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1 Vector norms and their properties
In this section, we will briefly recap some properties of vector norms. Throughout, we work in Rn

with vectors x “ px1, . . . , xnqJ and y “ py1, . . . , ynqJ.

1.1 Standard inner product and Euclidean norm

The standard inner product on Rn is xx, yy “ xJy “
řn

i“1 xiyi. We say x and y are orthogonal if
xx, yy “ 0. The Euclidean (or ℓ2) norm is defined by

∥x∥2 “
a

xx, xy “

´
n

ÿ

i“1
x2

i

¯1{2
.

A basic inequality relating the inner product and the Euclidean norm is Cauchy–Schwarz’s in-
equality:

|xx, yy| ď ∥x∥2 ∥y∥2, with equality iff x and y are collinear (i.e., x “ αy).

Geometrically, one can write xx, yy “ ∥x∥2∥y∥2 cos θ for an angle θ between x and y: the dot
product is the product of lengths times an alignment factor.

1.2 General norms and the ℓp family

There are several other norms besides the Euclidean norm that are useful in practice. In general,
a function ∥¨∥ : Rn Ñ Rě0 is called a norm if it satisfies: (i) ∥x∥ “ 0 iff x “ 0 (definiteness), (ii)
∥αx∥ “ |α|∥x∥ (homogeneity), and (iii) ∥x ` y∥ ď ∥x∥ ` ∥y∥ (triangle inequality).

The most important family of norms on Rn is the ℓp family. For p P r1, 8s,

∥x∥p “

$

&

%

´

řn
i“1|xi|p

¯1{p
, 1 ď p ă 8,

max1ďiďn|xi|, p “ 8.

The triangle inequality for ℓp norms is known as Minkowski’s inequality:

∥x ` y∥p ď ∥x∥p ` ∥y∥p.

This guarantees that each ∥¨∥p is indeed a norm for p ě 1.

Three special cases appear constantly in statistics/ML:
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• ℓ2 (least squares, Gaussian geometry, smoothness, rotation invariance);

• ℓ1 (sparsity and robustness; corners in the unit ball drive sparse solutions in many convex
programs);

• ℓ8 (uniform/worst-case control across coordinates; max constraints and sup-norm error
bounds).

A useful way to visualize a norm is through its unit ball

Bn
p :“ tx P Rn : ∥x∥p ď 1u.

For example, Bn
8 “ r´1, 1sn is the hypercube, while Bn

1 “ convpt˘e1, . . . , ˘enuq is a cross-
polytope.

Figure 1: Unit ℓp balls in low dimensions become “rounder” as p increases: p “ 1 (diamond), p “

2 (circle/sphere), p “ 8 (box).

1.3 Comparing ℓp norms in finite dimensions

In finite-dimensional spaces, all norms are equivalent up to constants depending on dimension.
For ℓp norms, one has a sharp and extremely useful comparison: for 1 ď p ď q ď 8 and all
x P Rn,

∥x∥q ď ∥x∥p ď n
1
p

´ 1
q ∥x∥q.

Two immediate consequences are worth keeping in mind:

• Monotonicity: ∥x∥p is non-increasing in p (larger p means smaller norm value on a fixed vec-
tor).

• Nested unit balls: Bn
p Ď Bn

q whenever p ď q.

Specializing to pp, qq P tp2, 1q, p8, 2q, p8, 1qu gives the familiar bounds

∥x∥2 ď ∥x∥1 ď
?

n ∥x∥2, ∥x∥8 ď ∥x∥2 ď
?

n ∥x∥8, ∥x∥8 ď ∥x∥1 ď n ∥x∥8.

These inequalities are not artifacts: they are tight up to constants. Two extremal regimes are
helpful intuition. If x is 1-sparse (only one nonzero entry), then ∥x∥p “ ∥x∥q for all p, q. If x is
“flat” (e.g., x “ p1, . . . , 1q), then ∥x∥p “ n1{p∥x∥8 and the dimension factor becomes active.
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A related and often-used fact is that ℓ8 is the limiting case of ℓp:

∥x∥8 ď ∥x∥p ď n1{p ∥x∥8, so lim
pÑ8

∥x∥p “ ∥x∥8.

