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Question 1: Practice with Gaussian processes and Gaussian width

For a bounded set T' C R?, we have the definition of the Gaussian width:

w(T) := Esup(g,t),  g~N(0,14)
teT

a. Basic properties

al. We have:

(g,t) < sup(g,s) Vt € T (because T' C S then every ¢ € T implies t € S)
seS

= sup(g,t) < sup(g, s)
teT seS

= Esup(g,t) < Esup(g, s)
teT seS

= w(T) < w(S)

a2. By definition, we have:

w(al) =E Sup, (9,u)
uca

= Esup(g, at)
teT

= Esupa(g,t)
teT

= aEsup(g,t) (because a > 0)
teT

= aw(T)



a3. By definition, we have:

w(T +x0) =E sup (g,u)
uET+xo

=E sup (g,t+ o)
u€ET+xg

= Esup(g, t) + E(g, zo) (because for fixed g, (g, xo) does not depend on t)
teT

Moreover, E(g, zg) = (Eg, z¢) = (0,x9) = 0 because g ~ N (0, I;) has mean zero. Therefore:

w(T + zo) = Eig%)(g, t) = w(T)

a4. Because T' C conv(T), from part (al) we have:
w(T) < w(conv(T)) (1)

We now prove the reverse inequality.
Fix g € R% Let v € conv(T). By definition of the convex hull, we have: v = Y_7", \;it; for some

t,..ostm €T, N > 0and Y ;" \; = 1. Therefore:
(g,v) = <g7ZAiti> = Xilg, ta).
i=1 i=1

Because each (g, t;) < sup;cr(g,t), we get:

(9,v) <D Aisuplg,t) = (Z Ai> sup(g, t) = sup(g, t).

teT p— teT teT

The above result holds for every v € conv(T), therefore sup,ccony(r) (9, v) < supyer(g,t).

Take expectations, we obtain: Esup,cconv(r)(9;v) < Esup,cp(g,t), or equivalently:

w(conv(T)) < w(T) (2)

Combine 1 and 2, we conclude that: ‘w(conv(T)) =w(T) ‘




b. Canonical examples

bl. For every t € Bg, by Cauchy—Schwarz, we have:

(9,:t) < g, D) < llgll2lltll2 < [lgll2-

Therefore:

sup (g,t) < |lgll2
lt]]2<1

If g # 0, choose t = ”99”2. Therefore ||t||z =1, so t € BY, and

2
(9.1) = <g7 g> = allz _ o

lgllz/— llgll2

Therefore:

sup (g,t) > [|g]l2
ltll2<1

From 3 and 4, we have:

sup (g,1) = [lg]l2-
lell<1

Take expectations, we conclude: |w(Bg) = E||g||2 |

Prove that: evd < w(Bg) < Vd.

For the upper bound, by Jensen’s inequality, we obtain:

(Ellgll2)* < Ellgll3
d
5y
i=1

d
=> Eg}=d-Eg} =d-1
=1

Therefore: |w(BY) = Ellg|la < Vd|.




For the lower bound, let g = (|g1], |g2], ---,|94|). By Cauchy-Schwarz, we have:
d
= lgil < Vd|gl2
i=1

d
Therefore: ||g[l2 > ﬁ iy lail-
Take expectations, we obtain: E|/g|ls > % Z?Zl E|gi| = VdE|g1].

Because g1 ~ N(0,1), we have:

0 1 2 0 1 2 2 o0 2
E = e ” /Zda;:2/ x e’ /de:/ re /2 dy
’gl| /oo V2T 0 \ 2T V2 Jo

2 o
= — du w=2/2, du = zdx
— (u=2?/ )
_ 2 ,_ ]2
_\/27r Vo

Therefore: EHgH2>\/>\[

b2. For any t € B¢ (or equivalently, ||t]l; < 1), we have:

Zgztz < Z lgillti] < HgHooZ\ti\ = llglloolltlls < llglloo-

=1

Therefore:

sup (9,t) < [l9llo (5)
It <1

Let j € argmaxi<i<q |g;| and t = sgn(g;)e;.

Then [|t[|; = 1, so t € B, and (g,t) = gjsgn(g;) = |g;| = ||9|lcc- Therefore:

sup (9,1) > [|9lloc (6)
<1

From 5 and 6, we obtain: supj,<1(9:t) = [|9|lcc-

Take expectations, we conclude: |w(BY) = E||g]lo |

Prove that w(B{) ~ /log d.



To prove the upper bound, let M := ||g||cc = maxi<i<q |gil-

For any A > 0, we have:

d
e)\M _ eAmaxi |gil < § :e/\\gi\
=1

d
= EeMM < ZEeMgi'

i=1

Also, we have: ezl < M 4 =2 Therefore, for g; ~ N(0,1), we have:
Eeoil < EeMi 4 Ee i = 22 /2

Therefore: Ee*M < 2d N2, By Jensen, in equality, we have:

2

2
= AEM < log(2d) + A

2
S EM < logfd) + %

Optimize the right-hand side w.r.t A to get tighter upper bound, we obtain: A = \/m and
EM < +/2log(2d) < /Togd.

