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1 Motivation
In several earlier lectures, we encountered quantities of the form

sup
tPT

Xt,

where the index set T is large, often infinite, and pXtqtPT is a family of random variables. This is
the basic object of study in the theory of random processes.

A familiar example already appeared in our covariance estimation lecture. There, we wrote an
operator norm as a supremum over the sphere:

}pΣ ´ Σ} “ sup
xPSd´1

ˇ

ˇxJppΣ ´ Σqx
ˇ

ˇ.

To handle this quantity, we discretized the sphere by an ε-net and then used a union bound.
That was effective because we had strong concentration for each fixed direction x, and the metric
entropy of the sphere was manageable.

But there is a serious limitation to the one-net method. A single ε-net only approximates T at
one scale. If the process has structure at many different scales (and this is often what happens
for Gaussian and sub-Gaussian processes that we will study), then a single discretization is too
crude. Coarse nets have small cardinality but poor approximation error; fine nets have good
approximation error but enormous cardinality. The right method must use all scales at once.

That is the idea of chaining. Instead of approximating each point t P T once, we approximate it
successively: first coarsely, then more finely, then more finely still. This turns a one-scale ε-net
argument into a multiscale argument. The result is Dudley’s inequality, which bounds the ex-
pected supremum of a Gaussian (or more generally sub-Gaussian) process by an entropy integral:

E sup
tPT

Xt À

ż diampT q

0

a

log N pT, d, εq dε.

This lecture introduces that method. We begin with random processes and their induced met-
ric structure, then discuss Gaussian processes as the main motivating example, explain why
expected suprema are important, and finally prove Dudley’s inequality through the chaining
method.
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2 Random processes and their geometry

2.1 Random processes

A random process is simply a family of random variables indexed by a set.

Definition 2.1 (Random process). Let T be a nonempty set. A random process indexed by T is
a family of real-valued random variables

pXtqtPT .

Historically, the index t often represented time, but in our setting T can be much more general.
For example:

• if T “ t1, . . . , nu, then a random process is just a random vector;

• if T Ă Rd, one may think of a random field;

• if T is a class of functions, then pXtqtPT may encode empirical errors, stochastic integrals,
or Gaussian widths.

The central quantity we will study is the expected supremum

E sup
tPT

Xt.

This quantity measures the typical size of the largest fluctuation of the process over its index set.

2.2 Increments and the induced metric

The behavior of a random process is controlled not so much by the individual variables Xt, but
by the increments

Xt ´Xs, s, t P T.

These increments induce a natural pseudo-metric on the index set.

Definition 2.2 (Canonical pseudo-metric). Let pXtqtPT be a square-integrable random process.
Define

dXps, tq :“ }Xt ´Xs}L2 “
`

E|Xt ´Xs|
2˘1{2

, s, t P T.

This is always a pseudo-metric: symmetry and the triangle inequality follow from the correspond-
ing properties of the L2 norm. It may happen that dXps, tq “ 0 for distinct s ‰ t, namely when
Xs “ Xt almost surely. In that case, one can quotient out such redundant points, so this causes
no real difficulty.

The key message is that the expected supremum of a process is governed by the geometry of the
index set T under the metric dX . This is the starting point of the metric approach to random
processes.

3 Gaussian processes

3.1 Definition

Among all random processes, Gaussian processes are the cleanest and most important class.
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Definition 3.1 (Gaussian process). A random process pXtqtPT is a Gaussian process if every finite
subcollection

pXt1 , . . . , Xtmq

has a multivariate Gaussian distribution.

As usual, the most convenient setting is the centered one.

Definition 3.2 (Centered Gaussian process). A Gaussian process pXtqtPT is centered if

EXt “ 0 for all t P T.

A centered Gaussian process is determined by its covariance function

Σps, tq :“ ErXsXts.

Equivalently, it is determined by its canonical metric

dXps, tq2 “ EpXt ´Xsq
2 “ Σpt, tq ´ 2Σps, tq ` Σps, sq.

3.2 Examples

Brownian motion. If pBtqtPr0,1s is standard Brownian motion, then

Bt ´Bs „ N p0, |t´ s|q,

so the canonical metric is
dBps, tq “

a

|t´ s|.

