Review: Linear Algebra
SDS 391P.6, Spring 2026
Pratik Patil

These notes are a work in progress and are provided as-is for instructional purposes only.

They are not (yet) at the level of a scholarly document. In particular, the notes draw from
various sources and do not (yet) have sufficient references to the original sources. Addition-
ally, almost surely the notes have errors and they are only probably approximately correct.
The notes will be updated regularly as the course progresses. Last updated: 2026-02-02.

1 Vector norms and their properties

In this section, we will briefly recap some properties of vector norms. Throughout, we work in R"”
with vectors = (z1,...,2,)" and y = (y1,...,Yn) .
1.1 Standard inner product and Euclidean norm

The standard inner product on R" is (z,y) = 2Ty = D xiyi. We say x and y are orthogonal if
(x,y) = 0. The Euclidean (or f2) norm is defined by

" 1/2
Jallz = <x@-—(2 2) "
A basic inequality relating the inner product and the Euclidean norm is Cauchy—Schwarz’s in-
equality:

Kz, vyl < lzll2 |lyll2, with equality iff  and y are collinear (i.e., x = ay).
Geometrically, one can write (x,y) = ||z||2]|y||2 cos @ for an angle § between z and y: the dot
product is the product of lengths times an alignment factor.

1.2 General norms and the /, family

There are several other norms besides the Euclidean norm that are useful in practice. In general,
a function ||-|| : R™ — Ry is called a norm if it satisfies: (i) ||z|| = 0 iff z = 0 (definiteness), (ii)
|lax| = |a|||z| (homogeneity), and (iii) ||z + y|| < ||z]| + ||y|| (triangle inequality).

The most important family of norms on R is the ¢, family. For p € [1, 0],

1/p
(Sralai) ™ 1<p <o,

maxlSi<n|$i|’ p = 0.

2l =

The triangle inequality for £, norms is known as Minkowski’s inequality:

e +ylly < llzllp + llyllp-
This guarantees that each |[|-||, is indeed a norm for p > 1.

Three special cases appear constantly in statistics/ML:



o /5 (least squares, Gaussian geometry, smoothness, rotation invariance);

o (1 (sparsity and robustness; corners in the unit ball drive sparse solutions in many convex
programs);

o /4 (uniform/worst-case control across coordinates; max constraints and sup-norm error
bounds).

A useful way to visualize a norm is through its unit ball

By = {zeR":|[z[, <1}
For example, B}y = [—1,1]" is the hypercube, while B} = conv({te1,...,+e,}) is a cross-
polytope.
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Figure 1: Unit /P balls in low dimensions become “rounder” as p increases: p = 1 (diamond), p =
2 (circle/sphere), p = 0 (box).

1.3 Comparing ¢, norms in finite dimensions

In finite-dimensional spaces, all norms are equivalent up to constants depending on dimension.
For ¢, norms, one has a sharp and extremely useful comparison: for 1 < p < ¢ < 00 and all
reR"™,
11
zlly < llzllp < ne ezl
Two immediate consequences are worth keeping in mind:

o Monotonicity: ||z||, is non-increasing in p (larger p means smaller norm value on a fixed vec-
tor).

o Nested unit balls: B) < By whenever p < q.

Specializing to (p,q) € {(2,1), (e0,2), (00, 1)} gives the familiar bounds

lzllz < llzlh < Vellzll,  ll2llo < llzll < VR ll2llo, 2l < 2l < 0zl

These inequalities are not artifacts: they are tight up to constants. Two extremal regimes are
helpful intuition. If x is 1-sparse (only one nonzero entry), then ||z||, = |z, for all p,q. If x is
“flat” (e.g., = (1,...,1)), then |||, = n'/P||x|lx and the dimension factor becomes active.



A related and often-used fact is that £ is the limiting case of £:

lellor < llally < n!7ljle, 50 lim el = ol

A practical rule of thumb: if p = Inn, then n'/? < e, hence ||z|, is within a factor e of [|2||.

