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1 Practice with Gaussian processes and Gaussian width

We studied suprema of Gaussian and sub-Gaussian processes. For a bounded set 7 C R¢, an especially important
quantity is the Gaussian Width w(T) = Esup,cp(g,t), where g ~ N(0,1). This quantity measures the size of T" as
seen by a random Gaussian direction. It plays the role of an effective dimension in many high-dimensional problems.

This exercise develops some basic properties of Gaussian width and computes it for several canonical sets.

(a) Basic Properties. Throughout we would assume that g ~ N (0, ) and ¢,C > 0 are absolute constants.

(a1) Monotonicity of Gaussian Width. For T' C S, the set {(g,t) : t € T} C {{g,s) : s € S}, since sup is
preserved under set inclusion, we automatically have sup,c(g,t) < sup,cg(g,s). Using the monotonicity

of E, we finally conclude that Esup,cr(g,t) < Esup,cg(g,s), i.e., w(T) < w(S).

(a2) Positive Homogeneity. For every a > 0, (g,at) = a(g,t). Hence, sup,cr(g,at) = sup,cra(g,t) =
asup,cr(g,t). Taking the expectation on both sides and using the homogeneity of E, we conclude w(aT) =
Esup,cr (9, at) = aEsup,cr(g,t) = aw(T).

(a3) Translation Invariance. Under any fixed translation of the set 7' by zo € R%, we get sup,cq(g,t + zo) =
(9, o)+sup,cr(g,t), [since the sup does not depend on the translation]. Taking the expectation on both sides
and noting that E(g, ) = 0 [by the law of transformation of normal variable, since (g, zq) ~ N(0, [|xo]?)].

Hence, w(T + zo) = Esup,er(9,t + z0) = Esup,er(g,t) = w(T).

(a4) Dependency only on the convex hull. The Conv(T) = {Zle ait; - t; € T,a; > 0, Zle a; =1,k €

N, }. Let’s denote the positive unit truncated cuboid A = {(ay,...,ax) : a; > 0, Zle a; = 1}. Therefore,

w(Conv(T))=E sup (g,t)
teConv(T)

k
=FE sup sup <g,Zaiti)

{a}eA{t,}eT i—1

r k
=E | sup Z a; sup (g, t;)
_{a}EA i=1 t,eT
I k
= E |sup(g,t) sup Z a; [Since the later sup is independent of the sup over A]
_tET {a}eA im1
r k
=FE sup(g,t>1} [Since Zai =1]
LteT Pt

=w(T).

(b) Canonical examples.



(b1) We have w(Bg) = Esupy,<1(9,t) < Esupyy,<1 [lgll2[lt[l2 [By Cauchy Schwarz inequality]. And the sup

is attained at ¢t = HggH2 by the equality condition of the Cauchy-Schwarcz inequality. Hence, w(BY) =

El(g, 13151 = Ellgll2-

Using the concavity of the /-, and invoking Jensen’s inequality, we get E[||gll2] = E {\/Z?_l gf} <

EZLl g = Vd, since each g; ~ N(0,1). To use the other side, we note that 2?21 g? ~ x2%. Therefore,

E [\/Z?_l gf} >E [,/Ele ng‘g%T} >E {\/Z?—ﬂ"] = r/d, for some r > 0. Therefore, r/d < w(BY) <

V.
(b2) We note that for ||¢]|1 < 1, sup(g,t) < ||g]lc and the sup is attained at exactly ¢ = {0,...,1,...,0} for the
coordinate where [|g||o = gi. Therefore, w(B{) = Esupy, <1(9,t) = El|g] o

Let [|g|lloc = |g;| for some j € {1,2,...,d}. Since g; is Gaussian, |g;| is also Gaussian, hence we have

gj < ¢ for some absolute constant ¢ > 0. Using Jensen’s inequality and union bound, we get for an
j 112 Yy g Yy

6 € R, E|g;| = Elog(e?l9i]) < LlogE d: e?19il) < Llogd + 0% Minimizing over 6 on the RHS, we get
il =% 0 i=1 ] 2

Elg;| < ¢/v/logd. Hence, we have the upper bound.

