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1 Practice with Gaussian processes and Gaussian width

In the last two lectures, we studied suprema of Gaussian and sub-Gaussian processes. For a bounded set T ⊂ Rd,
an especially important quantity is its Gaussian width

w(T ) ∶= E sup
t∈T
⟨g, t⟩, g ∼ N(0, Id).

This quantity measures the size of T as seen by a random Gaussian direction. It plays the role of an effective
dimension in many high-dimensional problems.
Throughout, g ∼ N(0, Id), and C, c > 0 denote absolute constants.

(a) Basic properties. Let T,S ⊂ Rd be bounded.

(a1) Show that Gaussian width is monotone: if T ⊂ S, then

w(T ) ⩽ w(S).

Solution:
Because T ⊂ S, the supremum of ⟨g, s⟩ over s ∈ S is at least the supremum of ⟨g, t⟩ over t ∈ T ,
and finally taking the expectation gives

E sup
t∈T
⟨g, t⟩ ⩽ E sup

s∈S
⟨g, s⟩ Ô⇒ w(T ) ⩽ w(S). 2

(a2) Show that Gaussian width is positively homogeneous: for every a ⩾ 0,

w(aT ) = aw(T ), aT ∶= {at ∶ t ∈ T}.

Solution:

w(aT ) = E sup
t∈T
⟨g, at⟩ = E sup

t∈T
a⟨g, t⟩ = a(E sup

t∈T
⟨g, t⟩) = aw(T ), for all a ⩾ 0. 2

(a3) Show that Gaussian width is translation invariant: for every x0 ∈ Rd,

w(T + x0) = w(T ), T + x0 ∶= {t + x0 ∶ t ∈ T}.

Solution:
Using the property of inner product ⟨x, y + α⟩ = ⟨x, y⟩ + ⟨x,α⟩, for every x0 ∈ Rd,

w(T + x0) = E sup
t∈T
⟨g, t + x0⟩ = E sup

t∈T
⟨g, t⟩ +E⟨g, x0⟩

(i)= E sup
t∈T
⟨g, t⟩ = w(T ),

where (i) follows from the fact that g⊺x0 is a weighted sum of independent mean-zero random
variables and thus E[g⊺x0] = 0. Hence, the Gaussian width is translation invariant. 2

(a4) Show that Gaussian width only depends on the convex hull:

w(conv(T )) = w(T ).
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Solution:
The convex hull of a set T is defined as:

conv(T ) = {
m

∑
i=1
λiti ∶ m ∈ N , ti ∈ T , λi ⩾ 0 ,

m

∑
i=1
λi = 1} .

Fix g. Then for any x ∈ conv(T ), using linearity of the inner products,

⟨g, x⟩ =
m

∑
i=1
λi⟨g, ti⟩ ⩽ sup

t∈T
⟨g, t⟩

m

∑
i=1
λi = sup

t∈T
⟨g, t⟩.

This holds for every x ∈ conv(T ), so

sup
x ∈ conv(T )

⟨g, x⟩ ⩽ sup
t∈T
⟨g, t⟩.

Taking expectation on both side yields w(conv(T )) ⩽ w(T ). We know, T ⊂ conv(T ), so using
part (a1), w(T ) ⩽ w(conv(T )). Hence, combining both we get

w(conv(T )) = w(T ). 2

(b) Canonical examples.

(b1) Show that
w(Bd

2) = E∥g∥2,

and deduce that
c
√
d ⩽ w(Bd

2) ⩽
√
d.

Solution:
Here, the Euclidean ball in Rd is defined as

Bd
2 = {x ∶ ∥x∥2 ⩽ 1, x ∈ Rd}.

For a fixed realization of g, by Cauchy-Schwarz:

⟨g, x⟩ ⩽ ∥g∥2 ∥x∥2 ⩽ ∥g∥2 , for every x ∈ Bd
2 .

This gives
sup
x∈Bd

2

⟨g, x⟩ ⩽ ∥g∥2 .

If g ≠ 0, choose x = g

∥g∥2
∈ Bd

2 , then ⟨g, g

∥g∥2
⟩ = ∥g∥2 . If g = 0, then the equality holds trivially.

Thus, sup
x∈Bd

2

⟨g, x⟩ = ∥g∥2 a.s., and taking expectation gives w(Bd
2) = E ∥g∥2 . 2

Now,
The mapping x↦

√
x is concave, so using Jensen’s inequality

E ∥g∥2 = E

¿
ÁÁÀ d

∑
i=1
g2i ⩽

¿
ÁÁÀE

d

∑
i=1
g2i =

¿
ÁÁÀ d

∑
i=1

E[g2i ] =
√
d.
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Let X = ∥g∥22 =
d

∑
i=1
g2i , then X ∼ χ2

d, so EX = d and EX2 = d2 + 2d. Applying Paley-Zygmund

inequality with λ = 1/2,

P{X ⩾ d
2
} ⩾ 1

4

d2

d2 + 2d ⩾
1

12
,

because d2 + 2d ⩽ 3d2 for d ⩾ 1. We know, for a non-negative random variable Y and t ⩾ 0,
Y ⩾ t1{Y ⩾t} Ô⇒ EY ⩾ tP{Y ⩾ t}. Using this fact

E ∥g∥2 ⩾
√

d

2
P
⎧⎪⎪⎨⎪⎪⎩
∥g∥2 ⩾

√
d

2

⎫⎪⎪⎬⎪⎪⎭
⩾ 1

12

√
d

2
≳
√
d.

Hence, for some absolute constant c > 0,

c
√
d ⩽ w(Bd

2) ⩽
√
d. 2

(b2) Show that
w(Bd

1) = E∥g∥∞.
Deduce that

w(Bd
1) ≍
√
log d.

Solution:
Here, the unit ball associated with the ℓ1 norm in Rd is defined as

Bd
1 = {x ∶ ∥x∥1 ⩽ 1, x ∈ Rd}.

For a fixed realization of g, using Hölder’s inequality:

⟨g, x⟩ ⩽ ∥g∥∞ ∥x∥1 ⩽ ∥g∥∞ , for every x ∈ Bd
1 .

This gives
sup
x∈Bd

1

⟨g, x⟩ ⩽ ∥g∥∞ .

To get equality, choose an index i∗ such that

∣gi∗ ∣ = ∥g∥∞,

and set t = sign(gi∗)ei∗ . Then ∥t∥1 = 1, so t ∈ Bd
1 , and

⟨g, t⟩ = sign(gi∗)gi∗ = ∣gi∗ ∣ = ∥g∥∞.

Hence
sup
x∈Bd

1

⟨g, x⟩ = ∥g∥∞.

Taking expectations,
w(Bd

1) = E∥g∥∞. 2

Now, define 2d centered Gaussian variables

Z1, . . . , Z2d ∶= g1, . . . , gd,−g1, . . . ,−gd.

Here, each Zk is a standard Normal distribution, hence sub-Gaussian with ψ2-norm bounded
by an absolute constant. Also,

max
1⩽k⩽2d

Zk = max
1⩽j⩽d

∣gj ∣ = ∥g∥∞ .
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Therefore, using the Finite maximal inequality (Lemma 4.1 from Lecture 17):

E ∥g∥∞ = E max
1⩽k⩽2d

Zk ⩽ C
√
log(2d) ⩽ C

√
log d,

which gives
w(Bd

1) = E ∥g∥∞ ≲
√
log d.

First, we prove a Gaussian tail lower bound. Let G ∼ N(0,1). Then,

P{∣G∣ > t} = 2P{G > t} = 2√
2π
∫
∞

t
e−x

2/2 dx.

For t ⩾ 1,

∫
∞

t
e−x

2/2 dx ⩾ ∫
t+1/t

t
e−x

2/2 dx.

Now, if x ∈ [t, t + 1/t], then

x2 ⩽ (t + 1

t
)
2

= t2 + 2 + 1

t2
⩽ t2 + 3,

because t ⩾ 1. Therefore, e−x
2/2 ⩾ e−(t2+3)/2 = e−3/2e−t2/2 for all x ∈ [t, t + 1/t]. This gives

∫
t+1/t

t
e−x

2/2 dx ⩾ 1

t
e−3/2e−t

2/2,

and multiplying by 2/
√
2π, we obtain

P{∣G∣ > t} ⩾ 2e−3/2√
2π

e−t
2/2

t
, (t ⩾ 1).

So there is an absolute constant c0 > 0 such that,

P{∣G∣ > t} ⩾ c0
e−t

2/2

t
, t ⩾ 1.

Now, since the coordinates of g are independent

P{∥g∥∞ ⩽ t} =
d

∏
i=1

P{∣gi∣ ⩽ t} = (1 − P{∣G∣ > t})d .

Using the identity 1 − x ⩽ e−x,

P{∥g∥∞ ⩽ t} ⩽ exp (−dP{∣G∣ > t}) .

Choose t = c
√
log d, where c > 0 is a small absolute constant to be chosen. For d large enough,

t = c
√
log d ⩾ 1, so using the Gaussian tail lower bound derived earlier,

dP{∣G∣ > t} ⩾ c0 d
e−t

2/2

t
.

Substituting t = c
√
log d, e−t

2/2 = d−c2/2. This gives

dP{∣G∣ > c
√
log d} ⩾ c0

c
√
log d

d1−c
2/2.

