2, for all v e R%.
lwl <R |wlo<R
The equality is attained by choosing w = Rﬁ when v # 0, and for v = 0, the equality is attained
Ullg

trivially. Therefore, putting the supremum back gives,

n

Z E; 4

i=1

— R
R (Fr; 21, ... 1) = —E,

n

O

2

For the upper bound, applying Jensen to the concave map u ~ \/u gives:

o\ 1/2
2) ’

n n
Ee (| esxif| <|Ee||) s
i=1 5 5
where
n 2 n n n
Ee ||> e :Ea<26ixi, Z€j$j> = >, Ecleses)(ws, ;).
i1 5 i=1 j=1 ig=1

Since the Rademacher variables are independent and centered,
Ec[eie;]=0 (i#3), and E.[e?]=1.
So all the cross terms vanish, and we get
2
E. =

n
Z EiT;
i=1

(Eg

Page 11 of
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Hence, substituting everything back

{)\{n(fR;:rl,...,xn) <

S| =

2\ 1/2 1/2
R n
) E(Skes) . o

2

n
Z EiL;
i=1
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Finally, if |z;[2 < 1 for all 4, then
n
- Izl < n.
i=1

Hence, we obtain
R

=

O

R (Frizi,...,an) < %(n)l/Q _

(d) [Bonus| Sparse linear predictors. Let
Ir:={z - (w,z): |wli <R},
and assume [z;] <1 for all . Show that

= logd
Rn(Grir1,...,7,) <CR ik
n

[Bonus] Solution:
By the definition of Rademacher complexity and linearity of inner product:

—~ 1 n
%n(g}g;xl,...,xn):—ﬂig[ sup (w, Zelxlﬂ
n i=1

lwli<R

Using Holder’s inequality for the pair (41,4 ) gives,

sup (w,v) < sup |w|1]|v]e € R|V]oo, for all v e R%.
lwl <R lwl<R
The equality is attained by choosing w = Rsign(vj)e;, where j is such that |v;| = |v|,,, and e; is

the j-th basis vector for R Therefore, putting the supremum back yields,

n
Z Eily

~ R
9{n(gR;mh cee 7xn) = _EE
n i=1

Now, define the random vector

n
S:i=>em; € RY,
i=1

and write its coordinates as
n
SJ':E&':BU, j:1,...,d.
i=1

Fix j. Since the €;’s are independent Rademacher variables, E.S; = 0. Moreover,

n
E.eM = [TE-:exp (Aeizsj) -
i=1

A Rademacher random variable ; is sub-Gaussian and satisfies

E.ef < et2/27 vVt e R.

This gives,

A2z2, A2
E; exp (Ae;zi;) < exp > L] <exp (?) 5
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because |zi;| < |z, < 1. Putting it back gives,

n )\2 )\2
E.ei < exp (Z —) = exp(n—) .
i1 2 2

Thus, each S; is centered sub-Gaussian with variance proxy n, i.e., |Sj| va S Vn for all j. Now,
define 2d random variables
Zla"'szd = Sla"'vsda_slv"'v_sdv

which are all centered sub-Gaussian with | Zy||,, $ V/n, and

|5l = max |S;| = max Zj.
1<j<d 1<k<2d

Therefore, using the Finite maximal inequality (Lemma 4.1 from Lecture 17):

=E. |S]., < Cv/ny/log(2d) < Cy/nlogd,

i Ts

for some absolute constant C' > 0. Hence,

log d
< B o/nlogd=CRy [

Rn(Gri a1, .- xn)——E

i L
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3 Practice with VC dimension

Recall that a class H of Boolean functions on a domain 2 shatters a finite set {x1,...,x,,} c  if every labeling
of these m points by {0, 1} can be realized by some h € H. The VC dimension vc(H) is the largest m for which
some m-point set is shattered.

(a) One-dimensional classes. Compute the VC dimension of the following classes on R:

(al) the class of half-lines
Hhatt = {1(<o0a] * @ €R};

Solution:
Take any single point 2 € R. We can realize both possible labelings of {z}:

e label 0: choose a <z, then 1(_ 4)(2) = 0;
e label 1: choose a > x, then 1(_o, 4)(z) = 1.

So one point can be shattered, and thus ve(Hpar) > 1. Now, take any two points in R and
order them 7 < 9. The labeling (x1 = 0,29 = 1) is impossible to realize using 1 ) because
if 29 € (—o00,a], then automatically x; € (—o0,a] as well since x; < x9. Therefore, no two-point
set can be shattered, and thus ve(Hpar) < 1. Hence, combining both

ve(Hnarr) = 1. O

(a2) the class of intervals
Hint = {1[ap): @ <D, a,beR};

Solution:
Take any two points 1 < 2 in R. We can realize all four labelings:

(0,0): choose an interval disjoint from both points, for example 11,1 z,+1];

(1,0) : choose 1[,, 47;

(0,1) : choose 1}

12,12];

(1,1) : choose 1}

x1,72]"

So some two-point set is shattered, and thus ve(Hing) > 2. Now take any three points z1 < zg <
x5 in R. Consider the labeling:

(1’1 :1, IL'QZO, a;3:1).

