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Question 1: Practice with Gaussian processes and Gaussian width

For a bounded set T ⊂ Rd, we have the definition of the Gaussian width:

w(T ) := E sup
t∈T

⟨g, t⟩, g ∼ N (0, Id)

a. Basic properties

a1. We have:

⟨g, t⟩ ≤ sup
s∈S

⟨g, s⟩ ∀t ∈ T (because T ⊂ S then every t ∈ T implies t ∈ S)

=⇒ sup
t∈T

⟨g, t⟩ ≤ sup
s∈S

⟨g, s⟩

=⇒ E sup
t∈T

⟨g, t⟩ ≤ E sup
s∈S

⟨g, s⟩

=⇒ w(T ) ≤ w(S)

a2. By definition, we have:

w(aT ) = E sup
u∈aT

⟨g, u⟩

= E sup
t∈T

⟨g, at⟩

= E sup
t∈T

a⟨g, t⟩

= aE sup
t∈T

⟨g, t⟩ (because a > 0)

= aw(T )
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a3. By definition, we have:

w(T + x0) = E sup
u∈T+x0

⟨g, u⟩

= E sup
u∈T+x0

⟨g, t+ x0⟩

= E sup
t∈T

⟨g, t⟩+ E⟨g, x0⟩ (because for fixed g, ⟨g, x0⟩ does not depend on t)

Moreover, E⟨g, x0⟩ = ⟨Eg, x0⟩ = ⟨0, x0⟩ = 0 because g ∼ N (0, Id) has mean zero. Therefore:

w(T + x0) = E sup
t∈T

⟨g, t⟩ = w(T )

a4. Because T ⊂ conv(T ), from part (a1) we have:

w(T ) ≤ w(conv(T )) (1)

We now prove the reverse inequality.

Fix g ∈ Rd. Let v ∈ conv(T ). By definition of the convex hull, we have: v =
∑m

i=1 λiti for some

t1, . . . , tm ∈ T , λi ≥ 0 and
∑m

i=1 λi = 1. Therefore:

⟨g, v⟩ =

〈
g,

m∑
i=1

λiti

〉
=

m∑
i=1

λi⟨g, ti⟩.

Because each ⟨g, ti⟩ ≤ supt∈T ⟨g, t⟩, we get:

⟨g, v⟩ ≤
m∑
i=1

λi sup
t∈T

⟨g, t⟩ =

(
m∑
i=1

λi

)
sup
t∈T

⟨g, t⟩ = sup
t∈T

⟨g, t⟩.

The above result holds for every v ∈ conv(T ), therefore supv∈conv(T )⟨g, v⟩ ≤ supt∈T ⟨g, t⟩.

Take expectations, we obtain: E supv∈conv(T )⟨g, v⟩ ≤ E supt∈T ⟨g, t⟩, or equivalently:

w(conv(T )) ≤ w(T ) (2)

Combine 1 and 2, we conclude that: w(conv(T )) = w(T ) .
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b. Canonical examples

b1. For every t ∈ Bd
2 , by Cauchy–Schwarz, we have:

⟨g, t⟩ ≤ |⟨g, t⟩| ≤ ∥g∥2∥t∥2 ≤ ∥g∥2.

Therefore:

sup
∥t∥2≤1

⟨g, t⟩ ≤ ∥g∥2 (3)

If g ̸= 0, choose t = g
∥g∥2 . Therefore ∥t∥2 = 1, so t ∈ Bd

2 , and

⟨g, t⟩ =
〈
g,

g

∥g∥2

〉
=

∥g∥22
∥g∥2

= ∥g∥2.

Therefore:

sup
∥t∥2≤1

⟨g, t⟩ ≥ ∥g∥2 (4)

From 3 and 4, we have:

sup
∥t∥2≤1

⟨g, t⟩ = ∥g∥2.

Take expectations, we conclude: w(Bd
2) = E∥g∥2 .

Prove that: c
√
d ≤ w(Bd

2) ≤
√
d.

For the upper bound, by Jensen’s inequality, we obtain:

(E∥g∥2)2 ≤ E∥g∥22

= E
d∑
i=1

g2i

=

d∑
i=1

Eg2i = d · Eg21 = d · 1 = d

Therefore: w(Bd
2) = E∥g∥2 ≤

√
d .
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For the lower bound, let g̃ = (|g1|, |g2|, ..., |gd|). By Cauchy–Schwarz, we have:

⟨g̃,1⟩ =
d∑
i=1

|gi| ≤
√
d ∥g∥2

Therefore: ∥g∥2 ≥ 1√
d

∑d
i=1 |gi|.

Take expectations, we obtain: E∥g∥2 ≥ 1√
d

∑d
i=1 E|gi| =

√
dE|g1|.

Because g1 ∼ N(0, 1), we have:

E|g1| =
∫ ∞

−∞
|x| 1√

2π
e−x

2/2 dx = 2

∫ ∞

0
x

1√
2π

e−x
2/2 dx =

2√
2π

∫ ∞

0
xe−x

2/2 dx

=
2√
2π

∫ ∞

0
e−u du (u = x2/2, du = x dx)

=
2√
2π

· 1 =

√
2

π
.

Therefore: E∥g∥2 ≥
√

2

π

√
d .

b2. For any t ∈ Bd
1 (or equivalently, ∥t∥1 ≤ 1), we have:

⟨g, t⟩ =
d∑
i=1

giti ≤
d∑
i=1

|gi||ti| ≤ ∥g∥∞
d∑
i=1

|ti| = ∥g∥∞∥t∥1 ≤ ∥g∥∞.

Therefore:

sup
∥t∥1≤1

⟨g, t⟩ ≤ ∥g∥∞ (5)

Let j ∈ argmax1≤i≤d |gi| and t = sgn(gj)ej .

Then ∥t∥1 = 1, so t ∈ Bd
1 , and ⟨g, t⟩ = gj sgn(gj) = |gj | = ∥g∥∞. Therefore:

sup
∥t∥1≤1

⟨g, t⟩ ≥ ∥g∥∞ (6)

From 5 and 6, we obtain: sup∥t∥1≤1⟨g, t⟩ = ∥g∥∞.

Take expectations, we conclude: w(Bd
1) = E∥g∥∞ .

Prove that w(Bd
1) ≃

√
log d.
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To prove the upper bound, let M := ∥g∥∞ = max1≤i≤d |gi|.