Now choose c > 0 so that 1 − c2/2 > 0, then the right-hand side tends to +∞ as d → ∞. In
particular, for such a choice of c, there exists an absolute constant a > 0 such that for all
sufficiently large d,

dP{∣G∣ > c
√
log d} ⩾ a.
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Putting this bound back,
P{∥g∥∞ ⩽ c

√
log d} ⩽ e−a.

Equivalently,
P{∥g∥∞ ⩾ c

√
log d} ⩾ 1 − e−a.

Using the inequality E ∥g∥∞ ⩾ tP{∥g∥∞ ⩾ t} with t = c
√
log d, we get

E ∥g∥∞ ⩾ c
√
log dP{∥g∥∞ ⩾ c

√
log d} ⩾ c

√
log d(1 − e−a) ≳

√
log d.

Hence, combining both lower and upper bounds, we get

w(Bd
1) = E ∥g∥∞ ≍

√
log d. 2

(b3) Let T = {t1, . . . , tM} ⊂ Rd be a finite set. Show that

w(T ) ⩽ ( max
1⩽j⩽M

∥tj∥2)
√
2 logM.

Solution:
Since T is a finite set, by the definition of Gaussian width

w(T ) = E max
1⩽j⩽M

⟨g, tj⟩, g ∈ N(0, Id).

Define Zj ∶= ⟨g, tj⟩, for j = 1, . . . ,M. Each Zj is Gaussian with mean 0 and variance ∥tj∥22, i.e.,
Zj ∼ N(0, ∥tj∥22). Thus, for all j,

Var(Zj) ⩽ R2, R ∶= max
1⩽j⩽M

∥tj∥2 .

Fix λ > 0. Since exponential is increasing eλmaxj Zj = max
j
eλZj ⩽

M

∑
j=1

eλZj . So, taking logs and

dividing by λ,

max
j
Zj ⩽

1

λ
log
⎛
⎝
M

∑
j=1

eλZj
⎞
⎠
.

Since log is concave, taking expectations and using Jensen gives

E max
1⩽j⩽M

Zj ⩽
1

λ
log
⎛
⎝
M

∑
j=1

EeλZj
⎞
⎠
.

Because Zj ∼ N(0, ∥tj∥22), using the sub-Gaussian MGF bound,

EeλZj ⩽ eλ2∥tj∥
2
2/2 ⩽ eλ2R2/2 Ô⇒

M

∑
j=1

EeλZj ⩽Meλ
2R2/2.

This gives

E max
1⩽j⩽M

Zj ⩽
1

λ
log (Meλ

2R2/2) = logM

λ
+ λR

2

2
.

Now, optimize in λ by minimizing f(λ) = logM

λ
+ λR

2

2
, which gives the optimal choice is

λ∗ =
√
2 logM

R
. Substituting λ∗,

logM

λ
+ λR

2

2
= R logM√

2 logM
+ R
√
2 logM

2
= R
√
2 logM.
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Hence, we get,

w(T ) = E max
1⩽j⩽M

Zj ⩽ ( max
1⩽j⩽M

∥tj∥2)
√
2 logM. 2

(c) [Bonus] Width of polytopes and sparse sets.

(c1) Let P = conv{v1, . . . , vN} ⊂ Rd. Show that if ∥vj∥2 ⩽ 1 for all j, then

w(P ) ⩽ C
√
logN.

[Bonus] Solution:
From part (a4), Gaussian width depends only on the convex hull, so

w(P ) = w({v1, . . . , vN}).

Applying part (b3), to finite set T = {v1, . . . , vN} gives,

w(P ) = w(T ) ⩽ (max
1⩽j⩽N

∥vj∥2)
√
2 logN ⩽

√
2 logN,

because ∥vj∥2 ⩽ 1 for all j. Hence, for some absolute constant C > 0,

w(P ) ⩽ C
√
logN. 2

(c2) Let
Tk ∶= {x ∈ Sd−1 ∶ ∥x∥0 ⩽ k},

the set of k-sparse unit vectors. Show that

w(Tk) ⩽ C
√
k log(ed

k
).

[Bonus] Solution:
First, for each support S ⊂ [d] with ∣S∣ = k, define

ES ∶= {x ∈ Rd ∶ supp(x) ⊂ S}.

Then ES is a k−dimensional coordinate subspace, and

Tk ⊂ ⋃
∣S∣=k
(Bd

2 ∩ES).

So on each support, we just see a k-dimensional Euclidean ball. Also, ES is isometric to Rk, so
Bd

2 ∩ES is isometric to Bk
2 . Fix such an S. Using the covering number property for Euclidean

balls (from Lecture 11), Bk
2 admits a 1/2-net of size at most 6k, and certainly at most Ck for

an absolute constant C. Let NS ⊂ Bd
2 ∩ES be a 1/2-net. Then ∣NS ∣ ⩽ Ck. Let K = conv(NS).

Fix g ∈ ES . Choose
x∗ =

g

∥g∥2
∈ Bd

2 ∩ES

if g ≠ 0. Since NS is a 1/2-net, there exists y ∈ NS such that

∥x∗ − y∥2 ⩽
1

2
.
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Using Cauchy-Schwarz ⟨g, y − x∗⟩ ⩾ − ∥g∥2 ∥y − x∗∥2, so

⟨g, y⟩ = ⟨g, x∗⟩ + ⟨g, y − x∗⟩ ⩾ ∥g∥2 − ∥g∥2 ∥y − x∗∥2 ⩾ 1/2 ∥g∥2 .

Hence,

sup
z∈K
⟨g, z⟩ ⩾ 1

2
∥g∥2 .

But,
sup

x∈Bd
2∩ES

⟨g, x⟩ = ∥g∥2 ,

by Cauchy-Schwarz and taking x = g

∥g∥2
if g ≠ 0. Therefore,

sup
x∈Bd

2∩ES

⟨g, x⟩ ⩽ 2 sup
z∈K
⟨g, z⟩ = sup

z∈2K
⟨g, z⟩,

because scaling a set by 2 scales its support functions by 2. Since both Bd
2 ∩ ES and 2K are

closed convex subsets of ES , and above inequality holds for every g ∈ ES ,

Bd
2 ∩ES ⊂ 2K = 2 conv(NS).

Now, define
V ∶= ⋃

∣S∣=k
NS .

Because every point of Tk lies in some Bd
2 ∩ES ,

Tk ⊂ 2 conv(V ).

Also every v ∈ V satisfies ∥v∥2 ⩽ 1 and

∣V ∣ ⩽ (d
k
)Ck.

Using monotonicity, positive homogeneity, and convex-hull invariance of Gaussian width

w(Tk) ⩽ 2w(conv(V )) = 2w(V ).

Applying part (c1) to the polytope conv(V ) gives

w(Tk) ⩽ 2C0

√
log ∣V ∣.

Since
log ∣V ∣ ⩽ log (d

k
) + k logC ⩽ k log (ed

k
) +C ′k,

using (d
k
) ⩽ (ed

k
)
k

, we obtain

log ∣V ∣ ⩽ C ′′k log (ed
k
) .

Hence, we get

w(Tk) ⩽ C
√
k log (ed

k
). 2
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2 Practice with Rademacher processes and Rademacher complexity

Let x1, . . . , xn ∈ X be fixed sample points, and let ε1, . . . , εn be independent Rademacher random variables. For
a class F of real-valued functions on X , define the empirical Rademacher complexity

R̂n(F ;x1, . . . , xn) ∶= Eε [sup
f∈F

1

n

n

∑
i=1
εif(xi)] .

This exercise develops several standard bounds and examples.

(a) Basic properties. Show that for function classes F ,G and a ⩾ 0,

(a1) if F ⊂ G, then
R̂n(F) ⩽ R̂n(G).

Solution:
For each fixed realization of the Rademacher r.v. ε = (ε1, . . . , εn), define

Aε(f) ∶=
1

n

n

∑
i=1
εif(xi).

Since F ⊂ G, the supremum over the larger class is at least the supremum over the smaller:

sup
f∈F

Aε(f) ⩽ sup
g∈G

Aε(g).

That is,

sup
f∈F

1

n

n

∑
i=1
εif(xi) ⩽ sup

g∈G

1

n

n

∑
i=1
εig(xi).

Since expectation preserves inequalities, taking expectation w.r.t. ε gives

Eε [sup
f∈F

1

n

n

∑
i=1
εif(xi)] ⩽ Eε [sup

g∈G

1

n

n

∑
i=1
εig(xi)] .

Therefore,
R̂n(F) ⩽ R̂n(G). 2

(a2)
R̂n(aF) = a R̂n(F), aF ∶= {af ∶ f ∈ F};

Solution:
Using the definition of Rademacher complexity:

R̂n(aF) = Eε [ sup
g ∈aF

1

n

n

∑
i=1
εig(xi)]

= Eε [sup
f∈F

1

n

n

∑
i=1
εi af(xi)]

= a ⋅Eε [sup
f∈F

1

n

n

∑
i=1
εif(xi)] = a R̂n(F). 2
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(a3)
R̂n(conv(F)) = R̂n(F).

Solution:
For a fixed realization ε = (ε1, . . . , εn) define the linear functional

Aε(f) ∶=
1

n

n

∑
i=1
εif(xi) such that R̂n(F) = Eε [sup

f∈F
Aε(f)] .

Take any g ∈ conv(F). By the definition of convex hull, there exists f1, . . . , fm and non-negative
coefficients λ1, . . . , λm such that

g =
m

∑
j=1

λjfj with
m

∑
j=1

λj = 1.