To derive the lower bound we note that for any ¢ > 0,
P{max |gi| = t} =1 —P{max |g:| <1}
d
=1-[]P(g:l < t)
i=1
=1—[P(|h| <t)]* [By independence, where h ~ N (0,1)]
1 (- (] 2 0
And for t = /logd, 1 — [1 — P(|h| > t)]d > 1—e~4 for some constant ¢; > 0. Combining everything and
using Markov’s inequality, we get E||gllco > tP[||g]loc > t] > ¢}vlogd, for t = \/logd, for some constant
¢} > 0. Therefore, w(B{) = E||g||oc < vIogd.
(bs) Let T = {t1,...,tp} C R? be a finite set. The random variables (g,t;) ~ N(0, ||t;]|?). Therefore, for
all j € {1,..., M}, |{g,tj)|ly. < (maxi<;j<wm ||tj]l2) = L (say), hence we can use L as the variance proxy

for all (g,t;). Now, using the Maximal inequality for finite many sub-Gaussian random variables, w(T") =

Esup,cr(g,t) < CLy/log M. Putting the value of L, we conclude that w(T) < (maxi<;<wm ||t;]l2) v21log M.
(¢) [Bonus] Width of polytopes and sparse sets.

(c1) Let Q@ = {v1,v2,...,un} C R% Then using (as), we get w(P) = w(Q) = Esup,cq(g,q). Further using part



(bs), we get w(Q) S (maxi<j<nr [[vj]l2) vIog N S vIog N, since (maxi<j<n [|vj]l2) < 1.

(c2) For each support S = {as,...,aq} with exactly k many of the a; s are 1, rest are 0, i.e., with |S| = k, we
define Ys = sup{(g,z),Supp(z) C S, |zlla < 1} = ||gs|l2. Then, E[Ys] < /EYZ < V&, since exactly k
many components from g participate in forming the random variables in Ygs. Therefore, Y5 — EYg s are

sub-gaussian with ||Ys — EYg|ly, < (supgega-1 [|z]|2]|glly,) S ¢ for some absolute constant ¢ > 0. Finally

using the maximal inequality over at most (Z) < (%)k pairs, we get w(Ty) < c¢q/log (Z) < cy/klog (%)



2 Practice with Rademacher processes and Rademacher complexity

Let x4, ..., z,, € X be fixed sample points, and let €y, ..., €, be independent Rademacher random variables. For a class F
of real-valued functions on X', define the empirical Rademacher complexity 7A€n (F;21, .., y) := Ecsup fer % Z?:l € f(x;).

This exercise develops some of the standard bounds and examples.
(a) Basic Properties. Let F and G be two function classes and let a > 0.

(a1) Let F C G. Then the set inclusion holds true : {1 3" & f(z;) | f € F} C {23 eig(xi) | g € G}. Using
the monotonicity of the sup under set inclusion, we get sup ;e = >0, € f(2;) < sup,cg = > €ig(x;).
taking the expectation on both sides, we conclude that 7A€n(]-';x1, vy Ty) = E, SUp fe % S ef(x) <

E. SUPgeg % Z?:l €z‘9($i) = ﬁn(g; T1yeeny xn)-

(az) Let aF = {af | f € F}. Then, R,(aF) = E. SUP,eqr = iy €7(2;) = Ee supfefa% S ef(x) =

aEcsup ;e x % S eif(z) = aRn(F), since every r € aF is of the form r = af for some f € F.