1.4 Holder inequality and dual norms

A key generalization of Cauchy—Schwarz is Holder’s inequality. Let p € [1,00] and define its
conjugate exponent p' € [1,00] by % + 1% =1 (with 1/o0 = 0). Then for all z,y € R™,

[zl < ll2llp lylly-

The case p = p' = 2 recovers Cauchy—Schwarz. Holder is also tight: for any fixed x one can
choose y # 0 so that equality holds (informally, y should concentrate where x is large, with the
matching power-law scaling).

This tightness is cleanly expressed through dual norms. Given any norm [|-|| on R, its dual norm
is
lyll« = sup (y, ).
llell<1
Equivalently, ||y« is the support function of the unit ball of ||-||. For ¢, norms, duality takes a

particularly simple form: the dual of ||, is |||/, and

z|l, = sup{{z,y): [|ylly <1}

This geometric relationship is illustrated in Figure 2 for the dual pairs of /1 and £y, where the
faces of the primal ball correspond to the vertices of the dual ball.

2 Basic matrix results and some special matrix classes

In this section, we recall basic matrix results and some special matrix classes. Throughout the
section, we use dimension conventions that are common in statistics: typically X € R"*P, where
n is the sample size (rows = observations) and p is the number of features (columns = covari-
ates).

2.1 Notation and basic operations

For a positive integer n, write [n] = {1,2,...,n}. For A e R"*?, the (i,j) entry is A;; for i € [n],
J € [p]. We sometimes write A; . for the i-th row and A. ; for the j-th column.

For A € R™ P, the transpose is AT € RP*" with (AT)ij = Aj;. For conformable matrices A, B,
(AB)T = BTAT. A square matrix A € RP*? is symmetric if A = AT; the set of real symmetric
p X p matrices is denoted SP.

For a square matrix A € RP*P| the trace is tr(A) = ?:1 Aj;. Trace is invariant under cyclic
permutations: whenever products are well-defined,

tr(AB) = tr(BA), and more generally tr(ABC) = tr(CAB) = tr(BCA).

This simple identity is a workhorse for rewriting quadratic forms and simplifying expressions in
optimization and statistics.
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Figure 2: Visualizing dual norms. Note that the unit ball of the dual norm is the intersection

of half-spaces defined by the primal unit ball. Left panel: The primal ¢; ball (blue diamond)
generates the dual ¢, ball (black square) via its supporting hyperplanes (red lines). Right panel:
The primal /4 ball (green square) generates the dual ¢; ball (black diamond) via its supporting
hyperplanes (purple lines).

We will also use the Frobenius inner product for matrices A, B € R"*P, (A, B)p = tr(A"B) =
2.ij AijBij, and the corresponding Frobenius norm |A|%2 = tr(ATA). (We will come back to
these in Section 5 on matrix norms below.)

A side note: For an excellent visual guide on the different ways to view matrix multiplication
(including the dot product view, column view, and row view), we refer the reader to Hiranabe
(2021).

2.2 Linear maps, fundamental subspaces, rank and nullity

A matrix A € R™*P defines a linear map A : R? — R", 2 — Ax. The associated subspaces
organize much of linear algebra (and many identifiability questions in statistics):

o The column space (range) is range(A) := {Ax : x € RP} < R™.
o The row space is range(A') < RP.

o The null space (kernel) is null(A) := {x € RP : Az = 0} < RP.
o The left null space is null(AT) < R™.

The rank of A is rank(A) := dim(range(A)), and one also has rank(A) = dim(range(A")) (column
rank equals row rank). Always rank(A) < min{n,p}. We say A has full column rank if rank(A) =
p (injective map), and full row rank if rank(A) = n (surjective map).

Two basic facts are worth recalling:

dim(null(A)) + rank(A) = p (rank-nullity),



and the orthogonality relations
range(A)T = null(AT), range(AT)* = null(A).

These identities express a useful duality: directions in null(A) are parameter perturbations that
do not change Az, while null(A") contains the linear functionals that annihilate the range of A.

A recurring construction in statistics is the Gram matrix AT A (e.g. X T X in least squares). It is
always symmetric positive semidefinite, and it has the same rank as A:

rank(A"A) = rank(AAT) = rank(A).
In particular, X " X is invertible if and only if X has full column rank.