Since Aε(g) is linear,

Aε(g) = Aε
⎛
⎝
m

∑
j=1

λjfj
⎞
⎠
=

m

∑
j=1

λjAε(fj).

Because λj ⩾ 0, bounding the sum by the sum of the maximum gives,

Aε(g) ⩽ (max
1⩽j⩽m

Aε(fj))
m

∑
j=1

λj = max
1⩽j⩽m

Aε(fj) ⩽ sup
f∈F

Aε(f),

for every g ∈ conv(F). Thus taking the supremum over g ∈ conv(F), we get

sup
g ∈ conv(F)

Aε(g) ⩽ sup
f∈F

Aε(f).

Finally taking expectation w.r.t. ε yields:

Eε
⎡⎢⎢⎢⎣

sup
g ∈ conv(F)

Aε(g)
⎤⎥⎥⎥⎦
⩽ Eε [sup

f∈F
Aε(f)] i.e., R̂n(conv(F)) ⩽ R̂n(F).

We know F ⊂ conv(F), so using part (a1), R̂n(F) ⩽ R̂n(conv(F)). Hence, combining both

R̂n(conv(F)) = R̂n(F). 2

(b) Finite-class bound (Massart-type bound). Assume F is finite and that for every f ∈ F ,

1

n

n

∑
i=1
f(xi)2 ⩽ r2.

Show that

R̂n(F ;x1, . . . , xn) ⩽ r
√

2 log ∣F∣
n

.

Solution:
For each f ∈ F define

Zf ∶=
1

n

n

∑
i=1
εif(xi) so that R̂n(F ;x1, . . . , xn) = Eε [max

f∈F
Zf] .
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Fix f ∈ F . Since the εi’s are independent Rademacher variables, EεZf = 0. Moreover,

EεeλZf =
n

∏
i=1

Eε exp(λ
εif(xi)
n
) .

A Rademacher random variable εi is sub-Gaussian and satisfies

Eεetεi ⩽ et
2/2, ∀t ∈ R.

This gives,

Eε exp(λ
εif(xi)
n
) ⩽ exp(λ

2f(xi)2
2n2

) .

Putting it back gives,

EεeλZf ⩽ exp(
n

∑
i=1

λ2f(xi)2
2n2

) = exp(λ
2

2n
⋅ 1
n

n

∑
i=1
f(xi)2)

(i)
⩽ exp(λ

2r2

2n
) ,

where (i) uses the given assumption. Thus each Zf is centered sub-Gaussian with variance proxy
r2/n. Now, using the log-sum-exp trick to bound the maximum (same as used in Problem 1b3
above), for any λ > 0,

max
f∈F

Zf ⩽
1

λ
log
⎛
⎝∑f∈F

eλZf
⎞
⎠
.

Since the log is concave, taking expectations and using Jensen gives

Eε [max
f∈F

Zf] ⩽
1

λ
log
⎛
⎝∑f∈F

Eε [eλZf ]
⎞
⎠
.

Define M ∶= ∣F∣. Using the sub-Gaussian MGF bound for Zf derived earlier gives:

∑
f∈F

Eε [eλZf ] ⩽ ∑
f∈F

exp(λ
2r2

2n
) =M exp(λ

2r2

2n
) .

This gives

Eε [max
f∈F

Zf] ⩽
1

λ
log (Meλ

2r2/(2n)) = logM

λ
+ λr

2

2n
.

Now, optimize in λ by minimizing f(λ) = logM

λ
+ λr

2

2n
, which gives the optimal choice is λ∗ =

√
2n logM

r
. Substituting λ∗,

logM

λ
+ λr

2

2n
= r logM√

2n logM
+ r
√
2n logM

2n
= r
√

2 logM

n
.

Hence, using ∣F∣ =M , we get,

R̂n(F ;x1, . . . , xn) = Eε [max
f∈F

Zf] ⩽ r
√

2 log ∣F∣
n

. 2
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(c) Linear function classes. Let X = Rd, and consider the class

FR ∶= {x↦ ⟨w,x⟩ ∶ ∥w∥2 ⩽ R}.

Show that
R̂n(FR;x1, . . . , xn) =

R

n
Eε∥

n

∑
i=1
εixi∥

2
⩽ R
n
(
n

∑
i=1
∥xi∥22)

1/2
.

Deduce that if ∥xi∥2 ⩽ 1 for all i, then

R̂n(FR;x1, . . . , xn) ⩽
R√
n
.

Solution:
By the definition of empirical Rademacher complexity,

R̂n(FR;x1, . . . , xn) = Eε
⎡⎢⎢⎢⎣

sup
∥w∥2⩽R

1

n

n

∑
i=1
εi⟨w,xi⟩

⎤⎥⎥⎥⎦
.

Using the linearity of the inner product:

R̂n(FR;x1, . . . , xn) =
1

n
Eε
⎡⎢⎢⎢⎣

sup
∥w∥2⩽R

⟨w,
n

∑
i=1
εixi⟩

⎤⎥⎥⎥⎦
.

Now, the Cauchy-Schwarz inequality gives

sup
∥w∥2⩽R

⟨w, v⟩ ⩽ sup
∥w∥2⩽R

∥w∥2∥v∥2 ⩽ R∥v∥2, for all v ∈ Rd.

The equality is attained by choosing w = R v

∥v∥2
when v ≠ 0, and for v = 0, the equality is attained

trivially. Therefore, putting the supremum back gives,

R̂n(FR;x1, . . . , xn) =
R

n
Eε ∥

n

∑
i=1
εixi∥

2

. 2

For the upper bound, applying Jensen to the concave map u↦
√
u gives:

Eε ∥
n

∑
i=1
εixi∥

2

⩽
⎛
⎝
Eε ∥

n

∑
i=1
εixi∥

2

2

⎞
⎠

1/2

,

where

Eε ∥
n

∑
i=1
εixi∥

2

2

= Eε ⟨
n

∑
i=1
εixi,

n

∑
j=1

εjxj⟩ =
n

∑
i,j=1

Eε[εiεj]⟨xi, xj⟩.

Since the Rademacher variables are independent and centered,

Eε[εiεj] = 0 (i ≠ j), and Eε[ε2i ] = 1.

So all the cross terms vanish, and we get

Eε ∥
n

∑
i=1
εixi∥

2

2

=
n

∑
i=1
∥xi∥22.

Hence, substituting everything back

R̂n(FR;x1, . . . , xn) ⩽
R

n

⎛
⎝
Eε ∥

n

∑
i=1
εixi∥

2

2

⎞
⎠

1/2

= R
n
(
n

∑
i=1
∥xi∥22)

1/2
. 2
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Finally, if ∥xi∥2 ⩽ 1 for all i, then
n

∑
i=1
∥xi∥22 ⩽ n.

Hence, we obtain

R̂n(FR;x1, . . . , xn) ⩽
R

n
(n)1/2 = R√

n
. 2

(d) [Bonus] Sparse linear predictors. Let

GR ∶= {x↦ ⟨w,x⟩ ∶ ∥w∥1 ⩽ R},

and assume ∥xi∥∞ ⩽ 1 for all i. Show that

R̂n(GR;x1, . . . , xn) ⩽ CR
√

log d

n
.

[Bonus] Solution:
By the definition of Rademacher complexity and linearity of inner product:

R̂n(GR;x1, . . . , xn) =
1

n
Eε
⎡⎢⎢⎢⎣

sup
∥w∥1⩽R

⟨w,
n

∑
i=1
εixi⟩

⎤⎥⎥⎥⎦
.

Using Hölder’s inequality for the pair (ℓ1, ℓ∞) gives,

sup
∥w∥1⩽R

⟨w, v⟩ ⩽ sup
∥w∥1⩽R

∥w∥1∥v∥∞ ⩽ R∥v∥∞, for all v ∈ Rd.

The equality is attained by choosing w = R sign(vj)ej , where j is such that ∣vj ∣ = ∥v∥∞, and ej is
the j-th basis vector for Rd. Therefore, putting the supremum back yields,

R̂n(GR;x1, . . . , xn) =
R

n
Eε ∥

n

∑
i=1
εixi∥

∞
.

Now, define the random vector

S ∶=
n

∑
i=1
εixi ∈ Rd,

and write its coordinates as
Sj =

n

∑
i=1
εixij , j = 1, . . . , d.

Fix j. Since the εi’s are independent Rademacher variables, EεSj = 0. Moreover,

EεeλSj =
n

∏
i=1

Eε exp (λεixij) .

A Rademacher random variable εi is sub-Gaussian and satisfies

Eεetεi ⩽ et
2/2, ∀t ∈ R.

This gives,

Eε exp (λεixij) ⩽ exp
⎛
⎝
λ2x2ij

2

⎞
⎠
⩽ exp(λ

2

2
) ,
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because ∣xij ∣ ⩽ ∥xi∥∞ ⩽ 1. Putting it back gives,

EεeλSj ⩽ exp(
n

∑
i=1

λ2

2
) = exp(nλ

2

2
) .

Thus, each Sj is centered sub-Gaussian with variance proxy n, i.e., ∥Sj∥ψ2
≲
√
n for all j. Now,

define 2d random variables

Z1, . . . , Z2d ∶= S1, . . . , Sd,−S1, . . . ,−Sd,

which are all centered sub-Gaussian with ∥Zk∥ψ2
≲
√
n, and

∥S∥∞ = max
1⩽j⩽d

∣Sj ∣ = max
1⩽k⩽2d

Zk.