(a3) We can write the convex hull of F as Conv(F) = {Zle ayfri fr € F,ar > O,Zle ar = 1;k € N.}

Following the same notation from (a4) [Qs 1], we get

n

Rp(Conv(F)) =E. sup ] Z €ig(zi)

g€Conv(F) T i1

n k
=FE sup sup lzzeiarfr(xi)

{fr}eF{a,}€A T i=1 r=1
k n
1
= sup Z aE. sup — Z €. fr(x;) [Since the E is independent of the a;s]
{ar}eA {fryerF i
k
= sup ar Ry (F)
{a,}c€A ;
=R, (F) sup 1
{ar}€A

=R (F).

(b) Finite-class bound (Massart-type bound). We know that ¢;s are sub-Gaussian [they are Rademacher

variables|, and E,[e;f(x;)] = f(x;)E,[e;] = 0, since ;s are fixed sample points. We also compute the vari-

2

ance of Y I, € f(x;), which is Var (137 € f(z;)) = 5 >0, Var(ef(z;) = >0, flz)* < = [By
the stated condition]. Now, we have that {13 _ f(xz;) | f € F} are sub-gaussian random variables with

(L350  eif(@)lly, < T Therefore, using the maximal inequality for finite many sub-gaussian random vari-



ables over a finite class F, we get

. 1
Ri(F, 21,y ) < c%\/log |[FI<Sr Ogn|]:|.

(c) Linear function classes. Let X = R? and consider the class Fr := {z — (w,z) : |w|s < R}. By a

straightforward computation, we can show that

. 1 &
Rn(]——R;xlw“axn) :]EE sup 7261.]0(1'1)
feFr M
1 n
=Ec sup — > e(w,z)
‘ w:||w|2<R n ;
1 . . .
=—-E. sup (w, Z €;z;) [By the linearity of inner product]
o wilwll2<R

R - S €
= —E, Z €%; [Since the sup is obtained at w = R#

" i=1 2 | Z¢:1 €iTi|2

R n
< o E.|| Z e;wil|3  [By Cauchy-Schwarz inequality]

i=1

R n

= ZEJ%”%H% [By independence of the ¢;s]
i=1

R n
=~ 2 laill3.
"\ =

(d) [Bonus] Sparse linear predictors. Let Gg := {z — (w,z) : |[w|1 < R} and we assume that ||z;||. < 1 for
all i € {1,...,n}. At first we note that the sup,,.,,<r(w,2) = R[|z[|c, and the sup is attained at setting the

coordinates of w to be 0 except one coordinate at R, exactly where ||z| « is attained. Therefore,

. 1 &
Ro(Gri 21,y 2n) = Ee sup — > eig(a;)
geGr M i=1

n

1
= ]Ee sup - Z€i<waxi>

. n
wijw[1 <R i=1

oo

Now to control the last quantity, we note that each €;x; is sub-gaussian with ||€;2;|lcc < ||Zi]looc < 1, and
leiilly, < [l@ill2 < v/, since [|z]lz < v/nl|z]lo < v/n. Therefore, the expression Ec |1 €;2;]| _ is reduced to
finding the expectation over d many sub-Gaussian random variables, each of which has a variance proxy of y/n.

Finally using the maximal inequality for finite many sub-Gaussian random variables, we get E. |30/ €z <



cy/ny/log d, for some constant ¢ > 0. Putting everything together, we conclude that

n

E €T

i=1
< Ec\/ﬁ\/logd
n

logd

. R
Rn(gR;xh 7$n) = EEe

o0

=cR

n



3 Practice with VC dimension

We recall that a class H of Boolean functions on a domain € shatters a finite set {z1, ..., z,,} C Q if every labeling of

these m points by {0,1} can be realized by some h € H. The VC dimension ve(H) is the largest m for which some

m—point set is shattered.

(a) One-dimensional classes.