This cannot be realized by any interval [a,b] because if the interval contains both z; and x3,
then automatically zo belongs to the interval since 1 < £ < £3. So no three-point set can be
shattered, and thus ve(Hing) < 2. Hence, combining both

VC(Hint) = X, Od
(a3) the class of unions of at most k intervals

My, = {1U_?:1[aj,bj] P s bj}'
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Solution:
Take 2k distinct points in increasing order:

1 <T2<...<T9o.
Group them into k£ consecutive pairs:

{1, 20}, {xs, 24}, ..., {@2p-1, T2k}

For each pair {z2j_1,x2;}, part (a2) shows that the class of single intervals can realize all four
labelings on two points:

(0,0),(1,0),(0,1),(1,1).

So for each j =1,...,k there exists an interval I; whose indicator produces exactly the desired
labels on the two points {z2;-1,22;}. Now define

k
Tynion = U Ij-
J=1

Because each I; controls the labels on its own pair, and we are allowed to use up to k intervals,
this realizes the prescribed labeling on all 2k points. Also 17, . € H} because Iynion is & union
of at most k intervals. Therefore the set {x1,...,z9x} is shattered, and hence

ve(Hy) > 2k.
Now take any 2k + 1 distinct points in increasing order:
1 <X2<...<Tok < T+1-

Consider the alternating labeling
1,0,1,0,...,1,0,1.

This labeling has exactly (k + 1) separated runs of 1’s:

{@1},{z3}, -, {Tore1 )

A single interval can cover at most one such run if it is to avoid including a 0-labeled point. If
one interval contained two distinct points xs,_1 and x9s_1 with 7 < s, then it would contain at
least one 0-labeled point. So one interval cannot realize two separated 1-runs. Thus, to realize
this alternating labeling, one would need at least k + 1 intervals. But every function in Hy is a
union of at most k intervals. Therefore, this labeling cannot be realized by H. Hence, no set
of 2k + 1 points can be shattered, so ve(Hy) < 2k. Finally, combining both

ve(Hy) = 2k. O

(b) Two-dimensional classes. Derive the VC dimension of the following classes on R?:

(b1) Axis-aligned rectangles. Let R be the class of axis-aligned rectangles in R%:
R:= {[a,b] x[e,d]: a<b, < d}.
Show that the class of indicators of axis-aligned rectangles has VC dimension

ve(R) =4.
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Solution:

Four points in diamond position: L = (-1,0), T =(0,1), R=(1,0), B=(0,-1)

Each panel shows one labeling and an axis-aligned rectangle realizing it.

Prof. Pratik Patil

@ {L} {13} {Rr}

{B} {L,T} {L, R} {L,B}
% q:HH O i S Em———
{T, R} {T, B} {R, B} {L,T,R}

i \
% o o— (o —F— 0|
{L,T, B} {L,R, B} {T,R, B} {L,T,R, B}

\ i \ \

‘1»—% e — e | [ 0o | — -
!
Thus,
ve(R) > 4.
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Now, take any 5 points in R?. Among them, choose:
e a point x7 with smallest x-coordinate,
e a point xr with largest x-coordinate,
e a point xp with smallest y-coordinate, and
e a point xp with largest y-coordinate.

These are the leftmost, rightmost, bottommost, and topmost points. Since there are at most 4
such extreme points, there exists at least one point x, among those 5 points that is not among
those extremes. Now consider the labeling that assigns:

e label 1 to each of the extreme points xy, g, xpg,xr, and
e label 0 to the remaining point z..

Any axis-aligned rectangle containing all four extreme points must have:
asz;’ <xp’ <b and cs<rg <y <d,

so its horizontal span must include the minimum and maximum z-coordinates of the sample,
and its vertical span must include the minimum and maximum y-coordinates of the sample.
Therefore, it must contain the entire bounding box determined by the sample extremes. Since
x, is one of the sample points, it lies inside the bounding box, and hence must also belong
to the rectangle. Thus any rectangle that labels all four extreme points by 1 must also label
. by 1, so the labeling above cannot be realized by R. Therefore no set of 5 points can be
shattered by axis-aligned rectangles, and so

ve(R) < 4.
Hence, combining both
ve(R) = 4. O
(b2) [Bonus] Convex sets. Let Ceony be the class of indicators of all convex subsets of R%. Show that

VC(CCOHV) = 0.

[Bonus| Solution:
Take any m > 1. Consider m distinct points

1’1,...,xm€R2

lying on a circle, for example, equally spaced on a circle of radius d > 0. Since these points lie
on a circle, they are in strictly convex position: each x; is a vertex of a convex polygon

conv({x1,...,Tm}).

Choose any labeling for those m points and let E c {x1,...,2,,} be the points labeled 1. Now,
define the convex hull
V :=conv(FE).