Therefore, using the Finite maximal inequality (Lemma 4.1 from Lecture 17):

Eε ∥
n

∑
i=1
εixi∥

∞
= Eε ∥S∥∞ ⩽ C

√
n
√
log(2d) ⩽ C

√
n log d,

for some absolute constant C > 0. Hence,

R̂n(GR;x1, . . . , xn) =
R

n
Eε ∥

n

∑
i=1
εixi∥

∞
⩽ R
n
⋅C
√
n log d = CR

√
log d

n
. 2
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3 Practice with VC dimension

Recall that a class H of Boolean functions on a domain Ω shatters a finite set {x1, . . . , xm} ⊂ Ω if every labeling
of these m points by {0,1} can be realized by some h ∈ H. The VC dimension vc(H) is the largest m for which
some m-point set is shattered.

(a) One-dimensional classes. Compute the VC dimension of the following classes on R:

(a1) the class of half-lines
Hhalf = {1(−∞,a] ∶ a ∈ R};

Solution:
Take any single point x ∈ R. We can realize both possible labelings of {x}:

● label 0: choose a < x, then 1(−∞,a](x) = 0;

● label 1: choose a ⩾ x, then 1(−∞,a](x) = 1.

So one point can be shattered, and thus vc(Hhalf) ⩾ 1. Now, take any two points in R and
order them x1 < x2. The labeling (x1 = 0, x2 = 1) is impossible to realize using 1(−∞,a] because
if x2 ∈ (−∞, a], then automatically x1 ∈ (−∞, a] as well since x1 < x2. Therefore, no two-point
set can be shattered, and thus vc(Hhalf) ⩽ 1. Hence, combining both

vc(Hhalf) = 1. 2

(a2) the class of intervals
Hint = {1[a,b] ∶ a ⩽ b, a, b ∈ R};

Solution:
Take any two points x1 < x2 in R. We can realize all four labelings:

● (0,0): choose an interval disjoint from both points, for example 1[x2+1,x2+1];

● (1,0) ∶ choose 1[x1,x1];

● (0,1) ∶ choose 1[x2,x2];

● (1,1) ∶ choose 1[x1,x2].

So some two-point set is shattered, and thus vc(Hint) ⩾ 2. Now take any three points x1 < x2 <
x3 in R. Consider the labeling:

(x1 = 1, x2 = 0, x3 = 1).

This cannot be realized by any interval [a, b] because if the interval contains both x1 and x3,
then automatically x2 belongs to the interval since x1 < x2 < x3. So no three-point set can be
shattered, and thus vc(Hint) ⩽ 2. Hence, combining both

vc(Hint) = 2. 2

(a3) the class of unions of at most k intervals

Hk = {1⋃k
j=1[aj ,bj]

∶ aj ⩽ bj}.
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Solution:
Take 2k distinct points in increasing order:

x1 < x2 < . . . < x2k.

Group them into k consecutive pairs:

{x1, x2},{x3, x4}, . . . ,{x2k−1, x2k}.

For each pair {x2j−1, x2j}, part (a2) shows that the class of single intervals can realize all four
labelings on two points:

(0,0), (1,0), (0,1), (1,1).

So for each j = 1, . . . , k there exists an interval Ij whose indicator produces exactly the desired
labels on the two points {x2j−1, x2j}. Now define

Iunion ∶=
k

⋃
j=1

Ij .

Because each Ij controls the labels on its own pair, and we are allowed to use up to k intervals,
this realizes the prescribed labeling on all 2k points. Also 1Iunion ∈ Hk because Iunion is a union
of at most k intervals. Therefore the set {x1, . . . , x2k} is shattered, and hence

vc(Hk) ⩾ 2k.

Now take any 2k + 1 distinct points in increasing order:

x1 < x2 < . . . < x2k < x2k+1.

Consider the alternating labeling
1,0,1,0, . . . ,1,0,1.

This labeling has exactly (k + 1) separated runs of 1’s:

{x1},{x3}, . . . ,{x2k+1}.

A single interval can cover at most one such run if it is to avoid including a 0-labeled point. If
one interval contained two distinct points x2r−1 and x2s−1 with r < s, then it would contain at
least one 0-labeled point. So one interval cannot realize two separated 1-runs. Thus, to realize
this alternating labeling, one would need at least k + 1 intervals. But every function in Hk is a
union of at most k intervals. Therefore, this labeling cannot be realized by Hk. Hence, no set
of 2k + 1 points can be shattered, so vc(Hk) ⩽ 2k. Finally, combining both

vc(Hk) = 2k. 2

(b) Two-dimensional classes. Derive the VC dimension of the following classes on R2:

(b1) Axis-aligned rectangles. Let R be the class of axis-aligned rectangles in R2:

R ∶= {[a, b] × [c, d] ∶ a ⩽ b, c ⩽ d}.

Show that the class of indicators of axis-aligned rectangles has VC dimension

vc(R) = 4.
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Solution:

Four points in diamond position: L = (−1,0), T = (0,1), R = (1,0), B = (0,−1)

Each panel shows one labeling and an axis-aligned rectangle realizing it.

∅ {L} {T} {R}

{B} {L,T} {L,R} {L,B}

{T,R} {T,B} {R,B} {L,T,R}

{L,T,B} {L,R,B} {T,R,B} {L,T,R,B}

Thus,
vc(R) ⩾ 4.
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Now, take any 5 points in R2. Among them, choose:

● a point xL with smallest x-coordinate,

● a point xR with largest x-coordinate,

● a point xB with smallest y-coordinate, and

● a point xT with largest y-coordinate.

These are the leftmost, rightmost, bottommost, and topmost points. Since there are at most 4
such extreme points, there exists at least one point x∗ among those 5 points that is not among
those extremes. Now consider the labeling that assigns:

● label 1 to each of the extreme points xL, xR, xB, xT , and

● label 0 to the remaining point x∗.

Any axis-aligned rectangle containing all four extreme points must have:

a ⩽ x(1)L ⩽ x
(1)
R ⩽ b and c ⩽ x(2)B ⩽ x

(2)
T ⩽ d,

so its horizontal span must include the minimum and maximum x-coordinates of the sample,
and its vertical span must include the minimum and maximum y-coordinates of the sample.
Therefore, it must contain the entire bounding box determined by the sample extremes. Since
x∗ is one of the sample points, it lies inside the bounding box, and hence must also belong
to the rectangle. Thus any rectangle that labels all four extreme points by 1 must also label
x∗ by 1, so the labeling above cannot be realized by R. Therefore no set of 5 points can be
shattered by axis-aligned rectangles, and so

vc(R) ⩽ 4.

Hence, combining both
vc(R) = 4. 2

(b2) [Bonus] Convex sets. Let Cconv be the class of indicators of all convex subsets of R2. Show that

vc(Cconv) = ∞.

[Bonus] Solution:
Take any m ⩾ 1. Consider m distinct points

x1, . . . , xm ∈ R2

lying on a circle, for example, equally spaced on a circle of radius δ > 0. Since these points lie
on a circle, they are in strictly convex position: each xj is a vertex of a convex polygon

conv({x1, . . . , xm}).

Choose any labeling for those m points and let E ⊂ {x1, . . . , xm} be the points labeled 1. Now,
define the convex hull

V ∶= conv(E).

This is a convex subset of R2, so 1V ∈ Cconv. The claim is V contains exactly the points of E
among the sample points {x1, . . . , xm}. We have two cases:
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● if xi ∈ E then clearly xi ∈ V , because E ⊂ conv(E).

● if xj ∉ E then xj ∉ V . Assume towards contradiction that xj ∈ conv(E). By the definition
of convex hull, there exist points y1, . . . , yr ∈ E and coefficients λ1, . . . , λr ⩾ 0 such that

xj =
r

∑
i=1
λiyi, with

r

∑
i=1
λi = 1.

Since xj ∉ E, all points y1, . . . , yr are different from xj . Thus, this expresses xj as a convex
combination of other sample points. But this is not possible, because each of the points
x1, . . . , xm is a vertex of the convex polygon conv({x1, . . . , xm}), i.e., an extreme point
of a convex polygon, and an extreme point cannot be written as a convex combination
of the other points of the set. This is a contradiction, so xj ∉ conv(E), i.e., xj ∉ V .

Thus, we have
V ∩ {x1, . . . , xm} = E,

which means that 1V realizes exactly the chosen labeling. Since the labeling was arbitrary,
every labeling of {x1, . . . , xm} can be realized by some convex set. Therefore {x1, . . . , xm} is
shattered by Cconv. Because this works for every m ⩾ 1, the class Cconv shatters arbitrarily large
finite sets. Hence,

vc(Cconv) = ∞. 2

(c) [Bonus] Euclidean balls and combinatorial counting.

(c1) Show that the class of Euclidean balls in Rd has VC dimension d + 1.

[Bonus] Solution:
Let Bd be the class of indicators of Euclidean balls in Rd. We want to show:

vc(Bd) = d + 1.

Consider d + 1 points in Rd:
S = {0, e1, . . . , ed}

where ei’s are the basis vectors in Rd. We want to show that for any arbitrary subset A ⊂ S,
we can find a ball B(c, r) such that S ∩B(c, r) = A. Let’s construct the center c = (c1, . . . , cd)
and radius r based on the subset A:

1. The origin is in the subset (0 ∈ A):

● set ci = 1/2 if ei ∈ A and ci = 0 if ei ∉ A, and set r2 = ∥c∥22 .
● Check for 0 ∶ ∥0 − c∥22 = ∥c∥

2
2 ⩽ r2, so 0 ∈ B(c, r).