(a1)

The Class of Half Lines. Hpair = {1(—oc,q;@ € R}. It is clear that every 1 point set can be shattered
by Hnair- Let’s call the point x. If the label of z is 0, then we can take a < z, else we take a > z. So,
ve(Hnart) > 1. Now take two points 1,2, assume (WLOG) 27 < z3. Then the labellings 27 — 0 and
z9 +— 1, can not be realized by any labelling in Hyai, otherwise we need to find a such that a < z; and

a > Iy, i.e., xo < a < x1, contradicting the assumption that x; < z5. Therefore, ve(Hpaie) = 1.

The Class of Intervals. Hiy = {1[43),a,b € R,a < b}. Take two points x; < xa. For the pairs of

labellings, we can choose the following a, b such that the labels can be realized by Hips :

(x1,22) (0,0) a<b<ux <z
(x1,22) (1,0) a<z <b<um
(x1,22) (0,1) x3<a<ax2<D
(x1,22) (1,1) a<zy <22<b

Table 1: Choice of a, b for two labeling by Hin¢

Now take three points 1 < xo < x3. Consider the labeling z; — 1,29 — 0,23 — 1. Then, we need to
choose a < z1 < b < x9, but once we choose b < x5, we can not realize the labeling 1 of x3 by any means.

Hence, ve(Hint) = 2.

The Class of Union of at most k£ Intervals. Suppose H; = {1U§:1[ai,bi];ai <b;,a;,b; € R}. In part
(ag), we showed that for k = 1, ve(H;) = 2 x 1 = 2. We will proceed by induction. Suppose the result
holds for some 1 < r < k, i.e., ve(H,.) = 2r. Consider H,11. For the labellings of any set of 2(r + 1) points
1 < ... < Top11, the points 1 < ... < xg, can be realized by some function h, = {1u{=1[a¢,bi}} in H,. To
realize the labels of 29,12 < 2,42, we can again apply the technique in (a2) to make it realize by some

function hy = {1(4,,, 5.1} in Hi. Now, if we make the intervals in A, and h; disjoint [which we can easily

r+1
do, by choosing b, < a,41], then h, U h; can realize the labeling of {x1, ..., Z2,412}. But for 2r + 3 points

21 < ... < Tagry3, the labeling {1,0,1,0,...,1} can not be realized by any function in h,41, for this if the
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Figure 1: Visual Illustration of the VC Dimension of Hz

last disjoint interval is [ay41, bp41], then api1 < @ory1 < bry1 < Top42, but once we choose b1 < Taria,

we can not realize the labelling 1 of x2,5 by any means, therefore, ve(H,+1) = 2(r + 1), or ve(Hy) = 2k.

(b) Two-dimensional classes.

(b1) Axis-aligned rectangles. We will give a visual illustration to show that vc(Hg) = 4. We take four
points in Figure 1 namely (1,0),(0,1),(—1,0),(0,—1). There will be at most 16(= 2*) different labeling
possible for this set of four points. We enclose all combination of these 4 points using axis aligned rectangles,
specifically, the single rectangles either enclose 1 or 2 points, indicating when they have labels 1 and the
rest have 0. The double rectangles enclose every 3 combinations of these 4 points, indicating these 3 have
labels 1, and the other one has label 0. The largest double rectangle will be chosen when all of them have
labels 1, and the completely outside rectangle will be chosen when all of them have labels 0. The details
are in Figure 1.

For the upper bound, we consider 5 points, p1,po,ps,ps,ps5. Among these, WLOG we assume that
P1,P2,P3, P4 are the points having the min and max of both x and y coordinates. Then the labels
p1— 1L,ps = 1,ps = 1,py — 1,p5 — 0, can not be realized by any function in Hp, since any axis-
aligned rectangle enclosing p1, p2, p3, p4 Will enclose ps; as well, since both the x and y coordinates of ps lie

within the ranges of the coordinates of pi, ps, p3, and p4.