For the lower bound, again let M = maxj<;<q|gil.

For every t > 0, we have: M > {1554, so by taking expectation of both sides, we obtain:
EM > tP(M > t).

We also have:
d

P(M < 1) = []B(lgil < 1) = (1 - B(lga| 2 1))
i=1
Therefore: P(M >t) =1— (1 —P(|g1] > t))d.

P(M>t)=1—(1-P(|g:| > 1))".

Using 1 — 2 < ™%, we obtain: P(M >t) > 1 —exp(—dP(|g:1| > t)).



Choose t = 3+/logd. We need a lower bound on P(|g;| > ¢). We have:

P(] \>1t)—2/00(9992/2d95>2/t+1 e~ /2 4y
a1l = 7\/27‘(‘ ¢ T N2 Sy

For x € [t,t + 1], we have 22 < (t + 1), so: T2 > = (t+1)?/2,
Therefore, P(|g1| > t) > 2=~ *V%/2 which implies dP(|g1| > 1) > cd e (D72,
With ¢ = $/Iogd, we have: (t+1)? = logd + v/logd + 1.

Therefore:

1 1 1 1 1
de (tH)*/2 = exp(logd— glogd— ix/logd— 2) = exp(élogd— ix/logd— 2) .

This tends to +00 as d — oo, so for all sufficiently large d, dP(|g1| > t) > 1.
Therefore, P(M >t) > 1 — e~ !, which implies EM > t(1 — e~ ') > \/logd.

Combine the upper and lower bounds, we obtain: E||g||« < v/logd.

Therefore, we conclude that: |w(BY) = \/logd |

b3. Let Z; := (g,t;) and o := maxi<;j<n ||tj]2-

Zj=Ag,tj), o= max [t
We have that each Z; is centered Gaussian with variance Var(Z;) = ||t;]|3 < o2.

Because w(T') = Emaxi<j<y Zj, we now bound Emax; Z;.
A 2 112 2 2 . . .
For any A > 0, we have: Ee i = eNlltlz/2 < Mo /2. We also have: e max;jZ; < Z]]\il eri,

Therefore:

M
Ee)\max]-Z]- S ZEG)\Z] S M€A202/2.

J=1



By Jensen inequality, we have:

eA]Eman Z; < Ee)\man Zj < Me)\20'2/2

A2g?
= AEmax Z; < log M + 5
J
logM  \o?
= E Z; < —_—
maxZ; € 5=+
Optimize the right-hand side w.r.t A to get a tighter lower bound, we obtain A\ = 7v21§gM and

Emax; Z; < ov/2log M.

Therefore, we can conclude that: |w(T) < <1I<néi}](\/[ ||th2> v2log M |.
<<

c. [Bonus] Width of polytopes and sparse sets.
cl. By part (ad), we have: w(P) = w(conv{vy,...,on}) = w({vi,...,on}).

We apply part (b3) with T' = {v1,...,vn5}. Because max; ||vj]|2 < 1, we obtain:

w(P) < ( max ijH2> V2log M < y/2log N < C'y/log N.

1<j<M

c2. For each S C [d] with |S| = k, define Yg := sup{(g, z) : supp(z) C S, ||z|2 < 1}.
Every x € T} has support of size at most k, so its support is contained in some set S C [d] with

|S| = k. Therefore: sup,cr, (9, ) < maxg. |5|=k Ys. Take expectations, we obtain:

T) =E <E Ys.
w(Tk) ;élﬁ(gﬂ?) = S:Iﬁﬁ}ik S

Fix S C [d], |S| = k. Restricting to the coordinates in S, the problem becomes the Euclidean ball in
R* so by part (bl), we have Ys = ||gs||2, where gg is the restriction of g to the coordinates in S.
Because gs ~ N (0, I), part (b1) also gives EYs = E| gs|l2 < Vk.

We then show that Yg — EYg is sub-Gaussian uniformly in S. Consider the function fg(g) := ||gs||2-
For any g, h € R?, we have: |fs(g) — fs(h)| = [llgsll2 — l|hsll2| < llgs — hsll2 < |lg — hl|2- Therefore
fs is 1-Lipschitz. Therefore, the Gaussian concentration yields absolute constants ¢, C' > 0 such that

for all t > 0,

P(|Ys — EYs| > t) = P(|fs(9) — Efs(g)] > t) < 2exp(—ct?)



and [|Ys — EYs]|y, = [|fs(9) — Efs(9)ll¢, < C.