For any λ > 0, we have:

eλM = eλmaxi |gi| ≤
d∑
i=1

eλ|gi|

=⇒ EeλM ≤
d∑
i=1

Eeλ|gi|

Also, we have: eλ|x| ≤ eλx + e−λx. Therefore, for gi ∼ N(0, 1), we have:

Eeλ|gi| ≤ Eeλgi + Ee−λgi = 2eλ
2/2

Therefore: EeλM ≤ 2d eλ
2/2. By Jensen, in equality, we have:

eλEM ≤ EeλM ≤ 2d eλ
2/2

=⇒ λEM ≤ log(2d) +
λ2

2

=⇒ EM ≤ log(2d)

λ
+

λ

2

Optimize the right-hand side w.r.t λ to get tighter upper bound, we obtain: λ =
√
2 log(2d) and

EM ≤
√
2 log(2d) ≲

√
log d.

For the lower bound, again let M = max1≤i≤d |gi|.

For every t > 0, we have: M ≥ t1{M≥t}, so by taking expectation of both sides, we obtain:

EM ≥ tP(M ≥ t).

We also have:

P(M ≤ t) =

d∏
i=1

P(|gi| ≤ t) =
(
1− P(|g1| ≥ t)

)d
Therefore: P(M ≥ t) = 1−

(
1− P(|g1| ≥ t)

)d.
P(M ≥ t) = 1−

(
1− P(|g1| ≥ t)

)d
.

Using 1− x ≤ e−x, we obtain: P(M ≥ t) ≥ 1− exp
(
−dP(|g1| ≥ t)

)
.
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Choose t = 1
2

√
log d. We need a lower bound on P(|g1| ≥ t). We have:

P(|g1| ≥ t) =
2√
2π

∫ ∞

t
e−x

2/2 dx ≥ 2√
2π

∫ t+1

t
e−x

2/2 dx

For x ∈ [t, t+ 1], we have x2 ≤ (t+ 1)2, so: e−x
2/2 ≥ e−(t+1)2/2.

Therefore, P(|g1| ≥ t) ≥ 2√
2π
e−(t+1)2/2, which implies dP(|g1| ≥ t) ≥ c d e−(t+1)2/2.

With t = 1
2

√
log d, we have: (t+ 1)2 = 1

4 log d+
√
log d+ 1.

Therefore:

d e−(t+1)2/2 = exp

(
log d− 1

8
log d− 1

2

√
log d− 1

2

)
= exp

(
7

8
log d− 1

2

√
log d− 1

2

)
.

This tends to +∞ as d → ∞, so for all sufficiently large d, dP(|g1| ≥ t) ≥ 1.

Therefore, P(M ≥ t) ≥ 1− e−1, which implies EM ≥ t(1− e−1) ≳
√
log d.

Combine the upper and lower bounds, we obtain: E∥g∥∞ ≍
√
log d.

Therefore, we conclude that: w(Bd
1) ≍

√
log d .

b3. Let Zj := ⟨g, tj⟩ and σ := max1≤j≤M ∥tj∥2.

Zj := ⟨g, tj⟩, σ := max
1≤j≤M

∥tj∥2.

We have that each Zj is centered Gaussian with variance Var(Zj) = ∥tj∥22 ≤ σ2.

Because w(T ) = Emax1≤j≤M Zj , we now bound Emaxj Zj .

For any λ > 0, we have: EeλZj = eλ
2∥tj∥22/2 ≤ eλ

2σ2/2. We also have: eλmaxj Zj ≤
∑M

j=1 e
λZj .

Therefore:

Eeλmaxj Zj ≤
M∑
j=1

EeλZj ≤ Meλ
2σ2/2.
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By Jensen inequality, we have:

eλEmaxj Zj ≤ Eeλmaxj Zj ≤ Meλ
2σ2/2

=⇒ λEmax
j

Zj ≤ logM +
λ2σ2

2

=⇒ Emax
j

Zj ≤
logM

λ
+

λσ2

2

Optimize the right-hand side w.r.t λ to get a tighter lower bound, we obtain λ =
√
2 logM
σ and

Emaxj Zj ≤ σ
√
2 logM .

Therefore, we can conclude that: w(T ) ≤
(

max
1≤j≤M

∥tj∥2
)√

2 logM .

c. [Bonus] Width of polytopes and sparse sets.

c1. By part (a4), we have: w(P ) = w(conv{v1, . . . , vN}) = w({v1, . . . , vN}).

We apply part (b3) with T = {v1, . . . , vN}. Because maxj ∥vj∥2 ≤ 1, we obtain:

w(P ) ≤
(

max
1≤j≤M

∥vj∥2
)√

2 logM ≤
√
2 logN ≤ C

√
logN.

c2. For each S ⊂ [d] with |S| = k, define YS := sup{⟨g, x⟩ : supp(x) ⊂ S, ∥x∥2 ≤ 1}.

Every x ∈ Tk has support of size at most k, so its support is contained in some set S ⊂ [d] with

|S| = k. Therefore: supx∈Tk⟨g, x⟩ ≤ maxS: |S|=k YS . Take expectations, we obtain:

w(Tk) = E sup
x∈Tk

⟨g, x⟩ ≤ E max
S: |S|=k

YS .

Fix S ⊂ [d], |S| = k. Restricting to the coordinates in S, the problem becomes the Euclidean ball in

Rk, so by part (b1), we have YS = ∥gS∥2, where gS is the restriction of g to the coordinates in S.

Because gS ∼ N(0, Ik), part (b1) also gives EYS = E∥gS∥2 ≤
√
k.

We then show that YS − EYS is sub-Gaussian uniformly in S. Consider the function fS(g) := ∥gS∥2.

For any g, h ∈ Rd, we have: |fS(g)− fS(h)| =
∣∣∥gS∥2 − ∥hS∥2

∣∣ ≤ ∥gS − hS∥2 ≤ ∥g − h∥2. Therefore

fS is 1-Lipschitz. Therefore, the Gaussian concentration yields absolute constants c, C > 0 such that

for all t ≥ 0,

P
(
|YS − EYS | ≥ t

)
= P

(
|fS(g)− EfS(g)| ≥ t

)
≤ 2 exp(−ct2)
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and ∥YS − EYS∥ψ2 = ∥fS(g)− EfS(g)∥ψ2 ≤ C.

Therefore YS − EYS is sub-Gaussian with an absolute constant, uniformly in S.

The number of subsets S ⊂ [d] with |S| = k is
(
d
k

)
.

Apply the maximal inequality for finitely many sub-Gaussian random variables to the family

{YS − EYS : |S| = k}, we obtain: Emax|S|=k(YS − EYS) ≤ C
√
log
(
d
k

)
.

Therefore:

Emax
|S|=k

YS ≤ max
|S|=k

EYS + Emax
|S|=k

(YS − EYS) ≤
√
k + C

√
log

(
d

k

)
.