A practical rule of thumb: if p ě ln n, then n1{p ď e, hence ∥x∥p is within a factor e of ∥x∥8.

1.4 Hölder inequality and dual norms

A key generalization of Cauchy–Schwarz is Hölder’s inequality. Let p P r1, 8s and define its
conjugate exponent p1 P r1, 8s by 1

p ` 1
p1 “ 1 (with 1{8 “ 0). Then for all x, y P Rn,

|xx, yy| ď ∥x∥p ∥y∥p1 .

The case p “ p1 “ 2 recovers Cauchy–Schwarz. Hölder is also tight: for any fixed x one can
choose y ‰ 0 so that equality holds (informally, y should concentrate where x is large, with the
matching power-law scaling).

This tightness is cleanly expressed through dual norms. Given any norm ∥¨∥ on Rn, its dual norm
is

∥y∥˚ :“ sup
∥x∥ď1

xy, xy .

Equivalently, ∥y∥˚ is the support function of the unit ball of ∥¨∥. For ℓp norms, duality takes a
particularly simple form: the dual of ∥¨∥p is ∥¨∥p1 , and

∥x∥p “ suptxx, yy : ∥y∥p1 ď 1u.

This geometric relationship is illustrated in Figure 2 for the dual pairs of ℓ1 and ℓ8, where the
faces of the primal ball correspond to the vertices of the dual ball.

2 Basic matrix results and some special matrix classes
In this section, we recall basic matrix results and some special matrix classes. Throughout the
section, we use dimension conventions that are common in statistics: typically X P Rnˆp, where
n is the sample size (rows = observations) and p is the number of features (columns = covari-
ates).

2.1 Notation and basic operations

For a positive integer n, write rns :“ t1, 2, . . . , nu. For A P Rnˆp, the pi, jq entry is Aij for i P rns,
j P rps. We sometimes write Ai,: for the i-th row and A:,j for the j-th column.

For A P Rnˆp, the transpose is AJ P Rpˆn with pAJqij “ Aji. For conformable matrices A, B,
pABqJ “ BJAJ. A square matrix A P Rpˆp is symmetric if A “ AJ; the set of real symmetric
p ˆ p matrices is denoted Sp.

For a square matrix A P Rpˆp, the trace is trpAq :“
řp

j“1 Ajj . Trace is invariant under cyclic
permutations: whenever products are well-defined,

trpABq “ trpBAq, and more generally trpABCq “ trpCABq “ trpBCAq.

This simple identity is a workhorse for rewriting quadratic forms and simplifying expressions in
optimization and statistics.
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Figure 2: Visualizing dual norms. Note that the unit ball of the dual norm is the intersection
of half-spaces defined by the primal unit ball. Left panel: The primal ℓ1 ball (blue diamond)
generates the dual ℓ8 ball (black square) via its supporting hyperplanes (red lines). Right panel:
The primal ℓ8 ball (green square) generates the dual ℓ1 ball (black diamond) via its supporting
hyperplanes (purple lines).

We will also use the Frobenius inner product for matrices A, B P Rnˆp, xA, ByF :“ trpAJBq “
ř

i,j AijBij , and the corresponding Frobenius norm }A}2
F “ trpAJAq. (We will come back to

these in Section 5 on matrix norms below.)

A side note: For an excellent visual guide on the different ways to view matrix multiplication
(including the dot product view, column view, and row view), we refer the reader to Hiranabe
(2021).

2.2 Linear maps, fundamental subspaces, rank and nullity

A matrix A P Rnˆp defines a linear map A : Rp Ñ Rn, x ÞÑ Ax. The associated subspaces
organize much of linear algebra (and many identifiability questions in statistics):

• The column space (range) is rangepAq :“ tAx : x P Rpu Ď Rn.