Therefore Yg — EYg is sub-Gaussian with an absolute constant, uniformly in S.
The number of subsets S C [d] with |S| =k is (g)

Apply the maximal inequality for finitely many sub-Gaussian random variables to the family

{Ys —EYs : |S| =k}, we obtain: Emax|g_(Ys — EYs) < C4/log (g)

Therefore:
d
E|I§1|ax Yy < ‘m‘aXIEYg +E|m|ax(Y5 —EYy) < VE + C\y/log <k)

The above result implies that:

w(Ty) < VE+ 4 [log (Z)

Finally, use the standard combinatorial bound we have (Z) = k!(jik)! = d(d_l)“]'ﬁ(!d_kﬂ) < %I; <

k [ k [ €
7(’;;6)’“ = (—kd) , so log (z) < klog(—kd). Therefore: w(T}) < VEk + C\/klog(—lg). Because d > k
then log(ed/k) > 1, which implies vk < {/klog(€%), the first term is absorbed by the second
k

term. Mathematically, vk + Cg/k‘log(%) < (1+4+0C) klog(%). .Therefore, we can conclude

w(T}) < C klog<6kd> :

Question 2: Practice with Rademacher processes and Rademacher complexity

al. We have:

—Zalf (z;) < sup— Z&ng (x;) VfeF (because F C G)

geg N

= sup—Zslf ) < sup — Zelgx,

fermn geg

= ]Esup 62f x;) < Esup gig(x;)

= R (F) < R, (G)



a2. By definition, we have:

A

R (aF)

= Esup 1 Zsi(af(:r@-))

n
fer 4

=Esupa (711 ; €z‘f(1’z‘)>

fer

= alE sup L > eif(wi)

n
feF g

= ai)?in(]:)

a3. Because F C conv(F), from part (al) we have:

R (F) < i)Ein(conV(]-"))

We now prove the reverse inequality.

Fix €. Let h € conv(F) then:

(because a > 0)



Therefore:

sup ZEJ wj <sup ZEJ xj

heconv(F) T

8)
— [E sup gih(z;) <Esup— » ¢;f(z;) (
heconv(F) T Z ’ ’ fermn Z ! !

A

=  R,(conv(F)) < 9A%n(]:)

Combine 7 and 8, we conclude that: 9, (conv(F)) = R, (F).
b. Finite-class bound (Massart-type bound)
Assume F is finite and for every f € F, L3 | f(z;)? <12
We will prove that:

R (Fia1,... an) <7

Step 1: Rewrite the quantity
By definition, R, (F;x1,...,2,) = E. SUp e 7 LS L eif ().
Because F is finite, the supremum is a maximum. We define Z¢ := %Z?zl g;f(x;) and rewrite
ﬂ?in(]:; Z1,...,%,) as follows:
R (Fi 21, ... 2n) =E Zs.
n( r1 wn) Er}lea])__( f

Now our problem is to bound the expectation of the maximum of finitely many random variables Z.
Step 2: Show that each Zy is sub-Gaussian
Fix f € F. We have Z; = 237 | & f(x;).

Indeed, using the Taylor expansions cosh(\) = >"2, (gzk, and /2 = =0 2;%' and that (2k)! >
2k ! for all k, we have (2k)' < 2,%,, therefore term-by-term (Zk)' < 2’\,%,, which implies cosh(\) < N2,

Therefore, ¢; is sub-Gaussian with proxy 1.

10



Therefore ¢; f(x;) is sub-Gaussian with proxy f(z;)?, because: Eeteif (@) < A?f(@i)?/2,

We now compute the mgf of Z;: Eerf = Eexp ()\% p slf(:cl)) By independence, we have:

Eer4s = H EeMmeif(zi)

=1

Use the sub-Gaussian bound, we have:
EeMmeif(zi) < NI (@i)?/(2n?)

2 &
)\Zf < (7 . 2
= Ee™f < exp 52 El f(x) )

)\27,2 n
— Ee/ < exp (—) (use the assumption Z f(acz)2 < nrQ)
2n P
Therefore, Z; is sub-Gaussian with variance proxy o= %
Step 3: Bound Emaxycr Z
Let Y := maxjcr Zy.
For any A > 0, we have
AN Amaxy Zy — max e r < Z pys
fer

= EeMY < Z EeMs
feF

— EeM < ].7-"\6)‘2T2/(2") (step 2)

By Jensen inequality, we have: e*EY < EeV.

Therefore:
e)\IEY < |J—_~| 6)\2r2/(2n)

A2T2
= AEY < log |F| + 5
n

log | F| +L¢“2
A 2n

v/ 2nlog | F| log | F| Ar2
S T

= EY <

Optimize over A to get a tighter bound, we obtain A =

Therefore: EY < ry/ m%lﬂ.

11

_ .. [ 2log|F|
=T n .



Because Y = maxecr £, we conclude that:

- 21
Ry (Fsz1,...,0n) =E.max Zy <r ﬂ.
feF n

c. Linear function classes
Let Fr:={z— (w,z) : |w|2 < R}.
Therefore:

R (Fr;T1,...,2n) = E. sup Zal (w, x;)

lwll2<R ™
= fEE sup <w, g €il'i>
o lwl2<R i=1

By Cauchy-Schwarz, we have: sup,|,<r{(w,2) = R|2[[2. Therefore:

R (FR; T1, .-y Tp) = —

T
2

Apply E||Z|l2 < /E| Z||3 (Jensen inequality for concave function) with Z = Y"1, €;z;, we obtain:

=Sl

i L i L

We also have:

n 9 n n
E &4 ) = E€< E EiLg, E ijj>
i=1 =1 Jj=1

n o on
= EE Z Z€i€j<l‘i, .Tj>

i=1 j=1
n n
=3 ) Ecleij)(i,x))
i=1 j=1
—ZE zalls + ZE €i€;)(zi, ;)
i#]
= Z i 13-
i=1

. 1/2
Therefore: Ry, (Fr;x1,...,2n) < %(Z?ﬂ HﬁH%) .