The above result implies that:

w(Tk) ≤
√
k + C

√
log

(
d

k

)
.

Finally, use the standard combinatorial bound we have
(
d
k

)
= d!

k!(d−k)! =
d(d−1)···(d−k+1)

k! ≤ dk

k! ≤
dk

(k/e)k
=
(
ed
k

)k
, so log

(
d
k

)
≤ k log

(
ed
k

)
. Therefore: w(Tk) ≤

√
k + C

√
k log

(
ed
k

)
. Because d ≥ k

then log(ed/k) ≥ 1, which implies
√
k ≤

√
k log

(
ed
k

)
, the first term is absorbed by the second

term. Mathematically,
√
k + C

√
k log

(
ed
k

)
≤ (1 + C)

√
k log

(
ed
k

)
. .Therefore, we can conclude

w(Tk) ≤ C

√
k log

(
ed

k

)
.

Question 2: Practice with Rademacher processes and Rademacher complexity

a1. We have:

1

n

n∑
i=1

εif(xi) ≤ sup
g∈G

1

n

n∑
i=1

εig(xi) ∀f ∈ F (because F ⊂ G)

=⇒ sup
f∈F

1

n

n∑
i=1

εif(xi) ≤ sup
g∈G

1

n

n∑
i=1

εig(xi)

=⇒ E sup
f∈F

1

n

n∑
i=1

εif(xi) ≤ E sup
g∈G

1

n

n∑
i=1

εig(xi)

=⇒ R̂n(F) ≤ R̂n(G)
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a2. By definition, we have:

R̂n(aF) = E sup
f∈F

1

n

n∑
i=1

εi(af(xi))

= E sup
f∈F

a

(
1

n

n∑
i=1

εif(xi)

)

= aE sup
f∈F

1

n

n∑
i=1

εif(xi) (because a ≥ 0)

= aR̂n(F)

a3. Because F ⊂ conv(F), from part (a1) we have:

R̂n(F) ≤ R̂n(conv(F)) (7)

We now prove the reverse inequality.

Fix ε. Let h ∈ conv(F) then:

h =
m∑
i=1

λifi (λi ≥ 0,
m∑
i=1

λi = 1)

=⇒ 1

n

n∑
j=1

εjh(xj) =
1

n

n∑
j=1

εj

m∑
i=1

λifi(xj)

=

m∑
i=1

λi
1

n

n∑
j=1

εjfi(xj)

≤
m∑
i=1

λi sup
f∈F

1

n

n∑
j=1

εjf(xj)

=

(
m∑
i=1

λi

)
sup
f∈F

1

n

n∑
j=1

εjf(xj)

= sup
f∈F

1

n

n∑
j=1

εjf(xj)
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Therefore:

sup
h∈conv(F)

1

n

n∑
j=1

εjh(xj) ≤ sup
f∈F

1

n

n∑
j=1

εjf(xj)

=⇒ E sup
h∈conv(F)

1

n

n∑
j=1

εjh(xj) ≤ E sup
f∈F

1

n

n∑
j=1

εjf(xj)

=⇒ R̂n(conv(F)) ≤ R̂n(F)

(8)

Combine 7 and 8, we conclude that: R̂n(conv(F)) = R̂n(F).

b. Finite-class bound (Massart-type bound)

Assume F is finite and for every f ∈ F , 1
n

∑n
i=1 f(xi)

2 ≤ r2.

We will prove that:

R̂n(F ;x1, . . . , xn) ≤ r

√
2 log |F|

n
.

Step 1: Rewrite the quantity

By definition, R̂n(F ;x1, . . . , xn) = Eε supf∈F 1
n

∑n
i=1 εif(xi).

Because F is finite, the supremum is a maximum. We define Zf := 1
n

∑n
i=1 εif(xi) and rewrite

R̂n(F ;x1, . . . , xn) as follows:

R̂n(F ;x1, . . . , xn) = Eεmax
f∈F

Zf .

Now our problem is to bound the expectation of the maximum of finitely many random variables Zf .

Step 2: Show that each Zf is sub-Gaussian

Fix f ∈ F . We have Zf = 1
n

∑n
i=1 εif(xi).

Zf =
1

n

n∑
i=1

εif(xi).

Because each εi is Rademacher, we have:

Eeλεi =
eλ + e−λ

2
= cosh(λ) ≤ eλ

2/2.

Indeed, using the Taylor expansions cosh(λ) =
∑∞

k=0
λ2k

(2k)! and eλ
2/2 =

∑∞
k=0

λ2k

2kk!
and that (2k)! ≥

2kk! for all k, we have 1
(2k)! ≤

1
2kk!

, therefore term-by-term λ2k

(2k)! ≤
λ2k

2kk!
, which implies cosh(λ) ≤ eλ

2/2.

Therefore, εi is sub-Gaussian with proxy 1.
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Therefore εif(xi) is sub-Gaussian with proxy f(xi)
2, because: Eeλεif(xi) ≤ eλ

2f(xi)
2/2.

We now compute the mgf of Zf : EeλZf = E exp
(
λ 1
n

∑n
i=1 εif(xi)

)
. By independence, we have:

EeλZf =
n∏
i=1

Ee(λ/n)εif(xi).

Use the sub-Gaussian bound, we have:

Ee(λ/n)εif(xi) ≤ eλ
2f(xi)

2/(2n2)

=⇒ EeλZf ≤ exp
( λ2

2n2

n∑
i=1

f(xi)
2
)

=⇒ EeλZf ≤ exp
(λ2r2

2n

)
(use the assumption

n∑
i=1

f(xi)
2 ≤ nr2)

Therefore, Zf is sub-Gaussian with variance proxy σ2 = r2

n .

Step 3: Bound Emaxf∈F Zf

Let Y := maxf∈F Zf .

For any λ > 0, we have

eλY = eλmaxf Zf = max
f

eλZf ≤
∑
f∈F

eλZf

=⇒ EeλY ≤
∑
f∈F

EeλZf

=⇒ EeλY ≤ |F|eλ2r2/(2n) (step 2)

By Jensen inequality, we have: eλEY ≤ EeλY .

Therefore:
eλEY ≤ |F| eλ2r2/(2n)

=⇒ λEY ≤ log |F|+ λ2r2

2n

=⇒ EY ≤ log |F|
λ

+
λr2

2n

Optimize over λ to get a tighter bound, we obtain λ =

√
2n log |F|
r and log |F|

λ + λr2

2n = r

√
2 log |F|

n .

