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These notes are a work in progress and are provided as-is for instructional purposes only.

They are not (yet) at the level of a scholarly document. In particular, the notes draw from
various sources and do not (yet) have sufficient references to the original sources. Addition-
ally, almost surely the notes have errors and they are only probably approximately correct.
The notes will be updated regularly as the course progresses. Last updated: 2026-03-22.

1 Motivation

In several earlier lectures, we encountered quantities of the form

sup Xy,
teT

where the index set T is large, often infinite, and (X;)r is a family of random variables. This is
the basic object of study in the theory of random processes.

A familiar example already appeared in our covariance estimation lecture. There, we wrote an
operator norm as a supremum over the sphere:

I£-%) = sup |¢7(2 - %)z,
zeSi—1

To handle this quantity, we discretized the sphere by an e-net and then used a union bound.

That was effective because we had strong concentration for each fized direction x, and the metric

entropy of the sphere was manageable.

But there is a serious limitation to the one-net method. A single e-net only approximates T at
one scale. If the process has structure at many different scales (and this is often what happens
for Gaussian and sub-Gaussian processes that we will study), then a single discretization is too
crude. Coarse nets have small cardinality but poor approximation error; fine nets have good
approximation error but enormous cardinality. The right method must use all scales at once.

That is the idea of chaining. Instead of approximating each point ¢t € T" once, we approximate it
successively: first coarsely, then more finely, then more finely still. This turns a one-scale e-net
argument into a multiscale argument. The result is Dudley’s inequality, which bounds the ex-
pected supremum of a Gaussian (or more generally sub-Gaussian) process by an entropy integral:

diam(7T)
Esup X; < f VV9og N (T, d, ¢) de.

teT 0

This lecture introduces that method. We begin with random processes and their induced met-
ric structure, then discuss Gaussian processes as the main motivating example, explain why
expected suprema are important, and finally prove Dudley’s inequality through the chaining
method.



2 Random processes and their geometry

2.1 Random processes
A random process is simply a family of random variables indexed by a set.

Definition 2.1 (Random process). Let T be a nonempty set. A random process indexed by T is
a family of real-valued random variables

(Xt)ter-

Historically, the index ¢ often represented time, but in our setting 7" can be much more general.
For example:

o if T'={1,...,n}, then a random process is just a random vector;
e if T < R%, one may think of a random field;

o if T'is a class of functions, then (X;);,er may encode empirical errors, stochastic integrals,
or Gaussian widths.

The central quantity we will study is the expected supremum

E sup X;.
teT

This quantity measures the typical size of the largest fluctuation of the process over its index set.

2.2 Increments and the induced metric

The behavior of a random process is controlled not so much by the individual variables X;, but
by the increments
X — X, s,teT.

These increments induce a natural pseudo-metric on the index set.

Definition 2.2 (Canonical pseudo-metric). Let (X¢)wer be a square-integrable random process.
Define s
dx(s,t) = |Xi — Xal1, = (BEIX; — Xo2)%, steT

This is always a pseudo-metric: symmetry and the triangle inequality follow from the correspond-
ing properties of the Ly norm. It may happen that dx(s,t) = 0 for distinct s # ¢, namely when

Xs = X; almost surely. In that case, one can quotient out such redundant points, so this causes

no real difficulty.

The key message is that the expected supremum of a process is governed by the geometry of the
index set T under the metric dx. This is the starting point of the metric approach to random
processes.

3 Gaussian processes

3.1 Definition

Among all random processes, Gaussian processes are the cleanest and most important class.



Definition 3.1 (Gaussian process). A random process (X¢)wer is a Gaussian process if every finite
subcollection
(Xt17 tr 7Xt7n)

has a multivariate Gaussian distribution.
As usual, the most convenient setting is the centered one.

Definition 3.2 (Centered Gaussian process). A Gaussian process (X;)wer is centered if

EX; =0 forallteT.