• The row space is rangepAJq Ď Rp.

• The null space (kernel) is nullpAq :“ tx P Rp : Ax “ 0u Ď Rp.

• The left null space is nullpAJq Ď Rn.

The rank of A is rankpAq :“ dimprangepAqq, and one also has rankpAq “ dimprangepAJqq (column
rank equals row rank). Always rankpAq ď mintn, pu. We say A has full column rank if rankpAq “

p (injective map), and full row rank if rankpAq “ n (surjective map).

Two basic facts are worth recalling:

dimpnullpAqq ` rankpAq “ p (rank–nullity),
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and the orthogonality relations

rangepAqK “ nullpAJq, rangepAJqK “ nullpAq.

These identities express a useful duality: directions in nullpAq are parameter perturbations that
do not change Ax, while nullpAJq contains the linear functionals that annihilate the range of A.

A recurring construction in statistics is the Gram matrix AJA (e.g. XJX in least squares). It is
always symmetric positive semidefinite, and it has the same rank as A:

rankpAJAq “ rankpAAJq “ rankpAq.

In particular, XJX is invertible if and only if X has full column rank.
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Figure 3: The four fundamental subspaces. Figure courtesy of Hiranabe (2021).

2.3 Special classes of matrices

Identity and diagonal matrices. The n ˆ n identity matrix is denoted In (or simply I when
the dimension is clear). Given x P Rp, diagpxq P Rpˆp denotes the diagonal matrix with diagonal
entries x1, . . . , xp, i.e. diagpxq “ diagpx1, . . . , xpq.

Invertible matrices. A square matrix A P Rpˆp is invertible if there exists A´1 such that
AA´1 “ A´1A “ Ip. Equivalently: A is invertible iff rankpAq “ p, iff nullpAq “ t0u, iff Ax “ b
has a unique solution for every b P Rp. Two basic identities (when inverses exist) are pABq´1 “

B´1A´1 and pAJq´1 “ pA´1qJ.
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Orthogonal matrices. A matrix Q P Rpˆp is orthogonal if QJQ “ QQJ “ Ip, equivalently
Q´1 “ QJ. Orthogonal matrices preserve Euclidean geometry: for all u, v P Rp, xQu, Qvy “ xu, vy

and }Qu}2 “ }u}2. Thus they represent rotations/reflections (change of orthonormal basis).

Positive semidefinite and positive definite matrices. A symmetric matrix A P Sp is
positive semidefinite (PSD) if xJAx ě 0 for all x P Rp; we write A ľ 0. It is positive definite
(PD) if xJAx ą 0 for all x ‰ 0; we write A ą 0. More generally, for symmetric A, B, A ľ B
means A ´ B ľ 0. PSD matrices include covariance matrices and kernel/Gram matrices; PD
matrices arise as strictly convex Hessians and as covariance matrices of non-degenerate Gaussian
models.

Projection matrices. A square matrix P P Rpˆp is a projection if P 2 “ P (idempotent). It is
an orthogonal projection if additionally P J “ P . Orthogonal projections satisfy a clean geometric
decomposition: for every x P Rp, x “ Px`pI ´P qx with Px P rangepP q and pI ´P qx P rangepP qK.
Eigenvalues of any projection are in t0, 1u; for an orthogonal projection one has rankpP q “ trpP q.

Two projections that appear constantly in least squares are:

• If X P Rnˆp has full column rank, the orthogonal projector onto rangepXq Ď Rn is

PX “ XpXJXq´1XJ,

and In ´ PX projects onto the residual subspace rangepXqK “ nullpXJq.

• If A P Rmˆp has full row rank (m ď p), the orthogonal projector onto nullpAq Ď Rp is

PnullpAq “ Ip ´ AJpAAJq´1A.