A € Rmxn
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Figure 3: The four fundamental subspaces. Figure courtesy of Hiranabe (2021).

2.3 Special classes of matrices

Identity and diagonal matrices. The n x n identity matrix is denoted I,, (or simply I when
the dimension is clear). Given z € RP, diag(x) € RP*P denotes the diagonal matrix with diagonal
entries x1,...,zp, i.e. diag(x) = diag(z1,...,zp).

Invertible matrices. A square matrix A € RP*P is invertible if there exists A~! such that
AA™Y = A7'A = I,. Equivalently: A is invertible iff rank(A) = p, iff null(A) = {0}, iff Az = b
has a unique solution for every b € RP. Two basic identities (when inverses exist) are (AB)~! =
B7'A7land (AT)"! = (471",



Orthogonal matrices. A matrix Q € RP*P is orthogonal if QTQ = QQT = I,,, equivalently
Q' = Q'. Orthogonal matrices preserve Euclidean geometry: for all u,v € R?, (Qu, Qv) = (u,v)
and [|Qull2 = |lull2. Thus they represent rotations/reflections (change of orthonormal basis).

Positive semidefinite and positive definite matrices. A symmetric matrix A € SP is
positive semidefinite (PSD) if T Az > 0 for all 2 € RP; we write A > 0. It is positive definite
(PD) if 2T Az > 0 for all  # 0; we write A > 0. More generally, for symmetric A, B, A > B
means A — B > 0. PSD matrices include covariance matrices and kernel/Gram matrices; PD
matrices arise as strictly convex Hessians and as covariance matrices of non-degenerate Gaussian
models.

Projection matrices. A square matrix P € RP*P is a projection if P? = P (idempotent). It is

an orthogonal projection if additionally PT = P. Orthogonal projections satisfy a clean geometric
L

decomposition: for every x € RP, x = Px+ (I — P)z with Pz € range(P) and (I — P)x € range(P)—.
Eigenvalues of any projection are in {0, 1}; for an orthogonal projection one has rank(P) = tr(P).
Two projections that appear constantly in least squares are:

o If X € R™P has full column rank, the orthogonal projector onto range(X) < R is
Py = X(X"X)"'xT,
and I, — Px projects onto the residual subspace range(X)+ = null(X ).

o If Ae R™*P has full row rank (m < p), the orthogonal projector onto null(A) < R? is

P

n

an(a)y = Ip —AT(AAT) 1A,

3 Eigenvalues and eigenvectors

Eigenvalues and eigenvectors connect linear algebra to geometry and optimization. We will see
this connection in this section. Notationally, we adopt dimension conventions common in statis-
tics. Typically a covariance, Gram, or Hessian matrix lives in RP*P, where p is the number of
features/parameters.

3.1 Eigenvalues of a square matrix

Let A e RP*P. A scalar A € C is an eigenvalue of A if there exists a nonzero u € CP such that
Au = \u.

The vector u is then an eigenvector associated with X. (The zero vector is never an eigenvector,
although A = 0 can be an eigenvalue.)

Eigenvalues are characterized as the roots of the characteristic polynomial
pa(N) = det(A — A).

Since p4 is a degree-p polynomial, every A € RP*P has exactly p eigenvalues in C, counting al-
gebraic multiplicities. Real matrices can have complex eigenvalues; non-real eigenvalues come in
conjugate pairs.
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Figure 4: The “Matrix World”: A map of special matrix classes. Figure courtesy of Hiranabe
(2021).

Two global quantities, trace and determinant, can be read off from the eigenvalues A1, ..., A,
(counting multiplicities):
2 P
tr(A) = > A, det(A) =] [
i=1 i=1

A few basic transformations are worth remembering: A" has the same eigenvalues as A; adding a
multiple of the identity shifts the spectrum (A + ¢l has eigenvalues \; + ¢); powers map eigenvalues
to powers (A* has eigenvalues A\F); and if A is invertible then A~! has eigenvalues )\i_l.

Finally, eigenvalues are invariant under a change of coordinates: if S is invertible, then A and
S~1AS have the same eigenvalues. This reflects that eigenvalues are intrinsic to the linear map,
not to a particular basis.

