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1 Motivation

A basic phenomenon in high-dimensional statistics and machine learning is that many random
variables of interest, under fairly weak assumptions, are essentially deterministic: with high
probability they lie close to a typical value, such as the expectation or the median.

This phenomenon is already visible in the most classical setting. If X1, Xo,... are i.i.d. with
E[X1] =  and Var(X;) = 02 < o, then the sample average

_ 1 <&

Xn:ﬁ;&

satisfies X,, — p in probability by the weak law of large numbers. Equivalently, for each & > 0,
IP)(|Xvn — > 5) -0,

so for large n the average is very likely to be close to its mean. Moreover, the central limit theo-
rem gives a much sharper description of the distribution of the fluctuations:

\/E(Xn _N) = N(O’J2)7

which suggests that the typical scale of fluctuations of X, is o //n.

A key message of concentration theory is that this behavior is not restricted to linear functions
like f(x1,...,2p) = %ZZ x;. Under fairly weak assumptions, many nonlinear functions

Z = f(levXn)

of many independent (or weakly dependent) inputs also exhibit small fluctuations, especially
when no single coordinate X; has too much influence on the value of f. This is often summarized
by the following principle (Talagrand, 1996):

“A random variable that depends (in a ‘smooth’ way) on the influence of many inde-
pendent variables (but not too much on any of them) is essentially constant.”

— Michel Talagrand (1996)



To make this principle precise, we have to decide what we mean by: (i) f depends smoothly on
the influence of many random variables, and (ii) f(X1,...,X,,) is essentially constant. Different
choices lead to different tools and different inequalities.

Concretely, if Z is a real-valued random variable with mean EZ and (any) median MZ, a concen-
tration inequality is an estimate of the form

P{|Z-EZ|>t}<--- or P{Z-MZ|=t}<---,

valid for ¢ > 0, where the right-hand side decays as t grows. A tail bound is one-sided (e.g. P{Z —
EZ > t} < ---), and one may always combine upper and lower tail bounds into a two-sided
concentration statement via the union bound.

In this lecture, we will make a modest (but foundational) start by focusing on the variance
Var(Z) = E(Z - EZ)”
as a proxy for the size of fluctuations, together with Chebyshev’s inequality

Var(Z2)
2

P{|Z —EZ| >t} <

Thus, once we can bound Var(Z), we automatically obtain a (possibly crude) concentration
bound.

The main theme for today will be:
Bound Var(f(Xl, ey Xn)) in terms of how much f can change when one input changes.

For averages, variance bounds already capture the correct scale (e.g. o/4/n). However, variance
alone usually does not yield sharp tail behavior. Starting next week, we will develop methods
that control not only the size of fluctuations but also their distribution; for example, proving
Gaussian-type or exponential-type tail bounds under appropriate assumptions. These results are
closer in spirit to what the CLT provides for sums, but they apply far more broadly to nonlinear
functions.

2 Variance: basic facts

Throughout, (2, F,P) is a probability space and E denotes expectation. A real-valued random
variable Z is in Ly if E[Z?] < 0. When Z € Lo, its variance is

Var(Z) = E[(Z —EZ)?].
Expanding the square and using E[Z — EZ]| = 0 gives the equivalent identity
Var(Z) = E[Z?] — (EZ)%.

The most basic way to convert a variance bound into a concentration statement is Chebyshev’s
inequality: for every t > 0,
Var(Z)

P{|Z -EZ| >t} < —

(1)
Equivalently, for ¢ > 0,

IP’{\Z—EZ\ >t«/Var(Z)} < min{1,¢72). 2)

2



Chebyshev’s inequality is extremely general (it only requires a finite second moment), but it

only yields polynomial tail decay of order ¢~2. Still, it already explains why “small variance =

concentration around the mean”: taking ¢ = 104/Var(Z) in (1) gives

IP’{|Z—IEZ| < 10«/Var(Z)} >1- % — 0.99.

So whenever Var(Z) is small, the random variable Z is very likely to lie in a narrow window
around EZ.

The rest of this lecture is therefore devoted to methods for bounding Var(Z) when Z = f(X;,...

depends on many independent inputs.

2.1 Two useful identities for variance

, Xn)

The definition Var(Z) = E[(Z — EZ)?] is not always the most convenient way to work. Here are
two alternative viewpoints that will be especially useful once we start perturbing or resampling

individual inputs.
1. Variance as the best constant approrimation. For any a € R, expand
E[(Z — a)*] =E[(Z —EZ + EZ — a)?]
=E[(Z -EZ)?] +2(EZ — a)E[Z — EZ] + (EZ — a)?
= Var(Z) + (EZ — a)*.
In particular,

Var(Z) = minE[(Z — a)?], with the unique minimizer «* = EZ.

aeR

Interpretation: EZ is the best constant predictor of Z under squared loss.