A centered Gaussian process is determined by its covariance function
Y(s,t) := E[ X X¢].
Equivalently, it is determined by its canonical metric

dx(s,t)? = B(X; — X,)? = B(t,t) — 28(s,t) + X(s, 5).

3.2 Examples

Brownian motion. If (By)[o,1] is standard Brownian motion, then
By — Bs ~ N(0, |t — s|),

so the canonical metric is
dp(s,t) = /|t — s|.

Thus Brownian motion lives on the interval [0, 1], but the geometry relevant to its supremum is
not the Euclidean metric |t — s|, but rather its square root.

Canonical Gaussian process on R". Let g ~ N(0,1,), and let T < R™. Define
X :={g,t), teT.
Then (X¢)er is a centered Gaussian process, and
Xi— Xy = {g,t —s) ~ N(0, [t — s]3).
Therefore,
dX(S,t) = Ht — SHQ.
So the canonical metric is just the Euclidean distance on T'.

This example is especially important because the expected supremum is exactly the Gaussian
width:
w(T) := Esup{g, t).
tel
Gaussian width is one of the central geometric complexity parameters in high-dimensional proba-
bility.



Operator norm of a Gaussian matrix. Let G € R™*" have i.i.d. standard normal entries.
Then
G| = sup  (Gu,v).

ueSm—1 peSn—1

For fixed (u,v), the random variable (Gu, v) is Gaussian, so |G| is the supremum of a Gaussian
process indexed by S™~! x §7~!. This is one of the main reasons Gaussian processes show up in
random matrix theory.

4 A maximal inequality for finite sub-Gaussian families

Before turning to chaining, we recall a basic estimate for finite families of sub-Gaussian random
variables. It will serve as the one-scale building block inside the chaining proof.

Lemma 4.1 (Finite maximal inequality). Let Zi,..., Zy be centered random variables such that
1Zjlly, < L forallj=1,..., M.
Then
E max 7 < CL/loghl,

1<j<M

where C' > 0 is an absolute constant.

Proof. Fix 6 > 0. By Jensen and the elementary inequality max;a; < 0~ !log ] j €% | we have

1 1
ot 0z, _ * 02,
Elgljix Zj < elogEjzgle i = 910gj=§1E6 i

Since each Z; is sub-Gaussian with 1)-norm at most L, we get

. 212
]EGQZ] < 6010 L
for an absolute constant C7. Therefore

log M
E max Z; < 8 + C160L2.

1<j<M 0

Optimize in 6 by choosing 6 = +/log M /L, which gives

E max Z; < CL+/logM.

I<j<M

O]

This inequality is exactly what a one-net argument uses: the price for replacing a supremum by a
maximum over M points is 4/log M.



5 Why a single e-net is not enough

Suppose (X¢)er is a centered process on a metric space (7', d), and suppose it has sub-Gaussian
increments:
1 Xt — Xy, < Kd(t,s) for all s,teT.

A first attempt to bound E sup,.r X is to choose an e-net T, < T and approximate each ¢ by a
nearby point 7. (t) € 1.

Then
X=X+ (X — Xer),
SO
sup X; < max X, + sup(Xt - Xﬁs(t)). (1)
teT seT teT

The first term is manageable:

Emax X; < K diam(T) /log |T¢|,

seT:

at least after subtracting a reference point. The second term is the problem. Although each
increment Xy — X ;) has ¢o-norm at most Ke, the supremum still ranges over all ¢ € T', so a
single-scale argument does not resolve it.

This is exactly the obstruction that a single net reduces complexity, but does not eliminate the
residual supremum. The only natural solution is to repeat the approximation again on the resid-
ual term, and then again, and then again. That iteration is chaining.

6 Chaining: the multiscale idea
The chaining idea is very simple to state. Choose a sequence of finer and finer nets

To, Th, 1o, ...

for the metric space T, where T}, is an ei-net with e | 0. For each ¢t € T, let 7i(t) € Ty be a
nearest net point at scale ey.

