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These notes are a work in progress and are provided as-is for instructional purposes only.

They are not (yet) at the level of a scholarly document. In particular, the notes draw from
various sources and do not (yet) have sufficient references to the original sources. Addition-
ally, almost surely the notes have errors and they are only probably approximately correct.
The notes will be updated regularly as the course progresses. Last updated: 2026-02-20.

1 Motivation

In the last few lectures, our concentration toolbox has been largely analytic: we controlled ex-
ponential moments (log-MGFs) using entropy, tensorization, and functional inequalities such
as modified log-Sobolev inequalities (MLSIs). This viewpoint is powerful because it is flexible
and computational: once we get an entropy bound for e, Herbst’s argument turns it into a
quadratic bound on the centered log-MGF, and Chernoff turns that into Gaussian tails.

There is a second, more geometric explanation for why concentration happens, often called the
isoperimetric viewpoint. Here the primitive object is not an exponential moment, but the growth
of sets under small metric enlargements. The guiding principle is the following: if every set of
probability at least 1/2 becomes overwhelmingly likely after a small metric blow-up, then every
Lipschitz function must concentrate.

This lecture develops this principle in two classical settings:

o Gaussian space: We use the Gaussian isoperimetric inequality (half-spaces minimize blow-
ups) to derive the familiar Gaussian concentration for all Lipschitz functions f(g) with

g~ ./\/(0, In)

e Product spaces under convexity: We use Talagrand’s celebrated convex distance inequality
to derive Gaussian-type concentration for convex Lipschitz (more generally quasi-convex
Lipschitz) functions of independent bounded coordinates.

A recurring theme is that many of the inequalities we already proved by entropy/MLSI have
isoperimetric counterparts. For example, Gaussian MLSI/log-Sobolev and Gaussian isoperime-
try both lead to the same dimension-free concentration phenomenon, but from very different
perspectives.

2 Isoperimetry as blow-up control

2.1 Metric blow-ups and the concentration function

Let (X,d) be a metric space and let u be a probability measure on X. For a measurable set A ¢
X and t > 0, define its ¢-blow-up (neighborhood)

Ay = {xeX: dz,A) <t}, d(z,A) := ingd(x,y).
ye



The concentration function of the metric probability space is

o) = swp p(AD).
AcX: u(A)=1/2

Thus «(t) measures the worst-case probability mass that can remain far from a set of probability
at least 1/2.

Intuition: if «(t) decays rapidly (say a(t) < e_CtQ), then the space has a strong “blow-up” phe-
nomenon: every not-too-small set expands to cover almost all the probability mass after enlarg-
ing by distance t.

2.2 From blow-ups to concentration

A function f: X — R is L-Lipschitz if
F@) - f@)| < Ld(z,y) forall z,ye X.

A median of f(X) (where X ~ p) is any number my such that pu{f < mys} > 1/2 and p{f >
mys} = 1/2.

Theorem 2.1 (Lévy’s inequality). Let X ~ pu and let f : X — R be L-Lipschitz. Then for all
t>0,
PU(X) 2 my+ 1) <a(t/D),  PU(X) <my— 1) <a(t/L)

Proof. Let A = {x: f(z) <my}, so u(A) = 1/2 by definition of the median. If z € Ay, then there
exists y € A with d(x,y) < t, hence by Lipschitzness

f(z) < f(y) + Ld(z,y) < my+ Lt.
Therefore A; < {f < my + Lt}, so
P{f(X)>ms + Lt} <P{X ¢ A} < aft).

Replace Lt by t to obtain the first inequality. The second inequality follows by applying the first
to —f. O

Why the median. Isoperimetry naturally talks about sets of measure at least 1/2. Sublevel
sets at the median have exactly that property, so medians are the cleanest reference point for
isoperimetric concentration. (We have already seen the relation between the median and in mean
Homework 1. For sub-Gaussian tails they differ by O(L); see (3) to recall the proof.)

2.3 Converse: concentration determines isoperimetry

The concentration function is not just a convenient bound; it is essentially equivalent to Lipschitz
concentration.

Theorem 2.2 (Converse). If 5 : Ry — [0, 1] is such that for every 1-Lipschitz f we have
P{A(X) Z2mp+t} <B(t)  (£20),

then a(t) < B(t) for allt = 0.



Proof. For any set A ¢ X, the function f4(x) = d(x, A) is 1-Lipschitz. If pu(A) > 1/2, then 0 is a
median of f(X), hence
u(45) = P{(X, A) > 1}

Taking the supremum over A with pu(A) > 1/2 yields a(t)

B(t).
B(t). O

<
<

So, to prove concentration for Lipschitz functions, it suffices to control blow-ups of sets; and to
prove an isoperimetric inequality, it suffices to control Lipschitz concentration.