For an eigenvalue \ € C, the associated eigenspace is £x(A) = null(A — A\I) < CP. If X is repeated,
Ex(A) can be multi-dimensional, and any nonzero vector in that subspace is an eigenvector. Thus
eigenvectors are generally non-unique: even in a one-dimensional eigenspace the sign/scale is
arbitrary, and in a higher-dimensional eigenspace any basis works.

For a general (non-symmetric) real matrix, eigenvalues may be complex and there may not exist
a basis of eigenvectors (i.e., the matrix may fail to be diagonalizable). In statistics/ML, the most
important case is the symmetric one: covariances, Gram matrices, and Hessians are typically
symmetric, and the spectral theory is especially clean. We review this case next.



3.2 Real symmetric matrices and the spectral theorem

From here on, assume A € SP is real symmetric. Then all eigenvalues of A are real, and A admits
an orthonormal eigenbasis. Concretely, there exists an orthogonal matrix U = [uq] - - - |u,] € RP*P
and a diagonal matrix A = diag(A1,...,\p) € RP*P such that

p
A=UAUT, equivalently A= Z Ai uluZT
i=1

The multiset of eigenvalues {A1,..., Ay} is uniquely determined by A (as the roots of p4), up to

permutation. Eigenvectors are not unique: one can flip signs, and if an eigenvalue has multiplic-
ity m > 1, any orthonormal basis of its eigenspace yields a valid set of eigenvectors (i.e., one can
rotate within that invariant subspace without changing A).

A useful structural corollary is that, for symmetric A, the rank is the number of nonzero eigenval-
ues: rank(A) = #{i : \; # 0}.
3.3 Rayleigh quotient and variational characterizations

A central bridge between eigenvalues and optimization is the Rayleigh quotient. For A € SP and
x # 0,

-
x' Ax

Ra(x) = .

A@) xlx
If we order the eigenvalues as Ay > --- > ), then the extreme eigenvalues solve simple con-
strained optimization problems:
A\ = max z' Az, Ap = min z' Az,
llzll2=1 l[zll2=1

and the maximizer/minimizer can be chosen as a top/bottom unit eigenvector. In particular,
if ¥ > 0 is a covariance matrix, then v' v is the variance of the projection onto direction v;
thus PCA can be viewed as repeatedly maximizing v’ Xv over unit vectors (with orthogonality
constraints to extract multiple components).

More generally, the k-th eigenvalue can be characterized through orthogonality constraints or
through subspace min-max formulations. A useful statement (Courant-Fischer) is:

M(A)= max min z' Az = min max = Ax.
ECRP el ECRP el
dim(E)=k |z]2=1 dim(E)=p—k+1 |[z]2=1

Intuitively, the first equality says: among all k-dimensional subspaces, choose the one on which
the quadratic form is as large as possible in its worst direction; the optimal subspace is span(uy, ...

3.4 Positive semidefinite matrices through eigenvalues

Eigenvalues give especially clean characterizations of positive semidefinite (PSD) and positive
definite (PD) matrices. For A € SP,

A>0 < XN(A) =0 forall i, A>0 < XN(A) >0 foralli.

Equivalently, A > 0 iff A = B B for some (possibly rectangular) matrix B; and A > 0 iff A is
invertible and A~ > 0.



When A > 0, the spectral theorem also provides a canonical square root: if A = U diag(Ay,...,A\p)U T

with A; = 0, then
AY? = Udiag(v/ A1, - /AU T
is PSD and satisfies AV/2A41/2 = A. This square root is unique among PSD matrices.
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Figure 5: Map of eigenvalues. Figure courtesy of Hiranabe (2021).

4 Singular values and singular vectors

Eigenvalue decompositions apply cleanly to symmetric matrices. The singular value decompo-
sition (SVD) extends the same geometric and variational ideas to arbitrary rectangular data
matrices. Throughout, let A € R"*P, let ¢ := min{n, p}, and let r := rank(A).