3 Eigenvalues and eigenvectors
Eigenvalues and eigenvectors connect linear algebra to geometry and optimization. We will see
this connection in this section. Notationally, we adopt dimension conventions common in statis-
tics. Typically a covariance, Gram, or Hessian matrix lives in Rpˆp, where p is the number of
features/parameters.

3.1 Eigenvalues of a square matrix

Let A P Rpˆp. A scalar λ P C is an eigenvalue of A if there exists a nonzero u P Cp such that

Au “ λu.

The vector u is then an eigenvector associated with λ. (The zero vector is never an eigenvector,
although λ “ 0 can be an eigenvalue.)

Eigenvalues are characterized as the roots of the characteristic polynomial

pApλq :“ detpλI ´ Aq.

Since pA is a degree-p polynomial, every A P Rpˆp has exactly p eigenvalues in C, counting al-
gebraic multiplicities. Real matrices can have complex eigenvalues; non-real eigenvalues come in
conjugate pairs.
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Figure 4: The “Matrix World”: A map of special matrix classes. Figure courtesy of Hiranabe
(2021).

Two global quantities, trace and determinant, can be read off from the eigenvalues λ1, . . . , λp

(counting multiplicities):

trpAq “

p
ÿ

i“1
λi, detpAq “

p
ź

i“1
λi.

A few basic transformations are worth remembering: AJ has the same eigenvalues as A; adding a
multiple of the identity shifts the spectrum (A ` cI has eigenvalues λi ` c); powers map eigenvalues
to powers (Ak has eigenvalues λk

i ); and if A is invertible then A´1 has eigenvalues λ´1
i .

Finally, eigenvalues are invariant under a change of coordinates: if S is invertible, then A and
S´1AS have the same eigenvalues. This reflects that eigenvalues are intrinsic to the linear map,
not to a particular basis.

For an eigenvalue λ P C, the associated eigenspace is EλpAq :“ nullpA ´ λIq Ď Cp. If λ is repeated,
EλpAq can be multi-dimensional, and any nonzero vector in that subspace is an eigenvector. Thus
eigenvectors are generally non-unique: even in a one-dimensional eigenspace the sign/scale is
arbitrary, and in a higher-dimensional eigenspace any basis works.

For a general (non-symmetric) real matrix, eigenvalues may be complex and there may not exist
a basis of eigenvectors (i.e., the matrix may fail to be diagonalizable). In statistics/ML, the most
important case is the symmetric one: covariances, Gram matrices, and Hessians are typically
symmetric, and the spectral theory is especially clean. We review this case next.
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3.2 Real symmetric matrices and the spectral theorem

From here on, assume A P Sp is real symmetric. Then all eigenvalues of A are real, and A admits
an orthonormal eigenbasis. Concretely, there exists an orthogonal matrix U “ ru1| ¨ ¨ ¨ |ups P Rpˆp

and a diagonal matrix Λ “ diagpλ1, . . . , λpq P Rpˆp such that

A “ UΛUJ, equivalently A “

p
ÿ

i“1
λi uiu

J
i .

The multiset of eigenvalues tλ1, . . . , λpu is uniquely determined by A (as the roots of pA), up to
permutation. Eigenvectors are not unique: one can flip signs, and if an eigenvalue has multiplic-
ity m ą 1, any orthonormal basis of its eigenspace yields a valid set of eigenvectors (i.e., one can
rotate within that invariant subspace without changing A).

A useful structural corollary is that, for symmetric A, the rank is the number of nonzero eigenval-
ues: rankpAq “ #ti : λi ‰ 0u.

3.3 Rayleigh quotient and variational characterizations

A central bridge between eigenvalues and optimization is the Rayleigh quotient. For A P Sp and
x ‰ 0,

RApxq :“ xJAx

xJx
.