(3)

2. Variance as an average squared distance between two i.i.d. copies. Let Z' be an independent

copy of Z (i.e. Z' £ Z and Z' 1L Z). Then
E[(Z — Z')?] = E[Z%] + E[(Z")?] — 2E[ZZ"]
= 2E[Z?%] - 2(EZ)(EZ")
=2(E[Z%] - (EZ)?) = 2Var(Z),

Var(Z) = %IE[(Z — 7.

Interpretation: if Var(Z) is small, then two fresh samples of Z tend to be close in mean-

square.

2.2 A basic variance bound: bounded range

(4)

A very simple (but surprisingly useful) principle is: if a random variable cannot move much, then

its variance cannot be large.

If Z is (almost surely) bounded in an interval [a, b], then

(b—a)*
o

Var(Z) <



One quick way to see this is to compare to the midpoint m = (a + b)/2: since |Z —m| < (b—a)/2
a.s., we have

. 2 2 (b—a)?
Var(Z) = %161]11{31[3[(2—@) | < E[(Z-m)7] < —

The bound (5) is tight when Z takes the values a and b each with probability 1/2.

3 Examples: variance bounds for functions of many inputs

Before we develop general tools, it is helpful to keep a few canonical examples in mind. The first
example (independent sums) is the benchmark case where everything can be computed exactly.
The other examples are nonlinear: we simply state the variance bounds to highlight what is
possible, and we will return later to the methods that make such results systematic.

1. The simplest linear example (independent sums). Let (Xi,...,X,) be independent
real random variables in Lo, and define

n n
7 = Z X, so that EZ = Z EX;. (6)
i=1 i=1
A basic computation shows that independence makes the variance additive:
n
Var(Z) = > Var(X;). (7)
i=1

(Indeed, Var(}}; X;) = >, Var(X;) + 23, _; Cov(X;, X;), and Cov(X;, X;) = 0 for independent
pairs.)

In the i.i.d. setting, if EX; = y and Var(X;) = 0% < o0, then
S 1« o?
EZ =np,  Var(Z) =no?,  Var(X,) = Var(— 3 Xi) -7,
n = n

This already captures the o/y/n fluctuation scale highlighted by the CLT.

A useful comparison: variance versus range for bounded summands. Now suppose each X; is
almost surely supported in an interval [a;, b;], and define

¢ = b;—a, ¢ = (c1,...,cp) €ER™.
Applying Var(X;) < ¢?/4 term-by-term and using (7),
1 1
Var(Z) < ez, so Var(Z) < 5lel. (8)

For comparison, the worst-case range of the sum satisfies
n
range(Z) = supZ —inf Z < 2 ci = |1 9)
i=1

When |c|2 « |1 (e.g. many comparable summands), the standard deviation bound (8) can be
much smaller than the worst-case range bound (9). As an example, for all ones vector, we have
|c|2 = 4/n, while |c|; = n. This is a first quantitative glimpse of Talagrand’s principle: when the
sum depends smoothly on many inputs, and no single input dominates, we have concentration.



2. A nonlinear example in combinatorial optimization (bin packing). Given num-
bers x1,...,z, € [0,1], let f(z1,...,2,) be the minimum number of bins needed to pack the
items so that the total weight in each bin is at most 1. For independent X; € [0, 1], define
Z = f(X1,...,Xy). One can show (using “bounded differences” ideas developed later) that
Var(Z) < i
4
This is already nontrivial because Z is defined through a combinatorial optimization problem.

3. A nonlinear example in random matrix theory (largest eigenvalue of a random
symmetric matrix). Let A be an n x n symmetric random matrix with independent entries
{Xi; 11 <i<j<n}and |X;| <1 almost surely. Let Z = Ayjax(A). Despite the fact that Apax
is defined by an optimization problem, one can show (using the Efron—Stein—Steele resampling
method developed later) that

Var(Amax(4)) < 16,

a dimension-free bound.

4. A nonlinear example in machine learning (kernel density estimation). Let X;,..., X,
be i.i.d. from a distribution with density ¢. Fix a bandwidth A > 0 and a kernel K > 0 with

{ K =1, and define the KDE
1 u :L‘—Xi
n = — K .
)= 1 (M)

For the Ly error Z = ||¢ — ¢, ,, one can show (again via bounded differences ideas) that

Var(Z) <

1

~.

The examples above all fit the same pattern: control the global fluctuations of f(Xi,...,X,)
by aggregating (in some way) the effects of changing one coordinate at a time. The rest of the
lecture develops this idea systematically.