4.1 Singular value decomposition and basic consequences

The SVD states that any matrix can be factorized using orthogonal changes of basis on the left
and right:
A=UxVT,

where U € R™ ™ and V € RP*P are orthogonal, and ¥ € R™*P is rectangular diagonal with
nonnegative diagonal entries 01(A) > 02(A) = --- = 04(A) > 0. The numbers o;(A) are the
singular values of A, and the columns of U and V are called the left and right singular vectors,
respectively.

It is often convenient to keep only the nonzero singular values. Writing ¥, = diag(oq,...,0,) and
letting U, = [u1] - - - |u,] € R™", V,. = [v1] - - - |v,] € RP*", we have the compact SVD A = U, %, V.T.
In particular,

,
A= Z o; uiv;r, Av; = o;u;, AT, = oy (i=1,...,7).

The rank r is exactly the number of nonzero singular values.

A useful way to remember the geometry is: A maps an orthonormal basis (v;) in R? to orthog-
onal directions (u;) in R™, stretching the i-th direction by ;. Equivalently, A maps the unit
sphere in R? to an ellipsoid in R™ whose principal axes are u; with semi-axis lengths o;.



4.2 Connection to Gram matrices and variational characterizations

The SVD is tightly connected to the spectral theory of symmetric positive semidefinite matrices.
From A =UXV',

ATA=vV(ET)V Ea v,  AAT =UEsHU 20 uiu

Thus the right singular vectors v; are eigenvectors of AT A, the left singular vectors u; are eigen-
vectors of AAT, and the nonzero eigenvalues of both Gram matrices are 2. In particular, for
k < q, ox(A) = \/A(ATA) = \/A\,(AAT) (with eigenvalues ordered from largest to smallest).

The largest singular value has a simple optimization interpretation: it is the maximum Euclidean
stretch factor of the linear map = — Ax,

[All2 = hax, [Az]l2 = o1(A).
More generally, the Courant-Fischer min-—max theorem applied to AT A yields variational formu-
las for o3 (A). One convenient consequence is a sequential characterization: after extracting the
top k — 1 right singular directions, o (A) is the maximum of || Ax||2 over unit vectors = orthogonal
to span(vy, ..., V_1)-

In algorithms it is common to work with leading singular subspaces. Let Uy = [uy|- - |ug] and
Vi = [v1]|---|vg] for k < 7. The corresponding orthogonal projectors are Py, = UgU, onto
span(Ug) € R™ and Py, = Vi V| onto span(V;) < RP, with complementary projectors I — Py, and
I—Py,.

4.3 Pseudoinverse and least squares

The SVD also provides the canonical generalized inverse. Using the compact SVD A = U, %, V,T,
define the Moore-Penrose pseudoinverse

AT = vx7tul, oot =diag(orl .. o0 h).

When A is square and invertible, AT = A~! and the inverse has the SVD-form A~ = VE~1UT =

P o o]

The pseudoinverse is characterized by the Moore-Penrose identities AATA = A, ATAAT = AT,
and symmetry of AAT and ATA. Geometrically, AAT is the orthogonal projector onto range(A) <
R™, while ATA projects onto range(A') < RP.

In least squares, z* = ATb is the canonical solution of min, |Az — b||z. If the minimizer is not
unique (e.g. p > n or A is rank-deficient), then z* is the unique minimizer with minimum Eu-
clidean norm |z|s.

4.4 Low-rank approximation

SVD is the canonical tool for low-rank structure. Let A = UXV " and define the rank-k trunca-
tion Ap = UkEkaT, where ) = diag(o1,...,0%). The Eckart—Young—Mirsky theorem states that
Ay is a best rank-k approximation to A in both Frobenius and spectral norms, and the approxi-
mation error is controlled exactly by the tail singular values:

'
A= Akllz = okp1, A= AkllE = ). of.
i=k+1

10



Finally, if M € RP*P is symmetric positive semidefinite, then its SVD coincides with its eigen-
decomposition: M = UAU" with A > 0, the left and right singular vectors coincide (U = V'), and
oi(M) = X\i(M). In this case tr(M) = >,;_, 0;(M), and the top singular/eigenvector maximizes
the Rayleigh quotient =" Mx/(zz).