This is a convex subset of R?, s0 1y € Ceony. The claim is V contains exactly the points of E
among the sample points {z1,...,z,,}. We have two cases:
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e if x; € FE then clearly x; € V, because FE c conv(FE).

o ifx; ¢ F then z; ¢ V. Assume towards contradiction that x; € conv(£). By the definition
of convex hull, there exist points y1,...,y, € E and coefficients A1,..., A > 0 such that

r r
Ty = Z;)\iyi, with Z;Ai =1.
1= 1=

Since x; ¢ I, all points y1, ..., y, are different from x;. Thus, this expresses z; as a convex
combination of other sample points. But this is not possible, because each of the points
X1,...,Zm 1S a vertex of the convex polygon conv({z1,...,zm}), i.e., an extreme point
of a convex polygon, and an extreme point cannot be written as a convex combination
of the other points of the set. This is a contradiction, so z; ¢ conv(E), i.e., z; ¢ V.

Thus, we have
Vin{zy,...,om}=FE,

which means that 1y realizes exactly the chosen labeling. Since the labeling was arbitrary,
every labeling of {z1,...,x,,} can be realized by some convex set. Therefore {z1,..., 2} is
shattered by Ceony. Because this works for every m > 1, the class Ceony shatters arbitrarily large
finite sets. Hence,

ve(Ceony ) = 0. a

(c) [Bonus] Euclidean balls and combinatorial counting.

cl ow that the class of Euclidean balls in as imension d + 1.
(c1) Sh h he cl f Euclid ball R? has VC d d

[Bonus] Solution:
Let By be the class of indicators of Euclidean balls in RY. We want to show:

VC(Bd) =d+1.
Consider d + 1 points in R%:
S={0,e1,...,eq}

where ¢;’s are the basis vectors in R?. We want to show that for any arbitrary subset A c S,
we can find a ball B(e,r) such that Sn B(c,r) = A. Let’s construct the center ¢ = (¢y,...,¢cq)
and radius r based on the subset A:

1. The origin is in the subset (0 € A):
o set ¢;=1/2ife;e Aand ¢; =0 if e; ¢ A, and set 72 = | ¢[3.
e Check for 0: [0 -c|3 = |¢|3 <72 s0 0 € B(c,r).

e Check for e; € A: |e; — cHQ—(l——) Zc lel5 <72, so e; € B(e,r).

]#7,

o Check for e; ¢ A: |e; —cH% =(1-0)*+ ch =1+ Hc||g > 12, s0 e; ¢ B(e,r).

J#t
2. The origin is not in the subset (0 ¢ A) and A is non-empty (A # @):

esetci=1ife;e Aand c;=01if e; ¢ A, and set r2:|A|—1.
e Check for 0: |0 -c|3 = |¢|3 = |A|. Since |A|>|A|-1=7+2,0¢ B(c,r).
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e Check for e; € A: |e; —c||§ =(1-1)*+ Zc? = |A| - 1<% so e; € B(e,r).

J#

e Check for e; ¢ A: |e;—c|5=(1-0)+ Zc? =1+|cl5=1+|A]>r2 soe; ¢ B(c,r).

J#i
3. The subset is empty (A = @):

e Set c=(2,2,...,2) and r = 0.

e Forany z €S, |z - c||§ > 0, so the ball captures none of them.

Thus, the labeling of 1 for the subset A and 0 everywhere else can be realized by some 1)

Since A was arbitrary, every labeling of S can be realized by some Euclidean ball in R?, which
means S is shattered by By. Thus, we get

ve(Bg) > d+ 1.

Now, take any d + 2 points {z1,...,Z4.2} € RY. By Radon’s theorem, there exist two disjoint
nonempty subsets S1,S2 of {z1,...,24.2} such that

conv(S1) N conv(Sq) #+ @.
Choose z* in the intersection, i.e.,
x* € conv(Sy) N conv(Ss).

Then there exist coefficients ; > 0 for z; € S7 and 8; > 0 for x; € Sy such that

Z aizlv Z ﬂj:]-v

i:x;€S1 jixjeSe
and
$* = Z ;T = Z le’j.
x;€S1 Tj €S
Assume towards contradiction that the set {z1,..., 242} is shattered by some Euclidean balls.

Then there exists a ball
Bi=B(c,r) = {zeR%: |z -c|5 <%}
such that
x; € By for all x; € 51, and xj ¢ By for all z; € Ss.

For each z; € 51,

2 2

|z —cHg <r? = HJJZHS -2(c, z;) + chg ST

Multiply by a; and sum over Si:
Z Q; Hmz”% - 2(6, Z aixi> + ||c||3 Z a; <r?- Z ;.
331‘651 :EiESl :ISZ'ESl miesl

Using Z o; =1 and Z o = 2", we get

;€51 ;€51
>, ailzils - 2(c, 2*) + |el3 <. (*)
xiesl
Similarly, for each x; € Sy,
2 2 2
lz; —cllz > 7 = |zjl; - 2{e, z;) + el > .
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Multiply by 8; and sum over S». Using Z Bj =1 and Z Bjx; =x", we get

x ;€S x €S

2 * 2
> Billzily - 2{e, 2°) + |el5 > % (%)

ijSQ

Comparing inequalities (*) and (*x*) gives

>, ailzillz < Y Bjllals- (1)

miES1 szSQ

But shattering also means that the opposite labeling is realizable. So there exists another ball
By such that
x; € By for all x; € Sa, and x; ¢ By for all x; € 5.