Therefore: EY ≤ r

√
2 log |F|

n .
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Because Y = maxf∈F Zf , we conclude that:

R̂n(F ;x1, . . . , xn) = Eεmax
f∈F

Zf ≤ r

√
2 log |F|

n
.

c. Linear function classes

Let FR := {x 7→ ⟨w, x⟩ : ∥w∥2 ≤ R}.

Therefore:

R̂n(FR;x1, . . . , xn) = Eε sup
∥w∥2≤R

1

n

n∑
i=1

εi⟨w, xi⟩

=
1

n
Eε sup

∥w∥2≤R

〈
w,

n∑
i=1

εixi

〉
By Cauchy–Schwarz, we have: sup∥w∥2≤R⟨w, z⟩ = R∥z∥2. Therefore:

R̂n(FR;x1, . . . , xn) =
R

n
Eε
∥∥∥ n∑
i=1

εixi

∥∥∥
2

Apply E∥Z∥2 ≤
√

E∥Z∥22 (Jensen inequality for concave function) with Z =
∑n

i=1 εixi, we obtain:

Eε
∥∥∥ n∑
i=1

εixi

∥∥∥
2
≤
(
Eε
∥∥∥ n∑
i=1

εixi

∥∥∥2
2

)1/2
We also have:

Eε
∥∥∥ n∑
i=1

εixi

∥∥∥2
2
= Eε

〈 n∑
i=1

εixi,
n∑
j=1

εjxj

〉
= Eε

n∑
i=1

n∑
j=1

εiεj⟨xi, xj⟩

=

n∑
i=1

n∑
j=1

Eε[εiεj ]⟨xi, xj⟩

=
n∑
i=1

Eε[ε2i ]∥xi∥22 +
∑
i̸=j

Eε[εiεj ]⟨xi, xj⟩

=
n∑
i=1

∥xi∥22.

Therefore: R̂n(FR;x1, . . . , xn) ≤ R
n

(∑n
i=1 ∥xi∥22

)1/2
.
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If ∥xi∥2 ≤ 1 for all i, then R̂n(FR;x1, . . . , xn) ≤ R√
n
.

d. [Bonus] Sparse linear predictors

Let GR := {x 7→ ⟨w, x⟩ : ∥w∥1 ≤ R} with ∥xi∥∞ ≤ 1.

Therefore:

R̂n(GR;x1, . . . , xn) =
1

n
Eε sup

∥w∥1≤R

〈
w,

n∑
i=1

εixi

〉
.

By duality, we have: sup∥w∥1≤R⟨w, z⟩ = R∥z∥∞. Therefore:

R̂n(GR;x1, . . . , xn) =
R

n
Eε
∥∥∥ n∑
i=1

εixi

∥∥∥
∞

=
R

n
Eε max

1≤j≤d

∣∣∣ n∑
i=1

εixij

∣∣∣ (9)

Let Zj :=
∑n

i=1 εixij . Then each Zj is sub-Gaussian with proxy ≤ n. Indeed, we have proved from

part (b) that εi is sub-Gaussian with proxy 1, which is equivalent to Eeλεi ≤ eλ
2/2. Replace λ = λxij ,

we obtain: Eeλxijεi ≤ e
λ2x2ij

2 .

Then, for any λ ∈ R,

EεeλZj = Eε exp

(
λ

n∑
i=1

εixij

)

=
n∏
i=1

Eεeλεixij (by independence)

≤
n∏
i=1

exp

(
λ2x2ij
2

)
(sub-Gaussian bound)

= exp

(
λ2

2

n∑
i=1

x2ij

)
.

Because |xij | ≤ 1, we have
∑n

i=1 x
2
ij ≤ n, then EεeλZj ≤ exp

(
λ2n
2

)
, which implies that Zj is

sub-Gaussian with variance proxy ≤ n.

Therefore, by maximal inequality, we have: Eεmax1≤j≤d |Zj | ≤ C
√
n log d.

13



Substitute the above result to 9, we conclude that:

R̂n(GR;x1, . . . , xn) ≤
R

n
C
√

n log d = CR

√
log d

n

Question 3: Practice with VC dimension

a. One-dimensional class

a1. The class of half-line

Let Hhalf = {1(−∞,a] : a ∈ R}, we prove that VC(Hhalf) = 1.

First, we show that Hhalf shatters any single point. Let x1 ∈ R. For the two possible labelings, we

choose h(x1) = 0 if a < x1 and choose h(x1) = 1 if a ≥ x1. Therefore, all labelings of {x1} can be

realized.

We then show that no set of two points can be shattered. Let x1 < x2. For any a ∈ R, we have:

a < x1 ⇒ (h(x1), h(x2)) = (0, 0), x1 ≤ a < x2 ⇒ (1, 0), a ≥ x2 ⇒ (1, 1).

Therefore, the only realizable labelings are: (0, 0), (1, 0), (1, 1) and the labeling (0, 1) cannot be

realized. Therefore Hhalf does not shatter any 2-point set.

We conclude that VC(Hhalf) = 1 .

a2. The class of intervals.

Let Hint = {1[a,b] : a ≤ b, a, b ∈ R}, we prove that VC(Hint) = 2.

First, we show that some 2-point set is shattered. Let x1 < x2. The four labels can all be realized as

follows:

• (0, 0) by choosing [a, b] disjoint from {x1, x2}

• (1, 0) by choosing an interval containing x1 but not x2

• (0, 1) by choosing an interval containing x2 but not x1

• (1, 1) by choosing [a, b] ⊃ {x1, x2}

Therefore, Hint shatters {x1, x2}, so VC(Hint) ≥ 2.

We then show that no 3-point set can be shattered. Let x1 < x2 < x3. Consider the label (1, 0, 1). If

14



an interval [a, b] contained both x1 and x3, then because x2 lies between them, it must also contain

x2. Therefore, the label (1, 0, 1) cannot be realized by any function in Hint, which implies that no

3-point can be shattered, or equivalently, VC(Hint) ≤ 2.

Combine two inequalities, we conclude that: VC(Hint) = 2 .

a3. The class of unions of at most k intervals.

Let Hk =
{
1⋃k

j=1[aj ,bj ]
: aj ≤ bj

}
. We prove that Hk =

{
1⋃k

j=1[aj ,bj ]
: aj ≤ bj

}
.

Lower bound (≥ 2k).

Let x1 < · · · < x2k. We show that Hk shatters this set.

Consider an arbitrary labeling y1, . . . , y2k ∈ {0, 1}. Define a run of ones as a maximal set of indices

{i, . . . , j} such that yi = · · · = yj = 1, and (if they exist) yi−1 = 0 and yj+1 = 0.

Each run corresponds to a contiguous segment of points xi, . . . , xj that must be covered by an

interval. Because between any two runs there must be at least one index with label 0, the total

number of runs is at most k when there are 2k points (the maximum is achieved by the alternating

labeling 1, 0, 1, 0, . . . ).