Instead of approximating ¢ once, we approximate it progressively:

7T0<t), m(t), ma(t), ..., t.

Then

This is the chain.
The point is that each link in the chain is small:
| Xty = X1 t) lpe S K g1

At the same time, the number of possible links at level k is controlled by the size of the nets:
roughly
Tk - | Th—1l-



So each scale contributes something like

Kep/logN(T,d, ey).

Summing over scales leads to Dudley’s inequality.

This multiscale decomposition is illustrated schematically in Figure 1.

€3
€1 €2

€0 e
. t
T2 (t) 3(t)
m(t)
7o ()
A chain approximates t at progressively finer scales.
The links get shorter, but the nets get larger.

Figure 1: The chaining idea: approximate each point ¢ by a sequence of progressively finer net
points 7 (t).

7 Dudley’s inequality: discrete form

We now state and prove the discrete version first, since it makes the chaining structure most
transparent.

Theorem 7.1 (Dudley’s discrete inequality). Let (X;)er be a centered random process on a
metric space (T,d) such that

| Xt — Xy, < Kd(t,s) for all s,teT.

Assume for simplicity that T is finite. Then

Esup X; < CK Z 2_k\/log./\/'(T, d,27F),
teT keZ,

where C' > 0 is an absolute constant.

Proof. Let
e = 27F, kelZ.

For each k, choose an g;-net Ty, ¢ T with
|Tk| = N(T', d, ).
Since T is finite, there exist integers kg < k1 such that:
o Ty, = {to} is a singleton;
o Ty, =T1T.

For each t € T, choose 7 (t) € T} such that

d(t, Wk(t)) < €g.



Also note that my, (t) = ¢.

Because the process is centered, we have

EX:, =0,
SO
]ESU.p Xt = ESU.p(Xt — Xto)-
tel tel
Now telescope:
k1
Xi= X=Xy ) = Xrpy0 = Dy (X = Xmilat9)-
k=ko+1

Taking supremum in ¢ and using subadditivity of the supremum, we get

k1
Esup(X; — X3,) < Z Esup(Xnk(t) - Xﬂk,l(t))-
teT k=ko+1 teT

We bound each scale separately. For fixed k, the number of distinct pairs

(e (), me—1(2))

is at most
|| | Te—1| < [ T3]

Also, by the triangle inequality, we have
d(ﬂ'k(t), Wk_l(t)) < Cl(ﬂ'k(t),t) + d(t,ﬂ'k_l(t)) <€t Ek—1 < 35k—1-

Therefore each increment
Xﬂ'k(t) - Xﬂ'kfl(t)

is centered sub-Gaussian with to-norm at most 3Key_1. Applying Lemma 4.1 to the family of all
such increments gives

Eiuﬁ(Xﬂk(t) - Xﬂ'kfl(t)) < CKep1v/1og [Ty |*.
=

Since 4/log [T|? = 1/21og [Tk| < +/log|T}|, this becomes

ESup(Xﬂk(t) — Xﬂkil(t)) < CK&‘k_lx/lOgN(T, d,ek).

teT

Summing over k and recalling ¢, = 27%, we obtain

k1
Esup X; < CK Z 2_k\/log./\/'(T, d,27F).
teT k=ko+1

Extending the sum to all k£ € Z only increases the right-hand side, and this proves the theorem.
O



8 Dudley’s inequality: entropy integral form

The discrete theorem is already enough for most purposes. The integral form is often cleaner to
state and easier to manipulate.

Theorem 8.1 (Dudley’s entropy integral inequality). Let (X¢)wer be a centered random process
on a metric space (T,d) such that

| Xt — X[y, < Kd(t,s) forall s,teT.

Assume T is finite (or more generally, that the process is separable). Then

diam(7',d)
Esup X; < C’Kf V1og N (T, d, ¢) de,
0

tel

where C > 0 is an absolute constant.