3 Gaussian isoperimetry and (Gaussian concentration

3.1 Gaussian isoperimetry
Let v, denote the standard Gaussian measure on R": if g ~ N(0, I,,) then v, (A) = P{g € A}.

The Gaussian isoperimetric theorem (Borell, Sudakov—Tsirelson) identifies the extremal sets
for blow-ups under ~,: half-spaces minimize the Gaussian measure of A; among sets of fixed
measure.

Theorem 3.1 (Gaussian isoperimetric inequality). For any measurable A < R™ and any t = 0,
’VN(At) = q)(q)il(’yn(A)) +t)7

where ® is the standard normal CDF. Equality holds for half-spaces.

A particularly important special case is v, (A4) = 1/2, where ®~!(v,(A)) = 0. Then
Mn(Af) < 1—(1).
In other words, the Gaussian concentration function satisfies

ay, () = 1 — B(t). (1)

3.2 Concentration of Lipschitz functions of (Gaussians
Combine (1) with Lévy’s inequality.

Theorem 3.2 (Gaussian concentration around the median). Let g ~ N(0,1,) and let f: R" - R
be L-Lipschitz with respect to | - |2. Let my be a median of f(g). Then for allt >0,

P{flg) = msp+t} <1-@@/L),  P{f(g) <my—t} <1-o(t/L),

and hence )

P{|f(g) —my| >t} < 2(1 - B(t/L)) <26Xp<—#). (2)
Proof. By Theorem 2.1 and (1),
P{f(g9) = ms +t} < a,,(t/L) =1 —®(t/L).

Apply the same to —f for the lower tail. Finally, use the standard bound 1 — ®(u) < e~u*/2 for
u = 0. 0



Median versus mean. The isoperimetric route naturally yields concentration around the me-
dian. Since (2) gives a Gaussian tail, the mean and median are automatically close. For example,
integrating the one-sided bound yields

E[(f(g) —my)+] = JOOO P{f(g) —my > t}dt < LOO(1 — ®(t/L)) dt = \/%

and similarly E[(m; — f(g))+] < L/v/27. Thus

IEf(g) —my| < E[f(g) —my| < \/EL (3)

In particular, the median and mean differ by at most a universal constant times L.

Combining (2) and (3), one easily converts concentration around my into concentration around
Ef(g) (at the cost of changing constants). We will freely use the following standard corollary.

Corollary 3.3 (Gaussian concentration around the mean). Under the assumptions of Theorem 3.2,
there exist absolute constants c¢,C > 0 such that for allt > 0,

2

P(If(9) ~Ef(9)| > 1} <2exp(—c75),  1f(9) ~Ef(9)ly, < COL.

Connection to the MLSI/log-Sobolev route. In the previous lecture we derived (via Gaus-
sian MLSI + Herbst) the sharper, normalized sub-Gaussian parameter:
A2 L?

log BN/ (9)-Ef(9) < (AeR),

which implies (2) (with mean in place of median) with the optimal exponent #2/(2L?). The
isoperimetric viewpoint explains why such a dimension-free phenomenon is even plausible: in
Gaussian space, half-spaces expand as slowly as possible, and everything else expands faster.

4 Convex distance and convex Lipschitz concentration

Gaussian measure has strong concentration for all Lipschitz functions. For product measures on
[0,1]™, the situation is subtler. From bounded differences (McDiarmid) we know that if changing
coordinate 7 changes f by at most ¢;, then

2
P ~Ef(X)| 2 1) < 2exp( - o),

which typically scales like exp(—t2/n) if ¢; = 1.

Talagrand discovered that converity can dramatically improve this picture: for convex (or quasi-
convex) functions that are Lipschitz with respect to the Euclidean metric, one can get Gaussian
tails without the 1/n penalty. The key tool is a refined isoperimetric inequality in product spaces
known as the conver distance inequality.



4.1 Weighted Hamming distances and Talagrand’s convex distance
Let x,y € X™. For a weight vector « € [0,0)", define the weighted Hamming distance
da(z,Y) ::izzlai 1{$i7éyi}7 do(z,A) = ;Ielgda(fﬂay)'

Talagrand’s convex distance from x to A is

dp(z,A) = sup do(z, A).

a€[0,00)™: [laf2=1

This is a way to measure distance to a set while allowing the coordinate weights to be chosen
adaptively to the point x (but in a convex/Euclidean manner via the constraint |« = 1).

Theorem 4.1 (Talagrand convex distance inequality). Let X = (X1,...,X,,) have independent
coordinates taking values in a measurable set X. Then for every measurable A c X™ and every
t>=0,

P{X € A} - P{dr(X,A) > 1) < exp(—i).

Talagrand’s inequality can be proved by entropy methods as well (via self-bounding functions),
but the statement is fundamentally isoperimetric: it controls the measure of blow-ups of sets (in
a refined metric) in a product space.

4.2 Convex sets: Euclidean distance is controlled by convex distance

We now specialize to [0, 1]™ and relate Euclidean distance to dr for convex sets.