A side note: For a comprehensive graphic summary of the five main matrix decompositions (A =
LU, A =QR,A=CR,S =UANU" and A = UZVT) (we only recapped the last two), see
Hiranabe (2021).

5 DMatrix norms and their properties

Matrix norms quantify the size of a matrix viewed as (i) a linear operator (how much it can
stretch vectors), or (ii) a collection of entries/columns (useful for regularization and structured
sparsity). As before, let A € R"*P_ ¢ := min{n, p}, and r := rank(A).

5.1 Induced operator norms

A matriz norm is simply a norm on the vector space R"*P: a mapping |- | : R"*? — R3¢ such that
|A| =0iff A =0, |aA| = |af|A], and |A + B| < ||A| + |B|. In analysis, it is often important
that a matrix norm be submultiplicative (also called consistent):

IMN| < ||M]||N| (whenever the product M N is defined).

This property is the algebraic form of stability: it lets us control how perturbations propagate
through products.

A standard way to build submultiplicative matrix norms is to start from a vector norm. Given
|- |, on vectors, the induced operator norm is

Ax
[Alpap = sup i 22le oy gy,
220 ||1Z[p =1

Induced norms are automatically submultiplicative. Two entrywise-friendly special cases (useful
in concentration bounds and worst-case analyses) are

n
|AJ1 = max » |A;;| (maximum absolute column sum),
1<j<pz.=1

p
[Al = max Z |A;j]  (maximum absolute row sum).
1$z<nj:1

5.2 Frobenius norm

The Frobenius norm treats a matrix as a vector of its entries:

n p 1/2
. 2
lAlF = (Z Z Aij) :
i=1j=1
It is induced by the Frobenius inner product (A, B)p = },; ; 4;jB;; = tr(ATB), so |A|%2 =
tr(ATA). If 01(A) = --- = 0,(A) > 0 are the nonzero singular values of A (where r = rank(A)),

11



then

|AlE = tr(ATA) = > oi(A)?

This singular-value expression is often the most convenient way to reason about |A|r in high-
dimensional problems.

A small but useful probabilistic identity is that if Z € RP is isotropic (E[ZZ"] = I,), then
E|AZ|3 = | A|%. This shows up repeatedly in random matrix theory and trace estimation.

5.3 Spectral operator norm
The most important induced norm in spectral methods is the fs-operator norm, also called the

spectral norm:

|Al2 = max [Az|2 = 01(A) = A/ Amax(ATA) = max \yTAa:|.
[x]2= [z]2=llyl2=1

It measures the maximum stretch factor of the linear map = — Ax. In the symmetric case A € SP,
the singular values are |\;(A4)], so [A|2 = max; |\;(A)].

Both | - |F and | - ||2 are invariant under orthogonal changes of basis: if @ € R"*" and R € RP*P

are orthogonal, then
|IQAR|F = | Alr,  [QAR]2 = [Als.

Equivalently, these norms depend only on the singular values, not on the singular vectors.

A basic comparison that is often used when translating between entrywise and spectral control is
[Ale < |Alr < V/7|A]2 where r = rank(A).

The lower bound is tight for rank-one matrices; the upper bound is tight when the nonzero singu-
lar values are all equal.

Two quick sanity checks that are handy in calculations: (i) if A = uv' is rank one, then |A|s =
|A|r = |ul2]vll2; (ii) if D is diagonal with entries d;, then || D] = max; |d;|.

5.4 Schatten norms

Since || - |2 and || - || are both functions of the singular values, it is useful to name the whole family.
Let 01(A) = -+ = 04(A) = 0 be the singular values of A. For s € [1,0), define the Schatten
s-norm by

q
4ls, = (2 1) Als, = maxoi(4) = |A]s
Key special cases are:

|Alls, = |A|7 (Frobenius), |Alls, = All2 (spectral), |Alls, = Zal (nuclear norm).

The nuclear norm is widely used as a convex surrogate for rank in low-rank estimation problems
(e.g. matrix completion and trace-norm regularization).

12



Source material

Parts of this lecture are based on references: Vershynin (2018); Strang (2020); Hiranabe (2021),
in addition to the author’s accumulated experience working on related topics.
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