If we order the eigenvalues as λ1 ě ¨ ¨ ¨ ě λp, then the extreme eigenvalues solve simple con-
strained optimization problems:

λ1 “ max
∥x∥2“1

xJAx, λp “ min
∥x∥2“1

xJAx,

and the maximizer/minimizer can be chosen as a top/bottom unit eigenvector. In particular,
if Σ ľ 0 is a covariance matrix, then vJΣv is the variance of the projection onto direction v;
thus PCA can be viewed as repeatedly maximizing vJΣv over unit vectors (with orthogonality
constraints to extract multiple components).

More generally, the k-th eigenvalue can be characterized through orthogonality constraints or
through subspace min–max formulations. A useful statement (Courant–Fischer) is:

λkpAq “ max
EĎRp

dimpEq“k

min
xPE

∥x∥2“1

xJAx “ min
EĎRp

dimpEq“p´k`1

max
xPE

∥x∥2“1

xJAx.

Intuitively, the first equality says: among all k-dimensional subspaces, choose the one on which
the quadratic form is as large as possible in its worst direction; the optimal subspace is spanpu1, . . . , ukq.

3.4 Positive semidefinite matrices through eigenvalues

Eigenvalues give especially clean characterizations of positive semidefinite (PSD) and positive
definite (PD) matrices. For A P Sp,

A ľ 0 ðñ λipAq ě 0 for all i, A ą 0 ðñ λipAq ą 0 for all i.

Equivalently, A ľ 0 iff A “ BJB for some (possibly rectangular) matrix B; and A ą 0 iff A is
invertible and A´1 ą 0.
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When A ľ 0, the spectral theorem also provides a canonical square root: if A “ U diagpλ1, . . . , λpqUJ

with λi ě 0, then
A1{2 “ U diagp

a

λ1, . . . ,
a

λpqUJ

is PSD and satisfies A1{2A1{2 “ A. This square root is unique among PSD matrices.
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Figure 5: Map of eigenvalues. Figure courtesy of Hiranabe (2021).

4 Singular values and singular vectors
Eigenvalue decompositions apply cleanly to symmetric matrices. The singular value decompo-
sition (SVD) extends the same geometric and variational ideas to arbitrary rectangular data
matrices. Throughout, let A P Rnˆp, let q :“ mintn, pu, and let r :“ rankpAq.

4.1 Singular value decomposition and basic consequences

The SVD states that any matrix can be factorized using orthogonal changes of basis on the left
and right:

A “ UΣV J,

where U P Rnˆn and V P Rpˆp are orthogonal, and Σ P Rnˆp is rectangular diagonal with
nonnegative diagonal entries σ1pAq ě σ2pAq ě ¨ ¨ ¨ ě σqpAq ě 0. The numbers σipAq are the
singular values of A, and the columns of U and V are called the left and right singular vectors,
respectively.

It is often convenient to keep only the nonzero singular values. Writing Σr “ diagpσ1, . . . , σrq and
letting Ur “ ru1| ¨ ¨ ¨ |urs P Rnˆr, Vr “ rv1| ¨ ¨ ¨ |vrs P Rpˆr, we have the compact SVD A “ UrΣrV J

r .
In particular,

A “

r
ÿ

i“1
σi uiv

J
i , Avi “ σiui, AJui “ σivi pi “ 1, . . . , rq.

The rank r is exactly the number of nonzero singular values.

A useful way to remember the geometry is: A maps an orthonormal basis pviq in Rp to orthog-
onal directions puiq in Rn, stretching the i-th direction by σi. Equivalently, A maps the unit
sphere in Rp to an ellipsoid in Rn whose principal axes are ui with semi-axis lengths σi.
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4.2 Connection to Gram matrices and variational characterizations

The SVD is tightly connected to the spectral theory of symmetric positive semidefinite matrices.
From A “ UΣV J,

AJA “ V pΣJΣqV J “

r
ÿ

i“1
σ2

i viv
J
i , AAJ “ UpΣΣJqUJ “

r
ÿ

i“1
σ2

i uiu
J
i .