For A < [0,1]" and z € [0, 1]™, let
D(z, A) := inf |z — yl|2
yeA
be the Euclidean distance.
Lemma 4.2. If A c [0,1]" is convex, then for every x € [0,1]™,

D(z,A) < dp(z,A).

Proof sketch. Because A is convex, the Euclidean projection argument implies we may restrict to
points in A via barycenters: D(x, A) = inf,cpq(a) |7 — E, Y |2, where v ranges over probability
measures on A and Y ~ v. Since z;,Y; € [0,1], we have |z; — E,Y;| < E,1(,;,.y;}, and therefore by
Cauchy—Schwarz,

n

n
H:D — ]EVYHQ < Z (El’l{xﬁéyi}f = sup Z oy Eyl{xﬁ&yi}.

i=1 a: Jef2<l ;=5

Taking inf, on both sides yields D(z, A) < dr(z, A). O



4.3 Convex (quasi-convex) Lipschitz functions

A function f : [0,1]" — R is quasi-convex if all of its sublevel sets are convex: {z : f(z) < s}
is convex for every s € R. (Convex functions are quasi-convex, but quasi-convex is the exact
condition we need.)

Theorem 4.3 (Convex Lipschitz concentration via Talagrand). Let X = (Xy,...,X,) have in-
dependent coordinates taking values in [0,1]. Let f : [0,1]™ — R be quasi-convex and L-Lipschitz
with respect to | - ||2:

[f@) = fWI<Llz—ylz  (z,ye[0,1]").
Let m¢ be a median of f(X). Then for allt >0,

2 t2

]P’{f(X)me+t}<2exp<— ! P{f(X)éﬂ%v—t}éQexp(—m).

E)’
Equivalently, | f(X) —mg[y, S L.

Proof. Fix s € R and define the sublevel set A5 := {z : f(z) < s}, which is convex by quasi-
convexity. For any z, pick y € Ag with || — y|2 < D(x, As) + €. By Lipschitzness,

fx) < f(y) + Llz —yl2 < s+ LD(x, As) + Le.
Letting € | 0 and using Lemma 4.2,
f(x) < s+ Ldp(x, As).

Therefore, for t = 0,

t
(F(X) = s+t < {dn(X, 4,) > Z}’
Apply Theorem 4.1:
2
P{f(X)<s} P{f(X)=s+1} < exp(— m)
Now choose s = my. Then P{f(X) < ms} > 1/2, so

2
P{f(X)=ms+1t} <2e <——)
{f (X) f } Xp 412
For the lower tail, apply the same argument to —f (note that —f is quasi-concave, but we can
equivalently apply the upper tail bound to f using s = m; — t), yielding the symmetric inequality.
O

Comparison with bounded differences (McDiarmid). If f is 1-Lipschitz in Euclidean
norm, Theorem 4.3 gives exp(—ct?) tails around the median, independent of n. In contrast, Mc-
Diarmid with ¢; = 1 gives exp(—ct?/n). The improvement is not magic: it is purchased by geome-
try (Euclidean Lipschitz) and shape (quasi-convexity).

Connection to our MLSI-based convex concentration. FEarlier we derived a conver MLSI
for bounded variables, which yields Gaussian-type upper tail bounds for convex Lipschitz func-
tions. Talagrand’s inequality yields two-sided control (around the median) and can be strictly
stronger in this convex-Lipschitz regime. At a high level, both are ways of saying that con-

vex functions behave like averages: they do not allow the adversarial oscillations that prevent
dimension-free concentration for general Lipschitz functions on product spaces.



5 Summary and look ahead

This lecture presented an isoperimetric route to concentration.

e In a metric probability space, the concentration function

a(t) = sup p(Af)
n(A)=1/2

encodes worst-case blow-up behavior of sets. Lévy’s inequality turns a bound on «(t) into
tail bounds for Lipschitz functions (around their median), and a converse shows this rela-
tionship is essentially tight.

e For Gaussian measure, the Gaussian isoperimetric theorem identifies half-spaces as mini-
mizers of blow-ups, yielding a(t) = 1 — ®(t). Consequently, every L-Lipschitz function of a
standard Gaussian vector has Gaussian tails with variance proxy L? (dimension-free).

o For product measures on [0, 1]", Talagrand’s convex distance inequality gives Gaussian-type
blow-up control in a refined metric. This implies dimension-free Gaussian concentration for
quasi-convex Lipschitz functions.

There is a broader picture connecting these ideas: isoperimetry, log-Sobolev/MLSI, and trans-
portation inequalities (e.g. Talagrand T5) are different “languages” for concentration. We will
return to the transportation method later (time permitting), especially since it provides a clean
bridge between geometry and exponential-moment control.

Source material

Parts of this lecture are based on references: Boucheron et al. (2013); Vershynin (2018), in addi-
tion to the author’s accumulated experience working on related topics.
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