4 Tensorization of variance

The identity

Var( Zn] Xi> - Zn] Var(X;)
=1 =1

for independent sums is extremely special, but it has a powerful “shadow” for general functions
of independent inputs.

Let X1,..., X, be independent random variables and let
Z = f(X1,...,Xpn)
be square-integrable. For each i € {1,...,n}, define the “all-but-i” vector

X(Z) = (X17 B 7Xi—17Xi+17 s 7XTL)7



and introduce the conditional expectation operator
EO[-] = E[-] X¥].
We also write the conditional variance given X as
Var®)(2) == Var(Z | X)) = EO[(Z -ED2)?].
Note that Var(®(Z) is itself a random variable (it depends on X @), and
E[Var?(2)] = E[(Z - E"Z)?]

by the tower property.
Theorem 4.1 (Tensorization of variance). With the notation above,

n

Var(Z i E[Var®)(2)] = > E[( 7). (10)

i=1
Proof. Let F; = o(X1,...,X;) be the natural filtration, and write
E;[-] == E[-| F], with the convention Eg[ -] = E[-].
Define the Doob martingale M; := IE;Z, and the martingale differences
Ai = Mi_Mz’—l = EiZ—Ei_lZ, i=1,...,n
Then
n
Z-EBZ = M,—My = Y A

Martingale differences are orthogonal in Ls: for j > 1,
E[AiA;] = E[AE(A; | Fj-1)] =0,
because E(A; | Fj_1) = 0 and A; is F;_1-measurable. Therefore,
Var(Z) = E(Z — EZ)? (2 ) = Y E[aZ]. (11)
i=1

Now we bring in independence. The key identity is
E[EVZ] = Ei1Z. (12)
Intuitively: E(®)Z averages over X; while holding all other coordinates fixed, so it does not de-

pend on X;: since X; is independent of X#, conditioning on X; does not change that average,
and then a tower-property argument collapses the conditioning down to (Xi,..., X;—1).

Using (12), ' '
A =EZ-Ei1Z=EZ-E(EVZ)=E;[Z-EDZ].

By conditional Jensen (the square is convex),

1

. 2 .
a7 = (Ez-EVZ]) <E[(Z-E92)].
Taking expectations and using the tower property,

E[A?] <E[(Z —EYZ2)%] = E[Var)(2)].
Summing over ¢ and combining with (11) yields (10). O



Quick consistency check (independent sums). If 7 = Z?:I X, then
EVZ =Y X;+EX;, so Z-EYZ=X;,-EX,,
J#i

and (10) holds with equality.

5 Variants, applications, and examples

Recall the tensorization bound: for Z = f(Xi,...,X,) € Ly with independent inputs,

Var(Z) < iE[Var(i)(Z)], Var(Z) = Var(Z | XW). (13)
i=1

The point of (13) is conceptual: it decomposes the total variance into coordinatewise contribu-
tions. In this section we turn this principle into easy-to-use bounds.
5.1 Application 1: bounded differences

A clean way to formalize “f does not change much when one coordinate changes” is to control
the coordinatewise range.

Fix i and freeze all coordinates except X;. Define the (random) coordinatewise range of f by

(le)(XlaaXn) = sup f(Xla"'aXiflal'aXi+1a"'7Xn)
zesupp(X;)
- inf f(Xla"'7Xi—17x>Xi+1>"'7XTL)'
zesupp(X;)

(When distributions are continuous, it is sometimes cleaner to interpret sup /inf as essential
sup/inf; the variance bound below is unchanged.)

Corollary 5.1 (Bounded differences: variance bound). For Z = f(Xi,...,X,) € Lo with
independent inputs,

Var(Z) < iE[;(Dif)Q]. (14)

In particular, if D;f < ¢; almost surely for deterministic constants (¢;)I,, then
1 n
Var(z) < 7). (15)
i=1

Proof. Fix i and condition on X, Under this conditioning, Z = f (X1,...,X,) becomes a one-
dimensional random variable as X; varies, and it is supported in an interval of length D, f. By
the range bound (5) applied conditionally,

Var®(2) < i (Dif)2.

Sum over i, take expectations, and apply (13) to obtain (14). The deterministic bound (15) fol-
lows immediately. O



Example: bin packing. Given z1,...,z, € [0,1], let f(z1,...,2,) be the minimum number of
bins needed to pack the items so that the sum in each bin is at most 1. Let Z = f(Xy,...,X,)
for independent X; € [0,1].