For each run {i, . . . , j}, choose an interval [xi, xj ] that covers exactly those points. This uses at most

k intervals and realizes the given labeling. Therefore Hk shatters {x1, . . . , x2k}, so VC(Hk) ≥ 2k.

Upper bound (≤ 2k).

Let x1 < · · · < x2k+1. Consider the alternating labeling

yi =


1, if i is odd,

0, if i is even.

Therefore, there are k + 1 runs of ones at indices i = 1, 3, 5, . . . , 2k + 1.

Each interval can cover points from at most one such run, because any interval containing two of

these points would also contain an intermediate point labeled 0. Therefore, realizing this labeling

requires at least k + 1 intervals, which is not allowed.

Therefore, this labeling cannot be realized, so no set of size 2k + 1 is shattered, which implies

VC(Hk) ≤ 2k.

Combine two bounds, we conclude VC(Hk) = 2k .
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b. Two-dimensional classes

b1. Axis-aligned rectangles.

Let R = {[a, b]× [c, d] : a ≤ b, c ≤ d}, we will prove that VC(R) = 4.

Lower bound (≥ 4). Consider the four points (1, 0), (−1, 0), (0, 1), (0,−1), we show that they are

shattered by axis-aligned rectangles.

Let S be the subset of points labeled 1. If S = ∅, choose a rectangle disjoint from all four points. If

S ̸= ∅, let

a = min{x1 : (x1, x2) ∈ S}, b = max{x1 : (x1, x2) ∈ S},

c = min{x2 : (x1, x2) ∈ S}, d = max{x2 : (x1, x2) ∈ S}.

We can see that a, b, c, d are the extreme coordinates of the points in S. More precisely, a is the

smallest x-coordinate among all points in S, b is the largest x-coordinate among all points in S, c is

the smallest y-coordinate among all points in S, and d is the largest y-coordinate among all points

in S.

Therefore, the rectangle [a, b] × [c, d] is exactly the smallest axis-aligned rectangle containing all

points of S, which also implies that every labeling of these four points can be realized, so VC(R) ≥ 4.

Upper bound (≤ 4). Now consider any five points in R2. Among them, choose points with minimal

and maximal x-coordinate and minimal and maximal y-coordinate. These account for at most four

points, so there exists at least one remaining point z.

Label the four extreme points by 1 and label z by 0. Suppose there were an axis-aligned rectangle

containing all four extreme points. Then its left side must lie to the left of the point with minimal

x-coordinate, its right side must lie to the right of the point with maximal x-coordinate, its bottom

side must lie below the point with minimal y-coordinate, and its top side must lie above the point

with maximal y-coordinate. Therefore it must also contain every point whose coordinates lie between

these extremes, in particular the point z. This contradicts the labeling.

Therefore no set of five points can be shattered, so VC(R) ≤ 4.

Combine two bounds, we conclude that: VC(R) = 4 .

b2. [Bonus] Convex sets
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Let Cconv be the class of indicators of all convex subsets of R2. We will prove that VC(Cconv) = ∞.

Fix any m ≥ 1. Choose m distinct points x1, . . . , xm on a circle. We show that this set is shattered.

Consider any labeling of these points by {0, 1}. Let S = {xi : yi = 1} be the subset of positively

labeled points, and let C = conv(S) be its convex hull. Therefore, C is convex and contains every

positively labeled point.

We now show that C contains no negatively labeled point from the original set {x1, . . . , xm}. Because

all m points lie on a circle, they are in convex position: no point lies in the convex hull of the

others. Therefore, if xj /∈ S, then xj /∈ conv(S). Indeed, assume for contradiction that there exists a

negatively labeled point xj /∈ S such that xj ∈ conv(S). By by definition of convex hull, there exist

coefficients λi ≥ 0 for i ∈ S with
∑

i∈S λi = 1 such that xj =
∑

i∈S λixi.

Take inner product with xj on both sides yield

⟨xj , xj⟩ =
∑
i∈S

λi⟨xj , xi⟩.

Because all points lie on a circle of radius R, we have: ∥xj∥2 = R2.

Also, for every i ∈ S, we have xi ̸= xj (because xj /∈ S), so ⟨xj , xi⟩ < R2. Therefore:

R2 =
∑
i∈S

λi⟨xj , xi⟩ <
∑
i∈S

λiR
2 = R2,

which is a contradiction. Therefore: xj /∈ conv(S).

This result implies that C contains exactly the positively labeled points from the original m-point

set. Therefore, every labeling can be realized by a convex set, so the m points are shattered. Because

m was arbitrary, we can conclude that VC(Cconv) = ∞ .

c. [Bonus] Euclidean balls and combinatorial counting.

c1. Let Bd denote the class of Euclidean balls in Rd. We will prove that VC(Bd) = d+ 1. Indeed:

x ∈ B(c, r) ⇐⇒ ∥x− c∥22 ≤ r2 ⇐⇒ ∥x∥22 − 2c⊤x+ ∥c∥22 ≤ r2

⇐⇒ 2c⊤x− ∥x∥22 ≥ ∥c∥22 − r2.
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If we define the lifting map ϕ(x) = (x, ∥x∥22) ∈ Rd+1, then:

x ∈ B(c, r) ⇐⇒ (2c,−1)⊤ϕ(x) ≥ ∥c∥22 − r2.

Therefore, Euclidean balls in Rd correspond to halfspaces in Rd+1 acting on the lifted points ϕ(x).

Because this class has VC dimension d+ 1, we have: VC(Bd) = d+ 1.

c2. If H is a Boolean class with VC(H) = v then on any n-point set it induces at most
∑v

j=0

(
n
j

)
distinct labelings. By the standard binomial estimate, we have:

v∑
j=0

(
n

j

)
≤
(en
v

)v
.

c3. From part (b1), we know that VC(R) = 4.

Applying part (c2) with v = 4, we conclude that on any n-point set in R2, the number of distinct

subsets that can be cut out by axis-aligned rectangles is at most
4∑
j=0

(
n

j

)
.

Question 4: Practice with statistical learning theory

a. Excess-risk lemma

Let h∗ ∈ argminh∈HR(h) and let ĥ ∈ argminh∈HRn(h). We have:

R(ĥ)−R(h∗) =
(
R(ĥ)−Rn(ĥ)

)
+
(
Rn(ĥ)−Rn(h

∗)
)
+
(
Rn(h

∗)−R(h∗)
)

Because ĥ minimizes the empirical risk, we know that Rn(ĥ)−Rn(h
∗) ≤ 0.