Repeating the same argument with S; and S interchanged yields

Y Billzls < X, ailwill. (2)

ijSQ IiESI

The inequalities and contradict each other. Therefore, {x1,...,24,2} cannot be shat-
tered by Euclidean balls. Thus, no set of d + 2 points can be shattered, and so

VC(Bd) <d+ 1.
Hence, combining the lower and upper bounds,

VC(Bd) =d+1. O

(c2) Use the Sauer—Shelah lemma to show that if H is any Boolean class with ve(#H) = v, then on any

n-point set it induces at most
) (n) (en)v
)<l —
j=0\J v

distinct labelings.

[Bonus| Solution:
Using the Sauer-Shelah lemma,

Myy(n) < (”)

j=0 \J

Now, for n > v, we have 0 < — < 1. Therefore,

we get
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where (7) uses the identity (1+x/n)" <e* for all x > 0. Hence, if H is any Boolean class with
ve(H) = v, then on any n-point set it induces at most

My (n) < 3 (n) < (ﬂ)v

j=0 \J v

distinct labelings. O

(¢3) Apply this bound to conclude that the number of subsets of an n-point set in R? that can be cut out
by axis-aligned rectangles is at most
4
>(;)

5=0\J

[Bonus] Solution:
From part (bl), we know that for axis-aligned rectangles

ve(R) = 4.

The subsets cut out by axis-aligned rectangles are exactly the labelings induced by the class R
on the n-point set. Hence, applying part (¢2) with v = 4, we obtain that the number of subsets
of an n-point set in R? that can be cut out by axis-aligned rectangles is at most

5() @

J
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4 Practice with statistical learning theory
Let (X,Y) be a random pair taking values in X x ), and let
(Xla Yl)a ey (Xna Yn)

be i.i.d. copies of (X,Y"). Let H be a hypothesis class, and let /(h(X),Y) €[0,1] be a bounded loss.

For h € H, define the population risk
R(h) =E[{(h(X),Y)]

and the empirical risk

Ro(h) :=%ie<h<xi>,m

Let
h € arg min R, (h), h* e argr}gg{lR(h).

This exercise derives excess-risk bounds using symmetrization, Rademacher complexity, and VC dimension.
(a) Excess-risk lemma. Show that
R(h) - R(h*) < 2sup|R,(h) - R(R)].
heH
Solution:

Let
A :=sup|R,(h) — R(h)|.
heH

By definition of A, for every h € H,
R(h) < Ry(h)+A and R, (h) <R(h) + A. (%)

Now apply the first inequality in (*) with h =h:

R(h) < R, (h) + A.
Since h minimizes the empirical risk over H, R, (h) < Rn(h*), so

R(h) < Ro(h*) + A,
Similarly, applying the second inequality of (*) with h =h":

R,(R") < R(h") + A.
Combining the last two inequalities gives

R(h) < R(h*) +2A.
Subtracting R(h") from both sides yields

R(h) - R(h*) <2A = 2sup|Rn(h) - R(h)|. O
heH
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(b) Symmetrization. Let
‘CH = {(Iay) = g(h(fb)?y) i he H}

Show that
Esup|R,(h) - R(h)|  2ERZ(Lag; (X1, Y1), .., (X, Y2)).
heH

Solution:
Let fn(x,y) :=€(h(z),y) for h € H, so that

E’;.L:{fh:hE/H}.
Then @
Rn(h):Eth(Xia}/i)a R(h) =E fr(X,Y),

i=1

and
Sule (h) = R(h)| = sup Zf(XuY) Ef(X,Y)].
fely

Now let (X7,Yy),...,(X],Y,) be an independent copy of (X1,Y1),...,(Xn,Y,), independent of
everything else. Since (X, Y;") has the same law as (X;,Y;),

R(h) = Efa(Xi,Y;) = Efn(X;,Y))

for every i. Therefore

Esup|R,(h) - R(h)| = IEsup
heH

% Zn:(fh(Xz,Y;) - th(levifz ))‘ :
=1

Now condition on (X1,Y7),...,(X,,Y,), the map

n

=S (X YD) - )

i=1

(yla"'7yn n—>sup

is convex, since it is a supremum of convex functions of (y1,...,y,). Thus, by Jensen’s inequality,

Esup|R (h) - R(h)|<Esup %i(fh(XuYz - (X1, Y)))]-

i=1

Now introduce i.i.d. Rademacher variables €1,...,e,, independent of everything else. Since the
joint law of ((X,,Y) (XY, )) is invariant under swapping the two coordinates, we have

(32 -axir) 4 (5 Saln - i) .
1=1 heH i=1 heH
Therefore
Esup 1i(fh(xi,m—fh<X;,Y;>)‘ Esup 1isl(fh<xi,m—fh(X;,YZ))‘.
heH nz:l n2=1