● Check for ei ∈ A ∶ ∥ei − c∥22 = (1 −
1

2
)
2

+∑
j≠i
c2j = ∥c∥

2
2 ⩽ r2, so ei ∈ B(c, r).

● Check for ei ∉ A ∶ ∥ei − c∥22 = (1 − 0)
2 +∑

j≠i
c2j = 1 + ∥c∥

2
2 > r2, so ei ∉ B(c, r).

2. The origin is not in the subset (0 ∉ A) and A is non-empty (A ≠ ∅):

● set ci = 1 if ei ∈ A and ci = 0 if ei ∉ A, and set r2 = ∣A∣ − 1.
● Check for 0 ∶ ∥0 − c∥22 = ∥c∥

2
2 = ∣A∣. Since ∣A∣ > ∣A∣ − 1 = r2, 0 ∉ B(c, r).
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● Check for ei ∈ A ∶ ∥ei − c∥22 = (1 − 1)
2 +∑

j≠i
c2j = ∣A∣ − 1 ⩽ r2, so ei ∈ B(c, r).

● Check for ei ∉ A ∶ ∥ei − c∥22 = (1 − 0)
2 +∑

j≠i
c2j = 1 + ∥c∥

2
2 = 1 + ∣A∣ > r2, so ei ∉ B(c, r).

3. The subset is empty (A = ∅):

● Set c = (2,2, . . . ,2) and r = 0.
● For any x ∈ S, ∥x − c∥22 > 0, so the ball captures none of them.

Thus, the labeling of 1 for the subset A and 0 everywhere else can be realized by some 1B(c,r).
Since A was arbitrary, every labeling of S can be realized by some Euclidean ball in Rd, which
means S is shattered by Bd. Thus, we get

vc(Bd) ⩾ d + 1.

Now, take any d + 2 points {x1, . . . , xd+2} ∈ Rd. By Radon’s theorem, there exist two disjoint
nonempty subsets S1, S2 of {x1, . . . , xd+2} such that

conv(S1) ∩ conv(S2) ≠ ∅.

Choose x∗ in the intersection, i.e.,

x∗ ∈ conv(S1) ∩ conv(S2).

Then there exist coefficients αi ⩾ 0 for xi ∈ S1 and βj ⩾ 0 for xj ∈ S2 such that

∑
i ∶xi∈S1

αi = 1, ∑
j ∶xj∈S2

βj = 1,

and
x∗ = ∑

xi∈S1

αixi = ∑
xj∈S2

βjxj .

Assume towards contradiction that the set {x1, . . . , xd+2} is shattered by some Euclidean balls.
Then there exists a ball

B1 = B(c, r) = {x ∈ Rd ∶ ∥x − c∥22 ⩽ r2}
such that

xi ∈ B1 for all xi ∈ S1, and xj ∉ B1 for all xj ∈ S2.
For each xi ∈ S1,

∥xi − c∥22 ⩽ r2 ⇐⇒ ∥xi∥
2
2 − 2⟨c, xi⟩ + ∥c∥

2
2 ⩽ r2.

Multiply by αi and sum over S1:

∑
xi∈S1

αi ∥xi∥22 − 2 ⟨c, ∑
xi∈S1

αixi⟩ + ∥c∥22 ⋅ ∑
xi∈S1

αi ⩽ r2 ⋅ ∑
xi∈S1

αi.

Using ∑
xi∈S1

αi = 1 and ∑
xi∈S1

αixi = x∗, we get

∑
xi∈S1

αi ∥xi∥22 − 2⟨c, x∗⟩ + ∥c∥
2
2 ⩽ r2. (∗)

Similarly, for each xj ∈ S2,

∥xj − c∥22 > r
2 ⇐⇒ ∥xj∥22 − 2⟨c, xj⟩ + ∥c∥

2
2 > r2.
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Multiply by βj and sum over S2. Using ∑
xj∈S2

βj = 1 and ∑
xj∈S2

βjxj = x∗, we get

∑
xj∈S2

βj ∥xj∥22 − 2⟨c, x
∗⟩ + ∥c∥22 > r2. (∗∗)

Comparing inequalities (∗) and (∗∗) gives

∑
xi∈S1

αi ∥xi∥22 < ∑
xj∈S2

βj ∥xj∥22 . (1)

But shattering also means that the opposite labeling is realizable. So there exists another ball
B2 such that

xj ∈ B2 for all xj ∈ S2, and xi ∉ B2 for all xi ∈ S1.

Repeating the same argument with S1 and S2 interchanged yields

∑
xj∈S2

βj ∥xj∥22 < ∑
xi∈S1

αi ∥xi∥22 . (2)

The inequalities (1) and (2) contradict each other. Therefore, {x1, . . . , xd+2} cannot be shat-
tered by Euclidean balls. Thus, no set of d + 2 points can be shattered, and so

vc(Bd) ⩽ d + 1.

Hence, combining the lower and upper bounds,

vc(Bd) = d + 1. 2

(c2) Use the Sauer–Shelah lemma to show that if H is any Boolean class with vc(H) = v, then on any
n-point set it induces at most

v

∑
j=0
(n
j
) ⩽ (en

v
)
v

distinct labelings.

[Bonus] Solution:
Using the Sauer-Shelah lemma,

ΠH(n) ⩽
v

∑
j=0
(n
j
).

Now, for n ⩾ v, we have 0 ⩽ v
n
⩽ 1. Therefore,

( v
n
)
v v

∑
j=0
(n
j
) ⩽

v

∑
j=0
( v
n
)
j

(n
j
) ⩽

n

∑
j=0
( v
n
)
j

(n
j
).

Using the Binomial theorem,

(x + y)n =
n

∑
k=0
(n
k
)xn−kyk,

we get

( v
n
)
v v

∑
j=0
(n
j
) ⩽ (1 + v

n
)
n (i)
⩽ ev,

Page 20 of 33



SDS 391P.6 - Spring 2026 HW5 - Pradip Sharma Poudel Prof. Pratik Patil

where (i) uses the identity (1 + x/n)n ⩽ ex for all x ⩾ 0. Hence, if H is any Boolean class with
vc(H) = v, then on any n-point set it induces at most

ΠH(n) ⩽
v

∑
j=0
(n
j
) ⩽ (en

v
)
v

distinct labelings. 2

(c3) Apply this bound to conclude that the number of subsets of an n-point set in R2 that can be cut out
by axis-aligned rectangles is at most

4

∑
j=0
(n
j
).

[Bonus] Solution:
From part (b1), we know that for axis-aligned rectangles

vc(R) = 4.

The subsets cut out by axis-aligned rectangles are exactly the labelings induced by the class R
on the n-point set. Hence, applying part (c2) with v = 4, we obtain that the number of subsets
of an n-point set in R2 that can be cut out by axis-aligned rectangles is at most

4

∑
j=0
(n
j
). 2
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4 Practice with statistical learning theory

Let (X,Y ) be a random pair taking values in X ×Y, and let

(X1, Y1), . . . , (Xn, Yn)

be i.i.d. copies of (X,Y ). Let H be a hypothesis class, and let ℓ(h(X), Y ) ∈ [0,1] be a bounded loss.

For h ∈ H, define the population risk
R(h) ∶= E[ℓ(h(X), Y )]

and the empirical risk

Rn(h) ∶=
1

n

n

∑
i=1
ℓ(h(Xi), Yi).

Let
ĥ ∈ argmin

h∈H
Rn(h), h⋆ ∈ argmin

h∈H
R(h).

This exercise derives excess-risk bounds using symmetrization, Rademacher complexity, and VC dimension.

(a) Excess-risk lemma. Show that

R(ĥ) −R(h⋆) ⩽ 2 sup
h∈H
∣Rn(h) −R(h)∣.

Solution:
Let

∆ ∶= sup
h∈H
∣Rn(h) −R(h)∣.

By definition of ∆, for every h ∈ H,

R(h) ⩽ Rn(h) +∆ and Rn(h) ⩽ R(h) +∆. (∗)

Now apply the first inequality in (∗) with h = ĥ ∶

R(ĥ) ⩽ Rn(ĥ) +∆.

Since ĥ minimizes the empirical risk over H, Rn(ĥ) ⩽ Rn(h⋆), so

R(ĥ) ⩽ Rn(h⋆) +∆.

Similarly, applying the second inequality of (∗) with h = h⋆:

Rn(h⋆) ⩽ R(h⋆) +∆.

Combining the last two inequalities gives

R(ĥ) ⩽ R(h⋆) + 2∆.

Subtracting R(h⋆) from both sides yields

R(ĥ) −R(h⋆) ⩽ 2∆ = 2 sup
h∈H
∣Rn(h) −R(h)∣. 2
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(b) Symmetrization. Let
LH ∶= {(x, y) ↦ ℓ(h(x), y) ∶ h ∈ H}.

Show that
E sup
h∈H
∣Rn(h) −R(h)∣ ⩽ 2E R̂abs

n (LH; (X1, Y1), . . . , (Xn, Yn)).

Solution:
Let fh(x, y) ∶= ℓ(h(x), y) for h ∈ H, so that

LH = {fh ∶ h ∈ H}.