12



If ||lziflo < 1 for all i, then R, (Fr;x1,...,2n)

IA
B

d. [Bonus| Sparse linear predictors
Let Gr := {z — (w,z) : ||w|1 < R} with ||z;]|c < 1.
Therefore:

. 1 n
Rn(Gr;x1,...,2n) = —E; sup <w, Zszxz>
i=1

o wlh<R

By duality, we have: supy,,<gp(w, z) = R||2|lcc. Therefore:

R, (Gr;x1,...,T

n
E iy
P [e’e}

= —E max ’ g €35
n - 1<j<d

Let Z; := Y " | &ixij. Then each Z; is sub-Gaussian with proxy < n. Indeed, we have proved from

part (b) that &; is sub-Gaussian with proxy 1, which is equivalent to Ee**: < N2, Replace A = Az,

2,2
A z3;

we obtain: Ee?iifi < ¢z

Then, for any A € R,

n
E€e>\Zj = [E.exp <)\ Z Eil'ij>
=1

H E_e?ei%i (by independence)

n 222,
< H exp( 5 X ) (sub-Gaussian bound)

Because |z;;| < 1, we have ) !, :1:@23 < n, then E.eri < exp(’\%”), which implies that Z; is
sub-Gaussian with variance proxy < n.

Therefore, by maximal inequality, we have: E. maxi<j<q|Z;| < Cy/nlogd.

13



Substitute the above result to 9, we conclude that:

logd

. R
Rn(Gr; 1, xpn) < gC\/nlogd =CR

Question 3: Practice with VC dimension

a. One-dimensional class

al. The class of half-line

Let Hpalf = {1(—o0,q] : @ € R}, we prove that VC(Hparr) = 1.

First, we show that Hp.ir shatters any single point. Let ;1 € R. For the two possible labelings, we
choose h(x1) =0 if a < 1 and choose h(z1) =1 if a > x;. Therefore, all labelings of {1} can be
realized.

We then show that no set of two points can be shattered. Let 1 < xo. For any a € R, we have:
a <z = (h(z1),h(z2)) = (0,0), r1 <a<uzy=(1,0), a>xzy=(1,1).

Therefore, the only realizable labelings are: (0,0), (1,0), (1,1) and the labeling (0,1) cannot be

realized. Therefore Hy.r does not shatter any 2-point set.

We conclude that ‘VC(HhaH) =1 ‘

a2. The class of intervals.
Let Hint = {1[qp : @ < b, a,b € R}, we prove that VC(Hing) = 2.
First, we show that some 2-point set is shattered. Let x1 < xo. The four labels can all be realized as

follows:
e (0,0) by choosing [a,b] disjoint from {x1,x2}
e (1,0) by choosing an interval containing x; but not o
e (0,1) by choosing an interval containing xe but not 1
e (1,1) by choosing [a,b] D {x1,z2}

Therefore, Hin, shatters {x1,z2}, so VC(Hint) > 2.

We then show that no 3-point set can be shattered. Let 1 < 22 < x3. Consider the label (1,0,1). If

14



an interval [a, b] contained both x; and x3, then because zy lies between them, it must also contain
x9. Therefore, the label (1,0,1) cannot be realized by any function in Hj,¢, which implies that no
3-point can be shattered, or equivalently, VC(Hiy) < 2.

Combine two inequalities, we conclude that: | VC(Hint) = 2|

a3. The class of unions of at most £k intervals.

Let Hy = {lule[aj,bj] taj < bj}. We prove that Hy = {1U§:1[aj,bj} taj < bj}.
Lower bound (> 2k).

Let 1 < --- < x9;. We show that H; shatters this set.

Consider an arbitrary labeling yi, ..., yax € {0,1}. Define a run of ones as a maximal set of indices
{i,...,7} such that y; = --- = y; = 1, and (if they exist) y;—1 = 0 and y;41 = 0.
Each run corresponds to a contiguous segment of points x;,...,x; that must be covered by an

interval. Because between any two runs there must be at least one index with label 0, the total
number of runs is at most k& when there are 2k points (the maximum is achieved by the alternating
labeling 1,0, 1,0,...).

For each run {4,...,j}, choose an interval [z;, z;] that covers exactly those points. This uses at most
k intervals and realizes the given labeling. Therefore Hy, shatters {x1,...,zax}, so VC(Hy) > 2k.
Upper bound (< 2k).

Let 21 < -+ < wog+1. Consider the alternating labeling

1, if 7 is odd,
Yi =
0, if 4 is even.

Therefore, there are k + 1 runs of ones at indices ¢ = 1,3,5,...,2k + 1.

