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1 Motivation
In the previous lecture, we reduced fixed-design nonparametric regression to the normal means
model

Y “ θ‹ ` σW, W „ N p0, Inq,

and we showed that the projection estimator is controlled by the local Gaussian complexity

γ
`

Θθ‹puq
˘

“ E sup
∆PΘθ‹ puq

|xW, ∆y|.

This was conceptually satisfying, but not yet operational: to get an actual rate, we need to com-
pute or bound that local Gaussian complexity.

For linear models, this was possible by direct geometric arguments. For general nonparametric
classes, such as Lipschitz or Sobolev classes, the right tool is metric entropy. The principle here
is to cover the localized function class at many scales, then chain.

The result is an entropy bound on local Gaussian complexity, and once combined with the theo-
rem from the previous lecture, it yields prediction-error bounds for nonparametric least squares.

Today we will do three things:

1. define the localized Gaussian complexity of a function class;

2. bound it by Dudley’s entropy integral;

3. apply this to Lipschitz regression and discuss the curse of dimensionality.

2 Localized Gaussian complexity for function classes
Let F Ă RX be a function class, and let f‹ P F . Define the shifted class

F‹ :“ F ´ f‹ “ tf ´ f‹ : f P Fu.

For δ ą 0, define the localized empirical ball

F‹pδq :“ tg P F‹ : }g}n ď δu.
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The relevant Gaussian complexity is

Gnpδ; F‹q :“ EW sup
gPF‹pδq

ˇ

ˇ

ˇ

ˇ

ˇ

1
n

n
ÿ

i“1
Wigpxiq

ˇ

ˇ

ˇ

ˇ

ˇ

, Wi
iid
„ N p0, 1q. (1)

This is exactly the local Gaussian complexity of the induced set

Θθ‹p
?

n δq “ tΦnpgq : g P F‹, }g}n ď δu,

scaled by 1{n.

Indeed, since Φnpgq “ pgpx1q, . . . , gpxnqq,

Gnpδ; F‹q “
1
n

γ
`

Θθ‹p
?

n δq
˘

.

Therefore, the critical inequality from the previous lecture becomes: if

Gnpδ; F‹q ď
κδ2

2σ
,

then the least-squares estimator pf satisfies

} pf ´ f‹}n ď κδ `
2σt
?

n

with high probability.

So our next task is clear: upper bound Gnpδ; F‹q.

3 Dudley’s entropy integral for local Gaussian complexity

3.1 Covering numbers in the empirical norm

For a function class H Ă RX , let
Nnpε, Hq

denote the covering number of H with respect to the empirical norm } ¨ }n.

We also write
N8pε, Hq

for the covering number in the sup norm

}f}8 :“ sup
xPX

|fpxq|.

Since }f}n ď }f}8, any ε-cover in sup norm is also an ε-cover in empirical norm, so

Nnpε, Hq ď N8pε, Hq. (2)
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3.2 Entropy bound

Proposition 3.1 (Localized Dudley bound). For any function class H Ă RX and any δ ą 0,

Gnpδ; Hq ď
C

?
n

ż δ

0

a

log Nnpε, Hpδqq dε,

where
Hpδq :“ tg P H : }g}n ď δu.

Proof. Consider the Gaussian process indexed by g P Hpδq:

Xg :“ 1
?

n

n
ÿ

i“1
Wigpxiq.

It is centered Gaussian, and its canonical metric is

dpg, hq2 “ EpXg ´ Xhq2 “
1
n

n
ÿ

i“1
pgpxiq ´ hpxiqq2 “ }g ´ h}2

n.

Therefore Dudley’s inequality yields

E sup
gPHpδq

|Xg| ď C

ż δ

0

a

log Nnpε, Hpδqq dε.

Finally,
Gnpδ; Hq “

1
?

n
E sup

gPHpδq

|Xg|,

which proves the claim.

Combining Proposition 3.1 with the projection-estimator theorem from the previous lecture gives:

Corollary 3.2 (Entropy criterion for fixed-design regression). Assume that F‹ “ F ´ f‹ is
star-shaped, and let pf be the constrained least-squares estimator

pf P arg min
fPF

1
n

n
ÿ

i“1
pYi ´ fpxiqq2.

Suppose δ ą 0 satisfies
C

?
n

ż δ

0

a

log Nnpε, F‹pδqq dε ď
δ2

2σ
. (3)

Then, for every t ě 0, with probability at least 1 ´ e´t2{2,

} pf ´ f‹}n ď Cδ `
2σt
?

n
.

Consequently,

E} pf ´ f‹}2
n À δ2 `

σ2

n
.