Then
Rn(h) =

1

n

n

∑
i=1
fh(Xi, Yi), R(h) = E fh(X,Y ),

and

sup
h∈H
∣Rn(h) −R(h)∣ = sup

f∈LH
∣ 1
n

n

∑
i=1
f(Xi, Yi) −Ef(X,Y )∣ .

Now let (X ′1, Y ′1), . . . , (X ′n, Y ′n) be an independent copy of (X1, Y1), . . . , (Xn, Yn), independent of
everything else. Since (X ′i , Y ′i ) has the same law as (Xi, Yi),

R(h) = Efh(Xi, Yi) = Efh(X ′i , Y ′i )

for every i. Therefore

E sup
h∈H
∣Rn(h) −R(h)∣ = E sup

h∈H
∣ 1
n

n

∑
i=1
(fh(Xi, Yi) −Efh(X ′i , Y ′i ))∣ .

Now condition on (X1, Y1), . . . , (Xn, Yn), the map

(y1, . . . , yn) ↦ sup
h∈H
∣ 1
n

n

∑
i=1
(fh(Xi, Yi) − yi)∣

is convex, since it is a supremum of convex functions of (y1, . . . , yn). Thus, by Jensen’s inequality,

E sup
h∈H
∣Rn(h) −R(h)∣ ⩽ E sup

h∈H
∣ 1
n

n

∑
i=1
(fh(Xi, Yi) − fh(X ′i , Y ′i ))∣ .

Now introduce i.i.d. Rademacher variables ε1, . . . , εn, independent of everything else. Since the
joint law of ((Xi, Yi), (X ′i , Y ′i )) is invariant under swapping the two coordinates, we have

( 1
n

n

∑
i=1
(fh(Xi, Yi) − fh(X ′i , Y ′i )))

h∈H

d= ( 1
n

n

∑
i=1
εi(fh(Xi, Yi) − fh(X ′i , Y ′i )))

h∈H
.

Therefore

E sup
h∈H
∣ 1
n

n

∑
i=1
(fh(Xi, Yi) − fh(X ′i , Y ′i ))∣ = E sup

h∈H
∣ 1
n

n

∑
i=1
εi(fh(Xi, Yi) − fh(X ′i , Y ′i ))∣ .

Now apply the triangle inequality:

∣ 1
n

n

∑
i=1
εi(fh(Xi, Yi) − fh(X ′i , Y ′i ))∣ ⩽ ∣

1

n

n

∑
i=1
εifh(Xi, Yi)∣ + ∣

1

n

n

∑
i=1
εifh(X ′i , Y ′i )∣ .
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Taking the supremum over h ∈ H, then expectation, gives

E sup
h∈H
∣Rn(h) −R(h)∣ ⩽ E sup

h∈H
∣ 1
n

n

∑
i=1
εifh(Xi, Yi)∣ +E sup

h∈H
∣ 1
n

n

∑
i=1
εifh(X ′i , Y ′i )∣ .

The two terms have the same distribution, so

E sup
h∈H
∣Rn(h) −R(h)∣ ⩽ 2E sup

h∈H
∣ 1
n

n

∑
i=1
εifh(Xi, Yi)∣ .

Finally, by the definition of empirical Rademacher complexity of the (non-symmetric) loss class,

R̂abs
n (LH; (X1, Y1), . . . , (Xn, Yn)) = Eε sup

f∈LH
∣ 1
n

n

∑
i=1
εif(Xi, Yi)∣ ,

so taking expectation over the sample yields

E sup
h∈H
∣Rn(h) −R(h)∣ ⩽ 2E R̂abs

n (LH; (X1, Y1), . . . , (Xn, Yn)). 2

(c) Finite hypothesis classes. Assume H is finite, and the loss is bounded in [0,1]. Show that

E[R(ĥ) −R(h⋆)] ⩽ C
√

log ∣H∣
n

.

Solution:
Combining part (a) and part (b) gives

E[R(ĥ) −R(h⋆)] ⩽ 4E R̂abs
n (LH; (X1, Y1), . . . , (Xn, Yn)).

Define L±H ∶= LH ∪ (−LH). Since H is finite, L±H is also finite and

∣L±H∣ ⩽ 2∣LH∣ ⩽ 2∣H∣.

Since the loss is bounded in [0,1], for every f ∈ L±H,

∥f∥2n =
1

n

n

∑
i=1
f(Xi, Yi)2 ⩽ 1.

Therefore applying the result from Problem 2(b) with r = 1 yields

R̂abs
n (LH;S) = R̂n(L±H;S) ⩽

√
2 log ∣L±H∣

n
⩽
√

2 log(2∣H∣)
n

,

where S = (X1, Y1), . . . , (Xn, Yn) are the samples. Taking expectation preserves this bound, so

E R̂abs
n (LH; (X1, Y1), . . . , (Xn, Yn)) ⩽

√
2 log(2∣H∣)

n
.

Combining the inequalities above, we get

E[R(ĥ) −R(h⋆)] ⩽ 4
√

2 log(2∣H∣)
n

.

Thus

E[R(ĥ) −R(h⋆)] ⩽ C
√

log ∣H∣
n

for ∣H∣ ⩾ 2 and an absolute constant C > 0. 2
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(d) Boolean classification and VC dimension. Assume now that H is a Boolean class, Y = {0,1}, and

ℓ(h(x), y) = 1{h(x) ≠ y}

is the 0-1 loss.

Suppose vc(H) = v < ∞. Show that

E[R(ĥ) −R(h⋆)] ⩽ C
√

v log(en/v)
n

.

Solution:
Let

LH = {(x, y) ↦ 1{h(x) ≠ y} ∶ h ∈ H}
be the 0-1 loss class. Combining part (a) and part (b) gives

E[R(ĥ) −R(h⋆)] ⩽ 4E R̂abs
n (LH; (X1, Y1), . . . , (Xn, Yn)). (1)

Now fix a sample
(x1, y1), . . . , (xn, yn).

For each h ∈ H, its prediction vector on the sample is

(h(x1), . . . , h(xn)) ∈ {0,1}n,

and its loss vector is
(1{h(x1) ≠ y1}, . . . ,1{h(xn) ≠ yn}) ∈ {0,1}n.

This map from prediction vector to loss vector is a bijection of {0,1}n, obtained by coordinatewise
XOR with the fixed label vector (y1, . . . , yn). Therefore the number of distinct loss vectors induced
by LH on the sample is exactly the same as the number of distinct prediction vectors induced by H
on x1, . . . , xn. Let Nn denote this number of distinct loss vectors. Since vc(H) = v < ∞, using the
result from Problem 3 part (c2), we get

Nn ⩽
v

∑
j=0
(n
j
) ⩽ (en

v
)
v

. (2)

On the fixed sample, let Fres ⊂ [0,1]n be the set of distinct loss vectors induced by LH. Then
∣Fres∣ = Nn. Define F±res ∶= Fres ∪ (−Fres), then ∣F±res∣ ⩽ 2Nn. The Rademacher complexity is

R̂abs
n (LH;S) = Eε sup

u∈Fres

∣ 1
n

n

∑
i=1
εiui∣ = Eε sup

w∈F±res

1

n

n

∑
i=1
εiwi,

where S = (x1, y1), . . . , (xn, yn) is the sample vector. Since F±res is finite and each w ∈ F±res satisfies
1
n ∑

n
i=1w

2
i ⩽ 1, applying the result from Problem 2(b) with r = 1 yields

R̂abs
n (LH; (x1, y1), . . . , (xn, yn)) ⩽

√
2 log(2Nn)

n
.

Using (2), we obtain

R̂abs
n (LH; (x1, y1), . . . , (xn, yn)) ⩽

√
2{log 2 + v log(en/v)}

n
.

Since this bound is deterministic, taking expectation gives

E R̂abs
n (LH; (X1, Y1), . . . , (Xn, Yn)) ⩽

√
2{log 2 + v log(en/v)}

n
. (3)
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Finally, combining (1) and (3), we get

E[R(ĥ) −R(h⋆)] ⩽ 4
√

2{log 2 + v log(en/v)}
n

.

Hence, for some absolute constant C > 0,

E[R(ĥ) −R(h⋆)] ⩽ C
√

v log(en/v)
n

. 2

(e) [Bonus] A VC-style sample complexity statement. Show that there exists an absolute constant C
such that if

n ⩾ C v + log(1/δ)
ε2

(up to an extra logarithmic factor if you keep the bound from part (d) in its current form), then with
probability at least 1 − δ,

R(ĥ) ⩽ R(h⋆) + ε.

[Bonus] Solution:
Let (X ′1, Y ′1), . . . , (X ′n, Y ′n) be an independent ghost sample with the same law as (Xi, Yi)ni=1, and
define the ghost empirical risk

R′n(h) ∶=
1

n

n

∑
i=1

1{h(X ′i) ≠ Y ′i }.

Fix t > 0. Since E[R′n(h) ∣ (Xi, Yi)ni=1] = R(h), a standard symmetrization argument gives

P{sup
h∈H
∣Rn(h) −R(h)∣ > t} ⩽ 2P{sup

h∈H
∣Rn(h) −R′n(h)∣ >

t

2
} . (1)

Now condition on the combined sample

Z ∶= ((X1, Y1), . . . , (Xn, Yn), (X ′1, Y ′1), . . . , (X ′n, Y ′n)).