Now apply the triangle inequality:

iEz(fh(Xul/z fh(XiI? )

i=1

Zngh(le/z Zngh( i,) °

3IH
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Taking the supremum over h € H, then expectation, gives

1 n
Esup|R,(h) - R(h)| <Esup |— Zsifh(Xi,Y,-)
heH heH | T ;=1

1 n
+Esup [— > e fn(X],Y])
heH | TV ;21

The two terms have the same distribution, so

Esup|R,(h) - R(h)| < 2Esup
heH

heH

1 n
— > e fu( X, Ys)
ni=1

Finally, by the definition of empirical Rademacher complexity of the (non-symmetric) loss class,

n

=Y e (X YD)

i=1

9

R2PS(Log; (X1, Y1), .-, (Xn, ) = Ec sup

fely

so taking expectation over the sample yields

Esup |R,(h) - R(h)| < 2ERZ™ (L3 (X1, Y1), ..., (X0, ¥p)). O
heH

(c) Finite hypothesis classes. Assume # is finite, and the loss is bounded in [0,1]. Show that

E[R(R) - R(h*)] < C log[H].

n

Solution:
Combining part (a) and part (b) gives

E[R(R) - R(h")] < AER(Lygs (X1, Y1), -+, (X Vo).
Define £, := L3 U (-L%). Since H is finite, £3; is also finite and
15| < 21L3| < 2/H|.

Since the loss is bounded in [0,1], for every f € L3,
2 1 & 2
Il == (X, Ya) < 1.
nia

Therefore applying the result from Problem 2(b) with r = 1 yields

~ ~ 2log|LE
%st(ﬁH;S) _ mn(ﬁ’:;t-[as) < \/ Og| ’H| < \/210g(2|%|)’
mn

n

where S = (X1,Y1),...,(X,,Y,) are the samples. Taking expectation preserves this bound, so

qaabs 21 ol
E%nb (ﬁH;(Xl,Yl),...,(Xn’Yn)) < %W

Combining the inequalities above, we get

E[R(R) - R(h*)] < 4/ w.

log ||

n

Thus

E[R(h) - R(h")] < C

for |H| > 2 and an absolute constant C' > 0. O
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(d) Boolean classification and VC dimension. Assume now that  is a Boolean class, Y = {0,1}, and

t(h(z),y) = {h(z) # y}
is the 0-1 loss.

Suppose vc(H) =v < co. Show that
vlog(en/v)

E[R(h) - R(h")]<C —

Solution:
Let

Ly = {(z,y) = Hh(z) #y} - h e H}
be the 0-1 loss class. Combining part (a) and part (b) gives
E[R(h) - R(h")] 4ER* (Lo (X1, Y1), .., (X, Yar))- (1)
Now fix a sample

(xlvyl)v ©coo0g ('Tnvyn)-

For each h € H, its prediction vector on the sample is

(h(x1),...,h(xzy)) €{0,1}",
and its loss vector is
(l{h(l‘l) Y1}, ..., {h(xy) + yn}) €{0,1}".
This map from prediction vector to loss vector is a bijection of {0,1}", obtained by coordinatewise
XOR with the fixed label vector (y1,...,yn). Therefore the number of distinct loss vectors induced
by L4 on the sample is exactly the same as the number of distinct prediction vectors induced by H

on ry,...,T,. Let N, denote this number of distinct loss vectors. Since ve(H) = v < oo, using the
result from Problem 3 part (c2), we get

weg)e(2)

On the fixed sample, let Fres © [0,1]" be the set of distinct loss vectors induced by L. Then
| Fres| = Np. Define Fie := Fres U (= Fres), then |Fic| < 2N,,. The Rademacher complexity is

—~ 1 & 1
%st([x,q; S) =E. sup |= ) &us|=E. sup — > gy,
U€Fres 1=1 wefﬁes n =1
where S = (21,91), .-, (@n,yn) is the sample vector. Since Fi is finite and each w € Fr, satisfies

% > w? <1, applying the result from Problem 2(b) with 7 = 1 yields

— [21log(2N,
%?zbs(‘cﬂ;(‘rlayl)v"'a(xnayn))< %

Using , we obtain

Jrabs 2{log 2 + vlog(en/v
Since this bound is deterministic, taking expectation gives
Jrabs 2{log 2 + vlog(en/v
Efﬁibb(ﬁ“ru(X17Y1),...,(Xn,Yn))g\/ {log . g(en/ )}. @3
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Finally, combining and , we get

IE[R(’H) —R(h*)] <4\/2{10g2+v10g(en/v)}‘

n

Hence, for some absolute constant C' > 0,

E[R(R) - R(h*)] < Cy/ %en/”). 0

(e) [Bonus] A VC-style sample complexity statement. Show that there exists an absolute constant C
such that if
v +log(1/0)
£2
(up to an extra logarithmic factor if you keep the bound from part (d) in its current form), then with
probability at least 1 -4,

nzC

R(W) < R(h*) +e.