(b2) [Bonus] Convex sets. Let Ceony be the class of all indicators on convex subsets in R%. Choose any



m € N, and take m points on the unit circle in R2. Now, among these m points, let’s say ¢ points have
labels 1 and rest have labels 0. Since these points are on the circle, we can cyclically order these ¢ points,

such as pq, ..., p¢, where p; has the least tangent argument with the x axis and p, has the highest tangent

argument with the z axis. If we now consider the polygon by constructing the sides p1, pz2, P2, P3, ---» Pe, P1,
then it is the convex hull of the points pi,...,ps. And of course it excludes the points which has label 0,
since any point having label 0 must lie on the circular chord joining p;,p;+1, and the line joining p;, pit1
lies closer to origin than the point having label 0. Therefore, the indicator on this polygon will realize the
labeling of these m points, and the indicator on this polygon is of course a member in C.o,y. Since we
have started with an arbitrary labeling, any labeling of these m points can be realized by the class Ceony-

Therefore, ve(Ceony) > m for any m € N. Since m € N is arbitrary, we have vc(Ceony) = 00.
(¢) [Bonus] Euclidean balls and combinatorial counting.

(c1) For the ball B(xg,r), centered at xo with radius 7, the points x € B(zg,r) satisfies ||z — x¢[|> < r? =
—2xd x+||2]|? < —||lzo||® + 72, so if we apply the lifting x + (z, [|2[|?) € R4, then the relationship in R4+!
becomes of the form w 'z < ¢, where w = (—2z0, 1), ¢ = 72 — ||zo||2, which are the equations of half planes.
Therefore, computing the VC dimension of balls in R? is reduced to computing the VC dimension for half
spaces in R4+1,

In the light of the above discussion, we will show that the indicators on the class of half spaces in R¢ has VC
dimension d. Let’s call the class of half spaces as Hyair = {1, 721p<0 | w € R%, b € R} [we can take b =1
by normalizing if b # 0.]. Consider the set of points as the collection of unit vectors {ey,...,eq}. Suppose
{i1,...,ix} € {1,2,...,d} are the indices for which the labels of e; + 1 and the rest maps to 0. Then, we
can choose w;, = —1,b = 0, and the other coordinates of w to be 0, then, we see that this hyperplane can
realize any arbitrary labels of the points. Hence, ve(Hpar) > d.

Now we will show that there are a set of d + 1 points for which the indicators on this class Hpar can not
shatter the set of points. To this end, consider the set of points {ey, ..., eq, p} where p = Z‘j:l éei. Consider
the labeling: e; — 1Vi and p — 0. Therefore, w'e; + b < 0 for all ¢, this means Zle(wTei +0) <0 =
w’ 2?21 Le; 4+ b < 0 [By dividing both sides by d], i.e., w'p + b < 0. Hence, the label p — 0 can not be
realized by the indicators on the class Hpair. Therefore, ve(Hnair) = d. As per our initial comments, the vec

dimension of the indicators on class of all balls in R is d + 1.

10



(c2) Suppose H is a Boolean class with ve(H) = v. Then, any labeling of a set of v points can be realized by H.
So, if we are given n points, then we can realize the distinct labels of at most v many points by the class
H. Now, it is easy to see that the no of distinct labeling in {0,1} by any functions in H can be Y.;_, (?),
since we can choose ¢ points among n points and label them 1 and rest 0, but ¢ can go up to at most v,
since this is the maximum no of points that can be realized by H. Finally using a simple binomial relation,
we can get S0, (%) < (22)"

(c3) Using part (by), we know that the axis aligned rectangles in R? has vc dimension 4. Plugging in 4 in part

(c2), we get the no of distinct labeling produced by n points in R? that can be realized by axis-aligned

rectangles is Z?:o (T;)

11



4 Practice with statistical learning theory

We now connect empirical processes to statistical learning. The setup is the standard supervised learning model.
Let (X,Y) be a random pair taking values in X x Y, and let (X1,Y7),...,(X,,Y,) be iid. copies of (X,Y). Let
‘H be a hypothesis class and let £(h(X),Y) € [0,1] be a bounded loss. For h € H, we define the population risk
R(h) = E[{(h(X),Y)] and the empirical risk R, (h) = 23"  E[{(h(X;),Y;)]. Let h € argmingey Ry (h), h* =
argminpey R(h). This exercise derives the excess risk bound via symmetrization, Rademacher Complexity and VC

Dimension.