Thus Brownian motion lives on the interval r0, 1s, but the geometry relevant to its supremum is
not the Euclidean metric |t´ s|, but rather its square root.

Canonical Gaussian process on Rn. Let g „ N p0, Inq, and let T Ă Rn. Define

Xt :“ xg, ty, t P T.

Then pXtqtPT is a centered Gaussian process, and

Xt ´Xs “ xg, t´ sy „ N p0, }t´ s}2
2q.

Therefore,
dXps, tq “ }t´ s}2.

So the canonical metric is just the Euclidean distance on T .

This example is especially important because the expected supremum is exactly the Gaussian
width:

wpT q :“ E sup
tPT

xg, ty.

Gaussian width is one of the central geometric complexity parameters in high-dimensional proba-
bility.
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Operator norm of a Gaussian matrix. Let G P Rmˆn have i.i.d. standard normal entries.
Then

}G} “ sup
uPSm´1, vPSn´1

xGu, vy.

For fixed pu, vq, the random variable xGu, vy is Gaussian, so }G} is the supremum of a Gaussian
process indexed by Sm´1 ˆ Sn´1. This is one of the main reasons Gaussian processes show up in
random matrix theory.

4 A maximal inequality for finite sub-Gaussian families
Before turning to chaining, we recall a basic estimate for finite families of sub-Gaussian random
variables. It will serve as the one-scale building block inside the chaining proof.

Lemma 4.1 (Finite maximal inequality). Let Z1, . . . , ZM be centered random variables such that

}Zj}ψ2 ď L for all j “ 1, . . . ,M.

Then
E max

1ďjďM
Zj ď C L

a

logM,

where C ą 0 is an absolute constant.

Proof. Fix θ ą 0. By Jensen and the elementary inequality maxj aj ď θ´1 log
ř

j e
θaj , we have

E max
1ďjďM

Zj ď
1
θ

logE
M
ÿ

j“1
eθZj “

1
θ

log
M
ÿ

j“1
EeθZj .

Since each Zj is sub-Gaussian with ψ2-norm at most L, we get

EeθZj ď eC1θ2L2

for an absolute constant C1. Therefore

E max
1ďjďM

Zj ď
logM
θ

` C1θL
2.

Optimize in θ by choosing θ —
?

logM{L, which gives

E max
1ďjďM

Zj ď C L
a

logM.

This inequality is exactly what a one-net argument uses: the price for replacing a supremum by a
maximum over M points is

?
logM .
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5 Why a single ε-net is not enough
Suppose pXtqtPT is a centered process on a metric space pT, dq, and suppose it has sub-Gaussian
increments:

}Xt ´Xs}ψ2 ď K dpt, sq for all s, t P T.

A first attempt to bound E suptPT Xt is to choose an ε-net Tε Ă T and approximate each t by a
nearby point πεptq P Tε.

Then
Xt “ Xπεptq `

`

Xt ´Xπεptq

˘

,

so
sup
tPT

Xt ď max
sPTε

Xs ` sup
tPT

`

Xt ´Xπεptq

˘

. (1)

The first term is manageable:

Emax
sPTε

Xs À K diampT q
a

log |Tε|,

at least after subtracting a reference point. The second term is the problem. Although each
increment Xt ´ Xπεptq has ψ2-norm at most Kε, the supremum still ranges over all t P T , so a
single-scale argument does not resolve it.

This is exactly the obstruction that a single net reduces complexity, but does not eliminate the
residual supremum. The only natural solution is to repeat the approximation again on the resid-
ual term, and then again, and then again. That iteration is chaining.

6 Chaining: the multiscale idea
The chaining idea is very simple to state. Choose a sequence of finer and finer nets

T0, T1, T2, . . .

for the metric space T , where Tk is an εk-net with εk Ó 0. For each t P T , let πkptq P Tk be a
nearest net point at scale εk.

Instead of approximating t once, we approximate it progressively:

π0ptq, π1ptq, π2ptq, . . . , t.

Then
Xt ´Xπ0ptq “

ÿ

kě1

`

Xπkptq ´Xπk´1ptq

˘

.