Therefore:
R(ĥ)−R(h∗) ≤

(
R(ĥ)−Rn(ĥ)

)
+
(
Rn(h

∗)−R(h∗)
)

≤ |
(
R(ĥ)−Rn(ĥ)

)
|+ |

(
Rn(h

∗)−R(h∗)
)
|

≤ sup
h∈H

|Rn(h)−R(h)|+ sup
h∈H

|Rn(h)−R(h)|

≤ 2 sup
h∈H

|Rn(h)−R(h)|

b. Symmetrization

We are given that LH := {(x, y) 7→ ℓ(h(x), y) : h ∈ H}.

18



Write ℓh(x, y) := ℓ(h(x), y), so R(h) = E[ℓh(X,Y )] and Rn(h) =
1
n

∑n
i=1 ℓh(Xi, Yi).

Therefore: E suph∈H |Rn(h)−R(h)| = E supℓh∈LH

∣∣ 1
n

∑n
i=1 ℓh(Xi, Yi)− Eℓh(X,Y )

∣∣.
Let (X ′

1, Y
′
1), . . . , (X

′
n, Y

′
n) be an independent ghost sample with the same law as (Xi, Yi).

Because E[ℓh(X,Y )] = E[ℓh(X ′
i, Y

′
i )], we have

E sup
ℓh∈LH

∣∣∣∣∣ 1n
n∑
i=1

ℓh(Xi, Yi)− E[ℓh(X,Y )]

∣∣∣∣∣ = E sup
ℓh∈LH

∣∣∣∣∣ 1n
n∑
i=1

(
ℓh(Xi, Yi)− E[ℓh(X ′

i, Y
′
i )]
)∣∣∣∣∣

≤ E sup
ℓh∈LH

∣∣∣∣∣ 1n
n∑
i=1

(
ℓh(Xi, Yi)− ℓh(X

′
i, Y

′
i )
)∣∣∣∣∣ (by Jensen inequality)

Let ε1, . . . , εn be i.i.d. Rademacher variables, independent of both samples. Because the joint law of(
(Xi, Yi), (X

′
i, Y

′
i )
)

is invariant under swapping the two coordinates, we obtain:

E sup
ℓh∈LH

∣∣∣∣∣ 1n
n∑
i=1

(
ℓh(Xi, Yi)− ℓh(X

′
i, Y

′
i )
)∣∣∣∣∣ = E sup

ℓh∈LH

∣∣∣∣∣ 1n
n∑
i=1

εi
(
ℓh(Xi, Yi)− ℓh(X

′
i, Y

′
i )
)∣∣∣∣∣ .

By the triangle inequality, we have:

∣∣∣∣∣ 1n
n∑
i=1

εi
(
ℓh(Xi, Yi)− ℓh(X

′
i, Y

′
i )
)∣∣∣∣∣ ≤

∣∣∣∣∣ 1n
n∑
i=1

εiℓh(Xi, Yi)

∣∣∣∣∣+
∣∣∣∣∣ 1n

n∑
i=1

εiℓh(X
′
i, Y

′
i )

∣∣∣∣∣ .
Take suprema over ℓh ∈ LH and then expectations, and use the fact that that the two terms have

the same distribution, we obtain:

E sup
h∈H

|Rn(h)−R(h)| ≤ 2E sup
ℓh∈LH

∣∣∣∣∣ 1n
n∑
i=1

εiℓh(Xi, Yi)

∣∣∣∣∣ .
By definition, the right-hand side is: 2E R̂n(LH; (X1, Y1), . . . , (Xn, Yn)). Therefore, we conclude

that:

E sup
h∈H

|Rn(h)−R(h)| ≤ 2E R̂n(LH; (X1, Y1), . . . , (Xn, Yn))

c. Finite hypothesis classes
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Assume H is finite and the loss is bounded in [0, 1]. By part (a), we have:

R(ĥ)−R(h∗) ≤ 2 sup
h∈H

|Rn(h)−R(h)|.

Take expectations and then applying part (b), we obtain:

E
[
R(ĥ)−R(h∗)

]
≤ 2E sup

h∈H
|Rn(h)−R(h)| ≤ 4E R̂n(LH; (X1, Y1), . . . , (Xn, Yn)) (10)

We then apply Problem 2(b) to the finite class LH. Because the loss takes values in [0, 1], for every

ℓh ∈ LH we have:
1

n

n∑
i=1

ℓh(Xi, Yi)
2 ≤ 1

n

n∑
i=1

12 ≤ 1

Therefore, let r = 1 to get:

R̂n(LH; (X1, Y1), . . . , (Xn, Yn)) ≤
√

2 log |LH|
n

.

Substitute this into 10, we obtain:

E
[
R(ĥ)−R(h∗)

]
≤ 4

√
2 log |LH|

n
.

Finally, because each h ∈ H determines one loss function ℓh, we have: |LH| ≤ |H|. Therefore:

E
[
R(ĥ)−R(h∗)

]
≤ 4

√
2 log |H|

n
.

We conclude that:

E
[
R(ĥ)−R(h∗)

]
≤ C

√
log |H|

n

d. Boolean class and VC dimension

Let LH := {(x, y) 7→ 1{h(x) ̸= y} : h ∈ H}.

LH := {(x, y) 7→ 1{h(x) ̸= y} : h ∈ H}.
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Because LH is a Boolean class on X × Y , we will apply the VC generalization bound (Theorem 5.2,

Lecture 20) to LH.

First, we verify that VC(LH) ≤ VC(H) = v.

Indeed, to show that VC(LH) ≤ VC(H), it suffices to prove that whenever LH shatters m labeled

points ((xi, yi))
m
i=1, the class H shatters the corresponding inputs x1, . . . , xm.

Assume that LH shatters ((xi, yi))
m
i=1. Then for every binary vector (z1, . . . , zm) ∈ {0, 1}m where

zi = ℓ(h(xi), yi), there exists h ∈ H such that:

1{h(xi) ̸= yi} = zi, i = 1, . . . ,m.

Equivalently:

h(xi) = zi ⊕ yi, i = 1, . . . ,m,

where ⊕ denotes XOR. Because coordinatewise XOR with the fixed vector (y1, . . . , ym) is a bijection

on {0, 1}m, as (z1, . . . , zm) ranges over all of {0, 1}m, so does (z1 ⊕ y1, . . . , zm ⊕ ym). Therefore, for

every binary vector (w1, . . . , wm) ∈ {0, 1}m, there exists h ∈ H such that

h(xi) = wi, i = 1, . . . ,m.

Therefore H shatters x1, . . . , xm, which implies that VC(H) ≥ m for any m points that LH can

shatter. Therefore, VC(LH) ≤ VC(H).