[Bonus] Solution:
Let (X1,Y{),...,(X],Y!) be an independent ghost sample with the same law as (X;,Y;),, and

n»- n

define the ghost empirical risk
R (h) := Zl{h(X)q&Y}
Fix t > 0. Since E[R],(h) | (X;,Y;)1;] = R(h), a standard symmetrization argument gives

t
P{sup|Rn(h) - R(h)| > t} < 2P{sup|Rn(h) - R (h)| > —}. (1)
heH heH 2
Now condition on the combined sample
:((X17Y1))'-'7(Xnyyn)7(Xiayll)v (Xna n))
For each h € H, define the two loss vectors
u(h) = (1{h(X1) +Y1},...,1{h(X,) # Yn}) €{0,1}",

u'(h) = (1{h(X]) # Y{},..., 1{h(X}) # Y, }) € {0,1}".
Then u(h) and u'(h) are fixed once Z is fixed, and

n

Ra(h) = Roi(h) = - 3 (ui(h) - (h)

i=1

Now, introduce i.i.d. Rademacher variables ¢1,...,¢&,, independent of everything. Since the joint
law of ((X;,Y;), (X/,Y/)) is invariant under swapping the two coordinates, we have

iwwwﬂmmﬂmﬁ (

(

Hence, conditional on Z, we get

SHES
BI'—‘

S e (ui(h) -u;(h))) .
heH

=1

© 3 ei(i(h) - w(h)

i=1

t
P{sulen(h) - R, (h)]> 5 ‘ Z} Pe {SUP
heH 2

> %} 2)
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On the fixed combined sample, define the full 2n-dimensional loss vector

w(h) = (u(h),u'(h)) € {0,1}*".
The number of distinct such loss vectors induced by L4 on the 2n points is finite. Since the loss
vector is obtained from the prediction vector by coordinatewise XOR with the fixed labels, this
number equals the number of distinct prediction vectors induced by H on the 2n sample points.
Since ve(H) = v, Sauer—Shelah gives

Y (2n 2en\?
B2
Now the difference vector

d(h) ==u(h) -u'(h) e {-1,0,1}"
is completely determined by the full loss vector w(h). Therefore the number of distinct difference

vectors is at most Ns,. Thus the supremum in is actually over a fixed finite class of size at most
Na,,. Fix one such difference vector d = (dy,...,d,) € {-1,0,1}". Then

1 n
- Z é‘idi
=i
is an average of independent mean-zero bounded random variables with |e;d;| < 1. So using Hoeffd-

ing’s inequality, we get
{ 251 ;

Now conditional on Z, applying the union bound over at most Ns, possible difference vectors,

iZEZ(uz(h) uj(h))| > t} <Ny, e 8.

Since this bound does not depend on Z, combining with and taking expectation over Z yields

> _} < 2 —nt2/8

P, {sup
heH

P{sup|Rn(h) - R (h)|> E} < 2Ngpe ™18,
heH 2
Using and , we get
2 v
IP’{sup \Rn(h) - R(h)| > t} <4 (ﬂ) "y
heH ()
Set t =¢/2. Then

{sup’R (h) = R(h)| > —} < 4(2271) o ne32.

Now choose n such that

4(2671)” T I SN vlog(26n/v)+log(4/5)

v £2/32

Hence, there exists an absolute constant C' such that if

vlog(en/v) +log(1/) '

nxC >
€

then
sup [R,,(h) - R(h)| <
heH

DO ™

with probability at least 1 —¢§. By part (a),
R(h) - R(h*) < 2sup|R,(h) - R(h)| <&
heH

with probability at least 1 -4. O

Page 27 of



SDS 391P.6 - Spring 2026 HW?5 - Pradip Sharma Poudel Prof. Pratik Patil

5 Practice with nonparametric regression

In the previous problem, we used VC dimension to control excess risk for Boolean hypothesis classes. For real-
valued regression classes, VC dimension is no longer the right complexity measure. A natural replacement is
metric entropy, i.e. covering numbers of the hypothesis class.

This problem studies a basic idealized nonparametric regression model. We will see how excess-risk bounds
can be derived from covering numbers. We will also see how the curse of dimensionality appears for Lipschitz
classes, and how smoother classes improve the rate.

Let X be a random point in [0, 1]d with law p, and let
(XlaT(Xl))v IR (Xnv T(Xn))

be noiseless training data, where X1, ..., X, are i.i.d. copies of X and T': [0,1]¢ - [0,1] is an unknown target
function. For a hypothesis class F c {f : [0,1]¢ - [0,1]}, define the population risk and empirical risk by

ROD = E[(/CO-TEOR). Rul) = 1 300X ~T(X0)*

Let
/ eargr;lelélR(f), fneargr;leljl__an(f)

denote a population risk minimizer and an empirical risk minimizer.