(a) Excess-risk lemma. We let € = supjcq |Rn(h) — R(h)|. Hence, for all h € H, R,(h) < R(h) +€...(I), and

R(h) < Ru(h) + e...(IT)

Using these two equations, we get

R(h) < Rn(h) +¢ [Using h = h in (II)]
< Rn(h*) +¢ [Since R, (h) < R, (h*), as h is the empirical risk minimizer]
R(h*) +e+¢€ [Putting h =A™ in ()]

= R(h") + 2e.
Therefore, R(h) — R(h*) < 2supycqy |Rn(h) — R(R)).

(b) Symmetrization. We will start with a ghost sample (X{,YY), ..., (X},,Y,)) independent copies of (X1,Y1), ..., (Xn, Y3,).

n) - n

Since (X Y’) (X;,Y:), we have E[¢(h(X;),Y;)] = E[¢(h(X]),Y])]. Therefore,

(2 7

n

Esup |~ 3 [(h(X:), V) — EO(R(X,), Y7) — Ee(h(X)), V)]

n
heH |

=[E sup

heH | TV

z:l

Now we apply Jensen’s inequality conditionally on the pairs (X1, Y1), ..., (Xn, Yn) to get

n

% S I6(h(X0), Yi) — EC(A(X,), Yi)]
=1

(X1, Y1),..., (X, Y,) — sup
heH

im1 [((M(X5), V) = BU((X,), Yi)]| < Esupyey |5 5 (X)), Vi) — BU(A(X), Y])][-

is convex, hence E supy,c ’% > =

Now because of the identical distributions of the ghost sample, we get

{; SOI(X), Vi) - e<h<xg>7n’>]} Z {i S allh(X0), i) - e(h(Xo,Y;)]} .
i heH i=1 heH

12



()

Finally, one more triangle inequality gives us

n

S allh(X0), Vi) — (h(XD), V7))

i=1

S|

> el(h(X:),Yr)

i=1

S|

< +

S G l(h(X)), )|
i=1

Finally, taking the IE on both sides, we get

n

% D lE(h(X,), i) — BL(h(X;), )]

E sup |R,(h) — R(h)| = E sup

S 2]E7§,n(£7.[, (Xl,yl), ceey (Xn,Yn))
heH heH

Finite hypothesis classes. Combining part (a) and part (b) of Problem 4, we get

E[R(h) — R(h*)] < 2E sup |R,,(h) — R(h)]
heH

S 4E7€TL(‘C’H7 (X17 Y1)7 sty (X’na Yn))
Since the loss function is bounded in [0, 1], we have = > | £(h(X;),Y;)? < 1, therefore, using part 2(b), we get

E[R(h) — R(h*)] < 2E sup |R,,(h) — R(h)|
heH

< 4E7§/n(£7~ia (Xla }/1)7 () (Xna Yn))

1
<41 [log | Ly
n

log [H|
n

<4 [Since [z < [H].

Boolean classification and VC dimension. Since the VC Dimension of H is v, the cardinality of |#| is
essentially the no of distinct boolean labels that can be realized on the samples (X1, Y1), ..., (X,,Y,), which is at
most (%)U [by part (c2), problem 3]. Hence, log|#| < log (%)v = vlog(en/v). Plugging in this bound in part

(c) of Problem 4, we get

BiR() — RO < 4y B < g [rloglen/e)

n

We can also argue it through the labels on the sample obtained by XOR with the fixed label vectors (y1, ..., Yn),

which will give us £H |{(Xi’Yi) .

= "H |(x:,vi)y=_, |- Which essentially says that the loss classes have the same

complexity in case of 0 — 1 loss.