Apply the VC generalization bound, we obtain:

E
[
R(ĥ)−R(h∗)

]
≤ C

√
VC(LH) log

(
en/VC(LH)

)
n

.

Because VC(LH) ≤ VC(H) = v, we conclude that: E
[
R(ĥ)−R(h∗)

]
≤ C

√
v log(en/v)

n
.

e. A VC-style sample complexity statement.

By part (a), we have:

R(ĥ)−R(h⋆) ≤ 2 sup
h∈H

|Rn(h)−R(h)|
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by part (a). Therefore, it we = obtain a high-probability bound for suph∈H |Rn(h)−R(h)| (eg. we can

prove that P(suph∈H |Rn(h)−R(h)| ≲ ε) ≥ 1−δ, then it will implies that P(R(ĥ)−R(h⋆) ≤ ε) ≥ 1−δ.

For the 0-1 loss, we have the loss class LH = {(x, y) 7→ 1{h(x) ̸= y} : h ∈ H}. Fix a sample

S = ((x1, y1), . . . , (xn, yn)). On this sample, the set of possible loss vectors is

LH(S) =
{(

1{h(x1) ̸= y1}, . . . ,1{h(xn) ̸= yn}
)
: h ∈ H

}
.

By the XOR argument that the loss is obtained by applying XOR map with y on h(x), the map

(h(x1), . . . , h(xn)) 7−→ (1{h(x1) ̸= y1}, . . . ,1{h(xn) ̸= yn}) is a bijection on {0, 1}n. Therefore:

|LH(S)| = |H|xn1 |.

We then apply the finite-class generalization bound to the finite class of loss vectors on the fixed

sample (Theorem 4.1, Lecture 20). Because the loss is bounded in [0, 1], we obtain that with

probability at least 1− δ,

Rn(h)−R(h) ≤ C

√
log
(
2|LH(S)|/δ

)
n

for some absolute constant C. Moreover:

P

sup
h∈H

|Rn(h)−R(h)| ≤ C

√
log
(
2|LH(S)|/δ

)
n

 ≤ P

|Rn(h)−R(h)| ≤ C

√
log
(
2|LH(S)|/δ

)
n


≤ P

Rn(h)−R(h) ≤ C

√
log
(
2|LH(S)|/δ

)
n



which implies P

(
suph∈H |Rn(h)−R(h)| ≤ C

√
log
(
2|LH(S)|/δ

)
n

)
≥ 1− δ.

Therefore, R(ĥ)−R(h⋆) ≤ C

√
log
(
2|LH(S)|/δ

)
n with probability at least 1− δ.

Now we bound |LH(S)|. Because V C(H) = v, Sauer’s lemma gives

|H|xn1 | ≤
v∑
j=0

(
n

j

)
≤
(en
v

)v
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Therefore, |LH(S)| = |H|xn1 | ≤
(
en
v

)v and so log
(
2|LH(S)|/δ

)
≤ v log

(
en
v

)
+ log

(
2
δ

)
. Substituting

into the previous bound yields

R(ĥ)−R(h⋆) ≤ C

√
v log(en/v) + log(2/δ)

n

with probability at least 1− δ.

Therefore, if n ≥ C v+log(1/δ)
ε2

up to the extra logarithmic factor log(en/v), then R(ĥ) ≤ R(h⋆) + ε

with probability at least 1− δ.

Indeed, if we need to control R(ĥ)−R(h⋆) such that R(ĥ)−R(h⋆) ≤ ϵ, we need C

√
v log(en/v)+log(2/δ)

n ≤

ε. Solve this to obtain n, we get n ≥ C v log(en/v)+log(1/δ)
ε2

.

Question 5: Practice with nonparametric regression

a. Loss class versus hypothesis class

We define LF := {(f − T )2 : f ∈ F}.

For any f, g ∈ F , we have:

∥(f − T )2 − (g − T )2∥∞ = ∥(f − g)(f + g − 2T )∥∞

= sup
x

|(f − g)(f + g − 2T )|

= sup
x

|(f − g)| · |(f + g − 2T )|

We have that for all x, |f − g| ≤ supx |f − g| = ∥f − g∥∞ and |f + g − 2T | ≤ supx |f + g − 2T | =

∥f + g− 2t∥∞. Therefore, for all x, we have: |f − g| · |f + g− 2T | ≤ ∥f − g∥∞ · ∥f + g− 2T∥∞, which

implies that supx |(f − g)| · |(f + g − 2T )| ≤ ∥f − g∥∞ ∥f + g − 2T∥∞ or ∥(f − T )2 − (g − T )2∥∞ ≤

∥f − g∥∞ ∥f + g − 2T∥∞.

Moreover, because f, g, T takes values in [0, 1] for all x ∈ [0, 1]d, we have |f(x) + g(x)− 2T (x)| ≤ 2,

which implies ∥(f − T )2 − (g − T )2∥∞ ≤ 2∥f − g∥∞ .

Let N := N (F , ∥ · ∥∞, ε/2), which means there exist f1, . . . , fN ∈ F such that for every f ∈ F

∥f − fj∥∞ ≤ ε/2. Consider the corresponding loss functions

ℓj := (fj − T )2, j = 1, . . . , N
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We can show that {ℓ1, . . . , ℓN} is an ε-cover of LF under ∥ · ∥∞.

Indeed, take any ℓ ∈ LF . Then ℓ = (f − T )2 for f ∈ F . Moreover, for every f ∈ F , we have fj such

that ∥f − fj∥∞ ≤ ε/2. By the inequality proved above, we have:

∥ℓ− ℓj∥∞ = ∥(f − T )2 − (fj − T )2∥∞ ≤ 2∥f − fj∥∞ ≤ 2 · ε
2
= ε

Therefore {ℓ1, . . . , ℓN} is an ε-cover of LF . We conclude that:

N (LF , ∥ · ∥∞, ε) ≤ N = N (F , ∥ · ∥∞, ε/2).

b. One-dimensional Lipschitz regression.