Thus the right singular vectors vi are eigenvectors of AJA, the left singular vectors ui are eigen-
vectors of AAJ, and the nonzero eigenvalues of both Gram matrices are σ2

i . In particular, for
k ď q, σkpAq “

a

λkpAJAq “
a

λkpAAJq (with eigenvalues ordered from largest to smallest).

The largest singular value has a simple optimization interpretation: it is the maximum Euclidean
stretch factor of the linear map x ÞÑ Ax,

∥A∥2 :“ max
∥x∥2“1

∥Ax∥2 “ σ1pAq.

More generally, the Courant–Fischer min–max theorem applied to AJA yields variational formu-
las for σkpAq. One convenient consequence is a sequential characterization: after extracting the
top k ´ 1 right singular directions, σkpAq is the maximum of }Ax}2 over unit vectors x orthogonal
to spanpv1, . . . , vk´1q.

In algorithms it is common to work with leading singular subspaces. Let Uk “ ru1| ¨ ¨ ¨ |uks and
Vk “ rv1| ¨ ¨ ¨ |vks for k ď r. The corresponding orthogonal projectors are PUk

“ UkUJ
k onto

spanpUkq Ď Rn and PVk
“ VkV J

k onto spanpVkq Ď Rp, with complementary projectors I ´ PUk
and

I ´ PVk
.

4.3 Pseudoinverse and least squares

The SVD also provides the canonical generalized inverse. Using the compact SVD A “ UrΣrV J
r ,

define the Moore–Penrose pseudoinverse

A: :“ VrΣ´1
r UJ

r , Σ´1
r “ diagpσ´1

1 , . . . , σ´1
r q.

When A is square and invertible, A: “ A´1, and the inverse has the SVD-form A´1 “ V Σ´1UJ “
řp

i“1 σ´1
i viu

J
i .

The pseudoinverse is characterized by the Moore–Penrose identities AA:A “ A, A:AA: “ A:,
and symmetry of AA: and A:A. Geometrically, AA: is the orthogonal projector onto rangepAq Ď

Rn, while A:A projects onto rangepAJq Ď Rp.

In least squares, x‹ “ A:b is the canonical solution of minx }Ax ´ b}2. If the minimizer is not
unique (e.g. p ą n or A is rank-deficient), then x‹ is the unique minimizer with minimum Eu-
clidean norm }x}2.

4.4 Low-rank approximation

SVD is the canonical tool for low-rank structure. Let A “ UΣV J and define the rank-k trunca-
tion Ak :“ UkΣkV J

k , where Σk “ diagpσ1, . . . , σkq. The Eckart–Young–Mirsky theorem states that
Ak is a best rank-k approximation to A in both Frobenius and spectral norms, and the approxi-
mation error is controlled exactly by the tail singular values:

∥A ´ Ak∥2 “ σk`1, ∥A ´ Ak∥2
F “

r
ÿ

i“k`1
σ2

i .
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Finally, if M P Rpˆp is symmetric positive semidefinite, then its SVD coincides with its eigen-
decomposition: M “ UΛUJ with Λ ľ 0, the left and right singular vectors coincide (U “ V ), and
σipMq “ λipMq. In this case trpMq “

řr
i“1 σipMq, and the top singular/eigenvector maximizes

the Rayleigh quotient xJMx{pxJxq.

A side note: For a comprehensive graphic summary of the five main matrix decompositions (A “

LU , A “ QR, A “ CR, S “ UΛUJ, and A “ UΣV J) (we only recapped the last two), see
Hiranabe (2021).

5 Matrix norms and their properties
Matrix norms quantify the size of a matrix viewed as (i) a linear operator (how much it can
stretch vectors), or (ii) a collection of entries/columns (useful for regularization and structured
sparsity). As before, let A P Rnˆp, q :“ mintn, pu, and r :“ rankpAq.

5.1 Induced operator norms

A matrix norm is simply a norm on the vector space Rnˆp: a mapping } ¨ } : Rnˆp Ñ Rě0 such that
}A} “ 0 iff A “ 0, }αA} “ |α| }A}, and }A ` B} ď }A} ` }B}. In analysis, it is often important
that a matrix norm be submultiplicative (also called consistent):

}MN} ď }M} }N} (whenever the product MN is defined).