This is the chain.

The point is that each link in the chain is small:

} Xπkptq ´Xπk´1ptq }ψ2 À K εk´1.

At the same time, the number of possible links at level k is controlled by the size of the nets:
roughly

|Tk| ¨ |Tk´1|.
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So each scale contributes something like

K εk
a

log N pT, d, εkq.

Summing over scales leads to Dudley’s inequality.

This multiscale decomposition is illustrated schematically in Figure 1.

π0ptq

π1ptq
π2ptq π3ptq t

ε0
ε1

ε2 ε3

A chain approximates t at progressively finer scales.
The links get shorter, but the nets get larger.

Figure 1: The chaining idea: approximate each point t by a sequence of progressively finer net
points πkptq.

7 Dudley’s inequality: discrete form
We now state and prove the discrete version first, since it makes the chaining structure most
transparent.

Theorem 7.1 (Dudley’s discrete inequality). Let pXtqtPT be a centered random process on a
metric space pT, dq such that

}Xt ´Xs}ψ2 ď K dpt, sq for all s, t P T.

Assume for simplicity that T is finite. Then

E sup
tPT

Xt ď CK
ÿ

kPZ
2´k

b

log N pT, d, 2´kq,

where C ą 0 is an absolute constant.

Proof. Let
εk :“ 2´k, k P Z.

For each k, choose an εk-net Tk Ă T with

|Tk| “ N pT, d, εkq.

Since T is finite, there exist integers k0 ă k1 such that:

• Tk0 “ tt0u is a singleton;

• Tk1 “ T .

For each t P T , choose πkptq P Tk such that

dpt, πkptqq ď εk.
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Also note that πk1ptq “ t.

Because the process is centered, we have

EXt0 “ 0,

so
E sup
tPT

Xt “ E sup
tPT

pXt ´Xt0q.

Now telescope:

Xt ´Xt0 “ Xπk1 ptq ´Xπk0 ptq “

k1
ÿ

k“k0`1

`

Xπkptq ´Xπk´1ptq

˘

.

Taking supremum in t and using subadditivity of the supremum, we get

E sup
tPT

pXt ´Xt0q ď

k1
ÿ

k“k0`1
E sup
tPT

`

Xπkptq ´Xπk´1ptq

˘

.

We bound each scale separately. For fixed k, the number of distinct pairs

pπkptq, πk´1ptqq

is at most
|Tk| |Tk´1| ď |Tk|2.

Also, by the triangle inequality, we have

dpπkptq, πk´1ptqq ď dpπkptq, tq ` dpt, πk´1ptqq ď εk ` εk´1 ď 3εk´1.

Therefore each increment
Xπkptq ´Xπk´1ptq

is centered sub-Gaussian with ψ2-norm at most 3Kεk´1. Applying Lemma 4.1 to the family of all
such increments gives

E sup
tPT

`

Xπkptq ´Xπk´1ptq

˘

ď CKεk´1
a

log |Tk|2.

Since
a

log |Tk|2 “
a

2 log |Tk| À
a

log |Tk|, this becomes

E sup
tPT

`

Xπkptq ´Xπk´1ptq

˘

ď CKεk´1
a

log N pT, d, εkq.

Summing over k and recalling εk “ 2´k, we obtain

E sup
tPT

Xt ď CK
k1
ÿ

k“k0`1
2´k

b

log N pT, d, 2´kq.

Extending the sum to all k P Z only increases the right-hand side, and this proves the theorem.
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8 Dudley’s inequality: entropy integral form
The discrete theorem is already enough for most purposes. The integral form is often cleaner to
state and easier to manipulate.

Theorem 8.1 (Dudley’s entropy integral inequality). Let pXtqtPT be a centered random process
on a metric space pT, dq such that

}Xt ´Xs}ψ2 ď K dpt, sq for all s, t P T.

Assume T is finite (or more generally, that the process is separable). Then

E sup
tPT

Xt ď CK

ż diampT,dq

0

a

log N pT, d, εq dε,

where C ą 0 is an absolute constant.