By the excess-risk lemma, we have:

E
[
R(f̂n)−R(f⋆)

]
≤ 2E sup

f∈F
|Rn(f)−R(f)|

= 2E sup
f∈F

| 1
n

n∑
i=1

(f(Xi)− T (Xi))
2 − E[(f(X)− T (X))2]|

We are given the loss class LF := { (f − T )2 : f ∈ F }. Therefore, for g(x) = (f(x) − T (x))2, we

have: 
Rn(f) =

1
n

∑n
i=1(f(Xi)− T (Xi))

2 = 1
n

∑n
i=1 g(Xi) = µn(g)

R(f) = E[(f(X)− T (X))2] = E[g(X)] = µ(g)

Therefore:

E
[
R(f̂n)−R(f⋆)

]
≤ 2E sup

g∈LF

|µn(g)− µ(g)| ≤ C√
n

∫ 1

0

√
logN (LF , ∥ · ∥∞, ε) dε (by Dudley bound)

From part (a), we obtain: logN (LF , ∥ · ∥∞, ε) ≤ logN (F , ∥ · ∥∞, ε/2) and with F = FL,1, we have:

logN (FL,1, ∥ · ∥∞, ε/2) ≤ C
L

ε/2
≤ C

L

ε
.

Therefore, we conclude: E
[
R(f̂n)−R(f⋆)

]
≤ C√

n

∫ 1
0

√
L
ε dε =

C
√
L√
n

∫ 1
0 ε−1/2 dε ≤ C

√
L
n .
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c. Higher-dimensional Lipschitz regression.

c1. Under the entropy bound logN (FL,d, ∥ · ∥∞, ε) ≤ Cd(L/ε)
d, we have:

√
logN (FL,d, ∥ · ∥∞, ε) ≤ Cd(L/ε)

d/2

Because d ≥ 2, we have d/2 ≥ 1 and therefore
∫ 1
0 ε−d/2 dε = ∞. This implies that the naive Dudley

bound from part (b) is no longer useful in general.

c2. Let Nε ⊂ LF be an ε-net of LF in ∥·∥∞. For any g ∈ LF , choose h ∈ Nε such that ∥g−h∥∞ ≤ ε.

Then µn(g)− µ(g) =
(
µn(g)− µn(h)

)
+
(
µn(h)− µ(h)

)
+
(
µ(h)− µ(g)

)
.

By triangle inequality, we have:

|µn(g)− µ(g)| ≤ |µn(g)− µn(h)|+ |µn(h)− µ(h)|+ |µ(h)− µ(g)|.

Moreover, we have:


|µn(g)− µn(h)| =

∣∣ 1
n

∑n
i=1(g(Xi)− h(Xi))

∣∣ ≤ 1
n

∑n
i=1 |g(Xi)− h(Xi)| ≤ ∥g − h∥∞ ≤ ε,

|µ(h)− µ(g)| = |E[h(X)− g(X)]| ≤ E|h(X)− g(X)| ≤ ∥h− g∥∞ ≤ ε.

Therefore,

|µn(g)− µ(g)| ≤ 2ε+ |µn(h)− µ(h)| ≤ 2ε+ max
h∈Nε

|µn(h)− µ(h)|.

Take the supremum over g ∈ LF , we conclude: sup
g∈LF

|µn(g)− µ(g)| ≤ 2ε+ max
h∈Nε

|µn(h)− µ(h)| .

c3. By the excess-risk lemma:

E[R(f̂n)−R(f⋆)] ≤ 2E sup
f∈F

|Rn(f)−R(f)|.

For g(x) = (f(x)− T (x))2, we have Rn(f) = µn(g) and R(f) = µ(g). Therefore:

E[R(f̂n)−R(f⋆)] ≤ 2E sup
g∈LF

|µn(g)− µ(g)|.
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Using part (c2), we obtain:

E[R(f̂n)−R(f⋆)] ≤ C

(
ε+ Emax

h∈Nε

|µn(h)− µ(h)|
)

Because Nε is finite, the finite-class bound yield:

Emax
h∈Nε

|µn(h)− µ(h)| ≤ C

√
log |Nε|

n

Choosing Nε with |Nε| = N (LF , ∥ · ∥∞, ε), we obtain:

E[R(f̂n)−R(f⋆)] ≤ C

(
ε+

√
logN (LF , ∥ · ∥∞, ε)

n

)

By part (a), we have:

logN (LF , ∥ · ∥∞, ε) ≤ logN (F , ∥ · ∥∞, ε/2)

With F = FL,d, this implies

logN (LF , ∥ · ∥∞, ε) ≤ Cd(L/ε)
d

Therefore, we conclude that E[R(f̂n)−R(f⋆)] ≤ Cd

(
ε+

√
(L/ε)d

n

)
.

c4. Choose ε ≍ Ld/(d+2)n−1/(d+2). Therefore:

√
(L/ε)d

n
= Ld/2n−1/2ε−d/2 ≍ Ld/(d+2)n−1/(d+2)

We can see that now both terms are of the same order. Therefore, we can conclude that:

E[R(f̂n)−R(f⋆)] ≤ Cd L
d/(d+2)n−1/(d+2)

To make the excess risk at most δ, it suffices to require Cd L
d/(d+2)n−1/(d+2) ≤ δ. Equivalently,

n ≳ Ldδ−(d+2). We can see that the required sample size grows polynomially in 1/δ with exponent

d+ 2, which becomes rapidly worse as d increases. This is an example of the curse of dimensionality.

d. [Bonus] Smoother classes help.
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In this part, we assume that logN (F , ∥ · ∥∞, ε) ≤ Aε−p (0 < ε ≤ 1).

Using the same finite-net argument as in part (c4), we have

E[R(f̂n)−R(f⋆)] ≤ C

(
ε+

√
logN (LF , ∥ · ∥∞, ε)

n

)

By part (a), we obtain: logN (LF , ∥ · ∥∞, ε) ≤ logN (F , ∥ · ∥∞, ε/2) ≤ A(ε/2)−p ≤ CAε−p.

Therefore, E[R(f̂n)−R(f⋆)] ≤ C

(
ε+

√
Aε−p

n

)
= C

(
ε+A1/2n−1/2ε−p/2

)
.

Similar to part (c4), we choose ε so that the two terms are of the same order, which means:

ε ≍ A1/2n−1/2ε−p/2

=⇒ ε1+p/2 ≍ A1/2n−1/2

=⇒ ε ≍ A1/(p+2)n−1/(p+2)

Substitute this choice back into the bound , we have:

E[R(f̂n)−R(f⋆)] ≤ C A1/(p+2)n−1/(p+2)

Suppose p = d/s. Therefore, the heuristic rate is: E[R(f̂n)−R(f⋆)] ≲ n−1/(2+d/s) = n−s/(2s+d).

As s increases, the exponent s/(2s + d) increases, , so the rate improves (this can be proved by

taking the derivative of s/(2s+ d), we can see that the derivative is greater than 0, which implies

that s/(2s+ d) is an increasing function w.r.t s). When s → ∞, we have: s
2s+d → 1

2 . In this case,

the rate approaches the parametric rate n−1/2. This shows that additional smoothness reduces the

effective complexity of the class and helps mitigate the curse of dimensionality.
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