Each interval can cover points from at most one such run, because any interval containing two of
these points would also contain an intermediate point labeled 0. Therefore, realizing this labeling
requires at least k£ 4 1 intervals, which is not allowed.

Therefore, this labeling cannot be realized, so no set of size 2k + 1 is shattered, which implies

VC(Hy) < 2k.

Combine two bounds, we conclude | VC(Hy) = 2k |.

15



b. Two-dimensional classes

bl. Axis-aligned rectangles.

Let R = {[a,b] x [e,d] : a < b, ¢ < d}, we will prove that VC(R) = 4.

Lower bound (> 4). Consider the four points (1,0), (—1,0), (0,1), (0, —1), we show that they are

shattered by axis-aligned rectangles.

Let S be the subset of points labeled 1. If S = &, choose a rectangle disjoint from all four points. If
S # o, let

a = min{xy : (z1,72) € S}, b =max{r : (r1,22) € S},
¢ =min{xzy : (z1,22) € S}, d = max{wzy : (v1,72) € S}.

We can see that a, b, c,d are the extreme coordinates of the points in S. More precisely, a is the
smallest z-coordinate among all points in S, b is the largest x-coordinate among all points in S, ¢ is
the smallest y-coordinate among all points in .S, and d is the largest y-coordinate among all points
in S.

Therefore, the rectangle [a,b] x [c,d] is exactly the smallest axis-aligned rectangle containing all
points of S, which also implies that every labeling of these four points can be realized, so VC(R) > 4.
Upper bound (< 4). Now consider any five points in R2. Among them, choose points with minimal
and maximal x-coordinate and minimal and maximal y-coordinate. These account for at most four
points, so there exists at least one remaining point z.

Label the four extreme points by 1 and label z by 0. Suppose there were an axis-aligned rectangle
containing all four extreme points. Then its left side must lie to the left of the point with minimal
z-coordinate, its right side must lie to the right of the point with maximal z-coordinate, its bottom
side must lie below the point with minimal y-coordinate, and its top side must lie above the point
with maximal y-coordinate. Therefore it must also contain every point whose coordinates lie between
these extremes, in particular the point z. This contradicts the labeling.

Therefore no set of five points can be shattered, so VC(R) < 4.

Combine two bounds, we conclude that: [ VC(R) =4 |.

b2. [Bonus] Convex sets

16



Let Ceony be the class of indicators of all convex subsets of R2. We will prove that VC(Ceony) = 0.
Fix any m > 1. Choose m distinct points x1, ..., 2y, on a circle. We show that this set is shattered.
Consider any labeling of these points by {0,1}. Let S = {x; : y; = 1} be the subset of positively
labeled points, and let C' = conv(S) be its convex hull. Therefore, C' is convex and contains every
positively labeled point.

We now show that C' contains no negatively labeled point from the original set {z1,..., 2, }. Because
all m points lie on a circle, they are in convex position: no point lies in the convex hull of the
others. Therefore, if z; ¢ S, then z; ¢ conv(S). Indeed, assume for contradiction that there exists a
negatively labeled point x; ¢ S such that x; € conv(S). By by definition of convex hull, there exist
coefficients \; > 0 for i € S with }_, g A; = 1 such that z; = >, ¢ \i;.

Take inner product with z; on both sides yield
(g, 25) =Y Nifwy, ).
1€S

Because all points lie on a circle of radius R, we have: ||z;]|? = R?.

Also, for every i € S, we have z; # z; (because z; ¢ S), so (x;,x;) < R%. Therefore:
R2 = Z)\Z<$J,l‘l> < Z)\ZR2 = R2,
1€S €S

which is a contradiction. Therefore: z; ¢ conv(S).
This result implies that C' contains exactly the positively labeled points from the original m-point

set. Therefore, every labeling can be realized by a convex set, so the m points are shattered. Because

m was arbitrary, we can conclude that ‘VC(CCOHV) =00 ‘

c. [Bonus] Euclidean balls and combinatorial counting.

cl. Let By denote the class of Euclidean balls in R%. We will prove that VC(Bg) = d + 1. Indeed:

2 = el -2z + ellf < 7

x € B(e,r) <= ||z — cH% <r

= 2ca —||z]3 > |le]3 - r*.

17



If we define the lifting map ¢(x) = (z, ||z[|3) € R%*!, then:
z € Ble,r) < (2¢,—1) ¢(x) > ||c||2 — r2.