For each h ∈ H, define the two loss vectors

u(h) ∶= (1{h(X1) ≠ Y1}, . . . ,1{h(Xn) ≠ Yn}) ∈ {0,1}n,

u′(h) ∶= (1{h(X ′1) ≠ Y ′1}, . . . ,1{h(X ′n) ≠ Y ′n}) ∈ {0,1}n.
Then u(h) and u′(h) are fixed once Z is fixed, and

Rn(h) −R′n(h) =
1

n

n

∑
i=1
(ui(h) − u′i(h)).

Now, introduce i.i.d. Rademacher variables ε1, . . . , εn, independent of everything. Since the joint
law of ((Xi, Yi), (X ′i , Y ′i )) is invariant under swapping the two coordinates, we have

( 1
n

n

∑
i=1
(ui(h) − u′i(h)))

h∈H

d= ( 1
n

n

∑
i=1
εi(ui(h) − u′i(h)))

h∈H
.

Hence, conditional on Z, we get

P{sup
h∈H
∣Rn(h) −R′n(h)∣ >

t

2
∣ Z} = Pε {sup

h∈H
∣ 1
n

n

∑
i=1
εi(ui(h) − u′i(h))∣ >

t

2
} . (2)
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On the fixed combined sample, define the full 2n-dimensional loss vector

w(h) ∶= (u(h), u′(h)) ∈ {0,1}2n.
The number of distinct such loss vectors induced by LH on the 2n points is finite. Since the loss
vector is obtained from the prediction vector by coordinatewise XOR with the fixed labels, this
number equals the number of distinct prediction vectors induced by H on the 2n sample points.
Since vc(H) = v, Sauer–Shelah gives

N2n ⩽
v

∑
j=0
(2n
j
) ⩽ (2en

v
)
v

. (3)

Now the difference vector
d(h) ∶= u(h) − u′(h) ∈ {−1,0,1}n

is completely determined by the full loss vector w(h). Therefore the number of distinct difference
vectors is at most N2n. Thus the supremum in (2) is actually over a fixed finite class of size at most
N2n. Fix one such difference vector d = (d1, . . . , dn) ∈ {−1,0,1}n. Then

1

n

n

∑
i=1
εidi

is an average of independent mean-zero bounded random variables with ∣εidi∣ ⩽ 1. So using Hoeffd-
ing’s inequality, we get

Pε {∣
1

n

n

∑
i=1
εidi∣ >

t

2
} ⩽ 2e−nt2/8.

Now conditional on Z, applying the union bound over at most N2n possible difference vectors,

Pε {sup
h∈H
∣ 1
n

n

∑
i=1
εi(ui(h) − u′i(h))∣ >

t

2
} ⩽ 2N2ne

−nt2/8.

Since this bound does not depend on Z, combining with (2) and taking expectation over Z yields

P{sup
h∈H
∣Rn(h) −R′n(h)∣ >

t

2
} ⩽ 2N2ne

−nt2/8.

Using (1) and (3), we get

P{sup
h∈H
∣Rn(h) −R(h)∣ > t} ⩽ 4(

2en

v
)
v

e−nt
2/8.

Set t = ε/2. Then

P{sup
h∈H
∣Rn(h) −R(h)∣ >

ε

2
} ⩽ 4(2en

v
)
v

e−nε
2/32.

Now choose n such that

4(2en
v
)
v

e−nε
2/32 ⩽ δ Ô⇒ n ⩾ v log(2en/v) + log(4/δ)

ε2/32 .

Hence, there exists an absolute constant C such that if

n ⩾ C v log(en/v) + log(1/δ)
ε2

.

then
sup
h∈H
∣Rn(h) −R(h)∣ ⩽

ε

2

with probability at least 1 − δ. By part (a),

R(ĥ) −R(h⋆) ⩽ 2 sup
h∈H
∣Rn(h) −R(h)∣ ⩽ ε

with probability at least 1 − δ. 2
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5 Practice with nonparametric regression

In the previous problem, we used VC dimension to control excess risk for Boolean hypothesis classes. For real-
valued regression classes, VC dimension is no longer the right complexity measure. A natural replacement is
metric entropy, i.e. covering numbers of the hypothesis class.
This problem studies a basic idealized nonparametric regression model. We will see how excess-risk bounds
can be derived from covering numbers. We will also see how the curse of dimensionality appears for Lipschitz
classes, and how smoother classes improve the rate.

Let X be a random point in [0,1]d with law µ, and let

(X1, T (X1)), . . . , (Xn, T (Xn))

be noiseless training data, where X1, . . . ,Xn are i.i.d. copies of X and T ∶ [0,1]d → [0,1] is an unknown target
function. For a hypothesis class F ⊂ {f ∶ [0,1]d → [0,1]}, define the population risk and empirical risk by

R(f) ∶= E[(f(X) − T (X))2], Rn(f) ∶=
1

n

n

∑
i=1
(f(Xi) − T (Xi))2.

Let
f⋆ ∈ argmin

f∈F
R(f), f̂n ∈ argmin

f∈F
Rn(f)

denote a population risk minimizer and an empirical risk minimizer.

You may use the following facts proved earlier:

• Excess-risk lemma:
R(f̂n) −R(f⋆) ⩽ 2 sup

f∈F
∣Rn(f) −R(f)∣.

• Empirical-process Dudley bound: if G is a class of functions taking values in [0,1], then

E [sup
g∈G
∣µn(g) − µ(g)∣] ⩽

C√
n
∫

1

0

√
logN(G, ∥ ⋅ ∥∞, ε)dε.

• Finite-class bound: if G is a finite class of functions taking values in [0,1], then

E [sup
g∈G
∣µn(g) − µ(g)∣] ⩽ C

√
log ∣G∣
n

.

For L > 0, define the Lipschitz class

FL,d ∶= {f ∶ [0,1]d → [0,1] ∶ ∥f∥Lip ⩽ L}.

You may also use the following covering-number bounds without proof:

logN(FL,1, ∥ ⋅ ∥∞, ε) ⩽ C
L

ε
, 0 < ε ⩽ 1,

logN(FL,d, ∥ ⋅ ∥∞, ε) ⩽ Cd (
L

ε
)
d

, 0 < ε ⩽ 1,

where Cd may depend on the ambient dimension d.

Page 28 of 33



SDS 391P.6 - Spring 2026 HW5 - Pradip Sharma Poudel Prof. Pratik Patil

(a) Loss class versus hypothesis class. Let

LF ∶= {(x↦ (f(x) − T (x))2) ∶ f ∈ F}.

Show that for any f, g ∈ F ,
∥(f − T )2 − (g − T )2∥∞ ⩽ 2∥f − g∥∞.

Deduce that for every ε > 0,
N(LF , ∥ ⋅ ∥∞, ε) ⩽ N(F , ∥ ⋅ ∥∞, ε/2).

Solution:
For any f, g ∈ F ,

∥(f − T )2 − (g − T )2∥∞ = ∥f
2 − 2fT + T 2 − g2 + 2gT − T 2∥∞

= ∥(f − g)(f + g) − 2T (f − g)∥∞
= ∥(f − g)(f + g − 2T )∥∞
⩽ ∥f − g∥∞ ∥f + g − 2T ∥∞ .

Since f, g, T take values in [0,1]

∣f(x) + g(x) − 2T (x)∣ ⩽ ∣f(x) − T (x)∣ + ∣g(x) − T (x)∣ ⩽ 2.

Hence, we get
∥(f − T )2 − (g − T )2∥∞ ⩽ 2 ∥f − g∥∞ . 2

Now, let {f1, . . . , fm} be the minimal ε/2-net of F in ∥ ⋅ ∥∞, then N(F , ∥ ⋅ ∥∞ , ε/2) = m. Consider
the loss functions {(f1 − T )2, . . . , (fm − T )2} ⊆ LF . For any (f − T )2 ∈ LF , using the ε/2-net of F ,
there exists fk ∈ {f1, . . . , fm} such that

∥f − fk∥∞ ⩽ ε/2.

By the inequality proved above,

∥(f − T )2 − (fk − T )2∥∞ ⩽ 2 ∥f − fk∥∞ ⩽ 2 ⋅ ε/2 = ε.

Thus {(f1 − T )2, . . . , (fm − T )2} is an ε-net of LF . Hence, for every ε > 0,

N(LF , ∥ ⋅ ∥∞, ε) ⩽m = N(F , ∥ ⋅ ∥∞, ε/2). 2

(b) One-dimensional Lipschitz regression. Assume now that d = 1 and F = FL,1. Show that

E[R(f̂n) −R(f⋆)] ⩽ C
√

L

n
.

Thus, in one dimension, ERM over the class of L-Lipschitz functions achieves the same n−1/2 scale as many
parametric problems.

Solution:
Using the excess-risk lemma stated in the problem,

R(f̂n) −R(f⋆) ⩽ 2 sup
f∈F
∣Rn(f) −R(f)∣.
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Taking the expectation gives

E[R(f̂n) −R(f⋆)] ⩽ 2E sup
f∈F
∣Rn(f) −R(f)∣.

Now the loss class is defined as

LF ∶= {x↦ (f(x) − T (x))2 ∶ f ∈ FL,1}.

Then for each f ∈ F ,
R(f) = µ(ℓf), Rn(f) = µn(ℓf),

where ℓf(x) = (f(x) − T (x))2. Therefore

sup
f∈F
∣Rn(f) −R(f)∣ = sup

g∈LF
∣µn(g) − µ(g)∣.