Changing one item can change the optimal number of bins by at most one: if we change x; to
xf, we can take an optimal packing for (z1,...,z,) and, if needed, place item ¢ in a new bin,
increasing the number of bins by at most 1. By symmetry (swap z; and z}), we obtain D;f <1

Therefore,
1 n
Var Z ;

Example: kernel density estimation. Let Xi,...,X, be i.i.d. real samples from a distribu-
tion with density ¢. Fix h > 0 and a kernel K > 0 Wlth SR u)du = 1, and define

() = T;;KG

Let QS,(f ) be the KDE obtained by replacing X; with some other value 2. By the reverse triangle
inequality,

X
), f 16(2) — u(@)| dz = 6 — dulla.

o — dnllry — 16— 6P 1y] < 60 — 6P L,

o) = L (g (F g
o (@) = o (x)—nh(K< ; ) K( - ))
so using K >0 and [ K =1,

But

lpn — 69|12, <

i
nh
L
nh
Thus D, f < 2/n, and (15) gives
1 ¢ 1
VaI' < Z; ( )

5.2 Application 2: resampling coordinates (Efron—Stein—Steele)

Tensorization (13) involves the conditional mean E()Z, which is sometimes hard to compute
explicitly. A common way to make it concrete is to introduce a resampled version of the ith
coordinate.

Let (X1,...,X/) be an independent copy of (X7, ..., X,), independent of everything else, and
define '
ZO = (X1, X, X X1, X, i=1,...,n.

Conditional on X®| the pair (Z, Z%) is i.i.d. (it is obtained by plugging in two independent
draws X; and X/ while keeping all other coordinates fixed). Therefore, applying (4) conditionally
yields

Var®(Z) = Var(Z | X@) = %E(i) [(Z — z0)2].

Plugging this into (13) gives the classical resampling form.



Corollary 5.2 (Efron—Stein—Steele inequality). For Z = f(Xy,...,X,) € Ly with independent
inputs,

Var(Z

M\)—‘

i (Z — Z2D)2]. (16)

A useful one-sided form. If W, W’ are i.i.d., then (W — W') is symmetric about 0, so

EE[(W ~ W1 =E[((W - W] =E[(W-W)2],  (a)+ := max{a,0}.

Applying this identity conditionally (given X)) shows
Var®(2) =EO[(Z — 202 =EO[(Z — 2D)2 ],

and therefore tensorization yields

Var(Z and likewise Var(Z 17
(17)

The one-sided form is especially useful when we can upper bound (Z — Z (i))Jr directly.

Example: largest eigenvalue of a random symmetric matrix. Let Abeann xn sym—
metric random matrix whose entries {X;; : 1 < i < j < n} are independent and satisfy | X;;| <
almost surely (with A;; = Aj; = Xj;). Let

Z := Amax(A) = sup u! Au.

lullz=1

We treat each upper-triangular entry (7,j) as a “coordinate.” For each 1 < i < j < n, let X{j be
an independent copy of Xj;;, and let Ali9) be the matrix obtained by replacing Xij (and Xj;) by
Xj; (and X7;), keeping all other entries fixed. Write

Z09) = Apax (A,
Let v be a unit eigenvector associated with Z, so Z = v! Av. Since Z(¥) = SUD |y o =1 ul AWy, >
vT Ay, we have

(Z — 7)), < < (v Av - A(ij)v) = (v (A- A(ij))v)Jr

+
If i < j, then A — AU) has only the (i,7) and (j,) entries nonzero, so

v (A — Ay = 20,0 (X5 — X7;).

If i = 4, then v (A — A®)y = v?(X;; — XJ,). In all cases, using | X;; — Xj;| < 2 yields the uniform
bound - -
(Z — 2, < 4wyl hence (Z — 22 < 16 v;v5.

Summing over all 1 <1 < j < n,

Z (Z — Z(l])) <16 v?vjz- < IGZn: i 1)2-21)]2- = 16(27}?)2 = 16,

I<i<j<n 1<i<j<n i=1j=1 i=1



since |v|2 = 1. Taking expectations and applying the one-sided Efron—Stein bound (17) gives
Var(Amax(A4)) = Var(Z) < E[ S (z- Z@j))i] < 16.
1<i<j<n

Thus the variance of the top eigenvalue is bounded by a universal constant, independent of the
matrix dimension. (The same argument applies to A\pin(A), and with minor modifications to

1A[-)

6 Look ahead

The results in this lecture show that changes of individual coordinates of f(X1,...,X,) control
the variance of f(X1,...,Xy). In other words, we are bounding the variance using some type of
discrete derivative, which reflects the smoothness of f with respect to its inputs.

One may wonder whether it is possible to obtain variance bounds in terms of ordinary (calculus)
derivatives, rather than discrete coordinate changes. In the next lecture, we will explore this
angle via convex and Gaussian Poincaré inequalities, building upon our results from this lecture.

Source material

Parts of this lecture are based on references: Boucheron et al. (2013); Raginsky and Sason (2013);
Tropp (2023); van Handel (2016), in addition to the author’s accumulated experience working on
related topics.
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