Therefore, Euclidean balls in R¢ correspond to halfspaces in R4*! acting on the lifted points ¢(z).
Because this class has VC dimension d + 1, we have: VC(By) = d + 1.
c2. If H is a Boolean class with VC(#) = v then on any n-point set it induces at most >%_, (?)
distinct labelings. By the standard binomial estimate, we have:

v

n en\v

>(5)=(5)"
=0\ !
c3. From part (bl), we know that VC(R) = 4.
Applying part (c2) with v = 4, we conclude that on any n-point set in R?, the number of distinct

()

subsets that can be cut out by axis-aligned rectangles is at most Z
§=0

Question 4: Practice with statistical learning theory
a. Excess-risk lemma

Let h* € argminpey R(h) and let h € arg minpey R, (h). We have:
R(h) = R(h*) = (R(h) = Ra(h)) + (Ra(h) = Ru(h)) + (Ra(h") = R(h"))

Because h minimizes the empirical risk, we know that R, (h) — R,(h*) < 0.
Therefore:
R(b) = R(W*) < (R(R) = Ru(h)) + (Ra(h*) — R("))
<|(R(h) = Ru(h))| + |(Rn(h) = R(h"))]

< sup |Ry(h) — R(h)| + sup [R,(h) — R(h)|
heM heM

< 2sup |[Ra(h) — R(R)|
heH

b. Symmetrization

We are given that Ly := {(z,y) — ¢(h(z),y) : h € H}.
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Write £, (2, y) := £(h(z),y), so R(h) = E[(;(X,Y)] and R, (k) = L 31, £,(X;, V7).
Therefore: Esupy,ey |Rn(h) — R(h)| = Esupy, ., ‘% S (X, V) — BO(X,Y).

Let (X1,Y{),...,(X}.,Y,) be an independent ghost sample with the same law as (X;,Y;).
Because E[(;(X,Y)] = E[¢s(X],Y/)], we have

(2]

n

E sup EZEh(Xi,E-)—E[fh(X,Y)}

=E sup
LhELy n i=1

ChELy

S|

i=1

Z(zh(Xlale) [Eh( i z)])|

< E sup
CheLy

S|

=1

(ﬂh(XZ-,Yi) 14 (XZ',Y;))‘ (by Jensen inequality)

Let €1,...,e, be ii.d. Rademacher variables, independent of both samples. Because the joint law of

((Xl-, Y:), (X[,Y/ )) is invariant under swapping the two coordinates, we obtain:

n

E sup lZ(ﬁh(Xi,Y;) Uh(X3,YY))

(2 (2
Crhely n i=1

n

=FE sup 1252-(&1()(1‘,1@) Uy (levyz))

LheLy | T i—1

By the triangle inequality, we have:

1 n
- > ei(n(Xi, Vi) — (X[, YY)
i=1

Zsmh X,,Y;)
i=1

Zgzgh 9 z

Take suprema over ¢;, € L4 and then expectations, and use the fact that that the two terms have

the same distribution, we obtain:

1 n
Esup [Rn(h) — R(h)| < 2E sup |= Y eilp(X;,Y5)|.
heH bpelgy | T i1

By definition, the right-hand side is: 2ER,(Ly; (X1,Y1), ..., (Xn,Yy)). Therefore, we conclude

that:

Esup |Rn(h) - R(h)| < 2E§Qn(£7—[§ (Xl,Yl), ) (XmYn))
heH

c. Finite hypothesis classes
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Assume H is finite and the loss is bounded in [0, 1]. By part (a), we have:

R(h) — R(h*) < 2sup |Ru(h) — R(h)|.
heH

Take expectations and then applying part (b), we obtain:

E[R(h) — R(h")] < 2E:1€1£ |Rp(h) = R(h)| < 4E R (Ly; (X1, 1), -, (X, Vo)) (10)

We then apply Problem 2(b) to the finite class L. Because the loss takes values in [0, 1], for every

Ly, € L4y we have:
—Zeh X;,Y;)? 212<1

Therefore, let r = 1 to get:

y 2log |L
R (Lag; (X1, Y1), .., (X, Ya)) < W

Substitute this into 10, we obtain:

E[R(h) — R(h*)] < 44/ 210%157{’.

Finally, because each h € H determines one loss function ¢;,, we have: |Ly| < |H|. Therefore:

E[R(h) — R(h")] < 4 moiw.
We conclude that:
7 * log ‘H|
E[R(h) — R(h )] <C —

d. Boolean class and VC dimension

Let Ly == {(z,y) — 1{h(x) #y}: h € H}.

Ly = {(z,y) = H{h(zx) #y} : h € H}.
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Because Ly is a Boolean class on X' x ), we will apply the VC generalization bound (Theorem 5.2,
Lecture 20) to Ly.

First, we verify that VC(Ly) < VC(H) = v.

Indeed, to show that VC(Ly) < VC(H), it suffices to prove that whenever £y, shatters m labeled
points ((x;,y;))7,, the class H shatters the corresponding inputs z1,. .., zp,.

Assume that Ly shatters ((x;,y;)),. Then for every binary vector (z1,...,2pn) € {0,1}™ where

zi = L(h(x;),y;), there exists h € H such that:

Equivalently:

hzi) = zi @ v, i1=1,...,m,

where @ denotes XOR. Because coordinatewise XOR with the fixed vector (y1,...,ym) is a bijection
on {0,1}™, as (z1,...,2zny) ranges over all of {0,1}", so does (21 D y1,...,2m D ym). Therefore, for

every binary vector (wi,...,wy) € {0,1}™, there exists h € H such that

h(mi):wi, i:1,...,m.

Therefore H shatters z1,...,zy,, which implies that VC(H) > m for any m points that Ly can
shatter. Therefore, VC(Ly) < VC(H).