This property is the algebraic form of stability: it lets us control how perturbations propagate
through products.

A standard way to build submultiplicative matrix norms is to start from a vector norm. Given
} ¨ }p on vectors, the induced operator norm is

}A}pÑp :“ sup
x‰0

}Ax}p

}x}p
“ sup

}x}p“1
}Ax}p.

Induced norms are automatically submultiplicative. Two entrywise-friendly special cases (useful
in concentration bounds and worst-case analyses) are

}A}1 “ max
1ďjďp

n
ÿ

i“1
|Aij | (maximum absolute column sum),

}A}8 “ max
1ďiďn

p
ÿ

j“1
|Aij | (maximum absolute row sum).

5.2 Frobenius norm

The Frobenius norm treats a matrix as a vector of its entries:

}A}F :“
´

n
ÿ

i“1

p
ÿ

j“1
A2

ij

¯1{2
.

It is induced by the Frobenius inner product xA, ByF :“
ř

i,j AijBij “ trpAJBq, so }A}2
F “

trpAJAq. If σ1pAq ě ¨ ¨ ¨ ě σrpAq ą 0 are the nonzero singular values of A (where r “ rankpAq),
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then
}A}2

F “ trpAJAq “

r
ÿ

i“1
σipAq2.

This singular-value expression is often the most convenient way to reason about }A}F in high-
dimensional problems.

A small but useful probabilistic identity is that if Z P Rp is isotropic (ErZZJs “ Ip), then
E}AZ}2

2 “ }A}2
F . This shows up repeatedly in random matrix theory and trace estimation.

5.3 Spectral operator norm

The most important induced norm in spectral methods is the ℓ2-operator norm, also called the
spectral norm:

}A}2 :“ max
}x}2“1

}Ax}2 “ σ1pAq “

b

λmaxpAJAq “ max
}x}2“}y}2“1

|yJAx|.

It measures the maximum stretch factor of the linear map x ÞÑ Ax. In the symmetric case A P Sp,
the singular values are |λipAq|, so }A}2 “ maxi |λipAq|.

Both } ¨ }F and } ¨ }2 are invariant under orthogonal changes of basis: if Q P Rnˆn and R P Rpˆp

are orthogonal, then
}QAR}F “ }A}F , }QAR}2 “ }A}2.

Equivalently, these norms depend only on the singular values, not on the singular vectors.

A basic comparison that is often used when translating between entrywise and spectral control is

}A}2 ď }A}F ď
?

r }A}2 where r “ rankpAq.

The lower bound is tight for rank-one matrices; the upper bound is tight when the nonzero singu-
lar values are all equal.

Two quick sanity checks that are handy in calculations: (i) if A “ uvJ is rank one, then }A}2 “

}A}F “ }u}2}v}2; (ii) if D is diagonal with entries di, then }D}2 “ maxi |di|.

5.4 Schatten norms

Since } ¨ }2 and } ¨ }F are both functions of the singular values, it is useful to name the whole family.
Let σ1pAq ě ¨ ¨ ¨ ě σqpAq ě 0 be the singular values of A. For s P r1, 8q, define the Schatten
s-norm by

}A}Ss
:“

´

q
ÿ

i“1
σipAqs

¯1{s
, }A}S8

:“ max
i

σipAq “ }A}2.

Key special cases are:

}A}S2 “ }A}F (Frobenius), }A}S8
“ }A}2 (spectral), }A}S1 “

ÿ

i

σipAq (nuclear norm).

The nuclear norm is widely used as a convex surrogate for rank in low-rank estimation problems
(e.g. matrix completion and trace-norm regularization).
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Source material
Parts of this lecture are based on references: Vershynin (2018); Strang (2020); Hiranabe (2021),
in addition to the author’s accumulated experience working on related topics.
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