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SDS 391P.6, Spring 2026

Pratik Patil

These notes are a work in progress and are provided as-is for instructional purposes only.
They are not (yet) at the level of a scholarly document. In particular, the notes draw from
various sources and do not (yet) have sufficient references to the original sources. Addition-
ally, almost surely the notes have errors and they are only probably approximately correct.
The notes will be updated regularly as the course progresses. Last updated: 2026-03-10.

1 Overview
This note is meant as a (non-exhaustive) review of the material covered up to Lecture 6 or Home-
work 3. We collect (some of) the main facts that may be useful on the midterm.

A recurring theme in the course so far has been:

structure of the random quantity ` the right inequality/tool ùñ variance / tail / moment control.

For the midterm, the most important skills are:

• recognizing which norm / variance / tail / MGF identity is relevant;

• moving between tails, moments, and exponential moments;

• knowing when to use variance tensorization, Efron–Stein–Steele, Poincaré, or Chernoff;

• carrying out standard calculations cleanly.

2 Norms and matrix norms

2.1 Vector norms

For x “ px1, . . . , xnq P Rn and 1 ď p ă 8,

}x}p “

´
n

ÿ

i“1
|xi|

p
¯1{p

, }x}8 “ max
1ďiďn

|xi|.

If 1 ď p ď q ď 8, then
}x}q ď }x}p ď n

1
p

´ 1
q }x}q.

Two standard extremizers:

• equality on the left is attained by one-sparse vectors;

• equality on the right is attained by flat vectors such as p1, . . . , 1q.

Also,
}x}8 ď }x}p ď n1{p}x}8, }x}p Ñ }x}8 as p Ñ 8.

1



2.2 Hölder and dual norms

If p, p1 P r1,8s satisfy 1
p ` 1

p1 “ 1, then

|xx, yy| ď }x}p}y}p1 .

In particular, for p “ 2 this becomes Cauchy–Schwarz:

|xx, yy| ď }x}2}y}2.

The dual of ℓp is ℓp1 :
}x}p “ sup

}y}p1 ď1
xx, yy.

2.3 Matrix norms

For A P Rmˆn, the induced operator norm is

}A}pÑq :“ sup
}x}pď1

}Ax}q.

Equivalent forms:
}A}pÑq “ sup

}x}p“1
}Ax}q “ sup

x‰0

}Ax}q

}x}p
.

Composition bound:
}AB}pÑr ď }A}qÑr }B}pÑq.

The most important special cases are:

}A} :“ }A}2Ñ2, }A}F :“
´

ÿ

i,j

A2
ij

¯1{2
.

Useful identities:

}A} “ σ1pAq, }A}2
F “

rankpAq
ÿ

i“1
σipAq2 “ trpAJAq.

Also,
}A} ď }A}F ď

a

rankpAq }A}.

Rank-one case: if A “ uvJ, then
}A} “ }A}F “ }u}2}v}2.

If D “ diagpd1, . . . , dnq is diagonal, then

}D} “ max
i

|di|, }D}F “

´

ÿ

i

d2
i

¯1{2
.
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3 Probability identities

3.1 Variance and covariance

For a real-valued random variable X,

VarpXq “ ErpX ´ EXq2s “ ErX2s ´ pEXq2.

For random variables X,Y ,

CovpX,Y q “ ErpX ´ EXqpY ´ EY qs “ ErXY s ´ EX EY.

Variance of a linear combination:

VarpaX ` bY q “ a2VarpXq ` b2VarpY q ` 2ab CovpX,Y q.

If X1, . . . , Xn are independent (or just pairwise uncorrelated), then

Var
´

n
ÿ

i“1
Xi

¯

“

n
ÿ

i“1
VarpXiq.

3.2 Variance identities

For any square-integrable random variable Z,

VarpZq “ min
aPR

ErpZ ´ aq2s,

with unique minimizer a “ EZ.

If Z 1 is an independent copy of Z, then

VarpZq “
1
2 ErpZ ´ Z 1q2s.

For a random vector X P Rd,

CovpXq “ ErpX ´ EXqpX ´ EXqJs “ ErXXJs ´ EXpEXqJ.

Also, for every v P Rd,
VarpvJXq “ vJ CovpXq v.

And
trpCovpXqq “ E}X ´ EX}2

2.

3.3 Integrated tail identities

For a nonnegative random variable X,

EX “

ż 8

0
PtX ą tu dt.
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More generally, for p ą 0,
ErXps “

ż 8

0
p tp´1PtX ą tu dt.

Equivalently, for a general real-valued random variable,

E|X|p “

ż 8

0
p tp´1Pt|X| ą tu dt.

These are often the fastest way to move from tails to moments.

3.4 Markov, Chebyshev, Cantelli, Paley–Zygmund

Markov: if Y ě 0, then for t ą 0,
PtY ě tu ď

EY
t
.

Chebyshev:
Pt|X ´ EX| ě tu ď

VarpXq

t2
.

Cantelli (one-sided Chebyshev):

PtX ´ EX ě tu ď
VarpXq

VarpXq ` t2
.

3.5 Mean versus median

If MX is a median of X, then
|MX ´ EX| ď

a

VarpXq.

A quick way to prove this is via Cantelli’s inequality.