Apply the VC generalization bound, we obtain:

B{R() - R < € \/VC(L‘H) logfen/VC(£3)

n

Because VC(Ly) < VC(H) = v, we conclude that: E[R(ﬁ) — R(h*)] <C M ]
n

e. A VC-style sample complexity statement.
By part (a), we have:
R(h) = R(h*) < 2sup |Ry(h) — R(h)|

heH
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by part (a). Therefore, it we = obtain a high-probability bound for supj,c4 |Rn(h)—R(h)| (eg. we can
prove that P(supey |Rn(h)—R(h)| < ) > 16, then it will implies that P(R(h)—R(h*) < €) > 1-4.
For the 0-1 loss, we have the loss class Ly = {(z,y) — 1{h(z) # y} : h € H}. Fix a sample

S =((x1,91),---,(Zn,yn)). On this sample, the set of possible loss vectors is

Lu(S) = { (1h(e) # ) Hhea) £ n}) h e A,

By the XOR argument that the loss is obtained by applying XOR map with y on h(x), the map
(h(x1),...,h(xy)) — (L{h(z1) #v1}, ..., 1{h(zn) # yn}) is a bijection on {0,1}". Therefore:

|L3(S)| = [Hlarp]-

We then apply the finite-class generalization bound to the finite class of loss vectors on the fixed
sample (Theorem 4.1, Lecture 20). Because the loss is bounded in [0,1], we obtain that with

probability at least 1 — 6,

log (2] £3(5)1/9)

n

R,(h) — R(h) < C’\/

for some absolute constant C'. Moreover:

P supRn<h>R<h><c\/1"g(2ﬁ”(s)/5)) < B[ |Ra(h) - \/0g 2/L(S /5))

heH n
o rm \/ £(2n(S /6))

which implies P(supheH |R.(h) — R(h)| < C W) >1-9.

log (2/£4(5)1/5)

n

Therefore, R(h) — R(h*) < C with probability at least 1 — .

Now we bound |L£4(S)|. Because VC(H) = v, Sauer’s lemma gives
"\ (n eny\v
n| < < ([—
H|m1|_zo(j) < ()
]:
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Therefore, |L3(S)| = [Hlar| < (22)” and so log(2]L#(5)]/6) < vlog(<2) + log(%) . Substituting

into the previous bound yields

vlog(en/v) + log(2/9)

R(h) — R(h*) < c\/

with probability at least 1 — 4.
Therefore, if n > C %2(1/6) up to the extra logarithmic factor log(en/v), then R(h) < R(h*) + ¢

with probability at least 1 — 4.

~ ~

Indeed, if we need to control R(h)—R(h*) such that R(h)—R(h*) < €, we need C\/vlog(en/v7)L+log(2/5) <

€. Solve this to obtain n, we get n > C

v log(en/v);—log(l/é) .

Question 5: Practice with nonparametric regression
a. Loss class versus hypothesis class
We define Lr := {(f —T)?: f € F}.

For any f,g € F, we have:

I(F =T)* = (9= T)?lloc = I(f = 9)(f + 9 —2T)|o

= Sl;pl(f —9)(f +9—2T)

= sgpl(f =gl I(f +9—27)]

We have that for all z, |f — g| <sup, |f —g| = ||f — 9llec and |f + g — 27| < sup, |f +9g —2T| =
|| f + g —2t||co. Therefore, for all z, we have: |f —g|-|f+9—2T| < || f—9glloo- If +9— 270, which
implies that sup, [(f — g)| - |(f + 9 —2T)| < [If = gllc If +9 = 2T lloc or [|(f = T)* = (9 = T)?|| 0 <
1f = glloc lf + 9 = 2T [|oo-

Moreover, because f,g,T takes values in [0,1] for all z € [0, 1]¢, we have |f(z) + g(z) — 2T(z)| < 2,

which implies | ||(f = T)? = (9 — T)?*|loo < 2|l — glloo |

Let N := N(F,| - ||oo,€/2), which means there exist f1,..., fy € F such that for every f € F

|f — filloo < e/2. Consider the corresponding loss functions
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We can show that {¢1,...,¢n} is an e-cover of L under || - ||oc-
Indeed, take any £ € Lz. Then ¢ = (f — T)? for f € F. Moreover, for every f € F, we have fj such

that || f — fjllec < €/2. By the inequality proved above, we have:

9

1€ = Lilloo = I(f = T)* = (fi = T)’llo < 21f = fillw <2- 5 =¢
Therefore {¢1,...,¢x} is an e-cover of Lr. We conclude that:
NLF | loo:e) £ N =N(F, || - [loos £/2)-
b. One-dimensional Lipschitz regression.
By the excess-risk lemma, we have:
E[R(fn) — R(f*)] < 2Esup|Rn(f) — R(f)]
feF
1 n
- 2E?2§r‘5 D (F(Xi) = T(X))? = E[(f(X) = T(X))*]]
i=1

We are given the loss class Lz := {(f —T)?: f € F}. Therefore, for g(x) = (f(z) — T(x))?, we

have:

Therefore:

1
B[R(f) ~ B()] < 2E sup alo) o) < jﬁ /0 VIog N (L7 Tloer€) de (by Dudley bound)

From part (a), we obtain: log N (Lx, || - ||, &) < 1og N (F, | - |oc, €/2) and with F = Fr, 1, we have:

L

. <
o N (P11 -l 2/2) < O 73

<ck.
5
Therefore, we conclude: E[R(fn) — R(f")] < % fol \/gda = C—fﬁf fol e 12 de < C’\/%.
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c. Higher-dimensional Lipschitz regression.

cl. Under the entropy bound log N'(Fp 4, - lec, €) < Ca(L/2)%, we have:

VI N (Fra, || ller2) < CalL/e)?