[Bonus| A VC-style sample complexity statement. Applying the Hoeffding’s inequality on the class of all

loss functions give us

P(|Ra(h) — R(h)| > ) < 27",

13



for some ¢ > 0. Using the union bound of H and the vc dimension of H gives us

P sup [R,(h) — R(h)| > t} < 2[H|e " < 2 (@) o—ont?
heH v

Putting ¢ = € and solving for € in the relation 2 (%)U e~one’ = 0, we get

log2 + vlog (@) — cne? =logé
v
vlog <% 4 log(1/9) J Y +log(1/6)

— n =
€2 €2 ’

since en/v > ¢’ for some constant ¢’ > 0.

Rewriting in terms of the probability bound and using the fact that R(h) — R(h*) < 2supycq | Rn(h) — R(h)],

we get with probability at least 1 — ¢,

v+ log(1/0)

€2

R(h) < R(h*) +e, [for n > ].

14



5 Practice with nonparametric regression

For real-valued regression classes, VC dimension is no longer the right complexity measure. A natural replacement is
metric entropy, i.e. covering numbers of the hypothesis class. This problem studies a basic idealized non-parametric
regression model. We will see how excess-risk bounds can be derived from covering number. We will also see how the
curse of dimensionality appears for Lipschitz classes, and how smoother classes improve the rate.

Let X be a random point in [0, 1]¢ following the law p and let ((X1,7X1)), ..., (X,,T(X,))) be noiseless training
data, where X1, ..., X,, are i.i.d. copies of X and T : [0,1]¢ — [0,1] is an unknown target function.

For a hypothesis class F C {f : [0,1]¢ — [0, 1]}, define the population risk and the empirical risk by

R(f) =E[(f(X) = T(X))’] 5 Ru(f)=

S|

D (X)) = (X)),
i=1
Let f* € argminger R(f), and fn € argminger R,(f) denote a population risk minimizer and an empirical risk

minimizer. We will use the following facts proved earlier:

« Excess Risk Lemma:

R(fn) = R(f") < 2sup [Rn(f) — R(f)|.
fer

o Empriical Process by Dudley bound: If G is a class of functions taking values in [0, 1], then

C 1
E n - =~ = 1 s |l T ood
supla(9) — (o) < = | VOB NTE G e

o Finite Calss Bound: If G is a finite class of functions taking values in [0, 1], then

log |G
Esup |ia(g) — u(g)| < 01/ 2819,
geg n

For L > 0, define the Lipschitz class
Fra:=1{f:[0,1% = (0,1 : | flluip < L}
We may also use the following covering number bounds without proof:

L
log N6, P [+ o) €, 0<e<1.
L

d
log N (&, Fr.a, || - loo) < Cy <€> , 0<e<l,

where C; may depend on the ambient dimension d.

15



(a) Loss class versus hypothesis class. Let L7 := {x — (f(z) — T(x))? | f € F}. Therefore, for any f,g € F

and x € X, we have

(f =T)*(2) = (9 = T)*(2) = (f(2) = g())(f(2) + g(x) — 2T(x)).

since f,g,T all take values in [0,1], [f(z) + g(z) — 2T(z)| = [(f(z) = T(z)) + (9(z) — T(@))| < |f(z) - T(z)| +
lg(x) — T'(x)| < 2, since for p,q € [0,1], |p — ¢q| < 1. Finally, taking the sup w.r.t. x on both sides we get the

| - lloc norm bound:
I(f =T1) = (g = 1)l = sup [[(f - () = (9= TP (@)l < 2sup [[f(z) = g(@)ll = 2] = lloo-

(b) One-dimensional Lipschitz regression. Using the excess-risk lemma, we have

N

E[R(fn) — R(f7)] < 2E ;ggIRn(f) — R(f)I.