4 Variance bounding methods

4.1 Tensorization of variance

If Z “ fpX1, . . . , Xnq with independent X1, . . . , Xn, and

Xpiq “ pX1, . . . , Xi´1, Xi`1, . . . , Xnq, Epiqr¨s “ Er¨ | Xpiqs,

then
VarpZq ď

n
ÿ

i“1
E

“

VarpZ | Xpiqq
‰

.

This is the starting point for bounded differences and Efron–Stein–Steele.

4.2 Bounded differences variance bound

If changing only coordinate i can change f by at most ci, then

VarpfpX1, . . . , Xnqq ď
1
4

n
ÿ

i“1
c2
i .

This is often the easiest variance bound for nonlinear functions.
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4.3 Efron–Stein–Steele

If X 1
i is an independent copy of Xi and

Zpiq :“ fpX1, . . . , Xi´1, X
1
i, Xi`1, . . . , Xnq,

then
VarpZq ď

1
2

n
ÿ

i“1
ErpZ ´ Zpiqq2s.

There is also the one-sided form:

VarpZq ď

n
ÿ

i“1
ErpZ ´ Zpiqq2

`s.

This one-sided version is especially useful for suprema.

4.4 Gaussian and convex Poincaré

Gaussian Poincaré: if g „ N p0, Inq and f is smooth enough, then

Varpfpgqq ď E}∇fpgq}2
2.

Convex Poincaré (bounded coordinates): if X1, . . . , Xn P r0, 1s are independent and f is sepa-
rately convex, then

VarpfpXqq ď E}∇fpXq}2
2.

A standard use: if f is L-Lipschitz, then

}∇fpxq}2 ď L (a.e.),

so
VarpfpXqq ď L2.

5 Exponential moment methods: the key formulas

5.1 MGF and CGF

For a random variable X, define

mXpλq “ EeλX , κXpλq “ logEeλX .

The centered log-MGF (CGF) is

ψXpλq “ logEeλpX´EXq.

For independent sums,
ψř

i Xi
pλq “

ÿ

i

ψXipλq.

This additivity is the reason MGFs are so useful for sums.
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5.2 Chernoff bound

For every λ ě 0,
PtX ´ EX ě tu ď exp

`

´ λt` ψXpλq
˘

.

Optimizing over λ ě 0 gives the best Chernoff bound. To get the lower tail, apply the same
argument to ´X.

5.3 Hoeffding’s lemma and Hoeffding’s inequality

If a ď X ď b almost surely, then

ψXpλq ď
λ2pb´ aq2

8 for λ P R.

So bounded random variables are sub-Gaussian.

If X1, . . . , Xn are independent and ai ď Xi ď bi, then

P

#ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1
Xi ´ E

n
ÿ

i“1
Xi

ˇ

ˇ

ˇ

ˇ

ˇ

ě t

+

ď 2 exp
ˆ

´
2t2

řn
i“1pbi ´ aiq2

˙

.

Equivalently, with

v “
1
4

n
ÿ

i“1
pbi ´ aiq

2,

one can write
Pt|Sn ´ ESn| ě tu ď 2e´t2{p2vq.

6 Sub-Gaussian and sub-exponential behaviors

6.1 Sub-Gaussian

A centered random variable Z is sub-Gaussian if

logEeλZ ď
σ2λ2

2 for all λ P R.

Equivalent viewpoints (up to constants):

• Gaussian tail:
Pt|Z| ě tu ď 2e´ct2{σ2

.

• Moment growth:
}Z}Lp À σ

?
p for p ě 1.

The Orlicz norm is
}Z}ψ2 “ inf

!

K ą 0 : EeZ
2{K2

ď 2
)

.

Up to constants,
}Z}ψ2 — sup

pě1

}Z}Lp

?
p
.
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6.2 Sub-exponential

A centered random variable Z is sub-exponential if

}Z}ψ1 “ inf
!

K ą 0 : Ee|Z|{K ď 2
)

ă 8.

Equivalent viewpoints (up to constants):

• Exponential tail:
Pt|Z| ě tu ď 2e´ct{K ;

• Moment growth:
}Z}Lp À Kp.

A key difference from the sub-Gaussian case: the CGF control is only local:

logEeλZ ď Cλ2K2 for |λ| ď c{K.

6.3 Closure properties

If X is sub-Gaussian, then X2 is sub-exponential and

}X2}ψ1 À }X}2
ψ2 .

If X,Y are sub-Gaussian, then XY is sub-exponential and

}XY }ψ1 À }X}ψ2}Y }ψ2 .

7 Bernstein inequality and the two-regime picture
If X1, . . . , Xn are independent, mean-zero sub-exponential random variables with

Ki “ }Xi}ψ1 , V “

n
ÿ

i“1
K2
i , B “ max

i
Ki,

then

P

#
ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1
Xi

ˇ

ˇ

ˇ

ˇ

ˇ

ě t

+

ď 2 exp
„

´cmin
ˆ

t2

V
,
t

B

˙ȷ

.

This is the most important tail bound for sums of sub-exponential random variables. You should
remember the two regimes:

Gaussian regime: e´ct2{V , Exponential regime: e´ct{B.

This same two-term structure also appears in Lp bounds:

›

›

›

n
ÿ

i“1
Xi

›

›

›

Lp
À

?
p

?
V ` pB.
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