You may use the following facts proved earlier:

o Excess-risk lemma: _
R(fn) - R(f") < 2§qu |Rn(f) = R(f)I-

e Empirical-process Dudley bound: if G is a class of functions taking values in [0, 1], then

C 1
E[Sggg|un(g)—u(g)\]<%fo VIog N (G, | - oo. €) de.

e Finite-class bound: if G is a finite class of functions taking values in [0,1], then

1
E[supmn(w—u(g)\]sc Los |61
=Y n

For L > 0, define the Lipschitz class
Fra={f:[0,11" > [0.1]: | flup < L}.
You may also use the following covering-number bounds without proof:
L
logN(fL,b”'HOWE)SC_a O<e<l,
€

L d
log N (¥4, ||'||oo,6)<Cd(—) , 0<e<l,
g

where C; may depend on the ambient dimension d.
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(a) Loss class versus hypothesis class. Let

Lr={(@~ (f(2)-T(2))"): feF}.

Show that for any f,ge F,
[(F=T)* = (9 =T)*oo <2 f = glloo-

Deduce that for every ¢ > 0,

N(‘Cf> ” : ”0075) <N(fa H : H°0’6/2)‘

Solution:
For any f,ge F,

I(fF=T)* = (g-T)°|_ = |f*-2fT+T%-g*+ 29T -T?| _
=1(f-9)(f+9)-2T(f-9)|.

= |(f-9)(f+g9-2T)]
<If-glelf +9-2T],, -

Since f, g, T take values in [0, 1]
|f(z) + g(z) - 2T ()| < |f (z) - T()| + |g(z) - T'(z)| < 2.

Hence, we get
[(F -1~ (g-T)*|, <2If-9le- O
Now, let {f1,..., fm} be the minimal £/2-net of F in | - |, then N(F,| |, ,e/2) = m. Consider
the loss functions {(f1 = T)?,...,(fm - T)?} € L#. For any (f - T)* € Lz, using the £/2-net of F,
there exists fx € {f1,..., fm} such that
|f = frlloo < &/2.

By the inequality proved above,

|(f =T)? = (F=T)?| . <20 - fulow $2-€/2=¢.
Thus {(fi -T)?,...,(fm - T)?} is an e-net of L. Hence, for every e > 0,

NLz, | o) Sm=N(F,||ee;€/2). O

(b) One-dimensional Lipschitz regression. Assume now that d =1 and F = 7, ;. Show that

E[R(F,) - R(/)] < c\/g

Thus, in one dimension, ERM over the class of L-Lipschitz functions achieves the same n~1? scale as many
parametric problems.

Solution:
Using the excess-risk lemma stated in the problem,

R(fn) - R(f*) < 2sup|Ra(f) - R(f)I-
feF
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Taking the expectation gives
E[R(2) - R(f*)] < 2Esup R (f) = R(f)I-
Now the loss class is defined as

Lr={xw (f(z) -T(x))*: feFra}.

Then for each f e F,
R(f):lt(ff)’ Rn(f):,un(gf)v
where £;(z) = (f(x) - T(x))?. Therefore

sup [Rn,(f) = R(f)| = sup |un(g) — p(9)l.
feF

geLF

Since every g € Lr takes values in [0,1], the empirical-process Dudley bound gives

B[R(F) - R < 2B 510 lnalo) - (@) < = [ VIENTER. T T2 e

gL F

Using the result from part (a) and the given covering-number bound for Lipschitz functions

2CL
Nz lons€) SN, s e/2) < exp (22,

S

Substituting it back, we get

E[R(ﬁ)—R(f*)]s%fol\gds=c\/§/02—l/2d5<o\/§ -

(c) Higher-dimensional Lipschitz regression. Now let d > 2 and F = F 4.

(c1) Explain why the naive Dudley bound from part (b) is no longer useful in general: show that the
integral

1
/0 VIEN (Fra, | oo, €) de

diverges under the entropy bound

1OgN(fL,da H : Hoo,g) < Cd(L/e)d'

Solution:
Using the given entropy bound,

L d
log N (¥4, H'Iloo,e)SC'd(—) , 0<e<l,
g

the Dudley integral is bounded above by

L 1
/o \/10gN(-7:L,d, | oo, €) de < \/Cde/sz 42 g

1
-4/

Now, de converges near 0 if and only if d/2 < 1, i.e. d < 2. Hence, for every d > 2, this

integral diverges, and so the naive Dudley bound is not useful in general. O
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(c2) Let Nz c Lx be an e-net of Lx in |- |oo. Show that

sup |un(g) - 1(g)| < 2+ max |in (R) = ().
eNe

geLF

Solution:
Let g € Lz. Since N; is an e-net of L in |- |, there exists h € N such that

lg=hlleo <&
Then, using the triangle inequality

ln(9) = ()] < | (9) = pn(R)| + [pn (R) = p(R)| + |u(h) = pu(g)l-

Now
n(9) = ()] = | 32(0(50) = (X)| < g = bl < 2

and similarly using Jensen’s
[u(h) = p(g)| = [E[R(X) - g(X)]| <E[|2(X) - g(X)[] < [h - gl <&

Therefore
lun(g) — 1(g)| € 26 + |un(h) — p(h)| < 2e + max |tn (h) = p(h)|.