Proof. Starting from Theorem 7.1, we have

E sup
tPT

Xt ď CK
ÿ

kPZ
2´k

b

log N pT, d, 2´kq.

Now write

2´k “ 2
ż 2´k

2´k´1
dε.

Since ε ÞÑ N pT, d, εq is decreasing in ε, we get
b

log N pT, d, 2´kq ď
a

log N pT, d, εq for ε P r2´k´1, 2´ks.

Therefore

2´k
b

log N pT, d, 2´kq ď 2
ż 2´k

2´k´1

a

log N pT, d, εq dε.

Summing over k gives
E sup
tPT

Xt ď CK

ż 8

0

a

log N pT, d, εq dε.

Finally, if ε ą diampT, dq, then one ball covers all of T , so

N pT, d, εq “ 1 and hence log N pT, d, εq “ 0.

Thus the integral truncates at diampT, dq.

Remark 8.2. For Gaussian processes, one usually applies Dudley with the canonical metric

dps, tq “ }Xt ´Xs}L2 .

Because Gaussian increments are sub-Gaussian with ψ2-norm comparable to their L2-norm, The-
orem 8.1 immediately gives an upper bound on centered Gaussian processes.
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9 Example: canonical Gaussian process on the Euclidean ball
Let g „ N p0, Inq, and take T “ Bn

2 Ă Rn. Then the canonical Gaussian process is

Xt “ xg, ty, t P Bn
2 .

Its expected supremum is
E sup
tPBn

2

xg, ty “ E}g}2,

which is of order
?
n.

Let us recover this from Dudley’s inequality.

The metric is Euclidean:
dps, tq “ }s´ t}2.

From the volumetric bound for covering numbers of the Euclidean ball,

N pBn
2 , } ¨ }2, εq ď

ˆ

3
ε

˙n

, 0 ă ε ď 1.

Therefore
log N pBn

2 , εq ď n logp3{εq.

Applying Dudley, we get

E}g}2 “ E sup
tPBn

2

xg, ty ď C

ż 1

0

a

n logp3{εq dε.

Since the singularity at 0 is integrable, we have
ż 1

0

a

logp3{εq dε ď C 1,

and so
E}g}2 ď C2

?
n.

This matches the correct order.

So in this example, Dudley’s bound is sharp up to constants.

10 Strengths and limitations of Dudley’s inequality
Dudley’s inequality has a very useful interpretation:

E sup
tPT

Xt À total metric complexity of T across all scales.

The quantity
a

log N pT, d, εq

measures the complexity of T at resolution ε, and Dudley’s integral adds those complexities over
all ε.
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This is the first major place in the course where metric entropy becomes a multiscale object. In
the covariance-estimation lecture, covering numbers entered at one chosen scale. Here, the whole
curve

ε ÞÝÑ log N pT, d, εq

matters.

That is why chaining is more powerful than a one-net argument: it does not commit to one scale.
Instead, it allows coarse approximations where coarse approximations are enough, and fine ap-
proximations only where they are needed.

Dudley’s inequality is a beautiful theorem, but it is not the end of the story. It is an upper
bound, and in general it need not be sharp. There are processes for which the Dudley integral
overestimates the true expected supremum, sometimes by logarithmic factors. This is not a de-
fect of the proof so much as a sign that the simple chaining argument, where we move the supre-
mum through the telescoping sum, still loses information.

11 Look ahead
This lecture introduced random processes through the lens of geometry. For Gaussian processes,
and more generally for processes with sub-Gaussian increments, the expected supremum is gov-
erned by the metric structure induced by the increments. That geometric point of view naturally
leads to covering numbers and metric entropy.

A single ε-net is often too crude, because it only captures one scale of approximation. Chain-
ing fixes this by combining nets at all scales. The result is Dudley’s entropy integral inequality,
which bounds the expected supremum by a multiscale integral of

a

log N pT, d, εq.

In the next lecture, we will develop useful variants of Dudley’s bound and begin applying chain-
ing ideas to empirical processes and uniform laws of large numbers.

Source material
Parts of this lecture are based on references: Vershynin (2018); Tropp (2023), in addition to the
author’s accumulated experience working on related topics.
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