Since the class of functions in F take values in [0, 1], using the empirical process by Dudley bound, we get

C 1
B [, ()~ R < - / Vg N(e, 7, T Too)de.

and hence,

. c [
E[R(fn) — R(f")] < 2E sup [R,(f) — R(f)| < 2\/5/0 VIog N (e, F, || - [loc)de.

feF
Finally, the covering number bound for the Lipschitz class [for d = 1, F = Fr, 1] gives us

L
IOgN(Ev‘FL,la || : Hoo) S Oz

Plugging in this bound into the Dudley entropy bound, we get

C 1
BIR() ~ () < 2 / VIoEN (e, 7, )de
1
SQ\SE/O \/fde
40\/5, [Since /01 %de: .
Therefore,

N(& L7 || lloo) S N(e/2, F, || - lloo)

(c) Higher-dimensional Lipschitz regression. Now we assume d > 2 and F = F 4.
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(¢1) The Dudley bound from part (b) is no longer useful, since for d > 2, the integral diverges:

1 1
/ V90BN (€, Fra, |- [l)de < \/chd/2/ Velde
0 0
_d 1
= /Oy Li/2 €d2+1]
—4+1],

— oo [for d > 2].

(ca) Let N. C LF be an é— net of L in || - ||oo. For any g € Lx 3f € F, such that ||g — fllec <€

l1n(9) = (9] = [(1n(9) — 1 (f)) + (pn(f) — (f)) + (u(f) — p(9))l

< un(f) = (@] + [0(f) = 1(@)| + [pn(f) — 1(f)]

<e+e+ sup |un(f) — n(f)| [The first two inequality holds since ||f — gllco < €].
fEN:

Since the RHS is independent of f, we can take the sup w.r.t. ¢ € Lz on the LHS, doing so, we get

sup < 2+ sup |un(f) — p(f)l.
geELF fEN

(c3) For each f € N, the random variable u,(f) — u(f) is a centered sub-gaussian [boundedness followed by
Hoeffding] random variable, hence the maximal inequality for finitely many sub-gaussian random variables

give us

1 € 1 €7£7'oo
s 1 (1)~ (1) < o EIE] _, [loe N L ] L)

n n

Combining this with part (¢3) gives us

Mmﬁwawg¢G+¢MN@&wwuv_

n

Finally, plugging in the covering number bound for Lr, we get

EW@»—ans¢G+ u&w)

n

(c4) Choosing € =< LU/(d+2)p=1/(d42) "\ye get

\/(L/e)d _ \/(Lnl/(d+2)/Ld/(d+2))d _ \/de/(2+d) _ /e, 1)
n n n2/(2+d) '

Therefore,

N

E[R(f,) — R(f*)] < 20,4L% (@+2)p=1/(d+2),
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We note that the sample complexity rate on the RHS is much weaker than /1/n, since n~1/2 « p=1/(d+2)
when d = Q(n), i.e., we can not make the rate independent of the ambient dimension d, hence the curse of

dimensionality can not be avoided here.

(d) [Bonus] Smoother classes help. We now assume that F C {f : [0,1]¢ — [0,1]} is a hypothesis class whose
covering number satisfies log Ve, F, || - |oo) < A€ for all 0 < € < 1 for some constant A > 0 and p > 0. Using

part (c3) [following the same argument in part (c;)] and the choice of € x AYP+2)p=1/(P+2) ' we get

E[R(]En) - R(f*)] <C <6+ \/IOgN(Ev;;——.3 H i |0<>)) < 2CA1/(P+2)n*1/(P+2).
Putting p = d/s, we get

A~

]E[R(fn) _ R(f*)] < 20As/(25+d)nfs/(2s+d) 5 nfs/(25+d)'

As s — oo, we can see that E[R(fn) — R(f*)] S n~12, ie., smoothness reduces the effective complexity of the
function class, so even in high dimensions, machine learning problems can achieve near-parametric rates, escaping

the curse of dimensionality.
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