Remark 3.3. The most convenient way to use (3) is often to upper bound Nn by N8 using (2).
This is sometimes crude, but it is easy and often already informative.
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4 Lipschitz regression
We now apply the entropy criterion to a concrete class.

4.1 Function class

Fix L ą 0, and consider

FL :“ tf : r0, 1s Ñ R : fp0q “ 0, }f}Lip ď Lu.

Assume that f‹ P FL, and let pf be the constrained least-squares estimator over FL.

Since
FL ´ f‹ Ď F2L,

and F2L is star-shaped, it suffices to control the entropy of F2L.

4.2 Covering numbers

A standard discretization argument gives

log N8pε, FLq ď C
L

ε
, ε P p0, 1s. (4)

The idea is simple: sample the function values on an ε-grid of the interval r0, 1s. Because the
function is L-Lipschitz, once we know its value at one grid point, there are only Op1q admissible
choices at the next grid point. Thus the total number of approximants grows like exppCL{εq.

4.3 Prediction rate

Using (4) and Nn ď N8, Proposition 3.1 gives

Gnpδ; FL ´ f‹q À
1

?
n

ż δ

0

c

L

ε
dε À

c

Lδ

n
.

So the critical inequality Gnpδq ď δ2{p2σq holds when
c

Lδ

n
À

δ2

σ
.

Solving for δ yields

δ —

ˆ

Lσ2

n

˙1{3
.

Therefore Corollary 3.2 implies

} pf ´ f‹}n À

ˆ

Lσ2

n

˙1{3

with high probability, and hence

E} pf ´ f‹}2
n À

ˆ

Lσ2

n

˙2{3
. (5)

Remark 4.1. This is the classical one-dimensional Lipschitz regression rate for fixed-design
prediction error. It is much slower than the parametric rate n´1, because the class FL is infinite-
dimensional.
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5 A useful comparison: smoother classes give faster rates
The Lipschitz class is only one example. Suppose more generally that a function class obeys an
entropy bound of the form

log N8pε, Fq À ε´1{α

for some α ą 0. Then the same calculation gives

Gnpδq À
1

?
n

ż δ

0
ε´1{p2αq dε À

δ 1´ 1
2α

?
n

,

provided α ą 1{2. The critical inequality then yields

δ2 — n´ 2α
2α`1 .

So more regular function classes have smaller entropy, and therefore faster regression rates.

This is one precise mathematical way to say that extra smoothness reduces statistical complexity.

6 The curse of dimensionality
What happens for Lipschitz functions on r0, 1sd instead of r0, 1s?

Very roughly, the metric entropy becomes much larger:

log N8pε, FLpr0, 1sdqq — ε´d.

So the size of the class grows much faster as the ambient dimension d increases. This means the
entropy integral becomes much larger, and the resulting regression rate deteriorates rapidly with
d.

This phenomenon is called the curse of dimensionality: if all we assume is global Lipschitz regu-
larity in a high-dimensional ambient space, then consistent estimation requires a huge amount of
data.

Modern machine learning works precisely by exploiting structure beyond ambient dimension.
Examples include:

• sparsity;

• additive structure;

• low-rank structure;

• kernel methods and RKHS constraints;

• compositional structure, such as that encoded by neural networks.

In each case, the point is the same: the effective complexity can be much smaller than what the
ambient dimension alone would suggest.
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7 Summary
The full pipeline for fixed-design nonparametric regression is now visible:

1. Start with the regression model
Yi “ f‹pxiq ` σWi.

2. Reduce it to a normal means problem over the sampled function values.

3. Control the least-squares estimator by a local Gaussian complexity.

4. Bound that local Gaussian complexity using Dudley’s entropy integral.

5. Solve the resulting critical inequality to obtain a prediction rate.

For one-dimensional Lipschitz regression, this gives

E} pf ´ f‹}2
n À

ˆ

Lσ2

n

˙2{3
.

The same blueprint applies much more broadly. What changes from one problem to the next
is the complexity calculation: sometimes it is a direct Gaussian-width argument, sometimes a
metric-entropy argument, and sometimes something more refined.

8 Look ahead
In the next step of the course, we can go in two directions.

One direction is to keep developing nonparametric regression: study smoother classes such as
Sobolev or RKHS balls, derive sharper oracle inequalities, and compare constrained versus penal-
ized estimators.

The other direction is to move toward minimax lower bounds: once we know how to prove upper
bounds, we should ask whether they are optimal. That question leads to information-theoretic
methods and packing arguments, which form the lower-bound counterpart to the entropy tools
we used today.

Most likely, we will do minimax lower bounds as we have only one more week until the end!

Source material
Parts of this lecture are based on references: Wainwright (2019), in addition to the author’s
accumulated experience working on related topics.
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