Taking the supremum over g € Lr yields

sup |pn(g) = u(g)l < 26 + max|pn(h) ~p(h). - O

geLr

(c3) Deduce that for every € € (0,1),

E[R(F) - R(/)] < C(H \/1ogN<£f, [=s2) ) |

n

Then use part (a) and the covering-number bound for F, 4 to conclude that
—~ ) [(L/e)d
E[R(fn)—R(f )] < C’d(5+ %)
Solution:

Taking expectation in the excess-risk lemma stated in the problem,

E[R(fa) - R(*)] < 2E sup |un(g) - u(9)l-

geLF

Fix € € (0,1), and let Nz c L be an e-net in |- |. Using the result from part (c2),
E[R(fa) = R(f*)] < 42 + 2Emax |uin (h) = (b)),

Using the finite-class bound stated in the problem,

E[R(ﬁ) —R(f*)] <4de +2CY/ % = 4€+20\/10g/\/(£7n7 |- ||<><>,5)'
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Therefore, after absorbing the constants,

E[R(m—R(f*)]gc(ﬁ\/low(ﬁfn,|-oo,s))‘ )

Now let F = Fp, 4. Using the result from part (a),
NLF | oo, &) SN(F, |- [l0r€/2),

and by the given covering-number bound for Lipschitz functions

L d
10BN (Fras | lon/2) < Ca(3)

after absorbing constants, we obtain
. . L/e)d
E[R(fn) - R(f )]Scd(s-i-\/( 7/1) ) O

o« [A(d+2) =1/(d+2)

(c4) Choose

and deduce the excess-risk bound
E[R(fn) - R(f*)] < Cg LU(@+2) 71/ (d+2),

Finally, explain why this is an instance of the curse of dimensionality.

Solution:
From part (c3), for every ¢ € (0, 1),

E[R(f.) - R(f")] <Cy (5+ \/@).

Substituting & x LY (4+2) p=1/(d+2) giyeq

- (L/)? | papas - 1/(d52) | df2,-1/2 7 ~d?[2(dv2) | df2(d+2)

n
74/(d+2) [ =1/(d+2) | [ d/(d+2) ,~1/(d+2)

7,4/(d+2) | -1/(d+2)

)(

)(

This gives
E[R(fn) - R(f*)] < Cy LH(@+2) 71/(d+2),

This is an instance of the curse of dimensionality because the exponent 1/(d + 2) decreases as
d increases, so the rate becomes slower in higher dimensions. Equivalently, to achieve excess
risk at most ¢, one needs

Cd Ld/(d+2)n71/(d+2) < 5§ —> n > ClliLd(Sf(dJrQ)'

Thus, the required sample size grows polynomially in 1/6 with exponent d + 2, which becomes
very large when d is large. This is exactly the curse of dimensionality.

Page 32 of



SDS 391P.6 - Spring 2026 HW?5 - Pradip Sharma Poudel Prof. Pratik Patil

(d) [Bonus] Smoother classes help. Suppose now that F c {f:[0,1]% — [0,1]} is a hypothesis class whose
covering numbers satisfy
log N (F, |- [o0,6) < AP for all 0 <e <1,

for some constants A >0 and p > 0.

Show, using the same finite-net argument as in part (c), that
E[R(fn) - R(f*)] < C AY@+2) 571/ (p+2),
Now suppose moreover that F is a class of s-smooth functions for which p = d/s (this is the entropy
behavior of many Holder/Sobolev-type classes). Deduce the heuristic rate
E[R(ﬁl) _ R(f*)] < n—s/(2$+d).

Explain briefly why increasing the smoothness s improves the rate, and why this illustrates one way
machine learning can escape the curse of dimensionality.

[Bonus] Solution:
Let

Lr={aw (f(2)-T(2)*: feF}

By the same argument as in part (c3), for every ¢ € (0,1),

E[R(F) - R(/)] < C(g+ \/log/vwf{ [ mse) ) |

Using part (a) and the given entropy assumption
log N (Lx, | - |oos€) Slog N(F, || - |o0,6/2) < CA7P.
Substituting and after absorbing constants, we get
E[R(ﬁ) -R(f)]<C (5 + A1/2n71/257p/2) .

Choose & x AY®+2) =1/(+2) " which gives
e+ AV2p 1202 o pV/(p+2) () =1/(42) | AV/2),-1/2 g-P/2(p+2) |, P/2(P+2)
AY(0+2) =1/ (p+2) | A1/ (p+2) =1/ (p+2)

AY(p+2) =1/ (p+2)

)(

¢

Thus we obtain
E[R(F,) - R(f*)] < C AV®*2), 132,

Now let p = d/s. Then the bound becomes

As s increases, the exponent s/(2s+d) increases, so the rate improves. In the formal limit as s — oo,
s

2s+d
the complexity of the class and helps mitigate the curse of dimensionality.

— — so the rate approaches the parametric n~? scale. Thus, additional smoothness reduces

* % * KEND OF SOLUTIONS * * *
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