Proof. Starting from Theorem 7.1, we have

Esup X; < CK Z 2_k\/log./\/(T, d,27k).
teT keZ,

Now write

Since € — N (T,d,¢) is decreasing in ¢, we get

\/logN(T, d,27k) < /log N (T, d,¢) for e € [27F71 27K].

Therefore
2—k

Q*k\/log/\/'(T, d,27F) < 2[ V09eg N (T, d,e) de.

2—k—1

Summing over k gives

o6}
Esup X; < CKJ \V01og N (T, d,¢) de.
0

teT

Finally, if € > diam(7, d), then one ball covers all of T', so
N(T,d,e) =1 and hence log N(T,d,e) = 0.
Thus the integral truncates at diam(7, d). O
Remark 8.2. For Gaussian processes, one usually applies Dudley with the canonical metric
d(s,t) = [ X¢ — Xs| L,

Because Gaussian increments are sub-Gaussian with 19-norm comparable to their Lso-norm, The-
orem 8.1 immediately gives an upper bound on centered Gaussian processes.



9 Example: canonical (Gaussian process on the Euclidean ball
Let g ~ N(0,1,), and take T'= BY < R™. Then the canonical Gaussian process is

X = (g,1), te By.
Its expected supremum is

E sup{g,t) = Elg]-,
teBy

which is of order y/n.
Let us recover this from Dudley’s inequality.

The metric is Euclidean:
d(s,t) = |s — t]z.

From the volumetric bound for covering numbers of the Euclidean ball,

3 n
N(BS,\-|\2,6)<<€)  D<e<l.

Therefore
log N (B%,e) < nlog(3/e).

Applying Dudley, we get
1
Elglle = E 81]13p<g,t> < Cf nlog(3/e) de.
teBY 0

Since the singularity at 0 is integrable, we have

f ' g3/ de < O,
0

and so
Ellgllz < C"+/n.

This matches the correct order.

So in this example, Dudley’s bound is sharp up to constants.

10 Strengths and limitations of Dudley’s inequality
Dudley’s inequality has a very useful interpretation:

Esup X; < total metric complexity of T" across all scales.
teT

The quantity
log N(T, d, )

measures the complexity of T" at resolution ¢, and Dudley’s integral adds those complexities over
all e.



This is the first major place in the course where metric entropy becomes a multiscale object. In
the covariance-estimation lecture, covering numbers entered at one chosen scale. Here, the whole
curve

e— log N (T,d,e)
martters.

That is why chaining is more powerful than a one-net argument: it does not commit to one scale.
Instead, it allows coarse approximations where coarse approximations are enough, and fine ap-
proximations only where they are needed.

Dudley’s inequality is a beautiful theorem, but it is not the end of the story. It is an upper
bound, and in general it need not be sharp. There are processes for which the Dudley integral
overestimates the true expected supremum, sometimes by logarithmic factors. This is not a de-
fect of the proof so much as a sign that the simple chaining argument, where we move the supre-
mum through the telescoping sum, still loses information.

11 Look ahead

This lecture introduced random processes through the lens of geometry. For Gaussian processes,
and more generally for processes with sub-Gaussian increments, the expected supremum is gov-
erned by the metric structure induced by the increments. That geometric point of view naturally
leads to covering numbers and metric entropy.

A single e-net is often too crude, because it only captures one scale of approximation. Chain-
ing fixes this by combining nets at all scales. The result is Dudley’s entropy integral inequality,
which bounds the expected supremum by a multiscale integral of /log N (T, d, €).

In the next lecture, we will develop useful variants of Dudley’s bound and begin applying chain-
ing ideas to empirical processes and uniform laws of large numbers.

Source material

Parts of this lecture are based on references: Vershynin (2018); Tropp (2023), in addition to the
author’s accumulated experience working on related topics.
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