Since every g ∈ LF takes values in [0,1], the empirical-process Dudley bound gives

E[R(f̂n) −R(f⋆)] ⩽ 2E sup
g∈LF
∣µn(g) − µ(g)∣ ⩽

C√
n
∫

1

0

√
logN(LF , ∥ ⋅ ∥∞, ε)dε.

Using the result from part (a) and the given covering-number bound for Lipschitz functions

N(LF , ∥ ⋅ ∥∞, ε) ⩽ N(FL,1, ∥ ⋅ ∥∞, ε/2) ⩽ exp(
2CL

ε
) .

Substituting it back, we get

E[R(f̂n) −R(f⋆)] ⩽
C√
n
∫

1

0

√
L

ε
dε = C

√
L

n
∫

1

0
ε−1/2 dε ⩽ C

√
L

n
. 2

(c) Higher-dimensional Lipschitz regression. Now let d ⩾ 2 and F = FL,d.

(c1) Explain why the naive Dudley bound from part (b) is no longer useful in general: show that the
integral

∫
1

0

√
logN(FL,d, ∥ ⋅ ∥∞, ε)dε

diverges under the entropy bound

logN(FL,d, ∥ ⋅ ∥∞, ε) ⩽ Cd(L/ε)d.

Solution:
Using the given entropy bound,

logN(FL,d, ∥ ⋅ ∥∞, ε) ⩽ Cd (
L

ε
)
d

, 0 < ε ⩽ 1,

the Dudley integral is bounded above by

∫
1

0

√
logN(FL,d, ∥ ⋅ ∥∞, ε)dε ⩽

√
CdL

d/2∫
1

0
ε−d/2 dε.

Now, ∫
1

0
ε−d/2 dε converges near 0 if and only if d/2 < 1, i.e. d < 2. Hence, for every d ⩾ 2, this

integral diverges, and so the naive Dudley bound is not useful in general. 2
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(c2) Let Nε ⊂ LF be an ε-net of LF in ∥ ⋅ ∥∞. Show that

sup
g∈LF
∣µn(g) − µ(g)∣ ⩽ 2ε +max

h∈Nε

∣µn(h) − µ(h)∣.

Solution:
Let g ∈ LF . Since Nε is an ε-net of LF in ∥ ⋅ ∥∞, there exists h ∈ Nε such that

∥g − h∥∞ ⩽ ε.

Then, using the triangle inequality

∣µn(g) − µ(g)∣ ⩽ ∣µn(g) − µn(h)∣ + ∣µn(h) − µ(h)∣ + ∣µ(h) − µ(g)∣.

Now

∣µn(g) − µn(h)∣ = ∣
1

n

n

∑
i=1
(g(Xi) − h(Xi))∣ ⩽ ∥g − h∥∞ ⩽ ε,

and similarly using Jensen’s

∣µ(h) − µ(g)∣ = ∣E[h(X) − g(X)]∣ ⩽ E[∣h(X) − g(X)∣] ⩽ ∥h − g∥∞ ⩽ ε.

Therefore
∣µn(g) − µ(g)∣ ⩽ 2ε + ∣µn(h) − µ(h)∣ ⩽ 2ε +max

h∈Nε

∣µn(h) − µ(h)∣.

Taking the supremum over g ∈ LF yields

sup
g∈LF
∣µn(g) − µ(g)∣ ⩽ 2ε +max

h∈Nε

∣µn(h) − µ(h)∣. 2

(c3) Deduce that for every ε ∈ (0,1),

E[R(f̂n) −R(f⋆)] ⩽ C
⎛
⎝
ε +
√

logN(LF , ∥ ⋅ ∥∞, ε)
n

⎞
⎠
.

Then use part (a) and the covering-number bound for FL,d to conclude that

E[R(f̂n) −R(f⋆)] ⩽ Cd
⎛
⎝
ε +
√
(L/ε)d
n

⎞
⎠
.

Solution:
Taking expectation in the excess-risk lemma stated in the problem,

E[R(f̂n) −R(f⋆)] ⩽ 2E sup
g∈LF
∣µn(g) − µ(g)∣.

Fix ε ∈ (0,1), and let Nε ⊂ LF be an ε-net in ∥ ⋅ ∥∞. Using the result from part (c2),

E[R(f̂n) −R(f⋆)] ⩽ 4ε + 2Emax
h∈Nε

∣µn(h) − µ(h)∣.

Using the finite-class bound stated in the problem,

E[R(f̂n) −R(f⋆)] ⩽ 4ε + 2C
√

log ∣Nε∣
n

= 4ε + 2C
√

logN(LF , ∥ ⋅ ∥∞, ε)
n

.
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Therefore, after absorbing the constants,

E[R(f̂n) −R(f⋆)] ⩽ C
⎛
⎝
ε +
√

logN(LF , ∥ ⋅ ∥∞, ε)
n

⎞
⎠
. 2

Now let F = FL,d. Using the result from part (a),

N(LF , ∥ ⋅ ∥∞, ε) ⩽ N(F , ∥ ⋅ ∥∞, ε/2),

and by the given covering-number bound for Lipschitz functions

logN(FL,d, ∥ ⋅ ∥∞, ε/2) ⩽ Cd (
L

ε
)
d

,

after absorbing constants, we obtain

E[R(f̂n) −R(f⋆)] ⩽ Cd
⎛
⎝
ε +
√
(L/ε)d
n

⎞
⎠
. 2

(c4) Choose
ε ≍ Ld/(d+2) n−1/(d+2)

and deduce the excess-risk bound

E[R(f̂n) −R(f⋆)] ⩽ CdLd/(d+2) n−1/(d+2).

Finally, explain why this is an instance of the curse of dimensionality.

Solution:
From part (c3), for every ε ∈ (0,1),

E[R(f̂n) −R(f⋆)] ⩽ Cd
⎛
⎝
ε +
√
(L/ε)d
n

⎞
⎠
.

Substituting ε ≍ Ld/(d+2) n−1/(d+2) gives

ε +
√
(L/ε)d
n

≍ Ld/(d+2) n−1/(d+2) +Ld/2n−1/2L−d2/2(d+2) nd/2(d+2)

≍ Ld/(d+2) n−1/(d+2) +Ld/(d+2) n−1/(d+2)

≍ Ld/(d+2) n−1/(d+2).

This gives
E[R(f̂n) −R(f⋆)] ⩽ CdLd/(d+2) n−1/(d+2).

This is an instance of the curse of dimensionality because the exponent 1/(d + 2) decreases as
d increases, so the rate becomes slower in higher dimensions. Equivalently, to achieve excess
risk at most δ, one needs

CdL
d/(d+2)n−1/(d+2) ≲ δ Ô⇒ n ≳ C ′dLdδ−(d+2).

Thus, the required sample size grows polynomially in 1/δ with exponent d + 2, which becomes
very large when d is large. This is exactly the curse of dimensionality.
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(d) [Bonus] Smoother classes help. Suppose now that F ⊂ {f ∶ [0,1]d → [0,1]} is a hypothesis class whose
covering numbers satisfy

logN(F , ∥ ⋅ ∥∞, ε) ⩽ Aε−p for all 0 < ε ⩽ 1,
for some constants A > 0 and p > 0.
Show, using the same finite-net argument as in part (c), that

E[R(f̂n) −R(f⋆)] ⩽ CA1/(p+2) n−1/(p+2).

Now suppose moreover that F is a class of s-smooth functions for which p = d/s (this is the entropy
behavior of many Hölder/Sobolev-type classes). Deduce the heuristic rate

E[R(f̂n) −R(f⋆)] ≲ n− s/(2s+d).
Explain briefly why increasing the smoothness s improves the rate, and why this illustrates one way
machine learning can escape the curse of dimensionality.

[Bonus] Solution:
Let

LF ∶= {x↦ (f(x) − T (x))2 ∶ f ∈ F}.

By the same argument as in part (c3), for every ε ∈ (0,1),

E[R(f̂n) −R(f⋆)] ⩽ C
⎛
⎝
ε +
√

logN(LF , ∥ ⋅ ∥∞, ε)
n

⎞
⎠
.

Using part (a) and the given entropy assumption

logN(LF , ∥ ⋅ ∥∞, ε) ⩽ logN(F , ∥ ⋅ ∥∞, ε/2) ⩽ CAε−p.

Substituting and after absorbing constants, we get

E[R(f̂n) −R(f⋆)] ⩽ C (ε +A1/2n−1/2ε−p/2) .

Choose ε ≍ A1/(p+2) n−1/(p+2), which gives

ε +A1/2n−1/2ε−p/2 ≍ A1/(p+2) n−1/(p+2) +A1/2n−1/2A−p/2(p+2) np/2(p+2)

≍ A1/(p+2)n−1/(p+2) +A1/(p+2)n−1/(p+2)

≍ A1/(p+2)n−1/(p+2).

Thus we obtain
E[R(f̂n) −R(f⋆)] ⩽ CA1/(p+2)n−1/(p+2).

Now let p = d/s. Then the bound becomes

E[R(f̂n) −R(f⋆)] ≲ n− s/(2s+d).

As s increases, the exponent s/(2s+d) increases, so the rate improves. In the formal limit as s→∞,
s

2s + d →
1

2
so the rate approaches the parametric n−1/2 scale. Thus, additional smoothness reduces

the complexity of the class and helps mitigate the curse of dimensionality.

∗ ∗ ∗ End of Solutions ∗ ∗ ∗
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