Because d > 2, we have d/2 > 1 and therefore fol £ 4/2 de = c0. This implies that the naive Dudley
bound from part (b) is no longer useful in general.

c2. Let N C Lr be an e-net of Lr in ||+ ||oo. For any g € Lr, choose h € N, such that ||g—h||s < €.

Then pn(g) — 1(9) = (n(g) = pn(h)) + (n(h) — u(h)) + (u(h) — p(g))-

By triangle inequality, we have:

|tn(9) = (9)| < |pn(9) = pn(P)] =+ | (h) = p(h)| + |p(h) — u(g)l-

Moreover, we have:

ln(g) — (R = |2 301 (9(X3) — (X)) < £ 300 9(Xe) — (X3)| < |lg — hllo < €,

[u(h) = p(g)] = [E[M(X) = g(X)]| < E[R(X) = g(X)| < [[h = glleo <&

Therefore,

1n(9) — 1(g)] < 2& + [pn(h) — p(h)| < 2e + max |l (h) — p(h)|.

Take the supremum over g € Lr, we conclude: | sup |u,(g) — u(g)| < 2+ max | (h) — p(R)| |
geLF ENe

c3. By the excess-risk lemma:

E[R(fn) — R(f")] < 2E?22|Rn(f) — R(f)|-

For g(x) = (f(z) — T(z))?, we have R, (f) = pn(g) and R(f) = u(g). Therefore:

A~

E[R(fn) — R(f")] <2E sup l1n(g) — p(g)l-
geLF
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Using part (c2), we obtain:

BIR() ~ R < € (= 4 B s ) )

Because V. is finite, the finite-class bound yield:

1 N,
E max [ (k) — p(h)] < €/ 2812

heN. n

Choosing N, with |[N:| = N(Lz, || - |lcc,€), we obtain:

EW%%ﬂUmch+¢me%WM@>

n

By part (a), we have:
log N (Lr, || - loc,€) < log N(F, || - lloc, €/2)

With F = Fp 4, this implies
log N (L7, || - [|oor€) < Ca(L/e)"

Therefore, we conclude that |E[R(f,) — R(f*)] < Cq (E + (L/E)d> :

c4. Choose ¢ < L%/ (d+2)y=1/(d+2) Therefore:

(L/e)* _ 14/2,-1/2~d/2 _ [d/(d+2),,~1/(d+2)
n

We can see that now both terms are of the same order. Therefore, we can conclude that:

E[R(fn) — R(f*)] < Cyq LY (@+2)p~1/(d+2)

To make the excess risk at most ¢, it suffices to require Cy L9/ (4+2)p=1/(d+2) < 5 Equivalently,
n > L4~ (@+2) We can see that the required sample size grows polynomially in 1 /8 with exponent
d + 2, which becomes rapidly worse as d increases. This is an example of the curse of dimensionality.

d. [Bonus|] Smoother classes help.
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In this part, we assume that log N (F, || - [loo, &) < Ae™? (0 <e < 1).

Using the same finite-net argument as in part (c4), we have

E[R(f,) — R(f*)] < C ( n \/ log V(L7 || - Hoo,s>)

n

By part (a), we obtain: log N (Lz, | - ||ec, &) < log N (F, | - [|ec,£/2) < A(g/2)7P < CAc™P,
Therefore, E[R(fn) —R(f)]<C <5 + AEnp> =C (5 + A1/2n—1/25—17/2).

Similar to part (c4), we choose € so that the two terms are of the same order, which means:

e x AV 1/2—p/2
S1HP/2 = 41/2,-1/2

— = = AV (P+2),-1/(p+2)

Substitute this choice back into the bound , we have:

E[R(f,) — R(f*)] < C AV @2y =1/(+2)

Suppose p = d/s. Therefore, the heuristic rate is: E[R(f,) — R(f*)] < n~ Y/ (2td/s) = p=s/@s+d)
As s increases, the exponent s/(2s + d) increases, , so the rate improves (this can be proved by
taking the derivative of s/(2s 4 d), we can see that the derivative is greater than 0, which implies

that s/(2s + d) is an increasing function w.r.t s). When s — oo, we have: 55 — 3. In this case,

—1/2

the rate approaches the parametric rate n . This shows that additional smoothness reduces the

effective complexity of the class and helps mitigate the curse of dimensionality.
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